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Preface

More recently, it has been found that there are profound relations between Nevan-
linna theory and Diophantine approximation. C. F. Osgood first noticed a similarity
between the number 2 in the Nevanlinna’s defect relation and the number 2 in Roth’s
theorem. S. Lang pointed to the existence of a structure to the error term in Nevan-
linna’s second main theorem, conjectured what could be essentially the best possible
form of this error term in general based on his conjecture on the error term in Roth’s
theorem. P. M. Wong used a method of Ahlfors to prove Lang’s conjecture in one
dimensional case. As for higher dimension, this problem was studied by S. Lang and
W. Cherry, A. Hinkkanen, and was finally completed by Z. Ye. Lately, P. Vojta gave a
much deeper analysis of the situation, and compared the theory of heights in number
theory with the characteristic functions of Nevanlinna theory. In his dictionary, the
second main theorem due to H. Cartan corresponds to the Schmidt’s subspace theo-
rem. Further, he proposed the general conjecture in number theory by comparing the
second main theorem in Carlson–Griffiths–King’s theory. Along this route, the Shiff-
man’s conjecture on hypersurface targets in value distribution theory corresponds to a
subspace theorem for homogeneous polynomial forms in Diophantine approximation.
Vojta’s (1, 1)-form conjecture is an analogue of an inequality of characteristic func-
tions of holomorphic curves for line bundles. Being influenced by Mason’s theorem,
Oesterlé and Masser formulated the abc-conjecture. The generalized abc-conjectures
for integers are counterparts of Nevanlinna’s third main theorem and its variations in
value distribution theory, and so on.

In this book, we will introduce the analogues of Nevanlinna theory in Diophantine
approximation, which are named “distribution theory of algebraic numbers” corre-
sponded to another name “value distribution theory” of Nevanlinna theory. In other
words, we will introduce some qualitative and quantitative relations of algebraic num-
bers distributed in spaces. The book consists of nine chapters: In Chapter 1, we intro-
duce some basic notations, terminologies and propositions on groups, ideals in rings,
fields, field extensions, valuations and absolute values, which are often used in this
book. In particular, we hope to explain clearly the corresponding relation between
prime ideals and places in Dedekind domains. It will help us to understand well some
contents related to absolute values, say, product formula and its derivatives.

Some foundational properties of algebraic numbers will be discussed in Chapter 2,
which contains factorizations and norms of ideals, product formula and discriminants
on number fields, and Minkowski’s geometry of numbers.

In Chapter 3, we introduce basic notations and facts in algebraic geometry. This is
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the part of spaces carrying algebraic numbers in this book. First of all, we discuss care-
fully operations, norms and some properties in projective spaces which play important
role in this book, and then we introduce varieties, divisors, linear systems, algebraic
curves, sheaves, vector bundles, schemes and Kobayashi hyperbolicity.

We will discuss height functions in Chapter 4. This is the part of quantitative tools
studying distribution of algebraic numbers in this book. Height functions share many
general character with Nevanlinna’s order functions, say, they all satisfy first main
theorem of Nevanlinna type, which establishes an important connection among height,
proximity and valence (or counting by some authors) functions. This chapter also
contains some introduction on Weil functions, Aralelov theory and canonical heights
over Abelian varieties.

In Chapter 5, we introduce the abc-conjecture and its generalizations in detail. To
understand these conjectures well, we also introduce their analogues for polynomials.

In Chapter 6, we discuss the Roth’s theorem and its generations. The Roth’s theorem
is corresponding to Nevanlinna’s second main theorem on meromorphic functions on
C. In order to make reader convenience, we also introduce its proof and connection
with the abc-conjecture.

In Chapter 7, we introduce the Schmidt subspace theorem and its generalization.
Schmidt subspace theorem is corresponding to Cartan’s second main theorem in value
distribution of holomorphic curves into complex projective spaces. We also give a
subspace theorem on hypersurfaces which is regarded as an analogue of Shiffman
conjecture (proved by Hu and Yang for non-Archimedean cases and Ru for complex
cases) in value distribution.

In Chapter 8, we introduce Mordell–Faltings theorem, Bombieri–Lang’s conjecture
related to pseudo canonical varieties, and Vojta’s conjectures on height inequalities.

In Chapter 9, we introduce a few of L-functions. Hopefully, the methods proving
prime number theorem by using the Riemann zeta-function and Dirichlet L-functions
can be applied to study similar problems of other L-functions derived from number
fields, modular forms, geometric analysis and so on.

Each chapter of this book is self-contained and this book is appended with a com-
prehensive and up-dated list of references. The book will provide not just some new
research results and directions but challenging open problems in studying Diophantine
approximation. One of the aims of this book is to make timely surveys on these new
results and their related developments; some of which are newly obtained by the au-
thors and have not been published yet. It is hoped that the publication of this book will
stimulate, among the peers, further the researches on Diophantine approximation and
their applications.

We gratefully acknowledge the supports of the related research and writing of the
present book from Natural Science Fund of China (NSFC) and Research Grant Council
of Hong Kong during the past years.

Pei-Chu Hu
Chung-Chun Yang
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3.5.1 Bézout’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 177
3.5.2 Riemann–Roch theorem . . . . . . . . . . . . . . . . . . . . 181
3.5.3 Rational curves . . . . . . . . . . . . . . . . . . . . . . . . . 184
3.5.4 Elliptic curves . . . . . . . . . . . . . . . . . . . . . . . . . 186
3.5.5 Hyperelliptic curves . . . . . . . . . . . . . . . . . . . . . . 194
3.5.6 Jacobian of curves . . . . . . . . . . . . . . . . . . . . . . . 196

3.6 Sheaves and vector bundles . . . . . . . . . . . . . . . . . . . . . . . 197
3.6.1 Sheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
3.6.2 Vector bundles . . . . . . . . . . . . . . . . . . . . . . . . . 202
3.6.3 Line bundles . . . . . . . . . . . . . . . . . . . . . . . . . . 206
3.6.4 Intersection multiplicity . . . . . . . . . . . . . . . . . . . . 209

3.7 Schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
3.7.1 Schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212



Contents ix

3.7.2 Basic properties of schemes . . . . . . . . . . . . . . . . . . 219
3.7.3 Sheaves of modules . . . . . . . . . . . . . . . . . . . . . . . 224
3.7.4 Differentials over schemes . . . . . . . . . . . . . . . . . . . 224
3.7.5 Ramification divisors . . . . . . . . . . . . . . . . . . . . . . 226

3.8 Kobayashi hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . 229
3.8.1 Hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . . . 229
3.8.2 Measure hyperbolicity . . . . . . . . . . . . . . . . . . . . . 232
3.8.3 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . 237

4 Height functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
4.1 Heights on projective spaces . . . . . . . . . . . . . . . . . . . . . . 239

4.1.1 Basic properties . . . . . . . . . . . . . . . . . . . . . . . . . 239
4.1.2 Heights on number fields . . . . . . . . . . . . . . . . . . . . 242
4.1.3 Functional properties of heights . . . . . . . . . . . . . . . . 247

4.2 Heights of polynomials . . . . . . . . . . . . . . . . . . . . . . . . . 250
4.2.1 Coefficients for polynomials . . . . . . . . . . . . . . . . . . 250
4.2.2 Gelfand’s inequality . . . . . . . . . . . . . . . . . . . . . . 255
4.2.3 Finiteness theorems . . . . . . . . . . . . . . . . . . . . . . . 259

4.3 Heights on varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . 264
4.4 Heights and Weil functions . . . . . . . . . . . . . . . . . . . . . . . 274

4.4.1 Weil functions . . . . . . . . . . . . . . . . . . . . . . . . . 274
4.4.2 Heights expand Weil functions . . . . . . . . . . . . . . . . . 278
4.4.3 Proximity functions . . . . . . . . . . . . . . . . . . . . . . . 280

4.5 Arakelov theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
4.5.1 Function fields . . . . . . . . . . . . . . . . . . . . . . . . . 283
4.5.2 Number fields . . . . . . . . . . . . . . . . . . . . . . . . . . 286

4.6 Canonical heights on Abelian varieties . . . . . . . . . . . . . . . . . 294
4.6.1 Periodic points . . . . . . . . . . . . . . . . . . . . . . . . . 294
4.6.2 Canonical heights . . . . . . . . . . . . . . . . . . . . . . . . 297
4.6.3 Tate–Shafarevich groups . . . . . . . . . . . . . . . . . . . . 299
4.6.4 Mordell–Weil theorem . . . . . . . . . . . . . . . . . . . . . 301

5 The abc-conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 304
5.1 The abc-theorem for function fields . . . . . . . . . . . . . . . . . . 304
5.2 The abc-conjecture for integers . . . . . . . . . . . . . . . . . . . . . 306
5.3 Equivalent abc-conjecture . . . . . . . . . . . . . . . . . . . . . . . . 308
5.4 Generalized abc-conjecture . . . . . . . . . . . . . . . . . . . . . . . 312
5.5 Generalized Hall’s conjecture . . . . . . . . . . . . . . . . . . . . . . 315
5.6 The abc-conjecture for number fields . . . . . . . . . . . . . . . . . . 318

5.6.1 Generalizations of the abc-conjecture . . . . . . . . . . . . . 318
5.6.2 Further formulations of the abc-conjecture . . . . . . . . . . . 321

5.7 Fermat equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 323



x Contents

6 Roth’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328
6.1 Statement of the theorem . . . . . . . . . . . . . . . . . . . . . . . . 328
6.2 Siegel’s lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331
6.3 Indices of polynomials . . . . . . . . . . . . . . . . . . . . . . . . . 335
6.4 Roth’s lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 340
6.5 Proof of Roth’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . 346
6.6 Formulation of Roth’s theorem . . . . . . . . . . . . . . . . . . . . . 351

6.6.1 A generalization . . . . . . . . . . . . . . . . . . . . . . . . 351
6.6.2 Approach infinity . . . . . . . . . . . . . . . . . . . . . . . . 352
6.6.3 Ramification term . . . . . . . . . . . . . . . . . . . . . . . 354
6.6.4 Roth’s theorem and abc-conjecture . . . . . . . . . . . . . . . 358

7 Subspace theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360
7.1 p-adic Minkowski’s second theorem . . . . . . . . . . . . . . . . . . 360
7.2 Adelic Minkowski’s second theorem . . . . . . . . . . . . . . . . . . 366

7.2.1 Haar measures . . . . . . . . . . . . . . . . . . . . . . . . . 366
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Chapter 1

Field extensions

In this chapter, we will introduce some basic notations, terminologies and theorems
about fields and algebraic geometry, which will be used in this book.

1.1 Groups

We denote the fields of complex, real, and rational numbers by C, R, and Q, respec-
tively, and let Z be the ring of integers. If κ is a set, we write

κn = {(x1, . . . , xn) | xi ∈ κ} = κ× · · · × κ (n times).

If κ is partially ordered, denote

κ(s, r) = {x ∈ κ |s < x < r}, κ(s, r] = {x ∈ k|s < x ≤ r},
κ[s, r) = {x ∈ κ |s ≤ x < r}, κ[s, r] = {x ∈ κ |s ≤ x ≤ r},

κ+ = κ[0,∞), κ+ = κ(0,∞).

For example, Z[s, r] means the set of integers i satisfying s ≤ i ≤ r, R+ is the set of
positive real numbers, and so on.

1.1.1 Abelian groups

Let G be an Abelian group with a rule of composition by multiplication. If the group
contains infinitely many different elements it is called an infinite group; otherwise it is
called a finite group of order h, where h is the number of its elements. Now in case
G is a finite group of order h, then the order N of a subgroup H is also finite and
then the number of different cosets gH for each g ∈ G is also finite, say = j. Since
each element of G occurs in exactly one coset and exactly N different elements are
contained in each coset, we have h = jN , and thus we have shown

Proposition 1.1. In a finite group of order h, the order N of each subgroup is a divisor
of h.
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The quotient h/N = j is called the index of the subgroup relative to G. In case G is
an infinite group, then the order of H as well as the number of different cosets can be
infinite and at least one of these cases must obviously occur. Furthermore, the number
of different cosets in a group G determined by a subgroup H of G is called the index
of H in G whether this index is finite or not.

If G is a finite group of order h, all powers of an element g with a positive exponent
always form a subgroup of G. These powers cannot all be different. From gm = gn it
follows that gm−n = 1 (unit of G). Hence a certain power of g with exponent different
from zero is always = 1, say gl = 1. These l are identical with all multiples of an
integer t (> 0). This exponent t, uniquely determined by g, is called the order of
g. Consequently among the powers of g there are only t different ones, say, g0 =
1, g1, . . . , gt−1, and by the above these form a subgroup of G of order t. Moreover
from Proposition 1.1 we obtain

Theorem 1.2. The order a of each element of a finite group G is a divisor of the order
h of G and hence gh = 1 for each element g ∈ G.

Now we state the fundamental theorem of Abelian groups which gives us full infor-
mation about the structure of the finite Abelian group (cf. [95]).

Theorem 1.3. In each Abelian group G of order h (> 1) there are certain elements
w1, . . . , wn with orders h1, . . . , hn respectively (hi > 1) such that each element of G
is obtained in exactly one way in the form

v = wk1
1 wk2

2 · · ·w
kn
n ,

where the integers ki each run through a complete system of residue mod hi indepen-
dently of one another. Moreover the hi = pli are prime powers and h = h1h2 · · · hn.

The n elements of this kind are called a basis of G. To prove next theorem, we need
a fact from number theory. A system S of integers is a module if it contains at least
one number different from 0 and if among with m and n, m+n and m−n also always
belong to S. A general theorem about modules states that the numbers in a module S
are identical with the multiples of certain number d. The number d is determined by S
up to the factor ±1.

Theorem 1.4. If an infinite Abelian group G has a finite basis, then each subgroup of
G also has a finite basis.

Proof. Let w1, w2, . . . , wn be a basis of G where w1, . . . , wm are the elements of
infinite order and wm+1, . . . , wn are those of order h1, . . . , hn−m. We consider the set
I of exponents (k1, . . . , kn) of all products of powers

v = wk1
1 · · ·w

kn
n
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which belong to a subgroup H of G, where, in addition, the last km+1, . . . , kn are to
run through all numbers, not just the numbers which are distinct mod hi, as long as the
product belongs to H . By the group property of H , however, we obviously have that
for exponents (k1, . . . , kn) and (k′

1, . . . , k′
n) in I , the exponents (k1 +k′

1, . . . , kn +k′
n)

and (k1− k′
1, . . . , kn− k′

n) also correspond to elements v in H . In particular, we keep
in mind the elements

v = wki
i w

ki+1
i+1 · · ·w

kn
n (1 ≤ i ≤ n) (1.1)

belonging to H for a definite i, thus for which k1 = · · · = ki−1 = 0. There are such
elements, since if all ki = 0 the unit element of H is obtained. The totality of possible
first exponents ki in (1.1) forms a module of integers, as long as we do not always
have ki = 0. However, all numbers of this module are identical with the multiples of a
certain integer; consequently, if we do not always have ki = 0, there is an element vi

in H with one such rii �= 0,

vi = wrii
i w

ri,i+1
i+1 · · ·wrin

n ,

such that ki in (1.1) is a multiple of this rii. From the vi with this rii (possibly infinite
in number), we pick out a definite one for each i = 1, . . . , n, where we set vi = 1 and
rii = 0 in case we always have ki = 0 for this i in (1.1).

We show that each element in H is representable as a product of these elements
v1, . . . , vn. Let v = wk1

1 · · ·wkn
n be an element of H . By the preceding discussion, k1

is a multiple of r11, k1 = j1r11, and hence

vv−j1
1 = w

k′
2

2 w
k′

3
3 · · ·w

k′
n

n (1.2)

is a product only of powers of w2, . . . , wn, which also belongs to H by the group
property. If we should have r11 = 0 and v1 = 1, then we should take j1 = 0. Likewise,
in (1.2), k′

2 must be a multiple of r22 in case this element is �= 0, k′
2 = j2r22. Moreover

if r22 = 0 then k′
2 must be = 0 and we take j2 = 0. In any case then vv−j1

1 v−j2
2 is an

element of H and representable as product of powers only of w3, . . . , wn etc. until we
arrive at the unit element and obtain a representation

v = vj1
1 vj2

2 · · · v
jn
n .

The v1, . . . , vm are of infinite order if they are �= 1, the other v’s are of finite order.
The products of powers of the vm+1, . . . , vn form a finite Abelian group and can

hence be represented by a basis u1, . . . , uq , by Theorem 1.3. We assert that v1, . . . , vm,
u1, . . . , uq form a basis for H if we omit the elements vi = 1. First, each element can
be represented by the v1, . . . , vn, hence also by the v1, . . . , vm, u1, . . . , uq. Now if

va1
1 va2

2 · · · v
am
m ub1

1 · · · u
bq
q = 1 (1.3)
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is a representation of the unit element where ai = 0 is assumed for vi = 1 (i.e.,
rii = 0), then by substitution of the wi in place of the vi and uj , it follows that
a1r11 = 0; hence either a1 = 0 or r11 = 0. However, in the latter case we also
have a1 = 0 as a consequence of our convention. Likewise a2 = 0, . . . , am = 0.
Furthermore, since the uj form a basis of the finite group, then in (1.3) each bj must
be a multiple of the order of uj . Now since each element is represented the same
number of times by the vi as by the ui, hence the same number of times as the unit
element, these elements actually form a basis for H as was to be proved. �

Those infinite Abelian groups in which no element of finite order except the unit 1
appears are of chief interest. We call such groups torsion-free groups, the others mixed
groups. Along with a torsion-free group G, each subgroup of G is also torsion-free.
In particular, let H be a subgroup of G of finite index. Then a certain power of each
element of G with exponent different from zero must always belong to H . For if g is
an element of G, then the cosets

gH, g2H, . . . , gmH, . . .

are not all distinct, since the index is assumed to be finite. Thus for some n, gnH =
gmH , that is, gn−m ∈ H with n−m �= 0. Hence in the proof of Theorem 1.4 applied
to G and H , the case rii = 0, vi = 1 can obviously never occur, since, in fact, a system
of values ki �= 0, ki+1 = · · · = kn = 0 always exists, so that vi = wki

i ∈ H . From
this we have immediately

Theorem 1.5. If G is a torsion-free Abelian group with finite basis w1, . . . , wn, then
every subgroup H of G with finite index has a basis v1, . . . , vn of the form

vi =
n∏

j=i

w
rij

j ,

with rii �= 0 for i = 1, 2, . . . , n.

It is not difficult to show that the index of H in G is just j = |r11r22 · · · rnn| (see
[95], Theorem 36).

Theorem 1.6. If a torsion-free Abelian group G has a finite basis of n elements w1,
. . . , wn, then n is the maximal number of independent elements of G, independent of
the choice of basis.

Proof. Since the w1, . . . , wn are independent in any case, there are n independent ele-
ments in G and thus we need only show that n + 1 elements in G are not independent.
In fact, between n + 1 arbitrary elements

vi = wai1
1 wai2

2 · · ·wain
n (i = 1, 2, . . . , n + 1),
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there is the relation
vx1

1 vx2
2 · · · v

xn+1
n+1 = 1,

if we choose the n + 1 integers xi so that they satisfy the n linear homogeneous
equations

n+1∑
i=1

aijxi = 0 (j = 1, 2, . . . , n).

As is known this is always possible since the coefficients aij are integers. �

Theorem 1.7. From a basis w1, . . . , wn of a torsion-free Abelian group G one can
obtain all systems of bases w′

1, . . . , w′
n of G in the form

w′
i =

n∏
j=1

w
aij

j , i = 1, 2, . . . , n

where the system of the exponents are arbitrary integers aij with determinant ±1.

Proof. Note that the w′
i always form a basis. To see this we need only show that the

wi can be represented through the w′
i. The equation

wj = w
′xj1
1 w

′xj2
2 · · ·w′xjn

n

is satisfied if the integers xjk are chosen so that the n equations

n∑
j=1

aijxjk =

{
0, if i �= k,

1, if i = k

hold. Since the determinant of the (integral) coefficients is = ±1 and the right side is
also integral, the xjk are uniquely determined integers.

Secondly, if n elements

w′
i =

n∏
j=1

w
aij

j , i = 1, 2, . . . , n

form a basis, then wj must be represented through the w′
i,

wj = w
′bj1
1 w

′bj2
2 · · ·w′bjn

n , j = 1, 2, . . . , n,

if the wj are substituted for the w′
i, then the n2 equations

n∑
j=1

aijbjk =

{
0, if i �= k,

1, if i = k
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are obtained, by the basis property of the w′
i. The determinant of this array is thus

= 1; on the other hand, however, by the multiplication theorem of determinant theory,
the determinant is equal to the product of the two determinant det(aij) and det(bjk).
Hence each of these integers must divide 1, and therefore each integer is itself = ±1;
thus det(aij) = ±1. �

By Theorem 1.7 and the remark after Theorem 1.5, we obtain

Theorem 1.8. If G is a torsion-free Abelian group with a finite basis w1, . . . , wn, then
every subgroup H of G with finite index j has a basis v1, . . . , vn, and the determinant
det(aij) in the n equations

vi =
n∏

j=1

w
aij

j , i = 1, 2, . . . , n

is always equal to j in absolute value.

Theorem 1.9. If G is a group with a finite basis w1, . . . , wn, then a subgroup H is of
finite index if and only if a power of each element of G belongs to H .

Proof. If the hi-th power (hi > 0) of wi belongs to H and if we set

h = h1h2 · · · hn,

then wh
i also belongs to H and consequently the h-th power of each element likewise

belongs to H . Hence each element of G differs from some

wx1
1 wx2

2 · · ·w
xn
n (0 ≤ xi < h)

by a factor in H; therefore there are at most hn different cosets, represented by the
above elements. Thus the index of H is finite.

Conversely, in the case of a finite index the infinitely many cosets

gH, g2H, g3H, . . .

cannot all be distinct for each g ∈ G, thus a power of g must belong to H . �

Let Γ = (Γ, +,≤) be a totally ordered Abelian additive group. This means that the
order relation ≤ on Γ satisfies:

(1) α ≤ β implies α + γ ≤ β + γ for any α, β, γ ∈ Γ.

(2) For each α, β ∈ Γ either α ≤ β or β ≤ α.

Special cases occur when Γ is a subgroup of R. This happens if and only if the
Archimedean property holds:

(3) If α > 0, for every β ∈ Γ there exists a natural number n such that nα > β.
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Lemma 1.10. If Γ is a totally ordered Abelian additive group satisfying the Archime-
dean property, then it is order-isomorphic to a subgroup of the ordered additive group
R.

Proof. See P. Ribenboim [215], Lemma 1 on page 60. �

1.1.2 Galois cohomology

Let G be a (finite or topological) group acting on another Abelian group A (endowed
with the discrete topology). Denote the action of G on A by

G×A −→ A, (σ, a) �−→ σ(a).

By the definition, we have the relations

(στ )(a) = σ(τ(a)), 1(a) = a

for σ, τ ∈ G, a ∈ A, where 1 is the unit of G.
The cohomology groups of G with coefficients in A are defined with the help of the

complex of cochains. Consider the following Abelian groups:

C0(G, A) = A,

and for n ≥ 1,

Cn(G, A) = {f : Gn −→ A | f is continuous},

where the continuity of f ∈ Cn(G, A) means that the function f(σ1, . . . , σn) depends
only on a coset of σi modulo some open subgroup of G. More precisely, if f, g :
Gn −→ A are two continuous mappings, we define their sum by the rule

(f + g)(σ1, . . . , σn) = f(σ1, . . . , σn) + g(σ1, . . . , σn).

It is clear from the commutativity of A that f + g is again an element of Cn(G, A), so
it forms a group.

We define a homomorphism dn : Cn(G, A) −→ Cn+1(G, A) by the formula

(dnf)(σ1, . . . , σn+1) = σ1(f(σ2, . . . , σn+1)) + (−1)n+1f(σ1, . . . , σn)

+
n∑

i=1

(−1)if(σ1, . . . , σiσi+1, . . . , σn+1)

such that dn+1 ◦ dn = 0. The group

Zn(G, A) = Ker(dn)
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is called the group of n-cocycles, and the group

Bn(G, A) = Im(dn−1)

is called the group of n-coboundaries. The property dn+1 ◦ dn = 0 implies that

Bn(G, A) ⊆ Zn(G, A).

The n-th cohomology group of G acting on A is then defined by

Hn(G, A) = Zn(G, A)/Bn(G, A).

If n = 0, the 0-th cohomology group of G is the group

H0(G, A) = {a ∈ A | σ(a) = a for all σ ∈ G}

of elements of A that is fixed by every element of G. For n = 1, we find that a
continuous mapping f : G −→ A is a 1-cocycle if and only if for all σ, τ ∈ G one has

f(στ ) = f(σ) + σ(f(τ)).

Obviously, we have

B1(G, A) = Im(d0) = {d0a | a ∈ A},

where, by the definition,

(d0a)(σ) = σ(a)− a, σ ∈ G.

Two 1-cocycles f, g from G to A are said to be cohomologous if there exists an a ∈ A
such that each σ ∈ G satisfies

g(σ)− f(σ) = σ(a)− a.

This is an equivalence relation, and 1-th cohomology group H1(G, A) of G acting on
A is just the set of cohomology classes of 1-cocycles.

Let A′ be other Abelian group on which G acts and let ϕ : A −→ A′ be a G-
homomorphism, that is, a homomorphism that commutes with the action of G. Then
ϕ induces a natural homomorphism

ϕ∗ : H1(G, A) −→ H1(G, A′)

defined by ϕ∗([f ]) = [ϕ ◦ f ] for any [f ] ∈ H1(G, A).
Let Φ : G′ −→ G be a homomorphism. Then G′ acts on A via Φ, and this induces

a natural homomorphism

Φ∗ : H1(G, A) −→ H1(G′, A)

defined by Φ∗([f ]) = [f ◦Φ] for any [f ] ∈ H1(G, A).
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1.2 Rings and ideals

1.2.1 Ideals

For later discussions, we will need some notions of rings. When we speak of a ring, we
shall always mean a commutative ring with a multiplicative identity element (denoted
by 1). Elements x, y of a ring A are said to be zero divisors if x �= 0, y �= 0, and
xy = 0. We define a ring to be entire (or domain, or integral domain) if 1 �= 0, and
if there are no zero divisors in the ring. A unit in A is an element x which divides 1,
i.e., an element x such that xy = 1 for some y ∈ A. The element y is then uniquely
determined by x, and is written x−1. The units in A form a (multiplicative) Abelian
group. A field is a domain in which every non-zero element is a unit.

Let A be a domain. Then A has a quotient field or field of fractions κ, which is a
field containing A as a subring, and any element in κ may be written (not necessarily
uniquely) as a ratio of two elements of A. If a, b ∈ A with ab �= 0, we say that a
divides b and write a|b if there exists c ∈ A such that b = ac. We say that d ∈ A−{0}
is a greatest common divisor of a and b if d|a, d|b, and if any element e ∈ A − {0}
which divides both a and b also divides d.

An element x in a ring A is irreducible if for any factorization x = ab, a, b ∈ A,
either a or b is a unit. A domain A is a unique factorization domain (or factorial) if
every non-zero element in A can be factored uniquely, up to units and the ordering of
the factors, into a product of irreducible elements.

An ideal a of a ring A is a subset of A which is an additive subgroup and is such that
Aa ⊆ a, that is, if xy ∈ a for all x ∈ A and y ∈ a. The quotient group A/a inherits a
uniquely defined multiplication from A which makes it into a ring, called the quotient
ring (or residue-class ring). The elements of A/a are the cosets of a in A, and the
mapping p : A −→ A/a which maps each x ∈ A to its coset x + a is a surjective ring
homomorphism.

If f : A −→ B is any ring homomorphism, the kernel of f (= f−1(0)) is an ideal
a, and the image of f (= f(A)) is a subring C of B; and f induces a ring isomorphism
A/a ∼= C.

We shall sometimes use the notation x ≡ y (mod a); this means that x− y ∈ a.
The set of multiples of a particular element a ∈ A, or equivalently, the set of ele-

ments divisible by a, forms an ideal called the principal ideal generated by a, denoted
by (a) or Aa. x is a unit if and only if (x) = A = (1). The zero ideal (0) is usually
denoted by 0.

We say that the an ideal a of a ring A is proper if a �= A. A proper ideal p in A is
said to be prime if xy ∈ p for x, y ∈ A means x ∈ p or y ∈ p. It is easy to show that
x ∈ A− {0} is irreducible if the principal ideal (x) is prime. A proper ideal q in A is
said to be primary if xy ∈ q for x, y ∈ A means x ∈ q or yn ∈ q for some n > 0. By
a chain of prime ideals of the ring A we mean a finite strictly increasing sequence

p0 ⊂ p1 ⊂ · · · ⊂ pn;
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the length of the chain is n. The height of a prime ideal p in A is the supremum of all
integers n such that there exists a chain p0 ⊂ p1 ⊂ · · · ⊂ pn = p of distinct prime
ideals. We define the dimension (or Krull dimension) of A to be the supremum of
the lengths of all chains of prime ideals in A; it is an integer ≥ 0, or +∞ (assuming
A �= 0). An ideal m in A is maximal if m �= (1) and if there is no ideal a such that
m ⊂ a ⊂ (1) (strict inclusions). Equivalently:

p is prime if and only if A/p is an integral domain;

m is maximal if and only if A/m is a field.

Hence a maximal ideal is prime. A standard application of Zorn’s lemma shows that
every ring A �= 0 has at least one maximal ideal.

Proposition 1.11. The following conditions on a ring A are equivalent:

(i) The set of non-units in A forms an ideal m.

(ii) A has a unique maximal ideal m which contains every proper ideal of A.

Proof. (i)⇒(ii). Every ideal �= (1) consists of non-units, hence is contained in m.
Thus m is the only maximal ideal of A.

(ii)⇒(i). Take x ∈ A−m. If x is not a unit, the principal ideal (x) is not (1). Then
there exists a maximal ideal m′ of A containing (x). Since m is unique, it follows
m′ = m, and so (x) ⊆m. This is a contradiction. Hence x must be a unit, that is, m
consists of all non-units in A. �

A ring satisfying the conditions of Proposition 1.11 is called a local ring. The field
A/m is called the residue field of A.

Let A be any ring. A multiplicatively closed subset of A is a subset S of A such that
1 ∈ S, 0 �∈ S and S is closed under multiplication: in other words S is a subsemigroup
of the multiplicative semigroup of A. Let S be a multiplicatively closed subset of A
and define an equivalence relation on the set A×S by calling two pairs (a, s) and (b, t)
equivalent if at = bs. It is an exercise to show that this is an equivalence relation. Let
a/s denote the equivalence class containing the pair (a, s). Write

S−1A = {a/s | a ∈ A, s ∈ S}.

We put a ring structure on S−1A by defining addition and multiplication of these frac-
tions a/s in the same way as in elementary algebra: that is,

a

s
+

b

t
=

at + bs

st
,

a

s
· b

t
=

ab

st
.

The ring S−1A is called the ring of fractions of A with respect to S. If A is an integral
domain and S = A− {0}, then S−1A is the field of fractions of A.
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Let p be a prime ideal of a ring A. Then S = A − p is multiplicatively closed (in
fact A− p is multiplicatively closed if and only if p is prime). We write Ap for S−1A
in this case, and so we obtain the ring of fractions of A with respect to A− p

Ap = {a/b | a ∈ A, b ∈ A− p}.

The set
m = {a/b ∈ Ap | a ∈ p, b ∈ A− p}

form an ideal in Ap. If c/d �∈ m, then c �∈ p, hence c/d is a unit in Ap. It follows that
if a is an ideal in Ap and a � m, then a contains a unit and is therefore the whole ring.
Hence m is the only maximal ideal in Ap; in other words, Ap is a local ring. The ring
Ap is called localization of A at p.

If a, b are ideals in a ring A, their sum a + b is the set of all x + y where x ∈ a

and y ∈ b. It is the smallest ideal containing a and b. The intersection of any family
{ai}i∈I of ideals is an ideal. The product of two ideals a, b in A is the ideal ab

generated by all products xy, where x ∈ a and y ∈ b. We set a0 = (1), a1 = a and
for each positive rational integer m we set am+1 = ama so that ap+q = apaq as with
ordinary powers. It follows directly from this definition that multiplication of ideals is
commutative and associative

ab = ba, a(bc) = (ab)c.

Also there is the distributive law

a(b + c) = ab + ac.

Two ideals a, b in a ring A are said to be coprime if a + b = (1). Thus for coprime
ideals we have a ∩ b = ab. Clearly two ideals a, b are coprime if and only if there
exist x ∈ a and y ∈ b such that x + y = 1.

Proposition 1.12. Let A be a ring and a1, . . . , an ideals of A. If ai, aj are coprime
whenever i �= j, then

∏
ai = ∩ai.

Proof. By induction on n, the case n = 2 is dealt with above. Suppose n > 2 and the
result true for a1, . . . , an−1, and let

b =

n−1∏
i=1

ai =

n−1⋂
i=1

ai.

Since ai + an = (1) (1 ≤ i ≤ n− 1), we have equations

xi + yi = 1 (xi ∈ ai, yi ∈ an),
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and therefore
n−1∏
i=1

xi =
n−1∏
i=1

(1− yi) ≡ 1 (mod an).

Hence an + b = (1) and so

n∏
i=1

ai = ban = b ∩ an =
n⋂

i=1

ai. �

Theorem 1.13 (Chinese Remainder Theorem). Let A be a ring with identity and a1,
. . . , an a set of ideals in A such that ai + aj = A for i �= j. Let A =

⋂
ai. Then the

diagonal mapping
x �−→ (x + a1, . . . , x + an)

induces an isomorphism of rings

A/A ∼= A/a1 ⊕ · · · ⊕A/an.

If a, b are ideals in a ring A, their ideal quotient is

(a : b) = {x ∈ A | xb ⊆ a},

which is an ideal such that a ⊆ (a : b), and

(a : b)b ⊆ a. (1.4)

If the equality in (1.4) holds, we also write a/b in place of (a : b). In particular, (0 : b)
is called the annihilator of b and is also denoted by Ann(b): it is the set of all x ∈ A
such that xb = 0. Also (A : b) is called the generalized inverse of b. Further, if
(A : b)b = A, we also write b−1 or 1/b in place of (A : b) and call b invertible.

An element x of A is Nilpotent if xn = 0 for some n > 0. The set Nil(A) of all
Nilpotent elements in A, called the nilradical of A, is an ideal, and

Ared = A/Nil(A)

has no Nilpotent element �= 0. Also Nil(A) is the intersection of all prime ideals of A.
The Jacobson radical Jac(A) of A is defined to be the intersection of all the maximal
ideals of A. It can be characterized as follows: x ∈ Jac(A) if and only if 1 − xy is a
unit in A for all y ∈ A.

If a is any ideal of A, the radical of a is defined to be the ideal

√
a = {x ∈ A | xr ∈ a for some r > 0}.

Proposition 1.14. Let a, b be ideals in a ring A such that
√

a,
√

b are coprime. Then
a, b are coprime.
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Proof. It is easy to show

√
a + b =

√√
a +

√
b =

√
1 = (1),

and hence a + b = (1). �

A ring is called Noetherian if every ideal in the ring is finitely generated. Fields are
Noetherian rings. A basic fact is the following Hilbert basis theorem:

Theorem 1.15. If A is a Noetherian ring, then the ring A[X1, . . . , Xn] of polynomials
in n variables over A is a Noetherian ring.

Proof. See Fulton [71], Atiyah–Macdonald [2], Theorem 7.5 or Lang [146], Section
6.2. �

Theorem 1.16 (Krull’s Hauptidealsatz). Let A be a Noetherian ring, and let f ∈ A
be an element which is neither a zero divisor nor a unit. Then every minimal prime
ideal p containing f has height 1.

Proof. Atiyah–Macdonald [2], p. 122. �

Proposition 1.17. A Noetherian integral domain A is a unique factorization domain
if and only if every prime ideal of height 1 is principal.

Proof. Matsumura [173], p. 141. �

A sequence x1, . . . , xr of elements of a ring A is called a regular sequence for A if
x1 is not a zero divisor in A, and for all i = 2, . . . , r, xi is not a zero divisor in the ring
A/(x1, . . . , xi−1), where

(x1, . . . , xi−1) = {a1x1 + · · · + ai−1xi−1 | aj ∈ A}

is the ideal generated by x1, . . . , xi−1. If A is a local ring with maximal ideal m, then
the depth of A is the maximum length of a regular sequence x1, . . . , xr for A with
all xi ∈ m. We say that a local Noetherian ring A is Cohen–Macaulay if depthA =
dim A. Now we list some properties of Cohen–Macaulay rings.

Proposition 1.18. Let A be a local Noetherian ring with maximal ideal m.

(a) If A is regular, that is, dimκ m/m2 = dim A, where κ = A/m is the residue
class field, then it is Cohen–Macaulay.

(b) If A is Cohen–Macaulay, then any localization Ap of A at a prime ideal p is also
Cohen–Macaulay.

(c) If A is Cohen–Macaulay, then a set of elements x1, . . . , xr ∈ m forms a regular
sequence for A if and only if dim A/(x1, . . . , xr) = dim A− r.
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(d) If A is Cohen–Macaulay, and x1, . . . , xr ∈ m is a regular sequence for A, then
A/(x1, . . . , xr) is also Cohen–Macaulay.

(e) If A is Cohen–Macaulay, and x1, . . . , xr ∈ m is a regular sequence, let x be the
ideal (x1, . . . , xr). Then the natural mapping (A/x)[t1, . . . , tr]→ ⊕n≥0x

n/xn+1,
defined by sending ti �→ xi, is an isomorphism. In other words, x/x2 is a free A/x-
module of rank r, and for each n ≥ 1, the natural mapping Sn(x/x2) → xn/xn+1

is an isomorphism, where Sn denotes the n-th symmetric power.

Proof. Matsumura [173]: (a) p. 121; (b) p. 104; (c) p. 105; (d) p. 104; (e) p. 110 or
Hartshorne [90], Theorem 8.21A. �

Proposition 1.19. Let Σ be the set of submodules of a module M , ordered by the
relation ⊆. The following conditions on Σ are equivalent:

(I) Every increasing sequence M1 ⊆ M2 ⊆ · · · in Σ is stationary (i.e., there exists n
such that Mn = Mn+1 = · · · ).

(II) Every non-empty subset of Σ has a maximal element.

Proof. (I) ⇒ (II). If (II) is false, there is a non-empty subset Λ of Σ with no max-
imal element, and we can construct inductively a non-terminating strictly increasing
sequence in Λ.

(II)⇒ (I). The set {Mi}i≥1 has a maximal element, say Mn. �

The condition (I) is called the ascending chain condition, and (II) the maximal
condition. A module M satisfying either of these equivalent conditions is said to
be Noetherian.

Proposition 1.20. M is a Noetherian A-module if and only if every submodule of M
is finitely generated.

Proof. Suppose that M is Noetherian. Let N be a submodule of M , and let Σ be
the set of all finitely generated submodules of N . Since 0 ∈ Σ, then Σ is not empty
and therefore has a maximal element, say N0. If N0 �= N , consider the submodule
N0 + Ax, where x ∈ N , x �∈ N0; this is finitely generated and strictly contains N0, so
we have a contradiction. Hence N = N0 and therefore N is finitely generated.

Next assume that every submodule of M is finitely generated. Let M1 ⊆ M2 ⊆ · · ·
be an ascending chain of submodules of M . Then N =

⋃∞
i=1 Mi is a submodule of

M , hence is finitely generated, say by w1, . . . , wr. Say wi ∈ Mni and let

n = max
1≤i≤r

ni;

then each wi ∈ Mn, hence Mn = N and therefore the chain is stationary. �

An ideal a is said to be irreducible if a = b ∩ c means either a = b or a = c.
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Proposition 1.21. In a Noetherian ring A every ideal is a finite intersection of irre-
ducible ideals.

Proof. Suppose not; then the set of ideals in A for which the proposition is false is not
empty, hence has a maximal element a. Since a is not irreducible, we have a = b ∩ c

where a ⊂ b and a ⊂ c. Hence each of b, c is a finite intersection of irreducible ideals
and therefore so is a: contradiction. �

Proposition 1.22. In a Noetherian ring A every irreducible ideal is primary.

Proof. By passing to the quotient ring, it is enough to show that if the zero ideal is
irreducible then it is primary. Let xy = 0 with y �= 0, and consider the chain of ideals

Ann(x) ⊆ Ann(x2) ⊆ · · · .

By the ascending chain condition, this chain is stationary, i.e., we have

Ann(xn) = Ann(xn+1) = · · ·

for some n. It follows that (xn)∩ (y) = 0; for if a ∈ (y) then ax = 0, and if a ∈ (xn)
then a = bxn, hence bxn+1 = 0, hence b ∈ Ann(xn+1) = Ann(xn), hence bxn = 0;
that is, a = 0. Since (0) is irreducible and (y) �= 0 we must therefore have xn = 0,
and this shows that (0) is primary. �

A primary decomposition of an ideal a in A is an expression of a as a finite inter-
section of primary ideals, say

a =
n⋂

i=1

qi. (1.5)

We shall say that a is decomposable if it has a primary decomposition. If moreover the√
qi are all distinct, and we have⋂

j �=i

qj � qi (1 ≤ i ≤ n)

the primary decomposition (1.5) is said to be minimal. It is easy to show that any
primary decomposition can be reduced to a minimal one. If the primary decomposi-
tion (1.5) is minimal, the minimal elements of the set {√q1, . . . ,

√
qn} are called the

minimal prime ideals belonging to a.

Proposition 1.23. Let a be a decomposable ideal with a minimal primary decompo-
sition (1.5). Then the primary components qi corresponding to minimal prime ideals
belonging to a are uniquely determined by a.

Proof. See M. F. Atiyah and I. G. Macdonald [2], Chapter 4. �
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From Proposition 1.21 and Proposition 1.22 we have at once:

Theorem 1.24. In a Noetherian ring A every ideal has a primary decomposition.

Theorem 1.25. Let A be a Noetherian domain of dimension 1. Then every non-zero
ideal a in A can be uniquely expressed as a product of primary ideals whose radicals
are all distinct.

Proof. Since A is Noetherian, a has a minimal primary decomposition (1.5) by The-
orem 1.24. Since dim A = 1 and A is an integral domain, each non-zero prime
ideal of A is maximal, hence the prime ideals

√
qi are distinct maximal ideals (since√

qi ⊇ qi ⊇ a �= 0), and are therefore pairwise coprime. Hence by Proposition 1.14,
the qi are pairwise coprime and therefore by Proposition 1.12 we have

a =

n⋂
i=1

qi =

n∏
i=1

qi.

Conversely, if a =
∏

qi, the same argument shows that a =
⋂

qi; this is a minimal
primary decomposition of a, in which each qi is an minimal primary component (i.e.,
the primary component qi corresponding to a minimal prime ideal belonging to a), and
is therefore unique by Proposition 1.23. �

1.2.2 Completion of topological groups

We simply introduce the completion of a topological Abelian group under a fixed
topology. Let G be a topological Abelian group (written additively): thus G is both a
topological space and an Abelian group, and the two structures on G are compatible
in the sense that the mappings

G×G −→ G, (x, y) �→ x + y

and
G −→ G, x �→ −x

are continuous. If {0} is closed in G, then the diagonal is closed in G×G (being the
inverse image of {0} under the mapping (x, y) �→ x−y) and so G is Hausdorff. If a is a
fixed element of G, the translation Ta defined by Ta(x) = x+a is a homeomorphism of
G onto G (for Ta is continuous, and its inverse is T−a); hence if U is any neighborhood
of 0 in G, then U + a is a neighborhood of a in G, and conversely every neighborhood
of a appears in this form. Thus the topology of G is uniquely determined by the
neighborhoods of 0 in G. Obviously, G is Hausdorff if and only if the intersection of
all neighborhoods of 0 in G is equal to 0.

Assume for simplicity that 0 ∈ G has a countable fundamental system of neigh-
borhoods. Then the completion Ĝ of G may be defined in the usual way by means
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of Cauchy sequences. A Cauchy sequence in G is defined to be a sequence {xn} of
elements of G such that, for any neighborhood U of 0, there exists an integer N(U)
with the property that xm − xn ∈ U for all m, n ≥ N(U). Two Cauchy sequences
{xn} and {yn} are equivalent if xn − yn → 0 in G. The set of all equivalence classes
of Cauchy sequences is denoted by Ĝ. If {xn} and {yn} are Cauchy sequences, so is
{xn +yn}, and its class in Ĝ depends only on the classes of {xn} and {yn}. Hence we
have an addition in Ĝ with respect to which Ĝ is an Abelian group. For each x ∈ G,
the class of the constant sequence {x} is an element φ(x) of Ĝ, and φ : G −→ Ĝ is a
homomorphism of Abelian groups. Note that

Ker(φ) =
⋂

U,

where U runs through all neighborhoods of 0 in G, and so φ is injective if and only if
G is Hausdorff. If φ : G −→ Ĝ is an isomorphism, we shall say that G is complete.

Now we restrict ourselves to the special kind of topologies occurring in commutative
algebra, namely we assume that 0 ∈ G has a fundamental system of neighborhoods
consisting of subgroups. Thus we have a sequence of subgroups

G = G0 ⊇ G1 ⊇ · · · ⊇ Gn ⊇ · · ·

and U ⊆ G is a neighborhood of 0 if and only if it contains some Gn. A typical
example is the p-adic topology on Z, in which Gn = pnZ. For topologies given
by sequences of subgroups there is an alternative purely algebraic definition of the
completion. Suppose {xm} is a Cauchy sequence in G. Then the image of xm in
G/Gn is ultimately constant, equal say to ξn. If we pass from n+1 to n it is clear that
ξn+1 �→ ξn under the projection

θn+1 : G/Gn+1 −→ G/Gn.

Thus a Cauchy sequence {xm} in G defines a coherent sequence {ξn} in the sense that

θn+1(ξn+1) = ξn, n ≥ 0.

Moreover it is clear that Cauchy sequences which are equivalent to {xm} define the
same sequence {ξn}. Finally, given any coherent sequence {ξn}, we can construct a
Cauchy sequence {xn} giving rise to it by taking xn to be any element in the coset ξn

(so that xn+1 − xn ∈ Gn). Thus Ĝ can equally well be defined as the set of coherent
sequences {ξn} with the obvious group structure.

We have now arrived at a special case of inverse limits. More generally, consider
any sequence of groups {An} and homomorphism

θn+1 : An+1 −→ An.

We call this an inverse system, and the group of all coherent sequences {an} (i.e.,
an ∈ An and θn+1(an+1) = an) is called the inverse limit of the system. It is usually
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written lim←−An. If the homomorphisms θn are always surjective, the inverse system
{An} is called a surjective system. With this notation we have

Ĝ ∼= lim← G/Gn.

The most important class of examples of topological groups of the kind we are
considering are given by taking

G = A, Gn = an,

where a is an ideal in a ring A. The topology so defined on A is called the a-adic
topology, or just the a-topology. Since the an are ideals, it is not hard to check that
with this topology A is a topological ring, i.e. that the ring operations are continuous.
The topology is Hausdorff if and only if

⋂
an = (0). The completion Â of A is again

a topological ring; φ : A −→ Â is a continuous ring homomorphism, whose kernel is⋂
an.
Similarly, if M is any A-module, we define

M̂ = lim← M/anM,

and call it the a-adic completion of M . It has a nature structure of Â-module.

Proposition 1.26. If A is a Noetherian ring, a an ideal of A, Â its a-adic completion,
then

〈1〉 â = Âa; ân = ân = Âan; Â/ân ∼= A/an;

〈2〉 an/an+1 ∼= ân/ân+1;

〈3〉 â is contained in the Jacobson radical of Â;

〈4〉 Â is Noetherian;

〈5〉 If A is a Noetherian domain, a �= (1), then
⋂

an = 0;

〈6〉 If A is a Noetherian local ring, a its maximal ideal, then Â is a local ring with
maximal ideal â; the a-topology of A is Hausdorff;

〈7〉 If M is a finitely generated A-module, then M̂ ∼= M ⊗A Â.

Proof. See M. F. Atiyah and I. G. Macdonald [2], Chapter 10. �

1.2.3 Fractional ideals

Let A be an integral domain, κ its field of fractions. An A-submodule g of κ is to be
called a fractional ideal of A if ωg ⊆ A for some ω �= 0 in A. If g is an A-submodule
of κ, we also define the generalized inverse of g

(A : g) = {α ∈ κ | αg ⊆ A}.
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Every ideal g of A is a fractional ideal (take ω = 1). If we wish to emphasize that the
fractional ideal g is actually contained in A, we say g is an integral ideal. Any element
α ∈ κ generates a fractional ideal, denoted by (α) or αA, and called principal.

Every finitely generated A-submodule g of κ is a fractional ideal. For if g is gener-
ated by β1, . . . , βr ∈ κ, we can write

βi =
αi

ω
, i = 1, 2, . . . , r,

where αi and ω are in A, and then ωg ⊆ A. Conversely, if A is Noetherian, every
fractional ideal g is finitely generated, for it of the form ω−1a for some integral ideal
a.

Let IA denote the set of nonzero fractional ideals of A. If g and h are A-submodules
of κ, their product gh is the collection of all sums

∑
gihi with gi ∈ g and hi ∈ h. Then

it is easy to see that IA is a commutative semigroup.
An A-submodule g of κ is called invertible if there exists a A-submodule h of κ

such that gh = A. The module h is then unique and equal to (A : g) for we have

h ⊆ (A : g) = (A : g)gh ⊆ Ah = h.

If g is invertible, it follows that g is finitely generated, and therefore a fractional ideal:
for since g(A : g) = A, there exist βi ∈ g and γi ∈ (A : g) (1 ≤ i ≤ r) such that

β1γ1 + β2γ2 + · · ·+ βrγr = 1,

and hence for any α ∈ g we have

α =
r∑

i=1

(γiα)βi,

with each γiα ∈ A, so that g is generated by β1, . . . , βr. Clearly every non-zero prin-
cipal factional ideal (α) is invertible, its inverse being (α−1). The invertible ideals
form a group with respect to multiplication, whose identity element is A = (1). In-
vertibility is a local property, that is, a fractional ideal g is invertible if and only if g is
finitely generated and, for each prime ideal p, gp is invertible, equivalently, g is finitely
generated and, for each maximal ideal m, gm is invertible.

1.2.4 Relative differentials

Here we review the algebraic theory of E. Kähler differentials. Let A be a ring (com-
mutative with identity as always), let B be an A-algebra, and let M be a B-module.
An A-derivation of B into M is a mapping d : B −→ M such that d is additive,

d(xy) = xdy + ydx, {x, y} ⊂ B,
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and da = 0 for all a ∈ A. We define the module of relative differential forms of B over
A to be a B-module ΩB/A, together with an A-derivation d : B −→ ΩB/A, which sat-
isfies the following universal property: for any B-module M , and for any A-derivation
d′ : B −→ M , there exists a unique B-module homomorphism f : ΩB/A −→ M such
that d′ = f ◦ d. The elements in ΩB/A are called Kähler differentials.

Clearly one way to construct such a module ΩB/A is to take the free B-module F
generated by the symbols {dx | x ∈ B}, and to divide out by the submodule generated
by all expressions of the form (1) d(x+y)−dx−dy for x, y ∈ B, (2) d(xy)−xdy−ydx
for x, y ∈ B, and (3) da for a ∈ A. The derivation d : B −→ ΩB/A is defined by
sending x to dx. Thus we see that ΩB/A exists. It follows from the definition that the
pair (ΩB/A, d) is unique up to unique isomorphism. As a corollary of this construction,
we see that ΩB/A is generated as a B-module by {dx | x ∈ B}.

Concretely, we may consider the homomorphism

m : B ⊗A B −→ B, x⊗ y �→ xy,

whose kernel we denote by I . Then

ΩB/A := I/I2 = I ⊗B⊗B B (1.6)

is a B ⊗B-module, and hence in particular also a B-module, via the embedding

B −→ B ⊗B, x �→ x⊗ 1.

If we put
dx = x⊗ 1− 1⊗ x mod I2,

then we obtain an A-derivation

d : B −→ ΩB/A.

One can show that d is universal among all A-derivation of B with values in B-
modules. Hence ΩB/A is a module of relative differential forms of B over A, and
its elements are the linear combinations

∑
yidxi.

If A′ is any commutative A-algebra and B′ = B ⊗A A′, then it is easy to see that

ΩB′/A′ = ΩB/A ⊗A A′. (1.7)

Furthermore, if S is a multiplicative system in B, then

ΩS−1B/A
∼= S−1ΩB/A.

Thus the module of relative differential forms is preserved under completion and lo-
calization.

Let A −→ B −→ C be rings and homomorphisms. Then there is a nature exact
sequence of C-modules

ΩB/A ⊗B C −→ ΩC/A −→ ΩC/B −→ 0, (1.8)

called first exact sequence.
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1.3 Integral elements and valuations

1.3.1 Integral elements

Let B be a ring and A a subring of B (so that 1 ∈ A). An element α of B is said to be
integral over A if it satisfies a monic equation over A:

αn + a1αn−1 + · · ·+ an = 0, (1.9)

where ai ∈ A for i = 1, . . . , n. Clearly every element of A is integral over A.

Proposition 1.27. The following are equivalent:

(1) α ∈ B is integral over A;

(2) A[α] is a finitely generated A-module;

(3) A[α] is contained in a subring C of B such that C is a finitely generated A-
module;

(4) There exists a faithful A[α]-module M (that is, Ann(M) = 0) which is finitely
generated as an A-module.

Proof. (1)⇒(2). From (1.9) we have

αn+r = −a1αn+r−1 − · · · − anxr

for all r ≥ 0; hence, by induction, all positive powers of α lie in the A-module gener-
ated by 1, α, . . . , αn−1. Hence A[α] is generated (as an A-module) by 1, α, . . . , αn−1.

(2)⇒(3). Take C = A[α].
(3)⇒(4). Take M = C, which is a faithful A[α]-module since yC = 0 implies

y · 1 = 0.
(4)⇒(1). We consider an A[α]-module endomorphism φ of M defined by φ(x) =

αx for x ∈ M . Obviously, φ(M) = αM ⊆ M since M is an A[α]-module. We claim
that φ satisfies an equation of the form

φn + a1φn−1 + · · ·+ an = 0,

where the ai are in A. Let x1, . . . , xn be a set of generators of M . Then each φ(xi) ∈
M , so that we have

φ(xi) =

n∑
j=1

aijxj (1 ≤ i ≤ n; aij ∈ A),

i.e.,
n∑

j=1

(δijφ− aij)xj = 0
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where δij is the Kronecker delta. By multiplying on the left by the adjoint of the
matrix (δijφ − aij) it follows that det(δijφ − aij) annihilates each xi, hence is the
zero endomorphism of M . Expanding out the determinant, we have an equation of the
required form. Since M is faithful, we obtain an equation of the form (1.9). �

Proposition 1.28. Let αi (1 ≤ i ≤ n) be elements of B, each integral over A. Then
the ring A[α1, . . . , αn] is a finitely generated A-module.

Proof. In fact, by induction on n, the case n = 1 is part of Proposition 1.27. Assume
n > 1, let Ar = A[α1, . . . , αr]; then by the inductive hypothesis An−1 is a finitely
generated A-module. By the case n = 1, An = An−1[αn] is a finitely generated
An−1-module since αn is integral over An−1. Hence An is finitely generated as an
A-module. �

In particular, the set Ā of elements of B which are integral over A is a subring of B
containing A, since, if α, β ∈ Ā, then A[α, β] is a finitely generated A-module by the
above fact, and hence α ± β and αβ are integral over A, by (3) of Proposition 1.27.
The ring Ā is called the integral closure of A in B. If Ā = A, that is, every element of
B integral over A lies in A, then A is said to be integrally closed in B. If Ā = B, the
ring B is said to be integral over A.

Further, if A ⊆ B ⊆ C are rings and if B is integral over A, and C is integral over
B, then C is integral over A (transitivity of integral dependence). In fact, if α ∈ C,
then we have an equation

αn + b1αn−1 + · · ·+ bn = 0 (bi ∈ B).

The ring B′ = A[b1, . . . , bn] is a finitely generated A-module, and B′[α] is a finitely
generated B′-module since α is integral over B′. Hence B′[α] is a finitely generated
A-module, and therefore α is integral over A by (3) of Proposition 1.27. Moreover, a
prime ideal p of B is maximal if and only if p ∩A is maximal in A.

An integral domain A is called integrally closed if it is integrally closed in its field of
fractions. Integral closure is a local property, that is, an integral domain A is integrally
closed if and only if Ap is integrally closed, for each prime ideal p, equivalently, Am

is integrally closed, for each maximal ideal m. An integral element ε over A is called
a unit of A if 1/ε is also an integral element over A. An integral element α over A is
said to be divisible by an integral element β ( �= 0) over A, if α/β is integral over A;
in symbols we write β|α. We say that d ∈ A− {0} is a greatest common divisor of α
and β if d|α, d|β, and if any element e of A − {0} which divides both α and β also
divides d.

Let A be an integrally closed Noetherian domain. We call an ideal a of A divisible
by an ideal c or c a factor (divisor) of a if c �= (0) and there is an ideal b such that
a = bc. In symbols we write c|a. The connection between divisibility of elements
and of ideals is made by the following fact: The principal ideal (α) is divisible by the
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principal ideal (β) �= (0) if and only if the element α is divisible by the element β.
This follows since

(α) = (β)(γ1, . . . , γr) = (βγ1, . . . , βγr)

implies
α =

∑
i

λiβγi = β
∑

i

λiγi

with algebraic integers λi; hence β|α. Conversely, if β|α, then for some algebraic
integer γ, α = βγ, and we also have (α) = (β)(γ) and (β)|(α).

In all statements which concern the divisibility of an principal ideal (α), we replace
the ideal by the element α. Thus α is divisible by a means that (α) is divisible by a.
The statement β|α has meaning, it actually agrees with (β)|(α).

The unit ideal (1) consists of integral elements of the field of fractions. If an ideal
contains the element 1, then it contains all algebraic integers, and is thus = (1). For
each ideal a �= (0),

a = a(1), a|a, (1)|a, a|(0).

Each ideal a has the trivial factors a and (1).

1.3.2 Valuation rings

An integral domain A with its field of fractions κ is called a valuation ring of κ if it
has the property that for any x ∈ κ we have x ∈ A or x−1 ∈ A (or both). Obviously,
if A is a valuation ring of κ such that there exists a ring B with A ⊆ B ⊆ κ, then B is
a valuation ring of κ.

Proposition 1.29. Let A be a valuation ring of κ. Then A is a local ring, and inte-
grally closed in κ.

Proof. Let m be the set of non-units of A, so that x ∈ m if and only if x = 0 or
x−1 �∈ A. If a ∈ A and x ∈ m we have ax ∈ m, for otherwise (ax)−1 ∈ A and
therefore x−1 = a(ax)−1 ∈ A. Next let x, y be non-zero elements of m. Then either
xy−1 ∈ A or x−1y ∈ A. If xy−1 ∈ A, then x + y = (1 + xy−1)y ∈ Am ⊆ m,
and similarly if x−1y ∈ A. Hence m is an ideal and therefore A is a local ring by
Proposition 1.11.

Let α ∈ κ be integral over A. Then we have, say,

αn + a1αn−1 + · · ·+ an = 0

with the ai ∈ A. If α ∈ A there is nothing to prove. If not, then α−1 ∈ A, hence

α = −(a1 + a2α−1 + · · ·+ anα1−n) ∈ A.

This is a contradiction. Hence we always have α ∈ A, that is, A is integrally closed.�
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Generally, if A is a subring of a field κ, then the integral closure Ā of A in κ is the
intersection of all the valuation rings of κ which contain A.

Definition 1.30. A valuation on a field κ is a function v from κ into R∪ {+∞} satis-
fying:

(1) v(x) = +∞ if and only if x = 0.

(2) v(xy) = v(x) + v(y) for all x, y ∈ κ.

(3) v(x + y) ≥ min{v(x), v(y)} for all x, y ∈ κ.

Set κ∗ = κ− {0}. A valuation v is said to be trivial if

v(x) =

{
0, x ∈ κ∗,
+∞, x = 0.

Two valuations v and v′ are equivalent if and only if there is a positive real constant λ
such that v′(x) = λv(x) for all x ∈ κ. The equivalence class of a non-trivial valuation
v on κ, denoted usually by [v] or simply by its representatives, say v, will be called a
prime (divisor) or place of κ. Let M0

κ denote the set of places of κ.

Example 1.31. Let p ∈ Z+ be a prime number. For x = a/b ∈ Q∗ with a, b ∈ Z,
there exist integers ordp(x), a′, b′ such that

x = pordp(x) a′

b′
, p � a′b′.

Further, set ordp(0) = +∞. The function ordp : Q −→ Z ∪ {+∞} is a valuation on
Q, called the p-adic valuation on Q.

If v is a valuation on a field κ, the subset

Oκ,v = {x ∈ κ | v(x) ≥ 0}

is a subring of κ, called the valuation ring of v, which has κ as field of quotients;
because if x ∈ κ, x �∈ Oκ,v, then v(x) < 0 so v(x−1) > 0 since v(1) = 0, and so
x = 1/y, where y = x−1 ∈ A. Let us note that Oκ,v = κ exactly when v is the trivial
valuation. It is easy to show that two valuations v′, v of κ have the same valuation ring
Oκ,v′ = Oκ,v if and only if v′, v are equivalent. In view of this fact, the study of the
rings of valuations is equivalent to that of the equivalence classes of valuations.

Now, we may formulate the main theorem on valuation rings:

Theorem 1.32. Let A be a domain, κ its field of quotients, and U the group of units
of A. Then the following statements are equivalent:

(i) A = Oκ,v for a nontrivial valuation v of κ.

(ii) A is a maximal proper subring of κ.
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(iii) The following properties are satisfied:

(iii.1) If x ∈ κ, x �∈ A, then x−1 ∈ A.

(iii.2) If x ∈ A, x−1 �∈ A, if y ∈ κ∗, there exists an integer n > 0 such that
xn ∈ Ay.

(iv) κ∗/U is a totally ordered Archimedean group.

Proof. (i)⇒(ii) Since A is the valuation ring of a nontrivial valuation v of κ, we have
A �= κ. Let B be a subring of κ such that A ⊆ B ⊆ κ, A �= B. We will prove that
B = κ. Take x ∈ B with x �∈ A. Then v(x) < 0, and so v(x−1) > 0. If y ∈ κ∗, there
exists an integer n > 0 such that

nv(x−1) ≥ v(y−1),

and hence v(y) ≥ v(xn), which means

y ∈ Axn ⊆ AB ⊆ B.

(ii)⇒(iii) First of all, we show (iii.1). Let x ∈ κ, x �∈ A, and let us assume that
x−1 �∈ A. It follows that A[x−1] = κ from the maximality of the subring A. Hence
we may write

x = a0 + a1x−1 + · · ·+ anx−n

with ai ∈ A, and therefore

xn+1 = a0xn + a1xn−1 + · · ·+ an.

Similarly, for every j ≥ 1 we may express xn+j as a linear combination of the el-
ements 1, x, . . . , xn with coefficients in A. Thus κ = A[x] is a finitely generated
A-module. Since κ is the field of quotients of A and κ �= A, this is not possible,
because κ is not a fractional ideal.

To prove (iii.2), let x ∈ A, x−1 �∈ A, then κ = A[x−1] by the maximality of A. If
y ∈ κ∗, then y−1 may be written as

y−1 = a0 + a1x−1 + · · ·+ anx−n

with ai ∈ A, thus y−1 = ax−n with

a = a0xn + a1xn−1 + · · · + an ∈ A

and so xn = ay ∈ Ay.
(iii)⇒(iv) First of all, we define a relation on κ∗/U as follows: xU ≤ yU when

Ax ⊇ Ay. This is an order relation on κ∗/U compatible with multiplication: if xU ≤
yU , for every z ∈ A, we have xU · zU ≤ yU · zU .

If x, y ∈ κ∗ and xU � yU , then Ax � Ay, so yx−1 �∈ A. By (iii.1), xy−1 ∈ A so
yU ≤ xU . This shows that κ∗/U is a totally ordered multiplication group.
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If U ≤ xU , U �= xU , that is, x ∈ A, x �∈ U , so x−1 �∈ A. If yU ∈ κ∗/U , by (iii.2)
there exists an integer n > 0 such that xn ∈ Ay, and therefore yU ≤ xnU = (xU)n.
This proves that κ∗/U satisfies the Archimedean property.

(iv)⇒(i) By Lemma 1.10, κ∗/U is order-isomorphic to a subgroup Γ of the ordered
additive group R. We define a mapping v : κ −→ Γ∪{+∞} as follows: v(0) = +∞;
if x ∈ κ∗, let ξ ∈ Γ correspond to xU ∈ κ∗/U , then we put v(x) = ξ.

We now verify that v is a valuation of κ. If ξ, η ∈ Γ correspond respectively to xU ,
yU , then ξ + η corresponds to xyU = xU · yU ; thus

v(xy) = v(x) + v(y).

Similarly, if ξ = v(x) ≤ v(y) = η, then xU ≤ yU , that is, Ax ⊇ Ay, hence
Ax ⊇ A(x + y), therefore

v(x + y) ≥ v(x) = min{v(x), v(y)}.

To conclude the proof, we just note that x ∈ A if and only if U ≤ xU , that is
0 ≤ v(x), so A is the valuation ring of v. �

If v is a non-trivial valuation on a field κ, then Oκ,v is maximal among subrings of
κ different from κ (or see [33], Corollary 7.3 in Chapter 1). Elements of Oκ,v are the
valuation integers or v-integers. Obviously, Oκ,v is a valuation ring of the field κ. By
Proposition 1.29, Oκ,v is a local ring, and its maximal ideal m is the set

m = mκ,v = {x ∈ κ | v(x) > 0},

which is called the valuation ideal of v. The field

Fv(κ) = Oκ,v/m

is called the residue class field of v. The characteristic of Fv(κ) is named the residue
characteristic of κ. Further, if p = [v] is the place of κ determined by the valuation v,
then

Oκ,p = Oκ,v, Fp(κ) = Fv(κ)

are independent of the choice of the representative v in p.

Example 1.33. If we consider the p-adic valuation v = ordp of Q, the residue class
field Fv(Q) is the field Fp with p elements.

In fact, we have
Z ⊆ OQ,v, mQ,v ∩ Z = Zp.

Let ϕ : OQ,v −→ Fv(Q) be the canonical mapping, and let ϕ0 be its restriction to Z.
Then the kernel of ϕ0 is mQ,v ∩ Z = Zp, and so

ϕ0(Z) = Z/Zp = Fp.
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It is enough to show that ϕ0(Z) = ϕ(OQ,v), that is, given a/b ∈ OQ,v, there exists
n ∈ Z such that a/b − n ∈ mQ,v. Now, since p does not divide b, there exist integers
r, s such that rp + sb = 1. Take n = as. Then

a

b
− n =

a

b

(
1− nb

a

)
=

arp

b
∈mQ,v.

1.3.3 Discrete valuation rings

Let v be a valuation on a field κ. The image of κ∗ by v is a subgroup of the additive
group R called the valuation group of v. The valuation of κ is said to be discrete
(resp., dense) if its valuation group is a discrete (resp., dense) subgroup of R. For the
trivial valuation, the valuation group consists of 0 alone. If v is a non-trivial valuation,
its valuation group Γ either has a least positive element λ or Γ has no least positive
element. For the former, Γ = λZ. For the latter, Γ is clearly dense in R. For a discrete
valuation we can always find an equivalent one with precise valuation group Z; such a
valuation is said to be normalized or an order function on κ.

An integral domain A is a discrete valuation ring if there is an order function of its
field of fractions κ such that A is the valuation ring Oκ,ord. If two elements x, y ∈ A
have the same value, that is, ord(x) = ord(y), then ord(xy−1) = 0 and therefore
u = xy−1 is a unit in A. Hence (x) = (y). If a �= 0 is an ideal in A, there is a least
integer n such that ord(x) = n for some x ∈ a. It follows that a contains every y ∈ A
with ord(y) ≥ n, and therefore the only ideals �= 0 in A are the ideals

mn = {y ∈ A | ord(y) ≥ n}.

These form a single chain

m = m1 ⊃m2 ⊃m3 ⊃ · · · ,

and therefore A is Noetherian. Moreover, since ord : κ∗ −→ Z is surjective, there
exists t ∈m such that ord(t) = 1, and then

mn = (tn), n ≥ 1.

Hence m is the only non-zero prime ideal of A, and A is thus a Noetherian local
domain of dimension one in which every non-zero ideal is a power of the maximal
ideal. In fact many of these properties are characteristic of discrete valuation rings.

Proposition 1.34. Let A be a Noetherian local domain of dimension one, m its maxi-
mal ideal, F = A/m its residue field. Then the following conditions are equivalent:

(I) A is a discrete valuation ring;

(II) A is integrally closed;

(III) m is a principal ideal;
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(IV) dimF m/m2 = 1;

(V) Every non-zero ideal is a power of m;

(VI) There exists t ∈ A such that every non-zero ideal is of the form (tn), n a non-
negative integer.

Proof. See M. F. Atiyah and I. G. Macdonald [2], Proposition 9.2. �

An element t as in Proposition 1.34 is called a uniformizing parameter for A; any
other uniformizing parameter is of the form ut, u a unit in A. Let κ be the quotient
field of A. Then any non-zero element z ∈ κ has a uniquely expression z = utn, u a
unit in A, n ∈ Z. The exponent n = ord(z) is called the order of z.

Proposition 1.35. Let A be a Noetherian domain of dimension one. Then the follow-
ing are equivalent:

(α) A is integrally closed;

(β) Every primary ideal in A is a prime power;

(γ) Every local ring Ap (p �= 0) is a discrete valuation ring.

Proof. (α) ⇔ (γ). Since A is integrally closed if and only if Ap is integrally closed,
for each prime ideal p, then it follows from Proposition 1.34.

(β)⇔ (γ). See M. F. Atiyah and I. G. Macdonald [2], Theorem 9.3. �

A Noetherian domain of dimension one satisfying the conditions of Proposition 1.35
is called a Dedekind domain. The first result is that in such a domain we have a unique
factorization theorem for ideals:

Theorem 1.36. Let A be an integral domain. Then A is a Dedekind domain if and
only if every non-zero ideal of A has a unique factorization as a product of prime
ideals.

Proof. Theorem 1.25 and Proposition 1.35, or see [215], Section 10.2, Theorem 2. �

Proposition 1.37. Let A be a local domain. Then A is a discrete valuation ring if and
only if every non-zero fractional ideal of A is invertible.

Proof. Assume that A is a discrete valuation ring. Let t be a generator of the maximal
ideal m of A, and let g �= 0 be a fractional ideal. Then there exists ω ∈ A such
that ωg ⊆ A: thus ωg is an integral ideal, say (tn), and therefore g = (tn−l), where
l = v(ω).

Conversely, every non-zero fractional ideal of A is invertible and therefore finitely
generated, so that A is Noetherian. By Proposition 1.34, it is therefore enough to prove
that every non-zero ideal is a power of m. Suppose this is false. Let Σ be the set of



1.3 Integral elements and valuations 29

non-zero ideals which are not powers of m, and let m be a maximal element of Σ.
Then m �= m, hence m ⊂m, and so

m−1m ⊂m−1m = A

is a proper integral ideal, and m−1m ⊇ m. If m−1m = m, then m = mm and
therefore m = 0 by a Nakayama’s lemma, hence m−1m ⊃ m, and hence m−1m is a
power of m (by the maximality of m). Hence m is a power of m: contradiction. �

Proposition 1.38. Let A be an integral domain. Then A is a Dedekind domain if and
only if every non-zero fractional ideal of A is invertible.

Proof. Let A be a Dedekind domain and let g �= (0) be a fractional ideal. Since A is
Noetherian, g is finitely generated. For each prime ideal p, gp is a fractional ideal �= 0
of the discrete valuation ring Ap, hence is invertible by Proposition 1.37. Hence g is
invertible by the local property of invertibility.

Conversely, every non-zero integral ideal of A is invertible, hence finitely generated,
and so A is Noetherian. We shall show that each Ap (p �= 0) is a discrete valuation
ring. For this it is enough to show that each integral ideal �= 0 in Ap is invertible, and
then use Proposition 1.37. Let a �= 0 be an integral ideal in Ap, and let b = a ∩ A.
Then b is invertible, hence a = bp is invertible by Proposition 1.37. �

Theorem 1.39. Any non-zero fractional ideal g of a Dedekind domain A can be
uniquely expressed as a product

g = pa1
1 pa2

2 · · · p
ar
r

with p1, . . . , pr distinct prime ideals and a1, . . . , ar positive or negative integers.

Proof. Since ωg ⊆ A for some ω ∈ A− {0}, each of the ideals ωg and ωA in A has
a factorization as a product of prime ideals with nonnegative exponents as

ωg =
∏

pbi
i , ωA =

∏
q
cj

j ,

with pi and qj maximal ideals of A in which the exponents bi and cj positive integers
(cf. Theorem 1.36). It follows that∏

pbi
i = ωg = (ωA)g =

(∏
q
cj

j

)
g.

We have just proved that ideals of A are invertible, so it follows that

g =
∏

pbi
i

∏
q
−cj

j

which is a factorization of g.
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To establish the uniqueness of the factorization, suppose

g =
∏

pbi
i

∏
q
−cj

j =
∏

rdk
k

∏
s−el
l ,

where all pi, qj , rk, and sl are maximal ideals of A and the numbers bi, cj , dk, el are
positive integers. We may assume further that all the pi and qj are distinct as are all
the rk and sl. Since ideals of A are invertible, we may clear the negative exponents by
multiplication to get ∏

pbi
i

∏
sel
l =

∏
q
cj

j

∏
rdk
k .

Each side is an ideal of A and we already know the uniqueness of the expression of an
ideal of A as a product of maximal ideals by Theorem 1.36. It follows, after suitable
renumbering, that

pbi
i = rdk

k , q
cj

j = sel
l ,

which yields the uniqueness of the factorization for g. �

Thus if A is a Dedekind domain, the non-zero fractional ideals of A form a group
with respect to multiplication. This group is called the group of ideals of A; we denote
it by IA. In this terminology Theorem 1.39 says that IA is a free Abelian group,
generated by the non-zero prime ideals of A.

Let A be a Dedekind domain, κ its field of fractions. We consider the homomor-
phism

ϑ : κ∗ −→ IA, ϑ(α) = (α).

The image ϑ(κ∗) of ϑ is the group of principal fractional ideals. The quotient

IA = IA/ϑ(κ∗)

can be made into an Abelian group, called ideal class group of A (or κ). For each
element a ∈ IA, the equivalence class [a] of all ideals equivalent to a is called an ideal
class. Here two elements a, b of IA are said to be equivalent, in symbols a ∼ b, if
they differ only by a factor which is a principal ideal, that is, if there is a (integral or
fractional) principal ideal (ω) �= (0) such that a = ωb. In particular, all principal
ideals ( �= 0) are equivalent to each other. They form the principal class, which is the
unit element in IA. The kernel Ker(ϑ) of ϑ is the set of all α ∈ κ∗ such that (α) = (1),
so that it is the group of units of A. We have an exact sequence

1 → Ker(ϑ) → κ∗
ϑ−→ IA → IA → 1. (1.10)

A family of valuations S on a field κ is said to satisfy the strong approximation
property if the following conditions hold:

〈1〉 each valuation in S is discrete;

〈2〉 for any x ∈ κ∗, v(x) = 0 except at most for finitely many valuations v ∈ S;
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〈3〉 given v, v′ ∈ S and N > 0, there exists x ∈ κ such that v(x−1) > N , v′(x) > N
and w(x) ≥ 0 for all w �= v, v′ in S.

Theorem 1.40. If A is a Dedekind domain with field of fractions κ, then A can be
defined as the intersection of valuation rings for a family S of non-trivial inequivalent
valuations on κ with the strong approximation property.

Proof. If the different maximal ideals of A are p1, p2, . . . , then we have∏
i

pαi
i ⊆ A

for any αi ≥ 0, with equality if and only if αi = 0 for all i. Thus the pi generate
a free Abelian group I0 say. If some integral ideal is not in I0, then because A is
Noetherian we can find an ideal a which is maximal among ideals not in I0. We have
a ⊆ pi ⊂ A for some maximal ideal pi, hence a ⊂ ap−1

i ⊆ A. By the maximality
of a it follows that ap−1

i ∈ I0 and so a = ap−1
i pi ∈ I0, which is a contradiction.

Thus I0 contains every integral ideal and hence every principal ideal, for if u = ab−1,
then aA, bA ∈ I0, hence also uA = (aA)(bA)−1. If g is any fractional ideal, then
there exists ω ∈ A − {0} such that ωg ⊆ A, and hence f = ωg ∈ I0; therefore
g = fω−1 ∈ I0 and this shows that I0 includes all fractional ideals.

Given a ∈ κ∗, the principal ideal aA is a fractional ideal and so we have a represen-
tation

aA =
∏

pordp(a). (1.11)

For each maximal ideal p, the function ordp(a) is a discrete valuation on κ, where
we think ordp(0) = +∞. Let S be the set of equivalence classes defined by these
valuations. We have just see that 〈1〉 holds and 〈2〉 follows because in (1.11) almost all
the ordp(a) vanish. To prove 〈3〉, take distinct maximal ideals p, q. Then p + q = A,
hence (p + q)2N = A for any N > 0, and so

A = (p + q)2N ⊆ p2N + p2N−1q + · · ·+ q2N ⊆ pN + qN .

It follows that we can write 1 = a + b, where a ∈ pN , b ∈ qN and a, b ∈ A. Thus a
satisfies

ordp(a) ≥ N, ordq(1− a) ≥ N, a ∈ A,

and so 〈3〉 holds. �

For every nonzero prime ideal p of A, the mapping ordp defined in (1.11) is called
the p-adic valuation. In fact, Theorem 1.40 exhibits a characterization of Dedekind
domains by means of valuations:

Proposition 1.41. Let A be an integral domain. Then A is a Dedekind domain if and
only if A satisfies the conditions:
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(a) there exists a family S of discrete normalized valuations of the field of quotients κ
of A such that

A =
⋂
v∈S

Oκ,v;

(b) for every x ∈ κ∗, the set {v ∈ S | v(x) �= 0} is finite;

(c) every nonzero prime ideal of A is maximal.

Proof. See [215], Section 10.2, Theorem 2. �

By using Proposition 1.41, one can prove that if A is a Dedekind domain with the
field κ of quotients of A, the following sets of rings coincide:

Ω = {Oκ,v | v is discrete such that A ⊆ Oκ,v},

Ω′ = {Ap | p �= 0, p prime ideal},
and

Ω′′ = {Oκ,v | v is a nontrivial valuation of κ such that A ⊆ Oκ,v},
see [215], Section 10.1, (B).

Proposition 1.42. Let A be an integrally closed Noetherian domain. Then

A =
⋂

ht p=1

Ap,

where the intersection is taken over all prime ideals of height 1.

Proof. See Matsumura [173], Theorem 38, p. 124. �

1.4 Polynomials

For further investigation we need the symmetric polynomial theorem from algebra,
which we formulate as follows:

Theorem 1.43. Let x1, . . . , xn be n independent variables and let σ1, . . . , σn be their
n elementary symmetric polynomials which are the coefficients of the polynomial in x:

(x− x1) · · · (x− xn) = xn − σ1xn−1 + σ2xn−2 + · · · + (−1)nσn.

Then every symmetric polynomial S(x1, . . . , xn) in x1, . . . , xn can be represented
uniquely as a polynomial G of σ1, . . . , σn:

S(x1, . . . , xn) = G(σ1(x1, . . . , xn), . . . , σn(x1, . . . , xn)).

The coefficients of G can be calculated from those of S entirely by the operations of
addition, subtraction, and multiplication.
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If the theorem is applied twice in succession, then we obtain: If y1, . . . , ym are
m additional independent variables and ρ1, . . . , ρm are their elementary symmetric
polynomials, and if S(x1, . . . , xn; y1, . . . , ym) is a polynomial of the n+m arguments
which remains unchanged under each permutation of the x among themselves and
under each permutation of the y among themselves, then S can be represented as a
polynomial G of the σ1, . . . , σn and ρ1, . . . , ρm:

S(x1, . . . , xn; y1, . . . , ym) = G(σ1, . . . , σn, ρ1, . . . , ρm).

The coefficients of G can be calculated from those of S entirely by the operations of
addition, subtraction, and multiplication.

The most important fact concerning polynomials over a field κ is stated in the fol-
lowing theorem:

Theorem 1.44. Two nonzero polynomials f1(x) and f2(x) over κ have a uniquely
determined greatest common divisor d(x), that is, there is a polynomial d(x) with
leading coefficient 1, such that d(x)|f1(x), d(x)|f2(x), and every polynomial which
divides f1(x) and f2(x), also divides d(x). Moreover, d(x) can be represented in the
form

d(x) = g1(x)f1(x) + g2(x)f2(x), (1.12)

where g1(x) and g2(x) are polynomials over κ, and thus d(x) is also a polynomial
over κ.

Proof. Among the polynomials

P (x) = u1(x)f1(x) + u2(x)f2(x),

where u1(x) and u2(x) run through all polynomials over κ, we consider such a poly-
nomial with leading coefficient 1 whose degree is as small as possible. Let d(x) be
such a polynomial and suppose that (1.12) holds. If d(x) is of degree 0, then it is = 1
and hence it divides f1(x) and f2(x). But even if it is of higher degree, it must divide
f1(x), for let the remainder r(x) of f1(x) mod d(x) be determined

f1 = qd + r,

that is,
r = f1 − qd = f1 − q(g1f1 + g2f2) = (1− qg1)f1 − qg2f2.

Thus this r(x) also has the form P (x), while its degree (as a remainder mod d(x)) is
less than the degree of d(x). Consequently it cannot have coefficients different from
0, hence it is 0. Thus d(x)|f1(x); similarly we also have d(x)|f2(x).

However, by (1.12) each common divisor of f1(x) and f2(x) divides d(x). If a poly-
nomial d0(x) has the property stated in the first part of the theorem, then d(x)|d0(x)
holds as well as d0(x)|d(x), consequently d(x) and d0(x) differ by only a constant
factor; since their leading coefficients are 1, d0(x) = d(x). �
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We write (f1(x), f2(x)) = d(x) and call f1(x) and f2(x) relatively prime if d = 1.
We have immediately from Theorem 1.44:

Theorem 1.45. If a polynomial f(x), irreducible over κ, has a common zero x = α
with a polynomial g(x) over κ, then f(x) is a divisor of g(x) and hence all zeros of
f(x) are zeros of g(x).

Theorem 1.46. Let p be a prime. If for two rational integral polynomials f(x) and
g(x)

f(x)g(x) ≡ 0 (mod p),

then either f(x) ≡ 0 (mod p) or g(x) ≡ 0 (mod p) or both.

Proof. Suppose the theorem is false, i.e., neither f(x) nor g(x) is ≡ 0 (mod p). Then
let all terms of f(x) and g(x) which are divisible by p be omitted and two nonvanishing
polynomials f̄(x), ḡ(x) are obtained, all of whose coefficients are not divisible by p,
while at the same time

f(x) ≡ f̄(x) (mod p),

g(x) ≡ ḡ(x) (mod p),

it follows that
f̄(x)ḡ(x) ≡ 0 (mod p).

The highest-degree term in f̄(x)ḡ(x) must be ≡ 0 (mod p) on the one hand, on the
other hand however it is equal to the product of the highest terms of f̄(x) and ḡ(x).
Since p is a prime and all terms of f̄(x) and ḡ(x) are not divisible by p, such product
of such terms is also not divisible by p. Consequently the hypothesis is false, and the
theorem is proved. �

A rational integral polynomial is called primitive if its coefficients are relatively
prime. Then Theorem 1.46 obviously allows the following formulation:

Theorem 1.47 (Theorem of Gauss). The product of two primitive polynomials is
again a primitive polynomial.

We will need Hilbert’s Nullstellensatz:

Theorem 1.48. Take polynomials P1, . . . , Pr and P in K[X0, . . . , Xm], where K is
an algebraically closed field. If P vanishes at all the common zeros of P1, . . . , Pr ,
then there exist polynomials Q1, . . . , Qr in K[X0, . . . , Xm] such that

P s = Q1P1 + · · · + QrPr

holds for some natural number s.
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Proof. Van der Waerden [282] or Lang [152] or Atiyah–Macdonald [2], p. 85 or
Zariski–Samuel [307], vol. 2, p. 164. �

Let v be a valuation of a field κ. The first result concerns the extension of the
valuation v of κ to a valuation w of κ(x). Given a polynomial

f(x) = anxn + · · ·+ a1x + a0 ∈ κ[x],

we usually write
deg(f) = n

when an �= 0, and define
w(f) = min

0≤i≤n
v(ai). (1.13)

It is clear that this reduces to v on κ, and moreover satisfies

w(f + g) ≥ min{w(f), w(g)};

further, the argument used to prove Gauss’ lemma shows that

w(fg) = w(f) + w(g),

cf. Lemma 4.17. Hence we obtain a valuation w on κ[x]; it extends in a unique way to
a valuation on κ(x), still denoted w, by the rule

w

(
f

g

)
= w(f) −w(g), f, g ∈ κ[x]. (1.14)

The valuation thus defined is called the Gaussian extension or canonical extension of
v to κ(x); its value group is the same as that of v. A polynomial f ∈ κ[x] is said to
be primitive (with respect to v) if w(f) = 0. Obviously, a product of two primitive
polynomials is again primitive. This is the analogue of Theorem 1.47.

Consider the canonical homomorphism

a ∈ Oκ,v �−→ ā ∈ Fv(κ) = Oκ,v/m.

For a polynomial

f(x) = anxn + an−1xn−1 + · · · + a0 ∈ Oκ,v[x],

we will write

f̄(x) = ānxn + ān−1xn−1 + · · · + ā0 ∈ Fv(κ)[x],

which is said to be obtained from f by reduction modulo m. Any g ∈ Oκ,v[x] such
that ḡ = f̄ is called a lifting of f̄ .

The field κ is called Henselian for v when it satisfies the property: if f ∈ Oκ,v[x] is
a primitive polynomial, if γ, η ∈ Fv(κ)[x] are relatively prime polynomials such that
γ is nonconstant and f̄ = γη, then there exist polynomials g, h ∈ Oκ,v[x] such that

ḡ = γ, h̄ = η, deg(g) = deg(γ), f = gh.



36 1 Field extensions

Proposition 1.49. A field κ is Henselian for a valuation v if and only if the following
property holds: if f ∈ Oκ,v[x] is a primitive irreducible polynomial, then either f̄ is a
constant or

deg(f̄) = deg(f), f̄ = āγs,

where ā ∈ Fv(κ), ā �= 0, s ≥ 1, and γ ∈ Fv(κ)[x] is an irreducible monic polynomial.

Proof. See [215], Section 3.2. �

A basic fact on Henselian fields are the following Hensel’s lemma:

Lemma 1.50. If κ is a complete field with respect to a valuation v, then it is Henselian
for v.

Proof. See [215], Section 3.2. �

1.5 Algebraic extension fields

Let κ be a field. If κ is a subfield of a field K, then we also say that K is an extension
field of κ, which will be denoted by K/κ. The field K can always be regarded as a
vector space over κ. The dimension dimκ K of K as an κ-vector space is called the
degree of K over κ. It will be denoted by

[K : κ] = dimκ K.

If [K : κ] < ∞, K is called a finite extension of κ, otherwise, an infinite extension of
κ. The following proposition is a basic fact of extension fields:

Proposition 1.51. Let κ be a field and F ⊂ K extension fields of κ. Then

[K : κ] = [K : F ][F : κ]. (1.15)

If {xi}i∈I is a basis for F over κ and {yj}j∈J is a basis for K over F , then
{xiyj}(i,j)∈I×J is a basis for K over κ.

Let κ be a subfield of a field K. Take an element α in K. The field extension of
κ, which is generated by α, will be denoted by κ(α), that is, κ(α) is the smallest field
containing κ and α. We denote the ring generated by α over κ by κ[α]. It consists of
all elements of K that can be written as polynomials in α with coefficients in κ:

anαn + · · ·+ a1α + a0, ai ∈ κ. (1.16)

The field κ(α) is isomorphic to the field of fractions of κ[α]. Its elements are ratios
of elements of the form (1.16). The element α is said to be algebraic over κ if it is
the root of some nonzero polynomial with coefficients in κ, otherwise, transcendental
over κ. The lowest degree irreducible monic polynomial Pα with coefficients in κ
such that Pα(α) = 0 is called the minimal polynomial of α over κ. The degree of the
polynomial Pα is also called the degree of α over κ, which is determined as follows:
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Proposition 1.52. Let α be algebraic over κ. Then κ(α) = κ[α], and κ(α) is finite
over κ. The degree [κ(α) : κ] is equal to the degree of the minimal polynomial for α
over κ.

Proof. Take β ∈ κ(α). Then there are two polynomials Q and R satisfying

β =
Q(α)

R(α)
, R(α) �= 0.

Then R(x) does not have the root α in common with the polynomial Pα(x) belong-
ing to α which is irreducible over κ; and hence R(x) is relatively prime to Pα(x),
otherwise, Pα(x)|R(x). Thus there are two polynomials S(x) and T (x) over κ such
that

Pα(x)S(x) + R(x)T (x) = 1,

and since Pα(α) = 0,

R(α)T (α) = 1, β =
Q(α)

R(α)
= Q(α)T (α) = f(α),

where f(x) = Q(x)T (x) is again a polynomial over κ. Finally, let g(x) be the re-
mainder of f(x) mod Pα(x), which is also a polynomial over κ of degree ≤ n − 1,
where n = deg(Pα). Then

f(x) = q(x)Pα(x) + g(x), f(α) = g(α),

so that β is put into the form

β = g(α) = a0 + a1α + a2α2 + · · ·+ an−1αn−1. (1.17)

If there are two polynomials g(x) and g1(x) over κ, of degree at most n − 1, such
that g(α) = g1(α), then g(x) − g1(x) is a polynomial over κ with the root α, whose
degree is < n. Thus g(x)−g1(x) = 0, that is, the coefficients of g(x) and g1(x) agree.
Obviously, 1, α, α2, . . . , αn−1 are linearly independent over κ, that is, [κ(α) : κ] =
n. �

A field extension K of κ is said to be an algebraic closure of κ if all elements
of K are algebraic over κ, and K is algebraically closed, that is, every polynomial
f(x) ∈ K[x] of positive degree has a root in K.

Proposition 1.53. Every field κ has an algebraic closure.

Let K be an algebraic closure of a field κ. Take α ∈ K. The roots of the minimal
polynomial Pα of α over κ, surely distinct from one another, are called the conjugates
of α with respect to κ.
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Proposition 1.54. If α, β are algebraic over κ, then the same is true for α+β, α−β,
αβ, and if β �= 0, for α/β.

Proof. If α(1), . . . , α(n) are the conjugates of α and β(1), . . . , β(m) are those of β with
respect to κ, then the elementary symmetric polynomials of α, as well as those of β,
are elements in κ. The product

H(x) =
n∏

i=1

m∏
j=1

{
x−

(
α(i) + β(j)

)}
as a symmetric function in the α, and in the β, is then a polynomial over κ by reason
of the symmetric polynomial fundamental theorem, and α + β is to be found among
its roots, which accordingly is algebraic over κ. This likewise follows for α − β and
αβ.

If β �= 0, let us set x = 1/y in the irreducible equation for β over κ

xm + b1xm−1 + · · ·+ bm = 0,

and let us multiply by ym

bmym + bm−1ym−1 + · · ·+ b1y + 1 = 0.

The polynomial then has the root 1/β, and this element is thus likewise algebraic over
κ; consequently by what has gone before, the product α/β is also algebraic over κ. �

Proposition 1.55. Let α be an algebraic element over κ of degree n with conjugates
α(1), . . . , α(n). Then every element β = g(α) ∈ κ[α] is likewise an algebraic element
over κ of degree at most n. The conjugates of β are the distinct elements among the
elements

{
g
(
α(i)
)}

. Each conjugate of β appears equally often among
{

g
(
α(i)
)}

.

Proof. We consider the product

f(x) =

n∏
i=1

{
x− g

(
α(i)
)}

.

The coefficients of this polynomial are integral rational combinations of α(1), . . . ,
α(n), which are moreover symmetric in α(1), . . . , α(n) and whose coefficients belong
to κ. Consequently, f(x) is a polynomial over κ and thus every element g

(
α(i)
)

is
algebraic over κ.

Further, if ϕ(x) is a polynomial, among whose roots just one of the elements β(i) =
g
(
α(i)
)

occurs, then all β(i) are roots of ϕ(x). Namely the polynomial ϕ(g(x)) over
κ has a root x = α(i) in common with the minimal polynomial Pα(x) of α over κ,
and hence it vanishes for all x = α(1), . . . , α(n) since Pα is irreducible; consequently,
ϕ(x) vanishes for each x = β(1), . . . , β(n).
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Moreover, if Pβ(x) is the irreducible polynomial over κ with leading coefficient 1
which has β as a root, then Pβ(x) is a divisor of f(x). Let Pβ(x)q be the highest power
of Pβ(x) dividing f(x). Now if f(x)/Pβ(x)q were not constant, then it would have a
β(i), a root of f , as a root; consequently, it would still be divisible by Pβ(x), contrary
to the assumption about q. Hence for a certain integer q,

f(x) = Pβ(x)q,

that is, the n elements
β(i) = g

(
α(i)
)
, i = 1, 2, . . . , n

represent all conjugates of β; however they represent q times for each conjugate of β.
Thus β has the degree n/q. �

We now modify the concept of the conjugate, keeping in mind the above proposi-
tion, by the following: if α is an algebraic element over κ of degree n with conjugates
α(1), . . . , α(n), and if β = g(α) ∈ κ[α] is an algebraic element over κ of degree n/q,
then the system of n elements β(i) = g

(
α(i)
)

(i = 1, 2, . . . , n) will be called the
conjugates of β in κ(α) with respect to κ. These are the conjugates of β with respect
to κ, each one taken q times.

Proposition 1.56. Let α be an algebraic element over κ of degree n. An element β in
κ(α) belongs to κ if and only if it is equal to its n conjugates in κ(α). An element β in
κ(α) has degree n over κ if and only if it is distinct from all its conjugates. The latter
condition is at the same time necessary and sufficient for the number β to generate the
field κ(α).

Proposition 1.57. Each rational equation R(β1, . . . , βm) = 0 between numbers β1,
. . . , βm in κ(α) with coefficients in κ remains true if β1, . . . , βm are replaced by the
conjugates with the same index.

Proof. We can write R as the quotient of two polynomials P and Q

R(x1, . . . , xm) =
P (x1, . . . , xm)

Q(x1, . . . , xm)
.

If we substitute for β1, . . . , βm in R their representations as polynomials in α,

βi = gi(α) ∈ κ[α], i = 1, 2, . . . , m,

then Q(β1, . . . , βm) becomes a polynomial in α, which does not vanish for the value
α. Consequently, it does not vanish for any of the conjugates α(1), . . . , α(n) of α with
respect to κ. However,

P (β1, . . . , βm) = P (g1(α), . . . , gm(α)) = 0.
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Hence this polynomial in α must vanish for all conjugates α(1), . . . , α(n), i.e.,

P
(

β
(i)
1 , . . . , β(i)

m

)
= P

(
g1
(
α(i)
)
, . . . , gm

(
α(i)
))

= 0, i = 1, 2, . . . , n,

and hence
R
(

β
(i)
1 , . . . , β(i)

m

)
= 0, i = 1, 2, . . . , n

since Q
(

β
(i)
1 , . . . , β

(i)
m

)
�= 0. �

In particular, it follows for each two elements β, γ in κ(α)

β(i) ± γ(i) = (β ± γ)(i), β(i)γ(i) = (βγ)(i),
β(i)

γ(i)
=

(
β

γ

)(i)

,

since, for example, for β = g(α) ∈ κ[α] and γ = h(α) ∈ κ[α],

βγ = g(α)h(α) = r(α) ∈ κ[α].

By the above theorem, from this one equation of α, the n equations

g
(
α(i)
)
h
(
α(i)
)

= r
(
α(i)
)

follows, that is,
β(i)γ(i) = (βγ)(i), i = 1, 2, . . . , n.

A field extension K of κ is called an algebraic extension, or K is said to be alge-
braic over κ, if all its elements are algebraic over κ. One important case of a tower of
field extensions is that K is a given extension of κ and α is an element of K. The field
κ(α) is an intermediate field:

κ ⊂ κ(α) ⊂ K.

Thus, one has
[K : κ] = [K : κ(α)][κ(α) : κ].

Note that [κ(α) : κ] is the degree of α over κ if α is algebraic, otherwise [κ(α) : κ] =
∞. Hence one shows the property:

Proposition 1.58. If K is a finite extension of κ, then K is algebraic over κ.

Let κ be a subfield of K and let α1, . . . , αn be elements of K. We denote by
κ(α1, . . . , αn) the smallest subfield of K containing κ and α1, . . . , αn. Its elements
consists of all quotients

P (α1, . . . , αn)

Q(α1, . . . , αn)

where P, Q are polynomials in n variables with coefficients in κ, and Q(α1, . . . , αn)
�= 0. We say that K is finitely generated over κ if there is a finite family of elements
α1, . . . , αn of K such that K = κ(α1, . . . , αn). We exhibit an example of such fields
as follows:
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Proposition 1.59. If K is a finite extension of κ, then K is finitely generated over κ.

Proposition 1.60. Let A be a ring. Then every algebraic element α in its field of
fractions κ can be transformed into an integral element by multiplication by a suitable
nonzero element in A.

Proof. To prove this assume that

c0xn + c1xn−1 + · · · + cn−1x + cn = 0

is an equation for α with coefficients in A and c0 �= 0. Then by multiplication by cn−1
0

we obtain an equation of A-coefficients for y = c0x with leading coefficient 1, which
has the root c0α. �

1.6 Separable extension fields

1.6.1 Separable algebraic extensions

Let K be an extension of a field κ and let

σ : κ −→ L

be an embedding (i.e. an injective homomorphism) of κ into a field L. Then σ induces
an isomorphism of κ with its image σ(κ). An embedding τ of K in L will be said
to be over σ if the restriction of τ to κ is equal to σ. We also say that τ extends σ.
If κ ⊂ L and if σ is the identity, then an embedding τ of K in L over σ is called an
embedding of K over κ. In particular, an embedding of K into itself over κ usually is
called an automorphism of K over κ.

Assume that L is algebraically closed. We analyze the extensions of σ to algebraic
extensions K of κ. First of all, we consider the special case K = κ(α), where α is
algebraic over κ of degree n. Let Pα be the minimal polynomial of α over κ. Let
α(i) be a root of σ(Pα) in L. Given an element β of κ(α) = κ[α], we can write it in
the form β = g(α) with some polynomial g over κ of degree ≤ n − 1. We define an
extension of σ by the mapping

g(α) �→ σ(g)
(
α(i)
)
.

This is in fact well defined, i.e. independent of the choice of polynomial g used to
express our element in κ[α]. Indeed, if f(X) is in κ[X] such that g(α) = f(α), then
(g − f)(α) = 0, whence Pα(X) divides g(X) − f(X). Hence σ(Pα)(X) divides
σ(g)(X)− σ(f)(X), and thus σ(g)

(
α(i)
)

= σ(f)
(
α(i)
)
. It is clear that the mapping

is a homomorphism inducing σ on κ, and that it is an extension of σ to κ(α). Hence
we get:
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Proposition 1.61. The number of possible extensions of σ to κ(α) is ≤ the number of
roots of Pα, and is equal to the number of distinct roots of Pα.

We are interested in extensions of σ to arbitrary algebraic extensions of κ. By using
Zorn’s lemma, one can prove the following result:

Proposition 1.62. Let κ be a field, K an algebraic extension of κ, and σ : κ −→ L
an embedding of κ into an algebraically closed field L. Then there exists an extension
of σ to an embedding of K in L. If K is algebraically closed and L is algebraic over
σ(κ), then any such extension of σ is an isomorphism of K onto L.

As a corollary, we have a certain uniqueness for an algebraic closure of a field κ.

Corollary 1.63. If L, L′ are two algebraic closures of a field κ, there is an isomor-
phism λ : L −→ L′, which is the identity mapping on κ.

Let K be an algebraic extension of a field κ and let

σ : κ −→ L

be an embedding of κ into an algebraically closed field L. Let Sσ be the set of exten-
sions of σ to an embedding of K in L. Assume that L is algebraic over σ(κ), hence is
equal to an algebraic closure of σ(κ). Let L′ be another algebraically closed field, and
let τ : κ −→ L′ be an embedding. Let Sτ be the set of embeddings of K in L′ extend-
ing τ . We also assume that L′ is an algebraic closure of τ(κ). By Proposition 1.62,
there exists an isomorphism λ : L −→ L′ extending the mapping τ ◦ σ−1 applied to
the field σ(κ). If σ∗ ∈ Sσ is an extension of σ to an embedding of K in L, then λ ◦σ∗

is an extension of τ to an embedding of K in L′, because for the restriction to κ we
have

λ ◦ σ∗ = τ ◦ σ−1 ◦ σ = τ.

Thus λ induces a mapping from Sσ into Sτ . It is clear that the inverse mapping is
induced by λ−1, and hence that Sσ, Sτ are in bijection under the mapping σ∗ �→ λ◦σ∗.
In particular, the cardinality of Sσ, Sτ are the same. Thus this cardinality depends only
on the extension K/κ, and will be denoted by [K : κ]s. We shall call it the separable
degree of K over κ. A basic fact is listed as follows:

Proposition 1.64. Let κ be a field and F ⊂ K be algebraic extensions of κ. Then

[K : κ]s = [K : F ]s[F : κ]s.

Furthermore, if K is finite over κ, then [K : κ]s is finite and divides [K : κ].

Let κ be a field and let f be a polynomial over κ of degree ≥ 1. By a splitting field
K of f we shall mean an extension K of κ such that f splits into linear factors in K,
i.e.

f(x) = c(x− α1) · · · (x− αn)



1.6 Separable extension fields 43

with αi ∈ K, i = 1, . . . , n, and such that

K = κ(α1, . . . , αn)

is generated by all roots of f . A splitting field of a polynomial f over κ is unique in
the sense of isomorphism:

Proposition 1.65. Let K be a splitting field of a polynomial f over κ. If F is another
splitting field of f , there is an isomorphism σ : F −→ K, which is the identity mapping
on κ. If κ ⊂ K ⊂ κ, where κ is an algebraic closure of κ, then any embedding of F
in κ inducing the identity on κ must be an isomorphism of F onto K.

Let I be a set of indices and let {fi}i∈I be a family of polynomials over κ of degrees
≥ 1. By a splitting field for this family we shall mean an extension K of κ such
that every fi splits into linear factors in K, and K is generated by total roots of the
polynomials fi, i ∈ I . Let κ be an algebraic closure of κ, and let Ki be a splitting
field of fi in κ. Then the smallest subfield of κ containing all fields Ki, i ∈ I is a
splitting field for the family {fi}i∈I .

Corollary 1.66. Let K be a splitting field for the family {fi}i∈I . If F is another
splitting field for {fi}i∈I , any embedding of F into κ inducing the identity on κ gives
an isomorphism of F onto K.

The following result gives characteristic conditions that an algebraic extension of κ
is a splitting field of a family of polynomials over κ.

Theorem 1.67 (cf. [146]). Let K be an algebraic extension of κ, contained in an al-
gebraic closure κ of κ. Then the following conditions are equivalent:

(1) K is the splitting field of a family of polynomials over κ.

(2) Every embedding σ of K in κ over κ is an automorphism of K.

(3) Every irreducible polynomial over κ which has a root in K splits into linear fac-
tors in K.

An extension K of κ satisfying one of the hypotheses (1)–(3) in Theorem 1.67
will be said to be normal. If K is an algebraic extension of κ, then there exists a
smallest normal extension E of κ containing K. The field E can be given by taking
the intersection of all normal extensions of κ containing K.

Let κ be a field, and 0 �= f(x) ∈ κ[x]. If f(x) has no multiple root in an algebraic
closure κ of κ, then f is called a separable polynomial. Let K be an extension of κ,
and let α ∈ K be algebraic over κ. If the minimal polynomial of α over κ is separable,
then α is called a separable algebraic element over κ, otherwise, α is inseparable over
κ. If an inseparable element over κ exists, then char(κ) �= 0, where char(κ) denotes
the characteristic of κ. We see that the separable condition is equivalent to saying that
[κ(α) : κ]s = [κ(α) : κ] according to the following criterion:
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Proposition 1.68. Let K be an algebraic closure of κ. Take α ∈ K and let Pα be the
minimal polynomial of α over κ. If char(κ) = 0, then all roots of Pα have multiplicity
1 (Pα is separable). If char(κ) = p > 0, then there exists an integer μ ≥ 0 such that
every root of Pα has multiplicity pμ. We have

[κ(α) : κ] = pμ[κ(α) : κ]s,

and αpμ
is separable over κ.

If all elements in K are separable algebraic over κ, then K is called a separable
algebraic extension of κ. An algebraic extension K of κ is said to be purely insepa-
rable if every element in K − κ is inseparable over κ. If K/κ is purely inseparable
of finite degree, then [K : κ] is a power of the characteristic p of κ. If K is separable
over κ, we can choose a smallest normal extension E of κ containing K such that E is
separable over κ. One has the following condition determining a separable algebraic
extension:

Proposition 1.69. Let K be a finite extension of a field κ. Then K is separable over
κ if and only if [K : κ]s = [K : κ].

Let K be an extension of a field κ. If α ∈ K is a separable algebraic element over
κ, then κ[α] is a separable algebraic extension of κ. Further, if K is generated by a
family of separable algebraic elements {αi}i∈I over κ, then K is separable over κ.
Then one has the theorem of the primitive element:

Theorem 1.70. Let K be a finite extension of a field κ. There exists an element α ∈ K
such that K = κ(α) if and only if there exists only a finite number of fields F such that
κ ⊂ F ⊂ K. If K is separable over κ, then there exists such an element α.

Proof. Zariski and Samuel [307], Ch. II, Theorem 19, p. 84. �

Let K be any algebraic extension field of κ, and let S be the set of all elements of
K which are separable over κ. Clearly, S is a field and S/κ is a separable extension.
Then K/S is a purely inseparable extension.

A field κ of characteristic p > 0 is called perfect if {xp | x ∈ κ} = κ. Every field
of characteristic zero is also called perfect. It is well known that if κ is perfect, every
algebraic extension of κ is separable and perfect (cf. [146]). If K is an extension field
of κ which is not algebraic, the transcendence degree of K/κ is the maximum number
of elements of K that are algebraically independent over κ. A subset S of K which is
algebraically independent over κ and is maximal with respect to the inclusion ordering
will be called a transcendence base of K over κ. If K is a finitely generated extension
of κ, K = κ(x), it is said to be separably generated if we can find a transcendence
base t = (t1, . . . , tr) of K/κ such that K is separably algebraic over κ(t). Such a
transcendence base is said to be a separating transcendence base for K over κ.
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Proposition 1.71 (cf. [33]). Let κ be a perfect field and K an extension of κ of tran-
scendence degree 1. Then there exists x ∈ K such that K/κ(x) is a separable exten-
sion. The element x is called a separating element of the extension.

Let κ be a field and let G be a group of automorphisms of κ. Let F (G) be the set of
invariants of G, namely,

F (G) = {x | x ∈ κ, σ(x) = x for all σ ∈ G}.

Then the set F (G) is a subfield of κ, which is called the invariant field of G, or the
fixed field of G. Let K be an algebraic extension of κ and let GK/κ be the group of
automorphisms of K over κ. The field K is called a Galois extension of κ if K is a
normal separable extension of κ. If K is a Galois extension of κ, then GK/κ is called
the Galois group of K over κ. For the convenience of the reader, we shall now state
the main theorem of Galois theory for finite Galois extensions.

Theorem 1.72 (cf. [187]). Let K be a finite Galois extension of κ. Then we have

(1) Let E be an intermediate field between K and κ, namely κ ⊂ E ⊂ K. Then

(α) K is a Galois extension of E. GK/E is a subgroup of GK/κ.

(β) The order of the group GK/E is [K : E].

(γ) The invariant field F (GK/E) of GK/E is E.

(2) Let H be a subgroup of GK/κ. Then

(δ) The invariant field F (H) is an intermediate field between K and κ.

(ε) The order of H is [K : F (H)].

(ζ) The Galois group GK/F (H) = H .

Therefore, there is a bijective mapping between the set of subfields E of K containing
κ, and the set of subgroups H of GK/κ, given by E = F (H) (resp., H = GK/E). The
E is Galois over κ if and only if H is normal in GK/κ, and if that is the case, then the
mapping σ �→ σ|E induces an isomorphism of GK/κ/H onto the Galois group GE/κ

of E over κ.

1.6.2 Ramification indices

The following theorem shows an important reason for considering Dedekind domains
rather than some other kinds of integral domains.

Theorem 1.73. Let A be a Dedekind domain with quotient field κ and let K be a finite
dimensional extension field of κ. Then the integral closure of A in K is a Dedekind
domain.

Proof. See G. J. Janusz [119], Theorem 6.1, or P. M. Cohn [33], Chapter 2, Theorem
5.1. �
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Let A ⊆ B be Dedekind domains with quotient fields κ and K respectively. Let p

be a nonzero prime ideal of A. Then Bp is an ideal of B and it has a factorization

Bp = Pe1
1 · · ·P

eg
g , (1.18)

in which P1, . . . , Pg are distinct prime ideals of B and e1, . . . , eg are positive integers.
Since p ⊆ Pi and p is a maximal ideal of A, then Pi ∩ A = p for each i. Thus the
integer ei is completely determined by Pi.

If A ⊆ B are Dedekind domains and P is a nonzero prime ideal of B and p = A∩P,
then the ramification index of P over A is the power of P that appears in the prime
factorization of Bp. We write the ramification index as either eP/A or eP/p. We say
P is ramified over A if either the ramification index eP/A is greater than 1 or the field
B/P is not separable over A/p, unramified otherwise.

We say the prime ideal p is ramified in B if Bp is divisible by some ramified prime
ideal of B, unramified otherwise. The extension K/κ itself is called unramified if all
prime ideals p of A are unramified in B.

Exercise 1.74. If A ⊆ B ⊆ C are Dedekind domains and P is a nonzero prime ideal
of C, then one has the multiplicative property of the ramification indices

eP/A = eP/BeP∩B/A.

If P is a nonzero prime ideal of B with A ∩P = p, then B/P is a field containing
an isomorphic copy of A/p, which is also a field. The following property can be used
to ensure that B/P is finite dimensional over A/p.

Proposition 1.75. Let A ⊆ B be Dedekind domains with quotient fields κ and K
respectively and let A be an ideal of B such that A ∩ A = p is a nonzero prime ideal
of A. Then B/A is a vector space over A/p and the dimension satisfy the inequality

[B/A : A/p] ≤ [K : κ].

Proof. See G. J. Janusz [119], Lemma 6.5. �

Let A ⊆ B be Dedekind domains, P a nonzero prime ideal of B and p = A ∩P.
The dimension [B/P : A/p] is called the relative degree (or inertial degree) of P

over p. We will sometimes write either fP/p or fP/A for this relative degree. If P is
ramified over A with fP/p = 1, then P also is said to be totally ramified over A.

Exercise 1.76. If A ⊆ B ⊆ C are Dedekind domains and P is a nonzero prime ideal
of C, then one has the multiplicative property of the relative degrees

fP/A = fP/BfP∩B/A.

In the next theorem we make a connection between the ramification indices, relative
degrees and the dimensions of the quotient fields of a pair of Dedekind domains.
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Theorem 1.77. Let A ⊆ B be Dedekind domains with B integral over A and p a
nonzero prime ideal of A. Let Bp have the factorization given in Equation (1.18) and
let fi = fPi/A. Then

(i)
g∑

i=1

eifi = [B/Bp : A/p].

(ii) If κ and K are the quotient fields of A and B respectively and the dimension
[K : κ] is finite, then

g∑
i=1

eifi ≤ [K : κ].

In particular, if K is separable, the equality holds.

(iii) If (A− p)−1B is finitely generated as a module over Ap, then

g∑
i=1

eifi = [K : κ].

Proof. See G. J. Janusz [119], Theorem 6.6, Corollary 6.7 in Chapter I. �

Theorem 1.78. Let A be a Dedekind domain with quotient field κ and let B be the
integral closure of A in a finite dimensional Galois extension K of κ. For a nonzero
prime ideal p of A, the ideal Bp has the factorization

Bp = Pe
1 · · ·Pe

g, (1.19)

in which P1, . . . , Pg are distinct prime ideals of B. All relative degrees fPi/A are
equal (to f say) and we have

efg = [K : κ].

Moreover the action of Galois group GK/κ transitively permutes the prime ideals Pi

of B containing p.

Proof. See G. J. Janusz [119], Theorem 6.8 in Chapter I. �

1.7 Norm and trace

Let K be a finite field extension of a field κ. Take α ∈ K. Then α induces a κ-linear
mapping

Aα : K −→ K

defined by Aα(x) = αx. Let {w1, . . . , wn} be a base of K over κ. Write

Aα(wi) = αwi =
n∑

j=1

aijwj .
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The characteristic polynomial

χα(x) = det(xI −Aα)

of the matrix form Aα = (aij) of Aα is called the field polynomial of α. The field
polynomial χα is independent of the base {w1, . . . , wn} selected for K over κ. Obvi-
ously, α is a root of its field polynomial.

Lemma 1.79. Let K be a finite field extension of a field F which is a finite field ex-
tension of κ, and α ∈ F . Let the field polynomial of α as an element of K be χα(x),
the field polynomial of α as an element of F be G(x), and the minimal polynomial of
α over κ be Pα(x). Then we have

(A) K = κ(α) if and only if χα(x) = Pα(x).

(B) χα(x) = G(x)[K:F ].

Proof. (A) Since α is a root of χα, therefore we have Pα(x) | χα(x). Since their
degrees are equal, and both are monic polynomials, then they must be equal.

(B) Let [F : κ] = s. Let {u1, . . . , us} be a basis for F over κ, and {v1, . . . , vm} be
a basis for K over F . Let Ki be the following subspace

Ki =
s
⊕

j=1
ujviκ.

Then we have
K =

m
⊕
i=1

Ki.

Each Ki is an invariant subspace of Aα with the characteristic polynomial of the re-
striction of Aα to Ki equaling G(x). Therefore, we have χα(x) = G(x)[K:F ]. �

Let Pα ∈ κ[x] be the minimal polynomial of α over κ. Let χα be the field polyno-
mial of α. Then one has

χα(0) = (−1)[K:κ] det(Aα) = Pα(0)[K:κ(α)],

and hence

det(Aα) =
{

(−1)dPα(0)
}[K:κ(α)]

=
{

(−1)dPα(0)
} [K:κ]

d
,

where d = deg(Pα) = [κ(α) : κ]. We will denote the element of κ by NK/κ(α),
called the norm of α over κ. Define the trace TrK/κ(α) of α over κ as trace(Aα) =∑

aii. In other words, in the following field polynomial χα of α, we have

χα(x) = xn −TrK/κ(α)xn−1 + · · · + (−1)nNK/κ(α),
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where n = [K : κ]. The norm of K over κ

NK/κ : K −→ κ

is a multiplicative homomorphism of K∗ into κ∗, namely

NK/κ(αβ) = NK/κ(α)NK/κ(β) ∈ κ∗, α, β ∈ K∗.

The trace of K over κ
TrK/κ : K −→ κ

determines a κ-linear mapping of K to κ, namely, for α, β ∈ K, a ∈ κ,

TrK/κ(α + β) = TrK/κ(α) + TrK/κ(β), TrK/κ(aα) = aTrK/κ(α).

When α ∈ κ, the following formulas

TrK/κ(α) = [K : κ]α, NK/κ(α) = α[K:κ] (1.20)

are trivial. By Lemma 1.79, if K is a finite field extension of a field F which is a finite
field extension of κ, and α ∈ F , then we have

TrK/κ(α) = [K : F ]TrF/κ(α), NK/κ(α) = NF/κ(α)[K:F ]. (1.21)

Let K be a finite extension of a field κ. Let [K : κ]s = r, and let

pμ =
[K : κ]

[K : κ]s

if the characteristic of κ is p > 0, and 1 otherwise. Let κ be an algebraic closure of κ
and let σ1, . . . , σr be the distinct embeddings of K in κ. Then for α ∈ K, one has

NK/κ(α) =

r∏
i=1

σi

(
αpμ)

, TrK/κ(α) = pμ
r∑

i=1

σi(α). (1.22)

When K = κ(α), it is easy to show that (1.22) holds by using Proposition 1.61.
Generally, the mappings of K into κ defined by (1.22) are transitive, in other words, if
we have three fields κ ⊂ F ⊂ K, then (cf. [146])

TrF/κ ◦TrK/F = TrK/κ, NF/κ ◦NK/F = NK/κ. (1.23)

Thus (1.22) follows from (1.21) and (1.23) applied to F = κ(α).

Theorem 1.80. Let K be a finite separable extension of a field κ. Then TrK/κ :
K −→ κ is a non-zero functional. The mapping (x, y) �→ TrK/κ(xy) of K×K −→ κ
is bilinear, and identifies K with its dual space.
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Proof. Trivially, TrK/κ : K −→ κ is a non-zero functional. For each x ∈ K, the
mapping

TrK/κ,x : K −→ κ

such that TrK/κ,x(y) = TrK/κ(xy) is obviously a κ-linear mapping, and the mapping

x �→ TrK/κ,x

is a κ-homomorphism of K into its dual space K∗. If TrK/κ,x is the zero mapping,
then TrK/κ(xK) = 0. If x �= 0 then xK = K. Hence the kernel of x �→ TrK/κ,x is
0. Hence we get an injective homomorphism of K into K∗. Since these spaces have
the same finite dimension, it follows that we get an isomorphism. �

Let w1, . . . , wn be a basis of K over κ. Then TrK/κ,w1
, . . . ,TrK/κ,wn

is a basis of
K∗. Thus we can find v1, . . . , vn ∈ K to satisfy

TrK/κ(wivj) = δij ,

where δij = 1 if i = j, otherwise δij = 0. Obviously, v1, . . . , vn forms a basis of K
over κ.

Proposition 1.81. Let A be an integrally closed domain, κ its field of fractions, K a
finite separable algebraic extension of κ, B the integral closure of A in K. Then there
exists a basis v1, . . . , vn of K over κ such that B ⊆

∑n
j=1 Avj .

Proof. By Proposition 1.60, given any basis of K over κ we may multiply the basis
elements by suitable elements of A to get a basis w1, . . . , wn such that each wi ∈
B. Since K/κ is separable, the bilinear form (x, y) �→ TrK/κ(xy) on K is non-
degenerate, and hence we have a dual basis v1, . . . , vn of K over κ, defined by
TrK/κ(wivj) = δij . Let x ∈ B, say

x = x1v1 + x2v2 + · · · + xnvn (xi ∈ κ).

We have xwi ∈ B since wi ∈ B, and therefore TrK/κ(xwi) ∈ A. But,

TrK/κ(xwi) =

n∑
j=1

TrK/κ(xjwivj) =

n∑
j=1

xjTrK/κ(wivj) = xi,

hence xi ∈ A. Consequently, Proposition 1.81 is proved. �

Let A be a Dedekind domain with quotient field κ, B be the integral closure of A in
a finite dimensional separable field extension K of κ. If α ∈ B, then NK/κ(α) ∈ A.
We see this by considering the minimum and field polynomials of α. The minimum
polynomial of α has coefficients in A and the field polynomial is a power of the min-
imum polynomial. Then ±NK/κ(α) is the constant term of the field polynomial, so
NK/κ(α) ∈ A.
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Let B be an ideal of B. The norm of B is the ideal of A generated by all elements
NK/κ(α) with α ∈ B; that is,

NK/κ(B) =
∑
α∈B

ANK/κ(α). (1.24)

One has the following simple property

NK/κ(Bα) = ANK/κ(α), α ∈ B. (1.25)

In fact, since
1 ∈ B, NK/κ(1) = 1 ∈ NK/κ(B) = A,

then

NK/κ(Bα) =
∑
x∈B

ANK/κ(xα) =
∑
x∈B

ANK/κ(x)NK/κ(α)

= NK/κ(B)NK/κ(α) = ANK/κ(α).

If S is a multiplicatively closed subset of A and B an ideal of B, then

S−1NK/κ(B) = NK/κ(S−1B). (1.26)

In fact, any element of S−1B has the form b/s with b ∈ B and s ∈ S. Then

NK/κ(b/s) = NK/κ(b)/s[K:κ].

It follows that NK/κ(S−1B) ⊆ S−1NK/κ(B). Conversely, the ideal S−1NK/κ(B)

is generated over S−1A by elements NK/κ(α) with α ∈ B. All such elements are in
NK/κ(S−1B), so the other inclusion also holds.

Proposition 1.82. For ideals A and B of B, one has

NK/κ(AB) = NK/κ(A)NK/κ(B). (1.27)

Proof. For a maximal ideal p of A let S = A − p. Then Ap = S−1A is a discrete
valuation ring and S−1B is a Dedekind domain with only finite number of maximal
ideals, namely those corresponding to the ideals of B that contain p. Hence S−1B is a
principal ideal domain. Then

(S−1B)A = S−1A = (S−1B)a, (S−1B)B = S−1B = (S−1B)b

for some a, b ∈ S−1B, and so

S−1NK/κ(AB) = NK/κ((S−1A) · (S−1B)) = NK/κ((S−1B)a · (S−1B)b)

= NK/κ((S−1B)ab) = (S−1B)NK/κ(ab)

= NK/κ(S−1A)NK/κ(S−1B) = S−1(NK/κ(A)NK/κ(B)).

This holds for every maximal ideal p so the claim is proved. �
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Since each fractional ideal can be written as the quotient of two integral ideals, we
may extend the definition (1.24) to fractional ideals by

NK/κ

(
A

B

)
=

NK/κ(A)

NK/κ(B)
.

Obviously, the formula (1.27) is true for fractional ideals.

Proposition 1.83. For each prime ideal P of B there is exactly one prime ideal p of
A which is divisible by P. Then

NK/κ(P) = pfP/p .

Proof. If NK/κ(P) is decomposed into its prime factors, then by Theorem 1.39, P

must divide at least one of these prime ideals of A. If P were to divide two distinct
prime ideals p1, p2 of A, then it would also have to be a divisor of (p1, p2) = 1, which,
however, cannot be the case. Thus there exists exactly one prime ideal p of A which is
divisible by P. If the decomposition of p into prime ideals of B is

p = P1P2 · · ·Ps,

then it follows that

NK/κ(P1)NK/κ(P2) · · ·NK/κ(Ps) = NK/κ(p) = pm.

Each factor on the left is an ideal of A and by this equation each factor must be a power
of p. Therefore

NK/κ(Pi) = pfPi/p . �

For the proof, see Gerald J. Janusz [119], Proposition 8.2.

1.8 Discriminant of field extensions

In this section, discriminants of field extensions will be defined. Mainly, we will show
an important formula of discriminants on a tower of field extensions.

Let κ be a field, and let K be a finite field extension of κ with a basis {w1, . . . , wn}.
Then the discriminant DK/κ(w1, . . . , wn) of the basis {w1, . . . , wn} is defined as

DK/κ(w1, . . . , wn) = det(TrK/κ(wiwj)). (1.28)

Let {w′
1, . . . , w′

n} be another basis of K over κ. Set

w′
i =

n∑
k=1

bikwk.
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Then we have

DK/κ(w
′
1, . . . , w′

n) = det
(
TrK/κ(w

′
iw

′
j)
)

= det

(∑
k,l

bikbjlTrK/κ(wkwl)

)
= {det(bik)}2 det(TrK/κ(wkwl)),

that is
DK/κ(w′

1, . . . , w′
n) = {det(bik)}2DK/κ(w1, . . . , wn). (1.29)

Let K be a finite separable algebraic extension of κ, of degree n. Let σ1, . . . , σn be
the distinct embeddings of K in κ over κ, where κ is an algebraic closure of κ. Then
the discriminant of a basis {w1, . . . , wn} of K over κ satisfies

DK/κ(w1, . . . , wn) = {det(σi(wj))}2. (1.30)

In fact, by (1.22), we have

TrK/κ(wiwj) =

n∑
m=1

σm(wiwj) =

n∑
m=1

σm(wi)σm(wj),

which means
(TrK/κ(wiwj)) = t((σi(wj))((σi(wj)),

and hence the claim follows.

Theorem 1.84. Let K be a finite extension of κ, and {w1, . . . , wn} a basis of K over
κ. Then DK/κ(w1, . . . , wn) �= 0 if and only if K is a separable algebraic extension of
κ.

Proof. (⇒) Let κS
K be a separable closure of κ in K. If κS

K = K, then K is separable
algebraic over κ, and we are done. Otherwise, κS

K �= K, K is purely inseparable over
κS

K , and
[K : κS

K ] = pr, r ≥ 1.

Let α be any element in K. We claim that TrK/κ(α) = 0, and so DK/κ(w1, . . . , wn)

= 0. We distinguish two cases, (i) α ∈ κS
K , (ii) α �∈ κS

K .
Case (i). Let the field polynomial of α as an element in κS

K (resp. K) be G(x) (resp.
χα(x)), and write

G(x) = xm + a1xm−1 + · · ·+ am.

It follows from Lemma 1.79, that

χα(x) = G(x)pr
= xmpr

+ 0xmpr−1 + · · · .

Therefore, TrK/κ(α) = 0.
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Case (ii). There is an integer l ≥ 1 such that the minimal polynomial Pα(x) of α

over κ is in κ[xpl
]. It follows from Lemma 1.79 that the field polynomial χα(x) of α

as an element in K is of the following form

χα(x) = Pα(x)s ∈ κ[xpl
].

Therefore, TrK/κ(α) = 0.
(⇐) Since K is a finite separable algebraic extension of κ, then there exists an

element α ∈ K such that K = κ[α]. Let us take {1, α, α2 , . . . , αn−1} as a basis of K
over κ. Let K be an algebraic closure of K, and Pα(x) be the minimal polynomial of
α over κ. Note that the filed polynomial of α is Pα(x). Let Pα(x) be split completely
in K as follows

Pα(x) =
n∏

i=1

(x− αi), α1 = α, αi �= αj (i �= j).

Then we have

TrK/κ(α) =
n∑

i=1

αi.

Further, we claim

TrK/κ(αj) =

n∑
i=1

αj
i .

Let the splitting field of Pα(x) in K be E which is a Galois extension of κ with Galois
group GE/κ. In the collection {αj

1, αj
2, . . . , αj

n}, some elements may be identical.
It is easy to see that each element appears with the same multiplicities. Picking all
distinct elements from it to form a set {β1, . . . , βm}. Then we have that m | n, and
the polynomial Q(x) defined as

Q(x) =
m∏

i=1

(x− βi)

is the minimal polynomial of αj over κ. Then we have

Trk[αj ]/κ(αj) =
m∑

i=1

βi,

TrK/κ(αj) =
n

m

m∑
i=1

βi =

n∑
i=1

αj
i .
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Therefore, the discriminant is related the van der Monde determinant as follows:

DK/κ(1, α, . . . , αn−1) =

∣∣∣∣∣∣∣∣
n

∑
αi · · ·

∑
αn−1

i∑
αi

∑
α2

i · · ·
∑

αn
i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∑
αn−1

i

∑
αn

i · · ·
∑

α2n−2
i

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
1 1 · · · 1
α1 α2 · · · αn

. . . . . . . . . . . . . . . . . . . . . . .
αn−1

1 αn−1
2 · · · αn−1

n

∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣

1 α1 · · · αn−1
1

1 α2 · · · αn−1
2

. . . . . . . . . . . . . . . . .
1 αn · · · αn−1

n

∣∣∣∣∣∣∣∣
=

{∏
i>j

(αi − αj)

}2

�= 0,

and hence the theorem is proved. �

In the proof of Theorem 1.84, since the derivative of Pα at αi is easily computed to
be

P ′
α(αi) =

∏
j �=i

(αi − αj),

it follows that

DK/κ(1, α, . . . , αn−1) = (−1)n(n−1)/2
n∏

i=1

P ′
α (αi) ,

and hence
DK/κ(1, α, . . . , αn−1) = (−1)n(n−1)/2NK/κ(P ′

α(α)) (1.31)

which is just the discriminant of the element α.
Recall that a symmetric bilinear form ( , ) : K × K −→ κ is nondegenerate if

(K, x) = 0 implies x = 0. Theorem 1.84 immediately yields the following result (or
cf. Gerald J. Janusz [119], Theorem 5.2):

Theorem 1.85. The finite dimensional field extension K of κ is separable if and only
if the symmetric bilinear form (x, y) = TrK/κ(xy) from K×K to κ is nondegenerate.

1.9 Absolute values on fields

1.9.1 Absolute values

Definition 1.86. An absolute value on a field κ is a function | · | : κ −→ R+ that
satisfies the following conditions:

(1) |x| = 0 if and only if x = 0;
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(2) |xy| = |x||y| for all x, y ∈ κ;

(3) |x + y| ≤ |x|+ |y| for all x, y ∈ κ.

If instead of (3) the absolute value satisfies the stronger condition

(4) |x + y| ≤ max{|x|, |y|} for all x, y ∈ κ,

then the absolute value is called ultrametric or non-Archimedean. Otherwise, it is
called Archimedean. The absolute value | · | is said to be trivial if

|x| =
{

1, x ∈ κ∗,

0, x = 0.

An absolute value | · | on a field κ induces a distance function d defined by

d(x, y) = |x− y|,

for any two elements x, y ∈ κ, and hence induces a topology on κ. A field κ with an
absolute value is said to be complete if every Cauchy sequence in κ has a limit in κ
under the induced topology. Two absolute values on a field κ are said to be equivalent
(or dependent) if they induce the same topology (i.e., the same sets of convergent
sequences) on κ. We have the following more accessible criterion:

Lemma 1.87. Let | · |1 and | · |2 be absolute values on a field κ. The following state-
ments are equivalent:

(i) | · |1 and | · |2 are equivalent absolute values;

(ii) |x|1 < 1 if and only if |x|2 < 1 for any x ∈ κ;

(iii) there exists a positive real number α such that for each x ∈ κ, one has |x|1 = |x|α2 .

Proof. See [33], Theorem 2.1 in Chapter 1; or [77], [215]. �

Inequivalent absolute values satisfy a rather strong independence property showed
by the following fundamental approximation theorem of Mahler, reminiscent of the
Chinese Remainder Theorem.

Theorem 1.88. Let | · |1, . . . , | · |r be non-trivial absolute values on a field κ which are
pairwise inequivalent. Then any r-tuple over κ can be simultaneously approximated;
thus for any α1, . . . , αr ∈ κ and ε > 0 there exists α ∈ κ such that

|α− αi|i < ε, i = 1, . . . , r. (1.32)

Proof. See [33], Theorem 2.3 in Chapter 1, or [215], Theorem 2 in Section 1.4. �

Let p ∈ Z+ be a prime number and let ordp be the p-adic valuation on Q. The
function

|x|p = p−ordp(x)
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of x ∈ Q is a non-Archimedean absolute value on Q, called the p-adic absolute
value, which was first introduced by Hensel in 1904. Let | · |∞ denote the ordinary
Archimedean absolute value on Q. These absolute values are related by the product
formula ∏

v∈MQ

|x|v = 1, x ∈ Q∗, (1.33)

where
MQ = {∞} ∪ {primes}.

Further, we have Ostrowski’s first theorem:

Theorem 1.89 (Ostrowski [211]). Let | · | be a non-trivial absolute value on Q. If | · |
is Archimedean, then there exists α with 0 < α ≤ 1 such that

|x| = |x|α∞, x ∈ Q.

If | · | is non-Archimedean, then there exist a prime p and real β > 0 such that

|x| = |x|βp , x ∈ Q.

Proof. See [232]; or [33], Theorem 3.4 and Proposition 4.3 in Chapter 1. �

According to Lemma 1.87 and Theorem 1.89, the set MQ is one-to-one with the set
of equivalence classes of all absolute values in Q.

Let κ be a field with an absolute value | · |. A field κ̂ with an absolute value | · |∧ is
said to be a completion of κ when the following properties are satisfied:

(I) κ is a subfield of κ̂, | · | is the restriction of | · |∧ to κ;

(II) κ̂ is complete;

(III) Each elements of κ̂ is the limit of a Cauchy sequence of elements in κ.

A basic fact is that the field κ has a completion κ̂. If κ̃ is any other completion of κ,
there exists a κ-isomorphism ϕ : κ̃ −→ κ̂, i.e., ϕ leaves invariant every element of κ
and

|ϕ(x)|∧ = |x|∼, x ∈ κ̃.

The completion of Q with the usual absolute value is R. According to the standard
theory in p-adic analysis, the completion of Q relative to the topology induced by the
p-adic absolute value | · |p is just the field Qp of p-adic numbers, and the absolute value
| · |p on Q extends to a non-Archimedean absolute value on Qp, which is also denoted
by | · |p. The set of values of Q and Qp under | · |p is the same, which is equal to the set

{pn | n ∈ Z} ∪ {0}.

In particular, the valuation ring of p-adic valuation ordp

Zp = OQp,ordp

is both open and closed, which is called the ring of p-adic integers.
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It is possible to determine all fields which are complete under an Archimedean ab-
solute value: the only cases are R and C, which is just contents of the Ostrowski’s
second theorem:

Theorem 1.90. Let κ be a field with an Archimedean absolute value | · | for which it
is complete. Then there exists a real number α with 0 < α ≤ 1, and an isomorphism
ϕ from κ onto R or C such that

|x| = |ϕ(x)|α∞, x ∈ κ.

Proof. See [33], Theorem 3.5 in Chapter 1, or [215], Section 1.6. �

1.9.2 Extensions of absolute values

Definition 1.91. Let V be a vector space over a field κ and let | · | be a non-trivial
absolute value on κ. A function f : V −→ R+ is called a norm or distance function on
V (compatible with the absolute value of κ) if it satisfies the following conditions:

(α) f(x) = 0 if and only if x = 0;

(β) f(ax) = |a|f(x) for all a ∈ κ and all x ∈ V ;

(γ) f(x + y) ≤ f(x) + f(y) for all x,y ∈ V .

A vector space V with a norm is called a normed vector space over κ.

Let V be a normed vector space. Then any norm f induces a metric d as follows

d(x,y) = f(x− y),

which makes V a topological space. Two norms f1 and f2 on V are said to be equiva-
lent if there are positive real numbers c1 and c2 such that

c1f1 ≤ f2 ≤ c2f1.

Equivalently, they define the same topology on V (i.e., a set is open with respect to
one norm if and only if it is open with respect to the other).

Proposition 1.92. If V is a finite-dimensional and if κ is complete under a non-trivial
absolute value, then any two norms on V are equivalent, and V is complete with
respect to the metric induced by any norm.

Proof. Fix a basis {e1, . . . , en} of V . Any vector x in V can then be written (uniquely)
in the form

x = x1e1 + x2e2 + · · ·+ xnen

with xi ∈ κ. We can define a norm on V by putting

f(x) = max
1≤i≤n

|xi|.
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To prove that V is complete in the norm f , let

x(j) =
n∑

i=1

x
(j)
i ei

be a Cauchy sequence. Then x(j) − x(l) → 0 and so |x(j)
i − x

(l)
i | → 0 as j, l → ∞,

for i = 1, . . . , n. Hence x
(j)
i converges to xi say, by the completeness of κ. Write

x =
∑

xiei; then

f(x(j) − x) = max
1≤i≤n

|x(j)
i − xi| → 0,

hence x(j) → x and this shows V to be complete.
If g is any other norm on V , we have to show that this defines the same topology as

the norm f . Given x =
∑

xiei ∈ V , we have

g(x) ≤ max
1≤i≤n

|xi|
n∑

i=1

g(ei) = c2f(x)

for some c2 > 0 independent of x, so the norm f is finer than the g-topology (i.e.
f(x(j)) → 0 implies g(x(j)) → 0).

The converse implication takes a lot more proving. We will do it by induction on
the dimension of V , noting first that the converse implication is trivial true for spaces
of dimension 1. By combining the above proof, this shows that the proposition is true
for the case of dimension 1. Thus, we only need to prove the induction step: assume
that the proposition is true for spaces of dimension n− 1, and show that it is then also
true for spaces of dimension n. Let V , then, be a space of dimension n. To prove
the proposition, according to the above arguments, it is enough to show the converse
implication of the topologies.

Suppose that
{
x(j)
}

is a sequence such that g
(
x(j)
)
→ 0 but f

(
x(j)
)

� 0, so for

some i, say i = 1,
∣∣x(j)

1

∣∣ � 0. By passing to a subsequence we may assume that

|x(j)
1 | ≥ ε for some ε > 0 and all j. Put

y(j) = x(j)/x
(j)
1 =

n∑
i=1

y
(j)
i ei;

then
y

(j)
1 = 1, g

(
y(j)
)
≤ ε−1g

(
x(j)
)
→ 0,

thus
n∑

i=2

y
(j)
i ei → −e1

in the g-topology. Let W be the subspace spanned by e2, . . . , en; it is (n − 1)-
dimensional and so by the induction hypothesis has a unique topology and is com-
plete, hence closed. Therefore W contains e1, which is a contradiction; it follows that
f
(
x(j)
)
→ 0 and the g-topology is just the f-topology. �
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Let K be an extension of a field κ. We will consider extensions of absolute values
on κ to K. An absolute value | · |1 of K is said to be an extension of an absolute value
| · | of κ if |x|1 = |x| for each x ∈ κ.

Theorem 1.93. Let κ be a complete field induced by an absolute value. Then any
algebraic extension K of κ has at most one extension of the absolute value and it is
complete for the induced topology.

Proof. Let | · |1 and | · |2 be two absolute values on K that extend the absolute value
| · | of κ. We have to show that |α|1 = |α|2 for all α ∈ K, so on replacing K by
κ(α) we may take K to be of finite degree over κ. By Proposition 1.92, both absolute
values determine the same topology and K is complete in this topology. Hence | · |1
and | · |2 also are two equivalent absolute values. Thus, there exists a positive real
number α such that for each x ∈ K, one has |x|1 = |x|α2 , and hence α = 1 since
|x|1 = |x|2 = |x| when x ∈ κ, i.e., the two absolute values are the same. �

Theorem 1.93 answers uniqueness of the extended absolute value. However, we
also have the following existence of the extended absolute value:

Theorem 1.94. If κ is a complete field induced by a non-trivial absolute value | · | and
K is any finite dimensional separable extension of κ, then there is a unique extension
of the absolute value | · | to a absolute value | · |1 of K and it is given by the formula

|x|1 = |NK/κ(x)|1/[K:κ].

Proof. See Janusz [119], Corollary 3.4; Neukirch [202], Chapter II, Theorem 4.8. �

1.9.3 Extensions of valuations

Let c be a real constant with c > 1. If v is a valuation on a field κ, then a non-
Archimedean absolute value

|x|v = c−v(x), x ∈ κ

is well defined. Conversely, if |·| is a non-Archimedean absolute value on κ, a valuation
v : κ −→ R ∪ {+∞} is defined by

v(x) =

{
− logc |x|, x ∈ κ∗,

+∞, x = 0,

and is named the (additive) valuation associated to the absolute value, where logc is
the real logarithm function of base c.

By Lemma 1.87, it follows that two non-Archimedean absolute values on κ are
equivalent if and only if the valuations associated to them are equivalent. We may
express this relationship in a more precise way by considering equivalence classes of
valuations and of non-Archimedean absolute values:
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Proposition 1.95. Let κ be a field. There is a natural one-to-one correspondence
between the set of equivalence classes of valuations of κ and the set of equivalence
classes of non-Archimedean absolute values of κ.

We will identify an equivalence class of non-trivial non-Archimedean absolute val-
ues on κ with the place of κ, i.e., an element of M0

κ, which is the equivalence class of
valuations associated to the absolute values. To make notation consistent, an equiva-
lence class of non-trivial Archimedean absolute values also is called a place of κ. A
place is called non-Archimedean or finite (resp., Archimedean or infinite) if its abso-
lute value is non-Archimedean (resp., Archimedean). Usually, let M∞

κ be all infinite
places of κ, and set

Mκ = M0
κ ∪M∞

κ .

To ease notation, we frequently write the absolute values corresponding to a place p of
κ as | · |p or | · |v if [v] = p.

Let K be an extension of a field κ. Let v and w be valuations of κ and K respec-
tively. If the absolute value | · |w of K is an extension of the absolute value | · |v of κ,
we say that w divides v (or w lies over v) and denote the relation between v and w by
w|v. We say that v is p-adic if it lies over the p-adic absolute value of Q. Obviously,
if w|v, then | · |w is also a norm on K as a κ-vector space.

The topology defined by a valuation v of κ is the one defined by the corresponding
absolute value. It is obvious that the topology depends only on the equivalence class
of v. The completion of κ relative to the topology induced by v is a field which is
denoted by κv. Obviously, there is a valuation w of κv with w|v, w(κv) = v(κ). By
Proposition 1.26, Oκv ,w is the closure of Oκ,v in κv satisfying

Oκ,v = Oκv ,w ∩ κ.

Let m and m be the maximal ideal of the valuation ringsOκ,v andOκv,w, respectively.
Then m is the closure of m in κv with m = m ∩ κ. Thus there is the canonical
isomorphism

Fw(κv) ∼= Fv(κ).

Theorem 1.96. A field κ is Henselian for a valuation v if and only if the valuation v
can be uniquely extended to any algebraic extension.

Proof. Neukirch [202], Chapter II, Theorem 6.6. �

Lemma 1.97. If K is a purely inseparable extension of a field κ of characteristic p,
then every valuation v of κ has exactly one extension to K.

Proof. Given x ∈ K∗, there exists pm such that xpm
= a ∈ κ. If pn is also such that

xpn
= b ∈ κ, with m > n, then(

xpn)pm−n

= bpm−n
= a;
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then pm−nv(b) = v(a), and so
v(b)

pn
=

v(a)

pm
.

We define w on K by w(0) = +∞, and

w(x) =
v(a)

pm

when xpm
= a ∈ κ. This is a well-defined mapping satisfying the following proper-

ties: if
xpm

= a, ypn
= b, m ≤ n,

then
(xy)pn

= apn−m
b,

hence

w(xy) =
v
(
apn−m

b
)

pn
=

v(a)

pm
+

v(b)

pn
= w(x) + w(y).

Similarly,
(x + y)pn

= xpn
+ ypn

= apn−m
+ b,

and so

w(x + y) =
1
pn

v
(
apn−m

+ b
)
≥ min

{
v(a)

pm
,
v(b)

pn

}
= min{w(x), w(y)}.

This shows that w is a valuation of K, which clearly extends v. Finally, any valuation
w′ of K extending v must be such that if xpm

= a, then pmw′(x) = v(a), so w′

coincides with w. �

Theorem 1.98. Let K/κ be an algebraic extension field. Than any valuation v on κ
has an extension to K.

Proof. As it is well known, if K be an algebraic extension field of κ, and if S denotes
the set of all elements of K which are separable over κ, then S is a field, S/κ is a sep-
arable extension, and K/S is a purely inseparable extension. In view of Lemma 1.97
we may assume that K/κ is a separable extension.

First of all, we assume that κ is Henselian for v. Take α ∈ K∗. Let F be any field
such that α ∈ F and F/κ is of finite degree; let

Pα(x) = xn + a1xn−1 + · · · + an ∈ κ[x]

be the minimal polynomial of α over κ. Then

NF/κ(α) = {(−1)nan}[F :κ(α)] .
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Note that if F ′ is any other field such that α ∈ F ⊆ F ′, F ′/κ also of finite degree,
then also

NF ′/κ(α) = {(−1)nan}[F
′:κ(α)] ,

hence

NF ′/κ(α)1/[F ′:κ] = {(−1)nan}1/n = NF/κ(α)1/[F :κ]. (1.34)

If F1 is any field such that α ∈ F1, F1/κ of finite degree, let F ′ be of finite degree and
contain both F and F1; then (1.34) holds also for F1, F ′, and therefore (1.34) holds
for F , F1. It follows that

1
[F1 : κ]

v
(
NF1/κ(α)

)
=

1
n

v(an) =
1

[F : κ]
v
(
NF/κ(α)

)
. (1.35)

Now we are ready to define the mapping w on K: w(0) = +∞ and if α ∈ K∗, if F
is any finite extension of κ such that α ∈ F ⊆ K, we put

w(α) =
1

[F : κ]
v
(
NF/κ(α)

)
=

1
n

v(an). (1.36)

By (1.35), w is well defined. We now verify that w is a valuation of K, which obvi-
ously extends v. Let α, β ∈ K, so there exists a finite field extension F/κ such that
α, β ∈ F , F ⊆ K; thus

w(αβ) =
1

[F : κ]
v
(
NF/κ(αβ)

)
=

1
[F : κ]

v
(
NF/κ(α)NF/κ(β)

)
=

1
[F : κ]

v
(
NF/κ(α)

)
+

1
[F : κ]

v
(
NF/κ(β)

)
= w(α) + w(β).

To prove that

w(α + β) ≥ min{w(α), w(β)},

let us assume that w(α) ≤ w(β); putting γ = βα−1, then w(γ) ≥ 0 and

w(α + β) = w(α + αγ) = w(α) + w(1 + γ);

it will be enough to prove that if w(γ) ≥ 0, then w(1 + γ) ≥ 0. Let

Pγ(x) = xm + b1xm−1 + · · · + bm ∈ κ[x]

be the minimal polynomial of γ over κ, so P = Pγ(x− 1) is the minimal polynomial
of 1 + γ over κ because P (1 + γ) = 0 and P is irreducible; its constant term is

P (0) = Pγ(−1) = (−1)m + b1(−1)m−1 + · · · + bm,
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thus w(γ) = v(bm)/m, and

w(1 + γ) =
1

[F : κ]
v
(
NF/κ(1 + γ)

)
=

1
m

v(P (0))

=
1
m

v
(
(−1)m + b1(−1)m−1 + · · ·+ bm

)
;

it suffices to show that v(bm) ≥ 0 implies v(b1) ≥ 0, . . . , v(bm−1) ≥ 0, hence
w(1 + γ) ≥ 0.

Assume, to the contrary, that

min{v(b1), v(b2), . . . , v(bm)} = λ < 0.

Let r be the largest index such that v(br) = λ. Then we have 1 ≤ r < m. Consider
the polynomial b−1

r Pγ which belongs to Oκ,v[x]. Since

v(br+i) > λ, i = 1, . . . , m− r,

we obtain

b−1
r Pγ(x) ≡ b−1

r xm + b−1
r b1xm−1 + · · · + xm−r (mod m[x]),

where m is the maximal ideal of Oκ,v; thus

b−1
r Pγ(x) ≡

(
b−1
r xr + b−1

r b1xr−1 + · · · + 1
)

xm−r (mod m[x]).

Since κ is Henselian for v, then b−1
r Pγ is reducible and is Pγ , which is contrary to the

fact that it is the minimal polynomial of γ. This proves that λ ≥ 0, hence w(1+γ) ≥ 0
and w is a valuation.

Finally, let (κ̂, v̂) be a completion of (κ, v). By Lemma 1.50, (κ̂, v̂) is Henselian.
Let Kκ̂ denote the compositum of K and κ̂ (the smallest field containing K and κ̂),
which is an algebraic extension of κ̂. By the first case, v̂ has an extension w′ to Kκ̂;
the restriction w of w′ to K is therefore an extension of v. �

Let κ be a field with a valuation v. Let K be an extension of κ, and let w be a
valuation of K with w|v. Let m and m be the maximal ideal of the valuation rings
Oκ,v and OK,w, respectively. Obviously,

Oκ,v = OK,w ∩ κ, m = m ∩ κ = m ∩ Oκ,v,

and therefore

Fv(κ) = Oκ,v/(Oκ,v ∩m) ∼= (Oκ,v + m)/m ⊆ OK,w/m = Fw(K).

Thus we may regard the residue class field Fw(K) as an extension of Fv(κ).
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Lemma 1.99. Let K/κ be an algebraic extension, w an extension of the valuation v
from κ to K. Then

(1) w(K∗) is a subgroup of the divisible group generated by v(κ∗);

(2) Fw(K) is an algebraic extension of Fv(κ);

(3) there exists α ∈ OK,w satisfying OK,w = Oκ,v[α] if Fw(K)/Fv(κ) is separable.

Proof. (1) Take α ∈ K∗. Then α satisfies a relation

a0αn + a1αn−1 + · · ·+ an = 0

with ai ∈ κ, a0 �= 0. Thus

w(a0αn + a1αn−1 + · · ·+ an) = w(0) = +∞,

and hence there exist distinct indices i, j such that

w
(
aiα

n−i
)

= w
(
ajα

n−j
)

.

It follows that

w(α) =
v(ai)− v(aj)

i− j
,

so w(α) belongs to the divisible group generated by v(κ∗).
(2) Let ϕ : OK,w −→ Fw(K) be the natural homomorphism; its restriction to Oκ,v

maps it onto Fv(κ). If β ∈ Fw(K), β �= 0, let x ∈ OK,w be such that ϕ(x) = β.
Since x is algebraic over κ, it satisfies a relation

a0xn + a1xn−1 + · · · + an = 0

with ai ∈ κ, a0 �= 0. Let a ∈ κ be such that

v(a) = − min
0≤i≤n

v(ai).

Hence aai ∈ Oκ,v for every index i, and there exists j such that v(aaj) = 0, so
aaj �∈ m. Therefore, the elements

bi = ϕ(aai) ∈ Fv(κ), i = 0, . . . , n

satisfy a relation
b0βn + b1βn−1 + · · · + bn = 0

with bj �= 0. Hence β is algebraic over Fv(κ).
(3) see Neukirch [202], Chapter II, Lemma 10.4. �



66 1 Field extensions

From (1) of Lemma 1.99, it follows that if v is the trivial valuation of κ and K/κ is
an algebraic extension, then the only extension of v to K is the trivial valuation since
the divisible subgroup generated by {0} is {0}. We may use this fact to derive easily
that a field κ has only the trivial valuation if and only if κ has positive characteristic
p and it is algebraic over Fp. In every other case, κ has at least two nonequivalent
nontrivial valuations (cf. [215], Section 4.1).

Lemma 1.100. Let K/κ be a field extension, w an extension of the valuation v from
κ to K. Suppose β1, . . . , βm ∈ Fw(K) are linearly independent over Fv(κ) and
x1, . . . , xm ∈ OK,w are elements such that ϕ(xi) = βi for i = 1, . . . , m. Then

(a) for any elements ai ∈ κ,

w

(
m∑

i=1

aixi

)
= min

1≤i≤m
v(ai);

(b) x1, . . . , xm are linearly independent over κ.

Proof. (a) We may assume that all coefficients ai are nonzero. Let j be an index such
that

v(aj) = min
1≤i≤m

v(ai) < ∞.

Since a−1
j ai ∈ OK,w, then

w

(
m∑

i=1

a−1
j aixi

)
≥ 0.

If the number in above inequality is positive, then

ϕ

(
m∑

i=1

a−1
j aixi

)
= 0,

that is,
m∑

i=1

ϕ
(
a−1

j ai

)
βi = 0, ϕ

(
a−1

j aj

)
= ϕ(1) = 1;

this contradicts the hypothesis of linear independence of β1, . . . , βm over Fv(κ).
Hence it follows that

w

(
m∑

i=1

a−1
j aixi

)
= 0,

that is

w

(
m∑

i=1

aixi

)
= v(aj)

as required.
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(b) If there exist a1, . . . , am ∈ κ such that

m∑
i=1

aixi = 0,

then

+∞ = w(0) = w

(
m∑

i=1

aixi

)
= min

1≤i≤m
v(ai)

and so each ai is zero. �

Let K/κ be an algebraic extension, let w be a valuation of K and v its restriction
to κ. The valuation group v(κ∗) of κ is a subgroup of the valuation group w(K∗) of
K, whose index e = eK/κ(w) is called the ramification index of w in the extension
K/κ. By the definition, the index is the number of cosets of the subgroup v(κ∗) in
w(K∗). The extension w is said to be ramified if its ramification index > 1, unramified
otherwise. The degree of Fw(K) over Fv(κ), i.e. the dimension of Fw(K) as Fv(κ)-
space:

f = fK/κ(w) = [Fw(K) : Fv(κ)]

is called the residue class degree (or inertial degree) of w in the extension K/κ. It is
clear that under repeated extensions, f and e are all multiplicative. Thus if κ ⊆ K ⊆
L, then

fL/κ(u) = fL/K(u)fK/κ(w), eL/κ(u) = eL/K(u)eK/κ(w),

where u is a valuation of L and w is its restriction to K.

Theorem 1.101. Let K/κ be an extension of valuated fields with ramification index
e and residue class degree f , where the valuation w of K extends that of κ, v say. If
K/κ is finite, then

ef ≤ [K : κ], (1.37)

and if v is discrete, then so is w. If v is discrete and κ is complete, then equality holds
in (1.37).

Proof. See [33], Theorem 1.1 in Chapter 2; or [144]. Here we introduce a proof in
[215]. Let β1, . . . , βm ∈ Fw(K) are linearly independent over Fv(κ). Let t1, . . . , tr ∈
K be elements such that the cosets

w(t1) + v(κ∗), . . . , w(tr) + v(κ∗)

are distinct. Let x1, . . . , xm ∈ OK,w be elements having images β1, . . . , βm in
Fw(K). We will show that

{xitj | i = 1, . . . , m; j = 1, . . . , r}
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is a linearly independent set over κ, and therefore mr ≤ [K : κ]. Since m, r are
arbitrary positive integers such that

m ≤ fK/κ(w) = f, r ≤ eK/κ(w) = e,

then (1.37) will hold.
To prove the linear independence of the elements xitj , let

m∑
i=1

r∑
j=1

aijxitj = 0.

In particular, if
m∑

i=1

aijxi = 0, j = 1, . . . , r,

then by Lemma 1.100 we have aij = 0 for all indices i, j. If there exists an index j
such that

m∑
i=1

aijxi �= 0,

noting that

+∞ = w(0) = w

(
m∑

i=1

r∑
j=1

aijxitj

)
,

there must exist two distinct indices j, k such that

w

(
m∑

i=1

aijxi

)
+ w(tj) = w

(
m∑

i=1

aikxi

)
+ w(tk);

by Lemma 1.100,

w

(
m∑

i=1

aijxi

)
= min

1≤i≤m
v(aij) ∈ v(κ∗),

w

(
m∑

i=1

aikxi

)
= min

1≤i≤m
v(aik) ∈ v(κ∗),

hence
w(tj) + v(κ∗) = w(tk) + v(κ∗),

which is contrary to the choice of the elements t1, . . . , tr . Therefore, this case cannot
occur, proving our assertion.

Further, if v is discrete, we have e < ∞, and hence if v(κ∗) � Z, then w(K∗) � 1
eZ,

so w is discrete.
Here we omit the proof of the equality in (1.37) when κ is complete. For more

detail, see [215], Section 6.1, Theorem 1. �
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Any algebraic extension K/κ can be written as a union of finite extensions, and
applying Theorem 1.101 to these extensions we obtain the following conditions:

Corollary 1.102. If K/κ is an algebraic extension and κ has a valuation v with ex-
tension w to K, then w(K∗)/v(κ∗) is a torsion group and Fw(K)/Fv(κ) is algebraic.

Now we can describe the set of extensions of a valuation.

Theorem 1.103. Let K/κ be an algebraic extension of finite degree, let v be a valua-
tion of κ, B the integral closure of Oκ,v in K.

(A) If K/κ is a normal extension, then all the valuations of K extending v are conju-
gate (i.e., equal to w ◦ σ for some fixed w extending v and a κ-automorphism of
K).

(B) There exist only finitely many valuations of K extending v.

(C) B =
⋂

wOK,w (intersection of all the rings of the valuations of K extending v).

Proof. (A) Let w be a valuation of K extending v. Obviously, w ◦ σ is a valuation of
K extending v for every κ-automorphism σ of K. Now let w′ be any extension of v to
K. Since OK,w′ is integrally closed and

Oκ,v = OK,w′ ∩ κ,

then OK,w′ contains the integral closure of Oκ,v in K, which is just

B =
⋂

σ∈GK/κ

OK,w◦σ.

In fact, if x ∈ B, it is integral over Oκ,v, hence also over the larger ring OK,w◦σ; so
x ∈ OK,w◦σ, because this ring is integrally closed. Conversely, if x ∈ OK,w◦σ for
every σ ∈ GK/κ, then w(σ(x)) ≥ 0 for every conjugate σ(x) of x, so the minimal
polynomial of x over κ has coefficients inOK,w∩κ = Oκ,v, showing that x is integral
over Oκ,v.

Since GK/κ is finite, say, GK/κ = {σ1, . . . , σn}, we may assume that w ◦ σ1, . . . ,
w ◦ σn are pairwise inequivalent. If w′ �= w ◦ σi for every i = 1, . . . , n, then there
exists x ∈ K such that

w′(x) < 0, w(σi(x)) ≥ 0 (1 ≤ i ≤ n);

this is however contrary to the fact

OK,w′ ⊇
n⋂

i=1

OK,w◦σi.

(B) This is obvious when K/κ is a normal extension since GK/κ is finite. Generally,
if L is the smallest normal extension of κ containing K, noting that [L : κ] < ∞, then



70 1 Field extensions

v has only finitely many extensions to L. Since every valuation of K may be extended
to L, then v has only finitely many extensions to K.

(C) If K/κ is a normal extension, it follows from (A) and its proof. In general, let
L be as above and let C be the integral closure of Oκ,v in L. Thus

C =
⋂
u

OL,u

for all extensions u of v to L. Since C ∩ K = B, and all valuations of K may be
extended to L, then

B = C ∩K =
⋂
u

(OL,u ∩K) =
⋂
w

OK,w

for all extensions w of v to K. �

Let (κv, v̂) be the completion of κ with respect to a valuation v, where v̂|v. Let κ̄v

be an algebraic closure of κv and let v̄ be the unique extension of v̂ to κ̄v.

Corollary 1.104. Let K/κ be an algebraic extension of finite degree, and let v be a
valuation of κ. If w is any extension of v to K, there exists a κ-embedding σ : K −→
κ̄v such that w = v̄ ◦ σ. Thus the number of extensions of v to K is at most equal to
[K : κ].

Proof. We assume first that K is a normal extension of κ, let ρ : K −→ κ̄v be a κ-
isomorphism. Then v̄ ◦ ρ is a valuation of K. By Theorem 1.103, all other valuations
of K are conjugate to v̄ ◦ ρ, that is, of type v̄ ◦ ρ ◦ τ , where τ is a κ-automorphism of
K.

Generally, let L be the smallest normal extension of κ containing K. If w is any
valuation of v to K, let u be any extension of w to L and let ρ : L −→ κ̄v be a κ-
isomorphism. By the above arguments, u = v̄ ◦ ρ ◦ τ , for some κ-automorphism τ of
L. Let σ be the restriction of ρ ◦ τ to K, hence σ(K) ⊆ ρ(L). It follows that

w = u|K = (v̄ ◦ ρ ◦ τ)|K = v̄ ◦ σ. �

Let v be a valuation of κ which is extended uniquely to a valuation w of K. A finite
extension K/κ is called unramified if the extension Fw(K)/Fv(κ) of the residue class
field is separable and one has

[Fw(K) : Fv(κ)] = [K : κ].

An algebraic extension K/κ is called unramified if it is a union of finite unramified
subextensions. If K/κ is an algebraic extension, then the composite T/κ of all un-
ramified subextensions is called the maximal unramified subextension. If T = κ, the
extension K/κ is called totally (or purely) ramified.
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Proposition 1.105. The residue class field of T is the separable closure of Fv(κ) in
the residue class field extension Fw(K)/Fv(κ) of K/κ, whereas the valuation group
of T equals that of κ.

Proof. Neukirch [202], Chapter II, Proposition 7.5. �

If the characteristic p = char(Fv(κ)) is positive, then one has the following weaker
notion accompanying that of an unramified extension. An algebraic extension K/κ
is called tamely ramified if the extension Fw(K)/Fv(κ) of the residue class fields is
separable and one has ([K : T ], p) = 1. In the infinite case this latter condition is
taken to mean that the degree of each finite subextension of K/T is prime to p. When
the fundamental identity

eK/κ(w)fK/κ(w) = [K : κ] (1.38)

holds and Fw(K)/Fv(κ) is separable, to say that the extension is unramified, resp.
tamely ramified, simply amounts to saying that eK/κ(w) = 1, resp. (eK/κ(w), p) = 1.
However, the fundamental identity (1.38) always holds when a finite extension K/κ is
tamely ramified (cf. [202], Chapter II, Proposition 7.7).

Note that the composite of tamely ramified extensions is tamely ramified. If K/κ is
an algebraic extension, then the composite V/κ of all tamely ramified subextensions is
called the maximal tamely ramified subextension. The extension K/κ is called wildly
ramified if it is not tamely ramified, i.e., if V �= K.

1.10 Divisor groups

1.10.1 Valuation properties of Dedekind domains

Let κ be a field with a family S of discrete valuations defined on it. We will assume
that S satisfies the strong approximation property. We may as well take the members
of S to be non-trivial and pairwise inequivalent, thus the members of S are places of κ.
We shall denote the members of S by small letters: v, w, . . . and write ordv, ordw for
the corresponding normalized valuations. With each v ∈ S we associate its valuation
ring

Oκ,v = {x ∈ κ | ordv(x) ≥ 0},

and we set the ring of integers (with respect to S)

A =
⋂
v∈S

Oκ,v. (1.39)

It follows that divisibility relative to A is described by the rule x|y if and only if
ordv(x) ≤ ordv(y) for all v ∈ S. An element x of κ is said to be integral at v if
ordv(x) ≥ 0.
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Theorem 1.106. Let κ be a field with a set S of valuations satisfying the strong ap-
proximation property. Then for any distinct v1, . . . , vn ∈ S, any a1, . . . , an ∈ κ and
any N > 0 there exists a ∈ κ such that

ordvi(a− ai) > N, i = 1, 2, . . . , n, (1.40)

ordw(a) ≥ 0, w ∈ S − {v1, . . . , vn}. (1.41)

Proof. When S is finite, this is essentially Theorem 1.88 and there is nothing more to
prove; so we may take S to be infinite and we may also assume that

ordw(ai) ≥ 0, w �= v1, . . . , vn.

For this can only fail to hold at finitely many w, which we can add to v1, . . . , vn, putting
the corresponding ai equal to 0. We may also assume, without loss of generality, that
n > 1. Let M be a positive constant; our aim is to construct b1 integral such that

ordv1(b1 − 1) > M ; ordvi(b1) > M, i = 2, . . . , n. (1.42)

By 〈3〉 in Subsection 1.3.3, for each i = 2, . . . , n there exists ci integral at all w �=
v1, vi (i.e., ordw(ci) ≥ 0) such that

ordv1(ci − 1) > M ; ordvi(ci) > M.

Since M > 0, ci is also integral at v1, vi and so ci ∈ A. Putting b1 = c2 · · · cn, we
have b1 ∈ A and

ordvi(b1) =

n∑
j=2

ordvi(cj) > M.

Further, we have

b1 − 1 = (c2 − 1)c3 · · · cn + (c3 − 1)c4 · · · cn + · · · + cn − 1,

hence

ordv1(b1 − 1) ≥ min {ordv1(c2 − 1), . . . , ordv1(cn − 1)} > M.

Thus b1 satisfying (1.42) has been found. If we define b2, . . . , bn similarly and then
put a =

∑
aibi, we find that

ordv1(a− a1) = ordv1

(
a1(b1 − 1) +

n∑
i=2

aibi

)
≥ min

i
{ordv1(ai) + M},

and it follows that ordv1(a− a1) > N , provided we choose M to satisfy

M > N −min
i
{ordv1(ai)}.

Similarly ordvi(a− ai) > N and for w �= vi,

ordw(a) ≥ min{ordw(ai) + ordw(bi)} ≥ 0,

so a satisfies all the conditions. �
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Corollary 1.107. Let κ be a field and S a family of places with the strong approxi-
mation property. Given any finite subset {v1, . . . , vn} of S and any rational integers
α1, . . . , αn, there exists a ∈ κ such that

ordvi(a) = αi, i = 1, . . . , n;

ordw(a) ≥ 0, w ∈ S − {v1, . . . , vn}. (1.43)

Proof. Let ai ∈ κ be such that

ordvi(ai) = αi, i = 1, . . . , n;

such ai exists because ordvi is normalized. By Theorem 1.106, there exists a ∈ κ such
that

ordvi(a− ai) > αi; ordw(a) ≥ 0, w ∈ S − {v1, . . . , vn}.

Hence
ordvi(a) ≥ min{ordvi(ai), ordvi(a− ai)},

and here equality holds; thus (1.43) is satisfied. �

We define the divisor group Dκ of κ with respect of S as the free Abelian group on
S as generating set. The typical element is written:

D =
∏
v∈S

vαv ,

where the αv are integers, almost all zero, and D is called a divisor. If αv ≥ 0 for all
v ∈ S, then D is said to be an integral divisor. Denote the set of all nonzero fractional
ideals of A by Iκ. Our aim will be to explore the relations between Dκ and Iκ.

For any g ∈ Iκ we put

ordv(g) = min{ordv(x) | x ∈ g}. (1.44)

Since there exists ω ∈ A− {0} such that ωg ⊆ A, we have ordv(x) ≥ −ordv(ω) for
all x ∈ g, and so ordv(g) is well defined. On another hand, there are a ∈ g, b ∈ g−1

such that ab = 1, hence

−ordv(ω) ≤ ordv(g) ≤ ordv(a) = −ordv(b)

for all v. This shows that ordv(g) = 0 for almost all v.
The mapping ordv : Iκ −→ Z is a homomorphism. For if c ∈ gh, say,

c =
∑

aibi, ai ∈ g, bi ∈ h,

then
ordv(c) ≥ min

i
{ordv(ai) + ordv(bi)} ≥ ordv(g) + ordv(h).
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Therefore
ordv(gh) ≥ ordv(g) + ordv(h),

and here equality holds, as we see by taking c = ab, where a, b are chosen in g, h so
as to attain the minimum in (1.44). Hence

ordv(gh) = ordv(g) + ordv(h),

and it follows that (1.44) is a homomorphism. Further, we obtain a homomorphism
φ : Iκ −→ Dκ defined

φ(g) =
∏
v∈S

vordv(g). (1.45)

In this homomorphism, integral ideals correspond to integral divisors.

Lemma 1.108. Let κ be a field and S a family of places with the strong approximation
property, and let A be the associated ring of integers. Given a fractional ideal g in κ, if
ordv(g) is defined by (1.44), then for all x ∈ κ, x ∈ g if and only if ordv(x) ≥ ordv(g)
for all v ∈ S.

Proof. By definition, ordv(x) ≥ ordv(g) for all v ∈ S if x ∈ g. Conversely, let us
fix x in κ and replace g by x−1g; then we have to show 1 ∈ g if ordv(g) ≤ 0. If
we replace g by g ∩ A, then g ⊆ A and the hypothesis becomes ordv(g) = 0. Take
c ∈ g−{0}; if c is a unit, then 1 = cc−1 ∈ g. Otherewise ordv(c) �= 0 for only finitely
many places, say v = v1, . . . , vn. Let us take ai ∈ g such that ordvi(ai) = 0. Now fix
j with 1 ≤ j ≤ n, and by Theorem 1.106 choose bj ∈ κ such that

ordvj

(
a−1

j − bj

)
≥ ordvj (c); ordw(bj) ≥ ordw(c), w �= v1, . . . , vn.

Since ordw(c) = 0 at almost all places, this is possible, and in fact bj ∈ A because
c ∈ A and ordvj (aj) = 0. If we carry out this construction for j = 1, . . . , n and put
a =

∑
aibi, we find that a ∈ g, because ai ∈ g and bi ∈ A. Further, by the choice of

bi we have

ordvj (1− a) = ordvj

(
1− ajbj −

∑
i �=j

aibi

)
≥ ordvj (c), j = 1, . . . , n,

and 1− a ∈ A, so for w �= v1, . . . , vn,

ordw(1− a) ≥ 0 = ordw(c).

Hence c−1(1− a) = d ∈ A and 1 = a + cd ∈ g, as claimed. �

The theorem which follows is important because it establishes the link between the
valuations and the ideals of A. In the case where A is the ring of algebraic integers of
an algebraic number field κ, the theorem is due to Dedekind.
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Theorem 1.109. Let κ be a field and S a family of places with the strong approxima-
tion property, and let A be the ring of integers. The mapping φ from the fractional
ideals to the divisors is an isomorphism, and so the nonzero fractional ideals form a
group. In this isomorphism, a fractional ideal corresponds to a place v in S if and
only if the ideal, say p, is a nonzero prime ideal, and in this case p = A∩mκ,v, while
Ap = Oκ,v.

Proof. In order to show φ is an isomorphism we shall define a mapping Φ : Dκ −→ Iκ

which will turn out to be the inver of φ. It is defined by the rule, if

D =
∏
v∈S

vαv ∈ Dκ,

then
Φ(D) = {x ∈ κ | ordv(x) ≥ αv, v ∈ S}.

If x, y ∈ Φ(D), a ∈ A, then for v ∈ S,

ordv(x + y) ≥ min{ordv(x), ordv(y)} ≥ αv

and
ordv(ax) = ordv(a) + ordv(x) ≥ ordv(x) ≥ αv ,

hence x + y, ax ∈ Φ(D), showing that Φ(D) is an A-module contained in κ.
To show that it is a fractional ideal, let v1, . . . , vr be the places for which αv �= 0,

take ω ∈ κ such that

ordv(ω) = −αv , v ∈ {v1, . . . , vr}; ordw(ω) ≥ 0, w �∈ {v1, . . . , vr}.

Then it is clear that ωΦ(D) ⊆ A; this shows Φ(D) to be a fractional ideal.
Now it is clear from the definition that for any fractional ideal g we have Φ(φ(g)) ⊇

g and by Lemma 1.108 equality holds, so that Φ(φ(g)) = g.
Next, if D =

∏
vαv ∈ Dκ and Φ(D) = g, then by Corollary 1.107, for any fixed

v ∈ S we can find x ∈ g such that ordv(x) = αv. It follows that ordv(g) = αv and so
φ(Φ(D)) = D. Thus φ has the inverse Φ and hence is an isomorphism; in particular,
it follows that Iκ is a group.

Let p be a nonzero prime ideal of A. By the definition, we have

φ(p) =
∏
v∈S

vordv(p).

Let v1, . . . , vr ∈ S be those valuations such that ordvi(p) �= 0. Since φ(p) is integral,
then

ordvi(p) > 0, i = 1, . . . , r.

Let us assume that r ≥ 2. By Corollary 1.107, there exist elements a1, a2 ∈ κ such
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that
ordv1(a1) = ordv1(p); ordv2(a1) = 0;

ordw(a1) ≥ ordw(p), w ∈ S − {v1, v2},
and similarly,

ordv1(a2) = 0; ordv2(a2) = ordv2(p);

ordw(a2) ≥ ordw(p), w ∈ S − {v1, v2}.
Thus a1, a2 ∈ A − p, however a1a2 ∈ p since ordv(a1a2) ≥ ordv(p) for all v ∈
S. This is impossible since p is a prime ideal, and so r = 1. Now we show that
ordv1(p) = 1, for if ordv1(p) > 1, by Corollary 1.107, there exists an element a ∈ κ
such that

ordv1(a) = ordv1(p)− 1; ordw(a) ≥ 0, w ∈ S − {v1},

thus a ∈ A − p, but a2 ∈ p, which is again impossible. We have shown that if p is a
prime ideal, then φ(p) ∈ S.

Conversely, if v ∈ S, then p = φ−1(v) is a prime ideal. In fact, take a, b ∈ A− p,
hence necessarily

ordv(a) = ordv(b) = 0

and so ordv(ab) = 0, proving that ab �∈ p and p is a prime ideal.
From φ(p) = v, we deduce that

p = A ∩mκ,v.

Similarly,

Oκ,v = Ap =
{a

b
| a, b ∈ A, b �∈ p

}
.

In fact, if x ∈ Oκ,v, we may write x = c/d, with c, d ∈ A. Further, if ordv(d) > 0, let
b ∈ κ be such that ordv(b) = −ordv(d), ordw(b) ≥ 0 for every other place w ∈ S, so
x = bc/(bd) with bd ∈ A, bd �∈ p, and bc ∈ A because

ordv(bc) = ordv(bc)− ordv(bd) = ordv(x) ≥ 0,

and ordw(bc) ≥ 0 for every other place w ∈ S. Conversely, if x = a/b with a, b ∈ A,
b �∈ p, then

ordv(a) ≥ 0, ordv(b) = 0,

so x ∈ Oκ,v. �

Let A be a Dedekind domain, κ its field of fractions. By Theorem 1.40, A can be
defined as the intersection of discrete valuation rings for a family S of places on κ with
the strong approximation property. We also have a homomorphism θ = θκ of κ∗ into
the divisor group Dκ of κ given by

θ(x) =
∏

vordv(x). (1.46)



1.10 Divisor groups 77

The kernel Ker(θ) of θ is the set of all x ∈ κ∗ such that ordv(x) = 0 for all v ∈ S, so
that it is the group of units of A, because the mapping from the fractional ideals to the
divisors is an isomorphism, by Theorem 1.109. The quotient

Cκ = Dκ/θ(κ∗)

can be made into an Abelian group, called divisor class group of A (or κ). We have an
exact sequence

1 → Ker(θ) → κ∗
θ−→ Dκ → Cκ → 1. (1.47)

Corollary 1.110. Let A be a Dedekind domain, κ its field of fractions. Then every
nontrivial valuation of κ is equivalent to a p-adic valuation for some nonzero prime
ideal p of A.

Proof. Since A is a Dedekind domain, by the remark after Proposition 1.41 if A ⊆
Oκ,v (v nontrivial), then Oκ,v = Ap for some nonzero prime ideal p. It remains to
show that Ap is the ring of the p-adic valuation, which we denote temporarily by B.
It suffices to show that Ap ⊆ B, hence Oκ,v = Ap being a maximal subring of κ (by
Theorem 1.32), then Ap = B. If x ∈ Ap, then x = a/b with a, b ∈ A, b �∈ p. Then p

does not divide Ab and may, or may not, divide Aa. Thus the p-adic value of x is not
negative, that is, x ∈ B, which concludes the proof. �

Lemma 1.111. Let A be an integral domain and let p be a nonzero prime ideal of
A.

(i) App is the only maximal ideal of A and for every e ≥ 1, App
e = (App)

e.

(ii) If p does not contain an ideal a, and e ≥ 0, then Ap(p
ea) = App

e.

Proof. (i) Take a/b ∈ Ap− App, so a, b ∈ A − p. Then b/a ∈ Ap. This shows that
every element of Ap not in App is a unit, so App is the only maximal ideal of Ap. The
verification that App

e = (App)
e is trivial.

(ii) It is obvious that Ap(p
ea) ⊆ App

e. Conversely, take x = a/b ∈ App
e with

a ∈ pe, b ∈ A − p. By hypothesis, there exists c ∈ a − p. Thus x = ac/(bc) with
bc �∈ p, ac ∈ pea, showing that x ∈ Ap(p

ea). �

Proposition 1.112. Let A ⊆ B be Dedekind domains with quotient fields κ and K
respectively and let p be a nonzero prime ideal of A, and let P be a prime ideal of
B such that P ∩ A = p. The ramification index and the relative degree of P over p

are respectively equal to the ramification index and residue class degree of the P-adic
valuation in K/κ.

Proof. We can write
Bp = Pe1

1 · · ·P
eg
g ,
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where P = P1, P2, . . . , Pg are prime ideals of B, and e1 ≥ 1, . . . , eg ≥ 1. By
definition, e1 is the ramification index of P in K/κ.

By Lemma 1.111, one has

BP(Bp) = BPPe1 = (BPP)e1 ,

since P2, . . . , Pg are not contained in P. On the other hand, since the valuation ordp

is discrete, the prime ideal of Ap is principal, so there exists an element t such that
App = Apt. The ramification index of ordP in K/κ is equal to the value of t, that is,
ordP(t) = e, and this means that BPt = (BPP)e. Now,

BPt = BP(Apt) = BP(App) = BP(Bp) = (BPP)e1

by the above. Hence e = e1.
By definition, the relative degree of P over p is the degree of B/P over A/p.

Similarly, the residue class degree of ordP in K/κ is the degree of the residue class
field FP(K) over Fp(κ). Now

FP(K) = BP/BPP, Fp(κ) = Ap/App.

We will show that Ap/App � A/p and similarly for the other residue field, and this
implies the equality between residue class degree and relative degree. The stated iso-
morphism has been given for the particular case where A = Z (cf. Example 1.33). The
proof in the general case is completely analogous, and may be left to the reader. �

1.10.2 Local degrees in field extensions

Let κ be a field with a nontrivial valuation v. Let (κv, v̂) be the completion of κ with
respect to v. Let κ̄v be an algebraic closure of κv and let v̄ be the unique extension of
v̂ to κ̄v. Let K be a field extension of κ.

First of all, we consider the case that there exists t ∈ K such that K = κ(t). Let Pt

be the minimal polynomial of t over κ and let Pt = h1 · · · hg (g ≥ 1) be the decompo-
sition of Pt as a product of irreducible polynomials over κv. Note that since Pt has no
multiple roots, the polynomials h1, . . . , hg are all distinct. By Corollary 1.104, every
valuation w of K extending v is of the form w = v̄ ◦ σ, where σ is a κ-isomorphism
from K into κ̄v. We will determine conditions on the κ-isomorphisms ρ, σ of K into
κ̄v so that wρ = v̄ ◦ ρ and wσ = v̄ ◦ σ coincide.

Proposition 1.113. With the above hypotheses and notations, the following conditions
are equivalent:

(1) wρ = wσ;

(2) the mapping σρ−1 : κ(ρ(t)) −→ κ(σ(t)) is continuous in the topology defined by
v̄;
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(3) the fields κv(ρ(t)), κv(σ(t)) are conjugate over κv under an extension of σρ−1;

(4) ρ(t), σ(t) are roots of the same factor hi.

In particular, (κv(ρ(t)), v̄) is the completion of (K, wρ).

Proof. (1) ⇒ (2) Given x ∈ K, let ε > 0 be a real number and let Vε be the neigh-
borhood of σ(x) consisting of all elements σ(y) ∈ σ(K) = K(σ(t)) such that
v̄(σ(y) − σ(x)) > ε. By hypothesis wρ = wσ , hence the image by σρ−1 of the
neighborhood

Uε = {ρ(y) ∈ ρ(K) | v̄(ρ(y)− ρ(x)) > ε}

of ρ(x) is Vε. This shows the continuity of σρ−1.
(2)⇒ (3) By hypothesis σρ−1 is a continuous κ-isomorphism of κ(ρ(t)) to κ(σ(t)).

It may be extended naturally to a κv-isomorphism of κv(ρ(t)) to κv(σ(t)) because κ
is dense in κv and σρ−1 leaves fixed every element of κ.

(3) ⇒ (4) Let Φ be a κv-isomorphism from κv(ρ(t)) to κv(σ(t)) extending σρ−1.
Then ρ(t), σ(t) are conjugate over κv, and so they are roots of the same irreducible
polynomial hi for some i.

(4)⇒ (1) By hypothesis, there exists a κv-automorphism Φ of κ̄v such that Φ(ρ(t))
= Φ(σ(t)). The restriction of Φ to ρ(K) is σρ−1, hence Φ(ρ(x)) = σ(x) for every
x ∈ K, which means that ρ(x), σ(x) are conjugate over κv. Since v̄ is the only
extension of v̂ to κ̄v, then v̄ ◦ Φ = v̄ so

wρ(x) = (v̄ ◦Φ) ◦ ρ(x) = v̄(σ(x)) = wσ(x)

for every x ∈ K.
In particular, the fields (K, wρ) and (κ(ρ(t)), v̄) are isomorphic. The completion

of (κ(ρ(t)), v̄) must contain κv(ρ(t)). On the other hand, (κv(ρ(t)), v̄) is complete
because κv(ρ(t)) is of finite degree over κv and v̄ extends v̂. So (κv(ρ(t)), v̄) is the
completion of (K, wρ). �

Proposition 1.114. If K is a finite separable extension of κ, then

[K : κ] =
∑
w|v

[Kw : κv].

Proof. Since K is separable, there exists t ∈ K such that K = κ(t) (by Theo-
rem 1.70). Using the same notations, we have

Pt = h1 · · · hg (g ≥ 1),

where h1, . . . , hg are the irreducible factors of Pt over κv, and hence

deg(Pt) =

g∑
i=1

deg(hi).



80 1 Field extensions

By Proposition 1.113, v has g distinct extensions to K, which are of the form wρ =
v̄ ◦ ρ. In particular, one has

[Kwρ : κv] = [kv(ρ(t)) : kv] = deg(hi),

where ρ(t) is a root of hi. Therefore

∑
w|v

[Kw : κv] =

g∑
i=1

deg(hi) = deg(Pt) = [κ(t) : κ] = [K : κ].

See [144], or Serre [236], I, Proposition 10 and II, Théorème 1. �

If w is a valuation on K extending v, we shall call [Kw : κv] the local degree in
K/κ, which satisfy ∑

w|v
[Kw : κv] ≤ [K : κ].

It is immediate that the local degree satisfies the following transitivity relation: if
κ ⊆ K ⊆ E are fields, E/κ being separable of finite degree, then

[Eu : κv] = [Eu : Kw][Kw : κv],

where u is an extension of w to E.
For any two algebras A, B over a field κ, their tensor product A⊗κ B is defined by

the property that the bilinear mappings on A×B correspond to the linear mappings of
A ⊗κ B. Explicitly, if A, B have respectively bases {ui}, {vj} over κ, then A ⊗κ B
has the basis {ui ⊗ vj}.

Theorem 1.115. Let κ be a field with a valuation v and let K/κ be a separable exten-
sion of degree n. Then there are at most n extensions of v to K, say w1, . . . , wg , where
g ≤ n. If ei denotes the ramification index and fi the residue class degree of wi, then

g∑
i=1

eifi ≤ n.

If v is discrete, the equality holds. If the completion of κ under v is κv and that of K
under wi is Kwi , then

K ⊗κ κv
∼= Kw1 × · · · ×Kwg .

Proof. By Proposition 1.114, we have

n =

g∑
i=1

[Kwi : κv].



1.10 Divisor groups 81

According to the arguments in Subsection 1.9.3, the residue class field and valuation
group are unchanged by completion, and hence so are the residue class degree and
ramification index. Thus the fundamental inequality follows from Theorem 1.101.

Take t ∈ K with K = κ(t). We select κ-isomorphisms ρ1, . . . , ρg of K into κ̄v

such that

w1 = v̄ ◦ ρ1, . . . , wg = v̄ ◦ ρg

are the distinct extensions of v to K; hence these valuations are pairwise inequivalent.
Since a κ-basis {y1, . . . , yn} of K gives rise to a κv-basis {y1 ⊗ 1, . . . , yn ⊗ 1} of
K ⊗κ κv, then K ⊗κ κv is a κv-vector space of dimension n = [K : κ]. Note that the
dimension of the κv-vector space

∏g
i=1 Kwi is the sum of the local degrees of all the

wi, hence it is also equal to n (by Proposition 1.114).
The mapping

K × κv −→
g∏

i=1

ρi(K) · κv, (y, z) �→ (ρ1(y) · z, . . . , ρg(y) · z)

is κ-bilinear. Hence it yields a κ-linear mapping

ϕ : K ⊗κ κv −→
g∏

i=1

ρi(K) · κv;

namely,

ϕ(y ⊗ z) = (ρ1(y) · z, . . . , ρg(y) · z), y ∈ K, z ∈ κv.

Further, ϕ is a homomorphism of κv-algebra and its image is dense in
∏g

i=1 ρi(K)·κv ,
relative to the product topology. In fact, given any element

(x1, . . . , xg) ∈
g∏

i=1

ρi(K) · κv,

since ρi(K) · κv is the completion Kwi of (K, wi), there exists some element

(y1, . . . , yg) ∈ K × · · · ×K

which is arbitrarily close to (x1, . . . , xg) in the product topology, and by the approx-
imation theorem in K, there exists y ∈ K arbitrarily close to each element yi in the
topology of wi.

The image of ϕ is a finite-dimensional vector space over the complete valued field
κv, and so the image of ϕ is also complete. Hence it must be a closed subspace, and
by density, it must coincide with

∏g
i=1 ρi(K) · κv. Since the κv-spaces K ⊗κ κv and∏g

i=1 ρi(K) · κv have the same dimension, ϕ must be an isomorphism. �
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Proposition 1.116. Let K be a finite separable extension of κ. For every α ∈ K, one
has

NK/κ(α) =
∏
w|v

NKw/κv
(α),

TrK/κ(α) =
∑
w|v

TrKw/κv
(α).

Proof. Set n = [K : κ]. We will use the notations in the proof of Theorem 1.115. Let
χα be the field polynomial of α in K/κ defined by the κ-linear mapping

Aα : K −→ K, Aα(x) = αx.

By the theorem of Cayley and Hamilton, χα(Aα) is the zero linear transformation.
The minimal polynomial of Aα over κ is Pα, defined as being the monic polynomial
of smallest degree such that Pα(Aα) = 0; then Pα is irreducible over κ and coincides
with the minimal polynomial of α over κ. Moreover χα is a power of Pα, that is,
χα = P r

α, hence

n = deg(χα) = r deg(Pα), [K : κ] = r[κ(α) : κ].

Write
Pα(x) =

∏
σ

(x− σ(α)),

where σ runs through the set of κ-isomorphisms of κ(α) into κ̄v. Noting that each σ
has r distinct extensions to κ-isomorphisms of K into κ̄v, we have

χα(x) = Pα(x)r =
∏
σ

(x− σ(α))r =
∏
ρ

(x− ρ(α)),

where ρ runs through the set of κ-isomorphisms of K into κ̄v. A similar argument
shows that for each κ-isomorphism ρ of K into κ̄v, the field polynomial of ρ(α) in
ρ(K) · κv/κv is equal to

χα,ρ(x) =
∏
τ

(x− τ(ρ(α))),

where τ runs through the set of κv-isomorphisms of ρ(K) · κv into κ̄v.
We will write ρ = σ when σ ◦ ρ−1 leaves κv fixed. By Proposition 1.113, the set

of κ-isomorphisms of K into κ̄v has exactly g equivalence classes, and ρ1, . . . , ρg are
representatives. The elements in the class of ρi are τρi, where τ runs through the set
of all κv-isomorphisms of ρi(K) · κv into κ̄v. Grouping the roots of χα according to
the equivalence classes, we have

χα =

g∏
i=1

χα,ρi ,
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where χα,ρi is just the field polynomial of ρi(α) in ρi(K) ·κv/κv . Note that ρi(K) ·κv

is the completion Kwi of (K, wi). From the definition of trace and norm, it follows
immediately that the global trace is the sum of local traces, while the global norm is
the product of the local norms. �

Let K be a finite separable extension of κ. Let v be a valuation on κ with an
extension w to K. By Theorem 1.115, there are only a finite number of w dividing a
given place v. Let θK be the corresponding mapping defined by (1.46) for K. Then
for w|v we have

ordw(x) = eK/κ(w)ordv(x), x ∈ K,

where eK/κ(w) is the ramification index for w. Hence for any x ∈ K we have

θK(x) =
∏
w

wordw(x) =
∏
v

(∏
w|v

wordw(x)

)
=
∏
v

(∏
w|v

weK/κ(w)

)ordv(x)

.

Thus we obtain a commutative diagram γ ◦ θκ = θK ◦ ι as shown below by defining a
mapping γ : Dκ −→ DK ,

γ(v) =
∏
w|v

weK/κ(w), (1.48)

where ι : κ −→ K is the inclusion. The mapping (1.48) is an embedding of Dκ in
DK , sometimes called the conorm mapping.

Given a place v of κ, let the divisors of v in K be w1, . . . , wg and let Kw1 , . . . , Kwg

be the corresponding extensions of κv, the completion of κ (cf. Theorem 1.115). As
we saw, we have

[Kwi : κv] = nwi = e(wi)f(wi),

hence

ordwi(x) =
1

nwi

ordwi

(
NKwi/κv

(x)
)

=
e(wi)

nwi

ordv

(
NKwi/κv

(x)
)
,

and so we obtain

ordv

(
NK/κ(x)

)
=
∑

ordv

(
NKwi/κv

(x)
)

=
∑

f(wi)ordwi(x). (1.49)

In the other direction we have the norm mapping. If a valuation v on κ corresponds
to a prime divisor p and v has an extension w to K, with corresponding prime divisor
P, then we shall write P|p and say that P divides p. The reason for this notation is
that in terms of the corresponding fractional ideals we have p ⊆ P. Then γ induces a
mapping γ : Iκ −→ IK such that (1.48) becomes

γ(p) =
∏
P|p

PeP/p . (1.50)
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Note that

NK/κ(P) = pfP/p . (1.51)

Hence we find that

NK/κ(γ(p)) = NK/κ(P
eP1/p

1 · · ·PePg/p

g ) = p
P

ePi/pfPi/p = p[K:κ],

where we have used Theorem 1.115.

1.11 Different

Let K be an algebraic extension of a field κ of degree n. Take α ∈ K and let α(1)(=
α), α(2), . . . , α(n) be the conjugates of α with respect to κ. Define the different of α in
K as the element

δ(α) =

n∏
i=2

(α− α(i)) ∈ K.

If g(x) is the polynomial of degree n with κ-coefficients and leading coefficient 1
which has the n elements α(1), α(2), . . . , α(n) as roots, then obviously

δ(α) = g′(α). (1.52)

By Proposition 1.55, δ(α) vanishes if and only if α is a number of lower degree than
n. We then find the value

∏
i>j

(α(i) − α(j))2 = (−1)n(n−1)/2
n∏

i=1

g′(α(i)) = (−1)n(n−1)/2NK/κ(δ(α))

for the discriminant of the element α.
Let K/κ be a finite separable field extension, A ⊆ κ a Dedekind domain with field

of fractions κ, and let B ⊆ K be its integral closure in K. Assume that the residue
class field extensions of B/A are separable. Associated to every fractional ideal B of
K, one can define the dual B-module

B∗ = {λ ∈ K | TrK/κ(λx) ∈ A for each x ∈ B}. (1.53)

Theorem 1.117. Let B be a nonzero fractional ideal of B. The dual B-module B∗

forms a fractional ideal of B. Here BB∗ = B∗ is a fractional ideal independent of
B, determined only by the field K, and it is the reciprocal of an integral ideal

d = dB/A = dK/κ :=
1

B∗ .
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Proof. If w1, . . . , wn ∈ B is a basis of K over κ with its discriminant

D = DK/κ(w1, . . . , wn) = det(TrK/κ(wiwj)),

then bDB∗ ⊆ B for every nonzero b ∈ B ∩A. Indeed, if

λ = ξ1w1 + · · · + ξnwn ∈ B∗, ξi ∈ κ,

then the bξi satisfy the system of linear equations

n∑
i=1

bξiTrK/κ(wiwj) = TrK/κ(bλwj) ∈ A, j = 1, 2, . . . , n.

This implies Dbξi ∈ A and thus Dbλ ∈ B.
Moreover, if λ1, λ2 ∈ B∗, then for all b1, b2 ∈ B; x ∈ B,

TrK/κ((b1λ1 + b2λ2)x) = TrK/κ(b1λ1x) + TrK/κ(b2λ2x) ∈ A

since b1x, b2x ∈ B; thus b1λ1 + b2λ2 ∈ B∗, that is, B∗ is an ideal.
Furthermore, we have BB∗ = B∗ which is thus independent of B since if λ ∈ B∗,

then for each x ∈ B,

TrK/κ(λwix) ∈ A, i = 1, 2, . . . , n,

that is, λwi ∈ B∗, which means BB∗ ⊆ B∗. Conversely, if μ ∈ B∗ and ρ1, . . . , ρn

denotes a basis for B−1, then yρi ∈ B for all y ∈ B, and hence

TrK/κ(μyρi) ∈ A, i = 1, 2, . . . , n,

which means μρi ∈ B∗. Thus μ ∈ BB∗, and so B∗ ⊆ BB∗.
Moreover B∗ is the reciprocal of an integral ideal d in B, as the number 1 obviously

belongs to B∗, and so B ⊆ B∗, d ⊆ B. Consequently,

B∗ = (Bd)−1,

where d is an ideal in B independent of B. �

The ideal dK/κ is called the different of K with respect to κ.

Theorem 1.118. For a tower of fields κ ⊆ K ⊆ L, one has

dL/κ = dL/KdK/κ. (1.54)
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Proof. Let C ⊆ L be the integral closure of A in L. If y is an element in L such that
ydL/KdK/κ is integral, then by the definition of dL/K , dK/κTrL/K(yβ) is integral for
each integral element β over C, since for each element α in K which is divisible by
dK/κ

TrL/K(yβα) = αTrL/K(yβ)

is integral. From the definition of dK/κ, TrK/κ(TrL/K(yβ)) is integral. Hence
TrK/κ(yβ) is integral and thus dK/κy is integral if dL/KdK/κy is integral. Conversely,
if dK/κy is integral, then for each integral element β over C and each integral element
α over C, TrK/κ(yβα) is integral; hence

TrK/κ(TrL/K(yβα)) = TrK/κ(αTrL/K(yβ))

is integral. Thus dK/κTrL/K(yβ) is integral, that is, TrL/K(ρyβ) is integral if ρ is
any element of dK/κ in K and hence ρydL/K is integral. Thus we have shown that if
dK/κy is integral, dL/KdK/κy is also integral, from which (1.54) follows. �

Proposition 1.119. Let P be a prime ideal of B which divides a prime ideal p of A.
Let B̂ and Â be the associated completions. Then

dK/κB̂ = dKP/κp
. (1.55)

In particular, if we consider the local different of K at P

dP := B ∩ dKP/κp

as an ideal of B, then
dK/κ =

∏
P

dP. (1.56)

Proof. We follow the proof of Neukirch [202], Chapter III, Proposition 2.2. Note that
for any multiplicative subset S of A, one has

dS−1B/S−1A = S−1dB/A. (1.57)

We may assume that A is a discrete valuation ring. We show that B∗ is dense in B̂∗.
By Proposition 1.116, we have

TrK/κ =
∑
P|p

TrKP/κp
. (1.58)

Take x ∈ B∗ and y ∈ B̂. The approximation theorem allows us to find an η ∈ K
which is close to y with respect to ordP, and close to 0 with respect to ordP′ , for P′|p,
P′ �= P. The left-hand side of the equation (1.58) for xη

TrK/κ(xη) = TrKP/κp
(xη) +

∑
P′ �=P

TrKP′/κp
(xη)
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belongs to Â since
TrK/κ(xη) ∈ A ⊆ Â,

but same is true of the elements TrKP′/κp
(xη) because they are close to zero with

respect to ordp. Therefore TrKP/κp
(xη) ∈ Â. This shows that B∗ ⊆ B̂∗.

On the other hand, if x ∈ B̂∗, and if ξ ∈ K is sufficiently close to x with respect to
ordP, and sufficiently close to 0 with respect to ordP′ , for P′|p, P′ �= P, then ξ ∈ B∗.
In fact, if y ∈ B, then TrKP/κp

(ξy) ∈ Â since TrKP/κp
(xy) ∈ Â. Likewise

TrKP′/κp
(ξy) ∈ Â, P′|p,

because these elements are close to 0. Therefore

TrK/κ(ξy) ∈ Â ∩ κ = A,

i.e., ξ ∈ B∗. This shows that B∗ is dense in B̂∗, in other words,

B∗B̂ = B̂∗,

and so (1.55) follows. �

Proposition 1.120. Let B = A[α] for some α ∈ B and let f(X) ∈ A[X] be the
minimal polynomial of α. Then the different is the principal ideal

dK/κ = (f ′(α)).

Proof. We follow the proof of Neukirch [202], Chapter III, Proposition 2.4. Let

f(X) = a0 + a1X + · · ·+ anXn

be the minimal polynomial of α and write

f(X)

X − α
= b0 + b1X + · · · + bn−1Xn−1.

The dual basis of 1, α, . . . , αn−1 with respect to TrK/κ is then given by

b0

f ′(α)
, . . . ,

bn−1

f ′(α)
.

In fact, if α1, . . . , αn are the roots of f , then one has

n∑
i=1

f(X)

X − αi

αm
i

f ′(αi)
= Xm, 0 ≤ m ≤ n− 1,
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as the difference of the two sides is a polynomial of degree ≤ n − 1 with roots
α1, . . . , αn, so is identically zero. We may write these equations in the form

TrK/κ

(
f(X)

X − α

αm

f ′(α)

)
= Xm, 0 ≤ m ≤ n− 1.

Consider now the coefficient of each of the powers of X , we obtain

TrK/κ

(
αi bj

f ′(α)

)
= δij

and the claim follows.
Since

B = A + Aα + · · · + Aαn−1,

we obtain

B∗ =
1

f ′(α)
{Ab0 + Ab1 + · · ·+ Abn−1}.

From the recursive formulas

bn−1 = 1,

bn−2 − αbn−1 = an−1,

...

it follows that

bn−i = αi−1 + an−1αi−2 + · · ·+ an−i+1,

so that

Ab0 + Ab1 + · · ·+ Abn−1 = A[α] = B;

then

B∗ =
1

f ′(α)
B,

and thus dK/κ = (f ′(α)). �

Theorem 1.121. A prime ideal P of B is ramified over A if and only if P|dK/κ.
Further, if Ps is the maximal power of P dividing dK/κ, then one has s = e− 1 if P

is tamely ramified, and

e ≤ s ≤ e− 1 + ordP(e)

if P is wildly ramified, where e = eP/A.
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Proof. Here we follow the proof of Neukirch [202], Chapter III, Theorem 2.6. Based
on (1.55) in Proposition 1.119, we may assume that A is a complete discrete valuation
ring with maximal ideal m. By (3) of Lemma 1.99, we have B = A[α] for some
α ∈ B. If f(X) ∈ A[X] is the minimal polynomial of α, then Proposition 1.120
implies that

s = ordP(f ′(α)).

Assume K/κ is unramified. Then

ᾱ = α mod P

is a simple zero of
f̄(X) = f(X) mod m,

so that f ′(α) ∈ B − {0} and thus s = 0 = e− 1.
By Theorem 1.118 and Proposition 1.105, we may now pass to the maximal unram-

ified extension and assume that K/κ is totally ramified. Then α may be chosen to be
a prime element of B. In this case the minimal polynomial

f(X) = a0Xe + a1Xe−1 + · · ·+ ae

with a0 = 1 is an Eisenstein polynomial. Since

f ′(α) = ea0Xe−1 + (e− 1)a1Xe−2 + · · · + ae−1,

we obtain

ordP((e− i)aiα
e−i−1) = eordP(e− i) + eordP(ai) + e− i− 1 ≡ −i− 1 mod e

for i = 0, . . . , e − 1, so that the individual terms of f ′(α) have distinct valuations.
Therefore

s = ordP(f ′(α)) = min
0≤i<e

ordP((e− i)aiα
e−i−1).

If now K/κ is tamely ramified, i.e., if ordm(e) = 0, then the minimum is obviously
equal to e− 1, and for ordm(e) ≥ 1, we deduce that e ≤ s ≤ ordP(e) + e− 1. �

Proposition 1.122. The different dK/κ is the annihilator of the B-module ΩB/A, i.e.,

dK/κ = {x ∈ B | xdy = 0 for all y ∈ B}.

Proof. Based on (1.7), we may assume that A is a complete discrete valuation ring.
Then by (3) of Lemma 1.99, we find that B = A[x] for some x ∈ B. It is easy to
show that ΩB/A is generated by dx. If f(X) ∈ A[X] is the minimal polynomial of
x, the annihilator of dx is f ′(x). On the other hand, by Proposition 1.120 we have
dK/κ = (f ′(x)). This proves the claim. �
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We then define the discriminant of K with respect to κ to be the norm of the different
of K, that is,

DK/κ = NK/κ(dK/κ). (1.59)

Proposition 1.119 with (1.59) yields:

Proposition 1.123. Let P be a prime ideal of B which divides a prime ideal p of A.
If we consider the local discriminant of K at P

DP := A ∩DKP/κp

as the ideal of κ, then
DK/κ =

∏
P

DP.

Proposition 1.124. A prime ideal p of A is ramified in B if and only if p|DK/κ.

Proof. Neukirch [202], Chapter III, Corollary 2.12. �



Chapter 2

Algebraic numbers

A complex number α will be called algebraic if it is algebraic over Q, that is, it satisfies
a non-zero polynomial equation with coefficients in Q. Equivalently (clearing out
denominators) we may assume the coefficients to be in Z. We let Q̄ (⊂ C) denote the
set of algebraic numbers, which, in fact, is a field. The integral elements Z̄ ⊂ C over
Z are called algebraic integers. Then we have Z = Z̄ ∩Q.

2.1 Integral ideals

The whole field Q̄ is not as interesting, for us, as certain of its subfields. We define a
number field to be a subfield κ of C such that [κ : Q] is finite. This implies that every
element of κ is algebraic, and hence κ ⊆ Q̄. The trouble with Q̄ is that [Q̄ : Q] is not
finite.

2.1.1 Factorization of ideals

Let κ be a finite extension of Q (i.e., a number field) of degree n = [κ : Q]. LetOκ be
the integral closure of Z in κ. Obviously, we have Oκ = Z̄ ∩ κ.

Theorem 2.1. The ring Oκ is a Dedekind domain.

Proof. Since κ is a separable extension of Q (because the characteristic is zero), hence
by Proposition 1.81 there is a basis v1, . . . , vn of κ over Q such that Oκ ⊆

∑
Zvj .

Hence Oκ is finitely generated as a Z-module and therefore Noetherian. Obviously,
Oκ also is integrally closed since, if x ∈ κ is integral over Oκ, then x is integral over
Z by transitivity of integral dependence, and so x ∈ Oκ. To complete the proof we
must show that every non-zero prime ideal p of Oκ is maximal. Since p �= 0, it is easy
to get p ∩ Z �= 0, and so p ∩ Z is a maximal ideal of Z, and therefore p is maximal in
Oκ. �

Theorem 2.2. Every ideal a ofOκ can be written in the form (α1, . . . , αr) with the αi

suitably chosen algebraic integers in κ. Moreover, we may even take r ≤ n.

Proof. The case a = (0) is trivial. Next we assume a �= (0). The elements of a

obviously form an infinite Abelian group under composition by addition, which is a
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subgroup of the group Oκ. Consequently by Theorem 1.4, the ideal a has a basis,
whose size is ≤ n. On the other hand, by Theorem 1.6, the number of elements in
this basis is equal to the number of independent elements in a; hence it is = n, since,
indeed, if β ( �= 0) belongs to a, the n independent elements β, αβ, α2β, . . . , αn−1β
must also belong to a, where α ∈ Oκ is taken with κ = Q(α). Thus in each ideal
a �= (0) there are exactly n elements α1, . . . , αn such that

β = x1α1 + x2α2 + · · · + xnαn

represents all elements of the ideal exactly once, if x1, . . . , xn run through all rational
integers. Such a system α1, . . . , αn is called a basis of the ideal (or ideal basis). �

We need the following generalization of the theorem of Gauss about polynomials
which have algebraic integers as coefficients (cf. [95], Theorem 67):

Theorem 2.3. Take two polynomials with coefficients of algebraic integers

A(x) =

p∑
i=0

αix
i, B(x) =

q∑
j=0

βjx
j

with αp, βq �= 0. Then if an algebraic integer δ divides all coefficients γk of

A(x)B(x) =

p+q∑
k=0

γkxk

it also divides all products αiβj .

Proof. First, we show some properties of a polynomial

f(x) = δmxm + δm−1xm−1 + · · · + δ1x + δ0 (δm �= 0)

with algebraic integral coefficients. If ρ is a root, it is easy to see that δmρ is an
algebraic integer. Moreover, f(x)/(x − ρ) has coefficients of algebraic integers. In
fact, this is true for m = 1, in which case

f(x)

x− ρ
= δ1, ρ = −δ0

δ1
.

Suppose that this fact has already been proved for all polynomials of degree≤ m− 1.
Since

ϕ(x) = f(x)− δmxm−1(x− ρ)

is obviously an algebraic integral polynomial of degree ≤ m− 1 with ρ as a root,

ϕ(x)

x− ρ
=

f(x)

x− ρ
− δmxm−1
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is thus integral. Therefore the same holds for f(x)/(x − ρ), whence the fact follows
by complete induction.

Further, write
f(x) = δm(x− ρ1)(x− ρ2) · · · (x− ρm),

then δmρ1ρ2 · · · ρi is an algebraic integer for each i with 1 ≤ i ≤ m. This follows by
repeated application of the fact proved above from which we obtain

f(x)

(x− ρi+1)(x− ρi+2) · · · (x− ρm)
= δm(x− ρ1) · · · (x− ρi)

as an algebraic integral polynomial whose constant term is ±δmρ1 · · · ρi.
We now arrive at the proof of Theorem 2.3 as follows: let the decomposition into

linear factors be

A(x) = αp(x− ρ1)(x− ρ2) · · · (x− ρp),

B(x) = βq(x− σ1)(x− σ2) · · · (x− σq).

By hypothesis

A(x)B(x)

δ
=

αpβq

δ
(x− ρ1) · · · (x− ρp)(x− σ1) · · · (x− σq)

has algebraic integral coefficients, hence each product

αpβq

δ
ρn1 · · · ρniσm1 · · ·σmj (2.1)

is an algebraic integer, where n1, . . . , ni and likewise m1, . . . , mj are any distinct
indices (i ≤ p, j ≤ q). However, since αi/αp and βj/βq are elementary symmetric
functions of the ρ1, . . . , ρp and of the σ1, . . . , σq , αiβj/δ is a sum of terms of the form
(2.1), and consequently an algebraic integer, as was to be proved. �

Proposition 2.4. (1) For each ideal a there is an ideal b different from (0) such that
ab is a principal ideal.

(2) If ab = ac, then if a �= 0, b = c.

(3) An ideal c is a divisor of a if and only if every element of a belongs to c.

Proof. Assume a = (α1, . . . , αr). We obtain the algebraic integral polynomial

g(x) = α1x + α2x2 + · · ·+ αrxr

and the conjugate polynomials

g(i)(x) = α
(i)
1 x + α

(i)
2 x2 + · · · + α(i)

r xr, i = 1, 2, . . . , n
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among which the original polynomial g(x) occurs, say for i = 1. The product

f(x) =
n∏

i=1

g(i)(x) =
nr∑

j=n

cjx
j

as a symmetric function of the conjugates is a polynomial with integral rational coef-
ficients cj . Thus f(x) is divisible by g(x) and the quotient

h(x) =
f(x)

g(x)
=

n∏
i=2

g(i)(x) = β1x + β2x2 + · · ·+ βmxm

is a polynomial with coefficients in κ which are moreover algebraic integers. If we
denote the greatest common divisor of the rational integers cj by d, so that f(x)/d
is a primitive polynomial, and set b = (β1, . . . , βm), then we assert that the equation
ab = (d) is true. By Theorem 2.3, d divides all αiβk, since it divides each coefficient
of g(x)h(x), and hence there are rational integers xj such that

d = cnxn + cn+1xn+1 + · · ·+ cnrxnr.

Each cj is a sum of products αiβk; consequently d is representable in the form

d =
∑
i,k

aikαiβk

with rational integers aik. Thus d and all elements of (d) belong to ab, that is, ab =
(d), and so (1) follows.

To see (2), we determine an ideal m �= (0) such that am = (α) is a principal ideal.
Then

amb = amc, (α)b = (α)c.

The latter equation asserts that α times every element from b is of the form α times an
element from c, that is, every element of b belongs to c, and likewise the converse is
true; thus b = c.

Write
a = (α1, . . . , αr), c = (γ1, . . . , γm).

If c|a, then there is a b = (β1, . . . , βs) for which b �= (0) and

(α1, . . . , αr) = (β1, . . . , βs)(γ1, . . . , γm) = (. . . , βiγj, . . .);

hence every element α of a can be represented in the form

α =
∑
i,j

λijβiγj =
m∑

j=1

γj

(
s∑

i=1

λijβi

)

with algebraic integers λij and thus belongs to c.
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Conversely, if every element of a is also an element of c, then for all algebraic
integers λij there are algebraic integers μlj for which∑

i

λijαi =
∑

l

μljγl;

then for each d = (δ1, . . . , δt)∑
j

∑
i

λijαiδj =
∑

j

∑
l

μljγlδj ,

that is, each element in ad belongs to cd. Now let us choose d ( �= (0)) so that cd = (δ)
is a principal ideal (δ �= 0). If ad = (ρ1, . . . , ρp), then each ρi is an element from (δ);
thus it is of the form λiδ with algebraic integer λi and hence

ad = (ρ1, . . . , ρp) = (δ)(λ1, . . . , λp) = cd(λ1, . . . , λp),

which combining with (2) means

a = c(λ1, . . . , λp),

that is, c|a. �

As an immediate consequence of Proposition 2.4, (3), we emphasize: Let a be an
ideal which is not = (0).

(4) The algebraic integer α occurs in a if and only if a|(α).

(5) If a|(α) and a|(β), then also a|(λα + μβ) for all algebraic integers λ, μ.

(6) It follows from ab = (1) that a = (1) and b = (1).

(7) If each of two ideals is a divisor of the other, then they are equal.

Theorem 2.5. For every two ideals a = (α1, . . . , αr), b = (β1, . . . , βs) which are not
both = (0), there is a uniquely determined greatest common divisor d = (a, b) which
has the following property: d is a divisor of a and b. Furthermore if d1|a and d1|b,
then d1 is a divisor of d. Indeed d = (α1, . . . , αr, β1, . . . , βs)

Proof. We show that d = (α1, . . . , αr, β1, . . . , βs) has the stated properties of divisi-
bility. For any

α =
r∑

i=1

μiαi ∈ a, β =
s∑

j=1

νjβj ∈ b

with algebraic integers μi and νj , we have

α + β =
r∑

i=1

μiαi +
s∑

j=1

νjβj ∈ d.
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Then all elements of a and b belong to d, and consequently by Proposition 2.4, (3), d|a
and d|b.

Moreover if d1|a and d1|b, then all elements of a and b and consequently also each
sum α+β with α ∈ a and β ∈ b belong to d1, that is, each element of d belongs to d1.
Again we have d1|d. If an ideal d′ likewise has this property, then d′|d and d|d′ thus
d′ = d. Consequently d is uniquely determined by this property. �

The greatest common divisor of α1, α2, . . . , αr is accordingly the ideal a =
(α1, . . . , αr). If this ideal = (1), then we call the elements α1, α2, . . . , αr relatively
prime. Equivalently, there are algebraic integers λ1, . . . , λr satisfying

λ1α1 + · · · + λrαr = 1.

We conclude immediately from the expression for d that

c(a, b) = (ca, cb). (2.2)

Thus it follows that if p is a prime ideal and p|ab, then p divides either a or b or both.
For if p � b, then (p, b) = (1), since, as a prime ideal, p has no factors except (1) and
p. It follows from (2.2) that

a = a(1) = a(p, b) = (ap, ab)

and since p|ab, p must divide a.
Now we can show the fundamental theorem of ideal theory:

Theorem 2.6. Every ideal in Oκ different from (0) and (1) can be written in one and
only one way (except for order) as a product of prime ideals.

Proof. It immediately follows from Theorem 1.36 and Theorem 2.1. Here we intro-
duce another proof. First, we show the following two claims:

(a) Every ideal a which is not (0) has only finite many divisors.

(b) Every proper divisor of a ( �= (0)) has fewer divisors than a.

For the proof of (a), we recall that every ideal a ( �= (0)) divides a certain principal ideal
(α), and that each divisor of a is also a divisor (α). Thus it is sufficient to verify the
finiteness of the number of divisors of each principal ideal (α), and here we may take
α as a rational integer, since α|Nκ/Q(α) implies (α)|Nκ/Q(α) and Nκ/Q(α) = N is
such a number.

By Proposition 2.4, (3), an ideal (N) is divisible only by those ideals a in which N
occurs. Now let a = (α1, . . . , αr) be a divisor of (N), hence let N occurs in a. It is
sufficient to assume r ≤ n, since, for example, we can indeed choose for the αi a basis
for a. Now

(α1, . . . , αr) = (α1, . . . , αr, N) = (α1 −Nβ1, . . . , αr −Nβr, N)
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is true for arbitrary algebraic integers βi. We show that the βi can be chosen so that
the αi −Nβi belong to a definite finite range of values. Let ω1, . . . , ωn be a basis for
the field. To each algebraic integer

α = x1ω1 + x2ω2 + · · · + xnωn,

an algebraic integer
β = y1ω1 + y2ω2 + · · ·+ ynωn

(xi and yi rational integers) can obviously be determined so that in

α−Nβ = (x1 −Ny1)ω1 + · · ·+ (xn −Nyn)ωn

the n rational integers xi − Nyi belong to the interval Z[0, N − 1]. Among these
numbers, which we call “reduced mod N” for the moment, there are only |N |n distinct
ones. We now choose the βi so that all elements αi − Nβi are reduced mod N ; then
the, at most, n elements αi−Nβi belong to a definite finite set of numbers determined
only by N , and hence they can give rise to only finitely many distinct ideals a; that is,
(N) has only finitely many divisors and the claim (a) is proved.

In order to prove the claim (b), let c be a proper divisor of a. Thus a = bc where
b �= (1), c �= a. Then c surely does not have a as a divisor, and consequently c has at
least one less divisor than a.

Now at least one prime ideal must occur among the finitely many, say m, divisors of
a which are �= (1), unless a itself is (1). Namely by the claim (b), the divisor or divisors
which have as few divisors as possible are obviously prime ideals. Consequently, we
can split off a prime ideal p1 from a, a = p1a1, where a1 has at most m − 1 divisors
which are �= (1). In case a1 �= (1), we can again split off a prime ideal p2 from a1,
a1 = p2a2, where a2 has at most m − 2 divisors �= (1), a = p1p2a2 and so on. Since
a1, a2, . . . always have decreasing numbers of divisors, the process must come to an
end after finitely many steps, which can only occur if ak = (1). Then

a = p1p2 · · · pk

is represented as a product of prime ideals, and we have proved Theorem 2.6. �

This theorem gives an entirely new method for deciding whether or not an algebraic
integer α is divisible by an algebraic integer β. First we decompose both ideals (α)
and (β) into their distinct prime factors:

(α) = pa1
1 pa2

2 · · · p
al
l (ai ≥ 0),

(β) = pb1
1 pb2

2 · · · p
bl
l (bi ≥ 0).

By Theorem 2.6, β divides α if and only if ai − bi ≥ 0 for i = 1, 2, . . . , l.

Theorem 2.7. There are infinitely many prime ideals in each number field.
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Proof. Each rational prime p defines an ideal (p), and moreover if p and q are distinct
positive primes, then (p, q) = 1 in the sense of our ideal theory, since the number 1
occurs in the form px + qy in (p, q). Consequently, the same primes never divide (p)
and (q); hence there are at least as many prime ideals as there are positive primes p.�

Theorem 2.8. If a and b are ideals distinct from (0), then there is always an element
ω for which (ω, ab) = a.

Proof. Let p1, . . . , pr be all distinct prime ideals which divide ab and let

a = pa1
1 · · · p

ar
r (ai ≥ 0).

We write
di = pa1+1

1 · · · pai−1+1
i−1 p

ai+1+1
i+1 · · · par+1

r , i = 1, . . . , r.

Since these di in their totality are relatively prime, there are elements δi ∈ di satisfying

δ1 + δ2 + · · ·+ δr = 1.

Since di|δi, hence pj |δi (j �= i). Consequently, pi � δi since pi � (1).
We now determine r elements αi such that

pai
i |αi, pai+1

i � αi, i = 1, . . . , r

which is obviously always possible since for this to happen αi need only be an element
from pai

i which does not occur in pai+1
i . Then the element

ω = α1δ1 + α2δ2 + · · ·+ αrδr

has the property asserted in Theorem 2.8. For each of the prime ideals pi occurs in
r − 1 summands at least to the power pai+1

i ; however, it occurs precisely to the power
pai

i in the i-th summand; consequently ω is divisible by precisely the ai-th power of
pi, but no higher power. �

By taking ab itself as a principal ideal β, which is divisible by a, we obtain that each
ideal a can be represented as the greatest common divisor of two elements of the field:
a = (ω, β).

Let P be a polynomial of variables x1, . . . , xn, in which the coefficients of the
various products of powers are all algebraic integers in κ. We now define the content,
J(P ), of a polynomial P to be the ideal generated by the coefficients of P , which is just
the greatest common divisor of the coefficients of P . Theorem of Gauss (cf. Theorems
1.47 and 2.3) has the following form:

Theorem 2.9. The content of a product of two polynomials is equal to the product of
the contents of the two factors.

Proof. See E. Hecke [95], Theorems 86 and 87. �
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2.1.2 The norm of an ideal

Theorem 2.10. Let κ be a finite extension of degree n over Q. Let Oκ be the integral
closure of Z in κ. Let a is a nonzero ideal of Oκ. Then the number of residue classes
mod(a) is finite.

Proof. The elements of a form a subgroup of Oκ. The different cosets in Oκ deter-
mined by a obviously form the different residue classes mod(a). Hence the number
of distinct residue classes mod(a) is the index of a in Oκ. This index is finite. For if
α is any nonzero element in a, then the positive rational number a = |Nκ/Q(α)| also
belongs to a, since α|Nκ/Q(α), and consequently the product ax ∈ a for any x ∈ Oκ.
Thus in group-theoretic terms the a-th power, in the sense of composition, of each
element of Oκ belongs to a. Consequently, by Theorem 1.9, the index of a is finite. �

The number of residue classes is denoted byN (a), called the (absolute) norm of a,
or is also called the counting norm in the sense of Theorem 2.10. Let p1, . . . , pr be all
distinct prime ideals which divide a and let

a = pa1
1 · · · p

ar
r

with ai > 0 for each i. Let pi be the positive prime integer with (pi) = Z ∩ pi. By the
Chinese Remainder Theorem 1.13, we have

Oκ/a ∼= Oκ/pa1
1 ⊕ · · · ⊕ Oκ/par

r .

Observe that pb
i/pb+1

i is a one-dimensional vector space over Oκ/pi. It follows that
the number of elements in Oκ/pai

i is N (pi)
ai . The dimension of Oκ/pi over Z/(pi)

is fpi/Z so

N (pi) = p
fpi/Z

i .

Thus Oκ/pai
i has p

aifpi/Z

i elements and

N (a) =
r∏

i=1

p
aifpi/Z

i . (2.3)

By Proposition 1.82 and Proposition 1.83, we have

Nκ/Q(a) =
r∏

i=1

Nκ/Q(pi)
ai =

r∏
i=1

(pi)
aifpi/Z ,

which means
Nκ/Q(a) = (N (a)). (2.4)

Let the rational integers a, b, c (a > 0) be given. A basic theorem in number theory
claims that the congruence

bx + c ≡ 0 (mod a) (2.5)

has exactly one solution mod a if (b, a) = 1. In the case (b, a) > 1, (2.5) is solvable
if and only if (b, a)|c. Then the number of distinct solutions mod a is equal to (b, a).
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Theorem 2.11. Let a is a nonzero ideal of Oκ. For given α and β the congruence

αξ ≡ β (mod a)

can be solved by an algebraic integer ξ in κ if and only if (α, a)|β. If (α, a) = 1, then
the solution is completely determined mod a.

Proof. First, assume (α, a) = 1. Let ξ run through a system of N (a) elements which
are incongruent mod a. Then αξ runs through all the residue classes mod a, for it
follows from

αξ1 ≡ αξ2 (mod a)

that a|α(ξ1 − ξ2). However, since (α, a) = 1 we must have a|(ξ1 − ξ2), that is,

ξ1 ≡ ξ2 (mod a)

by the fundamental theorem. Thus, among the elements αξ, one from the residue class
of β also occurs. For the same reason the solution is obviously determined uniquely
mod a.

Moreover if we now have (α, a) = d and there is an algebraic integer ξ0 with

αξ0 ≡ β (mod a),

then αξ0 = β + ρ, where a|ρ. Thus d|ρ and d|αξ0 − ρ, that is, d|β.
Conversely, if d|β, β = db, then let us set

α = da1, a = da2

so that (a1, a2) = 1. By Theorem 2.8, there exists an element ω = ma1 such that
(ω, a1da2) = a1, thus (m, da2) = 1. Then da1|ma1db, hence α|ωβ and the congruence

ωξ ≡ ωβ

α
(mod a2)

is solvable for ξ by what has just been proved, since

(ω, a2) = (ma1, a2) = 1

follows from (m, a2) = 1 and (a1, a2) = 1. From a2|ωξ − ωβ/α it follows that

αa2|(αωξ − ωβ),

i.e.,
da1a2|(ω)(αξ − β), da1a2|ma1(αξ − β),

da2|m(αξ − β), da2|(αξ − β)

(as (m, da2) = 1), that is, a|(αξ − β). �
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Theorem 2.12. For two ideals a and b of Oκ, we always have

N (ab) = N (a)N (b).

Proof. Let ω be an element divisible by a such that (ω, ab) = a. If we let ξi (i =
1, 2, . . . ,N (b)) run through a complete system of residues mod b and let ηj (j =
1, 2, . . . ,N (a)) run through a complete system of residues mod a, then no two of the
elements ωξi + ηj are congruent mod ab. On the other hand, each algebraic integer ρ
is congruent mod ab to one of these elements ωξi + ηj . For let ηj be determined so
that

ηj ≡ ρ (mod a)

and then let ξ be determined so that

ωξ ≡ ρ− ηj (mod ab).

Since (ω, ab) = a and a|ρ − ηj , this congruence can be solved by Theorem 2.11 and
ξ can be determined mod b so that ξ can be chosen equal to ξi. Consequently, the
N (a)N (b) elements ωξi + ηj form a complete system of residues mod ab and thus
there must be N (ab) of them. �

Theorem 2.12 can be deduced directly from Proposition 1.82 and the relation (2.4).

Theorem 2.13. The norm of a prime ideal p in Oκ is a power of a certain rational
prime p, N (p) = pf , where f = fp/Z is the relative degree of p over Z. Every ideal
(p), where p is a rational prime, can be decomposed into at most n factors.

Proof. For each prime ideal p divides certain rational numbers and consequently also
certain rational primes p. Suppose that p|p, p = pa. Then

N (p) = N (pa) = N (p)N (a),

and consequently the rational integerN (p) dividesN (p) = pn; henceN (p) = pf and
f ≤ n. If we think of (p) as decomposed into its prime factors

p = p1p2 · · · pr,

then the positive rational integersN (p1) · · · N (pr) have as product N (p) = pn, while
none of these integers is = 1; thus their number r must ≤ n. �

2.2 Absolute values on number fields

We will show that the product formula (1.33) over Q can be extended to finite extension
fields of Q with a proper modification.
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2.2.1 Archimedean absolute values

We consider the Archimedean absolute values in an algebraic number field κ of degree
n. Then we have κ = Q(t) for some algebraic number t. For every embedding
σ : κ −→ C over Q, we define

|x|σ = |σ(x)|∞,

where |·|∞ is the ordinary absolute value of C. It is obvious that |·|σ is an Archimedean
absolute value of κ extending the ordinary absolute value on Q. If ρ, σ are embeddings
of κ over Q such that | · |ρ, | · |σ are distinct, then | · |ρ, | · |σ are not equivalent; otherwise
there exists an α > 0 such that

|x|ρ = |x|ασ , x ∈ κ,

and taking x ∈ Q we see that α = 1.
Every Archimedean absolute value | · | of κ is equivalent to some | · |σ; in fact, let

(κ̂, | · |∧) be the completion of (κ, | · |); by Theorem 1.90, there exists an isomorphism
σ of κ̂ onto C or R such that

|x|∧ = |σ(x)|α∞
for some real number α > 0; thus | · | is equivalent to | · |σ .

If ρ, σ are embeddings of κ over Q such that σ(x) = ρ(x) (complex conjugate of
ρ(x)) for all x ∈ κ, then for every x ∈ κ

|x|σ = |σ(x)|∞ = |ρ(x)|∞ = |ρ(x)|∞ = |x|ρ.

Conversely, we show that if |x|σ = |x|ρ for every x ∈ κ, then σ(x) = ρ(x). Consider

σρ−1 : Q(ρ(t)) −→ Q(σ(t)).

It is continuous in the topology defined by | · |∞, because given any element σ(x) ∈
σ(Q(t)) and ε > 0 in R, let |ρ(y)− ρ(x)|∞ < ε; then σρ−1(ρ(y)) = σ(y) is such that

|σ(y)− σ(x)|∞ = |σ(y − x)|∞ = |y − x|σ = |y − x|ρ
= |ρ(y)− ρ(x)|∞ < ε.

Since σρ−1 is continuous and acts as the identity on Q, it may be naturally extended
to an isomorphism

τ : R(ρ(t)) −→ R(σ(t));

thus ρ(t), σ(t) ∈ C are conjugates over R and so σ(t) = ρ(t) (complex conjugate).
For every x ∈ Q(t) = κ, there are ai ∈ Q satisfying

x =
n−1∑
i=0

ait
i, σ(x) =

n−1∑
i=0

aiσ(t)i = ρ(x).

Thus we arrive the following result:
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Proposition 2.14. Let r1 be the number of embeddings of κ into R, and let 2r2 be the
number of embeddings of κ into C, whose image is not contained in R. Then

r1 + 2r2 = [κ : Q],

and κ has r1 + r2 pairwise inequivalent Archimedean absolute values | · |σ . Moreover,
| · |σ = | · |ρ if and only if σ(x) = ρ(x) for every x ∈ κ.

Here we explain Theorem 1.115 for the case κ/F with F = Q. Let

Pt(X) = (X − t1) · · · (X − tr1)(X
2 + α1X + β1) · · · (X2 + αr2X + βr2)

be the decomposition of the minimal polynomial Pt(X) ∈ Q[X] of t into irreducible
polynomials over R. Let σ1, . . . , σr1 , . . . , σr1+r2 be the embeddings in Proposition
2.14. If κσi denotes the completion of κ relative to the absolute value | · |σi associated
to σi (see Proposition 2.14), we have

κσi =

{
R, if i = 1, . . . , r1,

C, if i = r1 + 1, . . . , r1 + r2.

Then we have an R-algebra isomorphism

κ⊗F F∞ = κ⊗ R ∼= κσ1 × · · · × κσr1+r2
= Rr1 ×Cr2 , (2.6)

or κ⊗ R ∼= Rn as a real vector space, so that

n = r1 + 2r2 = [κ : F].

2.2.2 Product formula

Let κ be a field. For each v ∈ Mκ, let nv be a positive real number. We shall say that
Mκ satisfies the product formula with multiplicities nv if for each x ∈ κ∗, we have∏

v∈Mκ

|x|nv
v = 1.

We shall say that Mκ satisfies the product formula if all nv = 1. When we deal with a
fixed set of multiplicities nv, then we write for convenience

‖x‖v = |x|nv
v (2.7)

so that the product formula reads ∏
v∈Mκ

‖x‖v = 1. (2.8)
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We define a multiplicative Mκ-constant γ to be a real valued positive function

γ : Mκ −→ R+

such that γv = 1 for almost all v ∈ Mκ (all but a finite number of v in Mκ). Thus if Mκ

satisfies a product formula with multiplicities nv, then for α ∈ κ∗, γ(α) = {‖α‖v} is
a multiplicative Mκ-constant determined by α.

Suppose now that we have a field F with a set MF of places satisfying the product
formula with multiplicities 1. Let κ be a finite separable extension of F, and let Mκ

be the set of places on κ which extend the places of MF. If p ∈ MF and v ∈ Mκ with
v|p, set

nv = [κv : Fp].

Then for any x ∈ κ∗, we get by Proposition 1.116:

1 =
∏

p∈MF

∣∣Nκ/F(x)
∣∣
p

=
∏

p∈MF

∏
v|p
|x|nv

v =
∏

v∈Mκ

|x|nv
v .

This shows that Mκ satisfies the product formula with multiplicities nv. Next we
concretely show this fact for the case F = Q.

Let κ be an algebraic number field of degree n. Given a prime number p and let v
be a valuation of κ dividing p. Let nv denotes the local degree of the valuation v in
κ/Q. Let κv denote the completion of κ, with respect to the valuation v, which is an
algebraic extension of degree nv over the field Qp of p-adic numbers. Therefore, by
the uniqueness of the extension of ordp to κv, for x ∈ κ we have∣∣Nκv/Qp

(x)
∣∣
p

=
∣∣Nκv/Qp

(x)
∣∣
v

=
∏
σ

|σ(x)|v = |x|nv
v , (2.9)

where the product extends over all Qp-isomorphisms of κv into an algebraic closure,
that is,

|x|nv
v = p−ordp(Nκv/Qp (x)),

and hence

v(x) =
1
nv

ordp(Nκv/Qp
(x)). (2.10)

If we multiply the relations (2.9) for all valuations v dividing p, it follows from Propo-
sition 1.116 that ∣∣Nκ/Q(x)

∣∣
p

=
∏
v|p

∣∣Nκv/Qp
(x)
∣∣
p

=
∏
v|p
|x|nv

v . (2.11)

For the ordinary absolute value, we have an analogous result. Let σ1, . . . , σr1 be
the isomorphisms of κ into R with r1 ≥ 0, and let σr1+1, . . . , σr1+r2 (r2 ≥ 0) be the
isomorphisms of κ into C having image not contained in R, and such that every other
isomorphism is the complex conjugate of some σi (r1 + 1 ≤ i ≤ r1 + r2). If κσi
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denotes the completion of κ relative to the absolute value | · |σi associated to σi (see
Proposition 2.14), we have

κσi =

{
R, if i = 1, . . . , r1,

C, if i = r1 + 1, . . . , r1 + r2.

Hence the local degrees of these absolute values are

nσi = [κσi : Q∞] =

{
1, if κσi = R,

2, if κσi = C.

The same proof as that of (2.11) now gives

∣∣Nκ/Q(x)
∣∣
∞ =

r1+r2∏
i=1

|x|nσi
σi . (2.12)

For convenience, we also write σi|∞ for each i, and so

M∞
κ = {σ1, . . . , σr1+r2}

is just the set of all Archimedean places of κ, which is called the set of places at
infinity.

Combining these facts, we arrive the product formula: for every element x ∈ κ∗,∏
v∈Mκ

|x|nv
v = 1. (2.13)

In fact, by (2.11), ∏
v∈M 0

κ

|x|nv
v =

∏
p

∏
v|p
|x|nv

v =
∏
p

∣∣Nκ/Q(x)
∣∣
p

,

and by (2.12) ∏
v∈M∞

κ

|x|nv
v =

r1+r2∏
i=1

|x|nσi
σi =

∣∣Nκ/Q(x)
∣∣
∞ ,

hence by the product formula valid in Q (see (1.33)), we have∏
v∈Mκ

|x|nv
v =

∏
p∈MQ

∣∣Nκ/Q(x)
∣∣
p

= 1

because Nκ/Q(x) �= 0.
By the arguments as above, the set Mκ of places extending those of MQ is a set of

places on κ satisfying the product formula with multiplicities nv, where nv = [κv :
Qp] is the local degree of v if v|p for some p ∈ MQ such that∑

v|p
nv = [κ : Q].
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The set Mκ will be called the canonical set. For convenience, we also write

|‖x|‖v = ‖x‖1/[κ:Q]
v , x ∈ κ. (2.14)

From (2.10), it follows that each valuation v ∈ M0
κ is discrete with the order func-

tion
ordv(x) = ordp(Nκv/Qp

(x)), v|p. (2.15)

Obviously, one also has
Oκ =

⋂
v∈M 0

κ

Oκ,v. (2.16)

By Theorem 1.109, the mapping φ from the fractional ideals Iκ to the divisors Dκ

with S = M0
κ is an isomorphism. In this isomorphism, a fractional ideal corresponds

to a place v in M0
κ if and only if the ideal, say p, is a nonzero prime ideal, and in this

case p = Oκ ∩mκ,v, while (Oκ)p = Oκ,v. Usually, we denote the relation p �→ v by
pv, and identity p with v.

If v ∈ M0
κ is one of the places extending the p-adic absolute value on Q, its multi-

plicity is
nv = [κv : Qp] = evfv ,

where ev and fv are the ramification index and residue class degree, respectively. Note
that p = pv divides pOκ, or equivalently, p ∩ Z = Zp. Note that ev = ordv(p) is the
power of p that appears in the prime factorization of pOκ. Then

|x|v = p−ordv(x)/ev ,

where ev is needed to ensure that |p|v = p−1. Notice that

Oκ/p ∼= Oκ,v/pOκ,v
∼= Fv(κ),

and so Theorem 2.13 or Proposition 1.112 mean

N (p) = pfv

since Fv(κ) is of degree fv over Fp = Z/pZ. Thus we obtain

‖x‖v = N (p)−ordv(x). (2.17)

Proposition 2.15. Let σ : κ −→ K be an isomorphism. If w ∈ MK , for x ∈ κ put
|x|v = |σ(x)|w. Then v ∈ Mκ, and this gives a one-to-one mapping MK −→ Mκ,
and in this correspondence nw = nv.

If we have a tower of finite extensions, Q ⊂ κ ⊂ K, and if w|v for w ∈ MK , v ∈
Mκ, then Kw contains κv with

nw = [Kw : κv]nv,
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and hence ∑
w|v

nw

nv
=
∑
w|v

[Kw : κv] = [K : κ]. (2.18)

When v ∈ M0
κ, we let w1, . . . , wg be all extensions of v to K. Therefore, by the

uniqueness of the extension of ordv on κv to Kwi , for x ∈ K we have∣∣NKwi/κv
(x)
∣∣
v

= |x|nwi
wi = ‖x‖wi . (2.19)

If we multiply the relations (2.19) for all valuations wi dividing v, it follows from
Proposition 1.116 that

∣∣NK/κ(x)
∣∣
v

=

g∏
i=1

∣∣NKwi/κv
(x)
∣∣
v

=

g∏
i=1

‖x‖wi . (2.20)

When v ∈ M∞
κ , we verify the formula (2.20) also holds. Suppose first that v is a

complex infinite prime of κ, σ is an embedding of κ into C such that

|x|v = |σ(x)|∞,

where | · |∞ is the ordinary absolute value of C. Let σ1, . . . , σg be all extensions of σ
to embeddings of K into C. Then for x ∈ K,

g∏
i=1

|x|σi =

g∏
i=1

|σi(x)|∞ =
∣∣σ (NK/κ(x)

)∣∣
∞ =

∣∣NK/κ(x)
∣∣
v

.

Now suppose that v is a real infinite prime of κ and σ the embedding κ into R such
that

|x|v = |σ(x)|∞,

where | · |∞ is the ordinary absolute value of R. Let σ1, . . . , σr1 be all extensions of
σ that map K into R and Let σr1+j , σr1+j (1 ≤ j ≤ r2) be the conjugate pairs of
embeddings of K into C Then for x ∈ K,

r1+r2∏
i=1

‖x‖σi =

(
r1∏

i=1

|σi(x)|∞

)⎛⎝ r1+r2∏
i=r1+1

|σi(x)|2∞

⎞⎠
=

(
r1∏

i=1

|σi(x)|∞

)⎛⎝ r1+r2∏
i=r1+1

|σi(x)|∞|σi(x)|∞

⎞⎠
=
∣∣σ (NK/κ(x)

)∣∣
∞ =

∣∣NK/κ(x)
∣∣
v

.
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2.2.3 Galois extensions of number fields

Let κ be an algebraic number field, v a place of κ which corresponds to a prime
ideal p = pv of the ring of algebraic integers in κ, and K a finite dimensional Galois
extension of κ. Let w1, . . . , wg be the places of K extending v, with corresponding
prime ideals P1, . . . , Pg , respectively, that is, each Pi divides p, and so we may write

pOK = Pe
1 · · ·Pe

g, (2.21)

where e = ePi/p is the ramification index.
Take an element σ ∈ GK/κ. We write the action of σ on wi as σ(wi). In case v is a

finite place, we may identify

σ(wi) ∼= σ(Pi) = {σ(x) | x ∈ Pi}.

If wi is an infinite place corresponding to an embedding σi of K into either R or C,
then σ(wi) is the place corresponding to the embedding σi ◦ σ−1. The Galois group
GK/κ permutes the wi transitively. We have seen this from Theorem 1.78 for the case
of finite places. For infinite places this is an immediate consequence of the description
of the infinite places in one-to-one correspondence with the embeddings of K into R
and pairs of conjugate embeddings of K into C. We set

Dwi = DPi
= {σ ∈ GK/κ | σ(wi) = wi},

and call Dwi the decomposition group of wi.

Theorem 2.16. Let w be an extension in K of the place v of κ and let Dw be the
decomposition group of w in the Galois group GK/κ. Then Kw is a Galois extension
of κv with Galois group Dw.

Proof. See G. J. Janusz [119], Theorem 1.2 in Chapter III. �

Now we assume that v is a finite place of κ. Let w be a place of K extending v,
with corresponding prime ideal P. For σ ∈ Dw we have σ(P) = P and so σ induces
an automorphism σ̄ of OK/P by the rule

σ̄(x + P) = σ(x) + P, x ∈ OK .

Then σ̄ is in the Galois group of OK/P(∼= Fw(K)) over Oκ/p(∼= Fv(κ)). The cor-
respondence σ �→ σ̄ is a homomorphism of Dw into the Galois group GFw(K)/Fv(κ).
The kernel of this homomorphism is called the inertia group of w and is denoted as Iw

or IP.

Theorem 2.17. Let v be a finite place of κ corresponding a prime ideal p. Let w be a
place of K extending v, with corresponding prime ideal P.
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(1) The correspondence σ �→ σ̄ maps Dw onto the Galois group GFw(K)/Fv(κ).

(2) The order of the inertia group Iw equals ramification index eP/p.

(3) The subfield F (Iw) of the completion Kw left fixed elementwise by the inertia
group Iw is an unramified extension of κv of dimension fP/p.

(4) The extension Kw/F (Iw) is totally ramified with dimension eP/p.

Proof. See G. J. Janusz [119], Theorem 1.4 in Chapter III. �

2.3 Discriminant of number fields

Let κ be a finite extension of degree n over Q. Let Oκ be the integral closure of Z in
κ.

Theorem 2.18. There are n elements w1, . . . , wn inOκ such that if the xi run through
all elements of Z in the expression

β = x1w1 + x2w2 + · · · + xnwn,

we obtain each element in Oκ exactly once, that is, w1, . . . , wn is a basis of Oκ.

Proof. By the assumption, then there exists an element α ∈ κ such that κ = Q[α]. By
Proposition 1.60, we may assume that α is integral over Z. We first investigate those
elements ρ of Oκ which have a representation in the form

ρ = g(α) = c0 + c1α + · · ·+ cn−1αn−1

with coefficients ci ∈ Q. The c’s can be determined from the n conjugate equations

ρ(i) = g
(
α(i)
)
, i = 1, . . . , n,

where α(1), . . . , α(n) are conjugates of α, since the van der Monde determinant

Δ =

∣∣∣∣∣∣∣∣∣
1 α(1) · · ·

(
α(1)
)n−1

1 α(2) · · ·
(
α(2)
)n−1

. . . . . . . . . . . . . . . . . . . . . . .

1 α(n) · · ·
(
α(n)
)n−1

∣∣∣∣∣∣∣∣∣
=
∏
i>j

(
α(i) − α(j)

)
�= 0.

The solution yields Δcj equal to a determinant, among whose elements only the ρ(i)

and the powers of the α(i) occur. In any case this determinant is an integral element aj

over Z, since α and ρ are integral over Z. However,

cj =
aj

Δ
=

xj

Δ2
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implies that xj = ajΔ = Δ2cj is an integer in Z, because it is integral over Z since
aj and Δ are integral, and rational since Δ2 and cj are rational. The system of all
elements

β = x1
1

Δ2 + x2
α

Δ2 + · · · + xn
αn−1

Δ2 ,

where xj ∈ Z, containing all elements of Oκ, forms a (torsion-free) Abelian group
(with composition by addition) with a basis of n elements namely 1/Δ2, α/Δ2, . . . ,
αn−1/Δ2. Hence by Theorem 1.4, the subgroup Oκ contained in this group likewise
has a basis. By Theorem 1.9, this subgroup Oκ is of finite index since Δ2β (that is,
in the sense of group theory: the Δ2-th power of each element) is obviously integral
over Z, and belongs to the subgroup Oκ. Consequently, by Theorem 1.5, the basis of
Oκ also consists of n elements, say w1, . . . , wn. By Theorem 1.7, one can obtain all
system of bases w′

1, . . . , w′
n of Oκ in the form

w′
i =

n∑
j=1

bijwj , i = 1, . . . , n,

with rational integers bij ∈ Z, whose determinant is ±1. Consequently

Dκ/Q = Dκ/Q(w1, . . . , wn)

is independent of the choice of basis and is determined completely by the field itself.
Since in any case the wi represent 1, α, . . . , αn−1 by linear combinations, they form a
fundamental system and consequently Dκ/Q �= 0. �

The nonzero rational integer Dκ/Q is called the discriminant of field κ.

Theorem 2.19. Let a is a nonzero ideal of Oκ. If α1, . . . , αn is a basis for a, then

N (a)2 =
Dκ/Q(α1, . . . , αn)

Dκ/Q
. (2.22)

For a principal ideal a = (α), N (a) = |Nκ/Q(α)|.

Proof. let w1, . . . , wn be a basis for Oκ. Then there exists a system of equations

αi =
n∑

j=1

cijwj , i = 1, 2, . . . , n,

with rational integers cij ∈ Z, and by Theorem 1.8 the absolute value of the deter-
minant det(cij) is equal to the index N (a). On the other hand, by passage to the
conjugates

Dκ/Q(α1, . . . , αn) = {det(cij)}2Dκ/Q(w1, . . . , wn),
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and since
Dκ/Q(w1, . . . , wn) = Dκ/Q �= 0,

we thus obtain the relation (2.22). With a principal ideal (α) we obviously obtain a
basis of the form αw1, . . . , αwn. Thus

Dκ/Q(αw1, . . . , αwn) = Nκ/Q(α)2Dκ/Q(w1, . . . , wn),

that is, N (a) = |Nκ/Q(α)|. �

Further, we turn to fractional ideals of Oκ. The following properties are basic:

Proposition 2.20. (i) Each fractional ideal g �= (0) of Oκ can be made into a prin-
cipal integral ideal by multiplication by an appropriate integral ideal.

(ii) If three fractional ideals g, x, and y satisfy g �= (0), gx = gy, then x = y.

(iii) If g1 and g2 are two fractional ideals, g1 �= (0), then there is exactly one frac-
tional ideal x such that g1x = g2. One writes x = g2

g1
or x = g2g

−1
1 , and calls x the

quotient of g2 and g1.

(iv) The equation a/b = c/d of fractional ideals is equivalent to ad = bc; in particu-
lar for each fractional ideal m �= (0),

a

b
=

am

bm
,

a

(1)
= a,

m

m
= (1).

(v) An integral element a ∈ Oκ occurs in an fractional ideal g if and only if there is
an integral ideal m such that (a) has a decomposition (a) = mg, in particular, 1
occurs in all ideals which are the reciprocals 1/m of integral ideals m, and only
in such ideals.

Proof. Since ωg is an integral ideal a, hence there is an integral ideal b different from
(0) such that ab is a principal ideal. Thus ωbg is principal, and (i) follows.

The proof of (ii) is word for word the same as for Proposition 2.4, (2).
To show (iii), let us choose a �= (0) so that ag1 = (α) is a principal ideal; thus

(α) �= 0. If ag2 = (ρ1, . . . , ρr), we set

x =
(ρ1

α
, . . . ,

ρr

α

)
.

Then in fact
ag2 = (α)x = ag1x, g2 = g1x,

and by what has been said before, x is uniquely determined.
The cases (iv) and (v) are trivial. �
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Since each fractional ideal g of Oκ can be represented as the quotient a/b of two
relatively prime integral ideals a and b, then we define the norm of g:

N (g) =
N (a)

N (b)
.

This equation is also correct if a, b are not relatively prime or if they are fractional
ideals. Again for two fractional ideal g1 and g2, we have

N (g1g2) = N (g1)N (g2).

Between the basis and the norm there is again the relationship: If β1, . . . , βn is a basis
for a fractional ideal g, then

Dκ/Q(β1, . . . , βn) = N (g)2Dκ/Q. (2.23)

To prove this choose an nonzero integral element ω ∈ Oκ so that ωg is an integral
ideal in Oκ with basis ωβ1, . . . , ωβn. Then by using (2.23), we have

N (g)2 =
N (ωg)2

N (ω)2 =
Dκ/Q(ωβ1, . . . , ωβn)

Nκ/Q(ω)2Dκ/Q
=

Dκ/Q(β1, . . . , βn)

Dκ/Q
.

2.4 Minkowski’s geometry of numbers

2.4.1 Minkowski’s first theorem

Let Λ be a subset of Rn such that Λ is a module over Z. Further, we assume that Λ is
discrete, that is, every point ω ∈ Λ is an isolated point in the sense that there exists a
neighborhood which contains no other points of Λ.

Proposition 2.21. If Λ ⊂ Rn is a discrete module over Z, then it follows that either
Λ = {0}, or

Λ = Zω1 + · · · + Zωm

with linearly independent vectors ω1, . . . , ωm of Rn.

Proof. The case Λ = {0} is trivially a discrete module over Z. Next we assume that
the discrete module Λ over Z contains non-zero elements. First of all, we claim that
Λ is closed. In fact, note that if U is an arbitrary neighborhood of 0, then there exists
a neighborhood U0 ⊆ U of 0 such that every difference of elements of U0 lies in U .
Thus if there were an x �∈ Λ belonging to the closure of Λ, then we could find in the
neighborhood x + U0 of x two distinct elements ω, ω′ ∈ Λ, so that

0 �= ω − ω′ ∈ U0 ⊆ U.

Thus 0 would not be an isolated point, a contradiction.
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Next we consider the linear subspace V of Rn which is spanned by the set Λ. Let
m be the dimension of V . Then we may choose a basis v1, . . . , vm of V which is
contained in Λ, and so form the discrete module

Γ = Zv1 + · · · + Zvm ⊆ Λ

of V over Z. We claim that the index j of Γ in Λ is finite. To see this, let λi ∈ Λ vary
over a system of representatives of the cosets in Λ/Γ. Since the translates γ +PΓ, γ ∈
Γ, of the fundamental mesh

PΓ = {x1v1 + · · ·+ xmvm | xi ∈ R, 0 ≤ xi < 1} (2.24)

cover the space V , we may write

λi = γi + ξi, γi ∈ Γ, ξi ∈ PΓ.

Since ξi = λi − γi ∈ Λ lie discretely in the bounded set PΓ, they have to be finite in
number.

Therefore, we have jΛ ⊆ Γ by Theorem 1.2, whence

Λ ⊆ 1
j
Γ = Z

v1

j
+ · · · + Z

vm

j
.

By the main theorem on finitely generated Abelian groups, hence Λ admits a Z-basis
ω1, . . . , ωm, i.e.,

Λ = Zω1 + · · · + Zωm.

The vectors ω1, . . . , ωm are also R-linearly independent because they span the space
V of dimension m. This completes the proof of Proposition 2.21. �

If m = n in Proposition 2.21, then Λ is called a (full or complete) lattice in Rn. This
case is obviously tantamount to the fact that the set of all translates ω +PΛ, ω ∈ Λ, of
the fundamental mesh PΛ covers the space Rn. It also is known that a discrete module
Λ ⊂ Rn over Z is a lattice if and only if the quotient group Rn/Λ is compact (in the
natural topology).

The Euclidean space Rn is equipped with a symmetric, positive definite bilinear
form

〈 , 〉 : Rn × Rn −→ R,

and so has a notion of volume – more precisely a Haar measure. By the volume of a
subset C ⊂ Rn we mean the Riemann integral of the characteristic function of C. The
cube spanned by an orthonormal basis e1, . . . , en has volume 1, and more generally,
the parallelepiped spanned by n linearly independent vectors ω1, . . . , ωn,

P = {x1ω1 + · · ·+ xnωn | xi ∈ R, 0 ≤ xi < 1}
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has volume
V (P) = |det(aij)|,

where (aij) is the matrix of the base change from e1, . . . , en to ω1, . . . , ωn, so that

ωi =
n∑

j=1

aijej .

Note that

(〈ωi, ωj〉) =

(∑
k,l

aikajl〈ek, el〉
)

=

( n∑
k=1

aikajk

)
= (aij) · t(aij).

We also have the invariant notation

V (P) =
√
|det(〈ωi, ωj〉)|.

Let Λ be the lattice spanned by ω1, . . . , ωn. Then P is just the fundamental mesh of
Λ, and we define the volume of Λ as follows:

V (Λ) = V (Rn/Λ) := V (P).

This does not depend on the choice of a basis ω1, . . . , ωn of the lattice because the
transition matrix passing to a different basis, as well as its inverse, has integer coeffi-
cients, and therefore has determinant ±1 so that the set P is transformed into a set of
the same volume.

A convex body means a compact convex set C in a space Rn of n dimensions,
symmetric about 0 (i.e., x ∈ C implies −x ∈ C), and such that 0 lies in the interior
of C, where the convex set means that for any two points x,y ∈ C, the whole line
segment

{ty + (1− t)x | 0 ≤ t ≤ 1}

joining x with y is contained in C. Minkowski [184], [185] studied properties of a
convex body C in Rn with respect to the lattice Zn. It can be proved that every convex
body has a volume, and so we may suppose that this body C has the volume V (C).
Then Minkowski’s first theorem states as follows:

Theorem 2.22. If V (C) ≥ 2nV (Λ), then C contains at least one (and so at least two)
lattice points in Λ different from 0.

Proof. See Minkowski [184], [185]; Rogers and Swinnerton-Dyer [221]; Neukirch
[202], Chapter I, Theorem 4.4; and Schmidt [231], Chapter II, Theorem 2B. �

By considering the cube of x with |xi| ≤ 1 (i = 1, . . . , n) we see that Minkowski’s
first theorem is best possible.
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Theorem 2.23. Assume that there exist n homogeneous linear expressions

Li(x) =
n∑

j=1

aijxj, i = 1, 2, . . . , n,

with real coefficients aij , whose determinant det(aij) is different from zero, as well as
n positive quantities r1, . . . , rn, for which

r1r2 · · · rn ≥ |det(aij)|. (2.25)

Then there are always n rational integer x1, . . . , xn, not all equal to 0, such that

|Li(x)| ≤ ri, i = 1, 2, . . . , n. (2.26)

Proof. We consider the lattice

Λ = {(m1, . . . , mn) ∈ Rn |mi ∈ Z, 1 ≤ i ≤ n}

with the volume V (Λ) = 1, and study the convex body

C = {x ∈ Rn | |Li(x)| ≤ ri, i = 1, 2, . . . , n}.

We find easily the volume

V (C) =

∫
C

dx1 · · · dxn =
1

|det(aij)|

∫
|yi|≤ri

dy1 · · · dyn

=
2nr1r2 · · · rn

|det(aij)|
.

Thus the condition (2.25) is equivalent to V (C) ≥ 2nV (Λ), and so Theorem 2.23
follows from Theorem 2.22. �

Theorem 2.24. Assume that there exist n linear forms

Li(x) =

n∑
j=1

aijxj, i = 1, 2, . . . , n,

with real or complex coefficients aij , whose determinant det(aij) is different from zero,
as well as n positive quantities r1, . . . , rn, for which

r1r2 · · · rn ≥ |det(aij)|. (2.27)

Moreover if Lα(x) is not real for some α ∈ {1, . . . , n}, we assume that there exist
some β ∈ {1, . . . , n} such that Lβ(x) is the complex conjugate Lα(x) of Lα(x), and
such that rα = rβ . Then there are always n rational integer x1, . . . , xn, not all equal
to 0, such that

|Li(x)| ≤ ri, i = 1, 2, . . . , n. (2.28)



116 2 Algebraic numbers

Proof. We consider a new system L′
i(x) induced from Li(x). We take L′

i(x) = Li(x)
if Li(x) is a real form; on the other hand if Lα(x) and Lβ(x) are complex conjugate
and, say, α < β, then we set

L′
α(x) =

Lα(x) + Lβ(x)

2
, L′

β(x) =
Lα(x)− Lβ(x)

2
√
−1

.

In the latter case we define
r′α = r′β =

rα√
2

,

and, on the other hand, set r′i = ri in the first case.
The system of real forms L′ now obviously has a determinant D′ with

|D′| = 2−r2 |det(aij)|,

where r2 denote the number of pairs of complex conjugate forms among the Li(x).
Hence since

r′1r′2 · · · r′n ≥ |D′|,
there are rational integers x1, . . . , xn, which are not all 0, such that

|L′
i(x)| ≤ r′i, i = 1, 2, . . . , n.

For a nonreal form Lα(x) we now have

|Lα(x)|2 = L′
α(x)2 + L′

β(x)2 ≤ (r′α)2 + (r′β)2 = r2
α

from which Theorem 2.24 follows. �

2.4.2 Minkowski’s bound

We consider the exact sequence (1.10):

1 → Ker(ϑ) → κ∗
ϑ−→ IA → IA → 1.

For Dedekind domains that arise in number theory, there are classical theorems relating
to the ideal class groups IA and Ker(ϑ).

Let κ be an algebraic number field of degree n over Q and let A be its ring of
algebraic integers Oκ, which is a Dedekind domain by Theorem 2.1. Then there are
n distinct embeddings κ −→ C. Of these, say r1 map κ into R, and rest pair off (if
σ : κ −→ C is one, then σ̄ is another defined by σ̄(z) = σ(z)) into, say, r2 pairs: thus
r1 + 2r2 = n. We have the following Minkowski’s bound:

Theorem 2.25. For any nonzero fractional ideal g of Oκ, there is an a ∈ [g] such that
a ⊆ Oκ and

N (a) ≤ n!

nn

(
4
π

)r2

|Dκ/Q|1/2.
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Proof. See [119], Chapter I, Theorem 13.7. �

Theorem 2.25 implies easily that IOκ is a finite group. Its order h is called the class
number of the field κ.

Theorem 2.26. In each ideal class of κ, there is an integral ideal whose norm is ≤√
|Dκ/Q|. Thus the number h of ideal classes in κ is finite. The h-th power of each

ideal of Oκ is a principal ideal.

Proof. Each ideal class of κ contains an integral ideal a with

N (a) ≤ B ≤
√
|Dκ/Q|

with B given in Theorem 2.25. It is sufficient to prove there exist only a finite number
of integral ideals with norm below the fixed bound. Write

a = pa1
1 · · · p

ar
r ,

where pi are distinct primes, and the ai are positive integers. Let piZ = Z ∩ pi, pi a
positive prime integer. By the relation (2.3), we find

N (a) =
r∏

i=1

p
aifpi/Z

i ≤ B.

Since each pi ≤ B, only a finite number of pi can appear. Thus there exist only a finite
number of possible pi since each pj is divisible by only a finite number of pi. Finally

only a finite number of exponents ai are possible because p
aifpi/Z

i ≤ B. Hence only a
finite number of ideals a can satisfy N (a) ≤ B. Thus every ideal class is represented
by one of a finite number of ideals and IOκ is finite. By Theorem 1.2, the h-th power
of each ideal of Oκ is a principal ideal.

See E. Hecke [95], Theorems 96 and 97; or [119], Chapter I, Theorem 13.8. �

Theorem 2.27. If g is an fractional ideal of Oκ, then one has

Nκ/Q(g) = (N (g)).

Proof. Let h be the class number of κ. Then gh = (β), where β is a certain element
in κ, and

Nκ/Q(g)h = Nκ/Q(gh) = Nκ/Q((β)) =
(
Nκ/Q(β)

)
.

Since
±Nκ/Q(β) = N

(
gh
)

= N (g)h = ah,

where a = N (g), we have

Nκ/Q(g)h = (a)h, Nκ/Q(g) = (a),

and the theorem follows. �
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We can obtain information about the size of the discriminant from Theorem 2.25.

Proposition 2.28. The discriminant of an algebraic number field κ of degree n satis-
fies √

|Dκ/Q| ≥
nn

n!

(π

4

)n
2

.

Proof. Every ideal of Oκ has norm at least one. It follows that√
|Dκ/Q| ≥

nn

n!

(π

4

)r2
≥ nn

n!

(π

4

)n
2

.

See Neukirch [202], Chapter III, Proposition 2.14. �

Theorem 2.29 (Minkowski, 1890). |Dκ/Q| > 1 for a number field κ �= Q.

Proof. Write

an =
nn

n!

(π

4

)n
2

.

We compute
an+1

an
=
(π

4

) 1
2

(
1 +

1
n

)n

> 1

for every positive n, and so an+1 > an. Since a2 > 1, it follows that |Dκ/Q| > 1 if
n ≥ 2.

See Neukirch [202], Chapter III, Theorem 2.17; Weil [298]. �

Proposition 2.28 immediately implies the following important result:

Theorem 2.30 (Hermite, 1863). There are only finitely many algebraic number fields
with a given discriminant.

Proof. Neukirch [202], Chapter III, Theorem 2.16; Weil [298]. �

The following theorem shows that for any ideal a in the ring Oκ of integers of a
number field κ, we can find an extension number field K ⊇ κ such that the extended
ideal OKa in OK is principal (see [266]).

Theorem 2.31. Let κ be a number field, a an ideal in the ring of integers Oκ of κ.
Then there exists an algebraic integer w such that the field K = κ(w) satisfies

(i) OKw = OKa;

(ii) (OKw) ∩ Oκ = a;

(iii) (Z̄w) ∩ κ = a;

(iv) If Ou = Oa for any u ∈ Z̄, and any ring O of integers, then u = ηw where η is
a unit of Z̄.
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Proof. By Theorem 2.26, ah is principal, say ah = (β). Let w = β1/h ∈ Z̄, and
consider K = κ(w). It is obvious that w ∈ OK , and

(OKa)h = OKah = OKβ = OKwh = (OKw)h.

Uniqueness of factorization of ideals in OK easily yields OKa = OKw, proving (i).
Since (iii) implies (ii), we only consider (iii). The inclusion a ⊆ (Z̄w) ∩ κ is

straightforward. Conversely, if x ∈ (Z̄w)∩κ, then there exists an element λ ∈ Z̄ such
that x = λw ∈ κ. Thus, we have λ = xw−1 ∈ K, and so λ ∈ K ∩ Z̄ = OK . This
implies

xh = λhwh = λhβ,

that is, xh ∈ Z̄, and so x ∈ Z̄. Hence x ∈ Z̄ ∩ κ = Oκ. On other hand, we find
λh = xhβ−1 ∈ κ, and so λh ∈ Z̄ ∩ κ = Oκ. Taking ideals in Oκ we get

(x)h = (λh)(β) = (λh)ah.

Unique factorization in Oκ implies (λh) = bh for some ideal b, and hence (x)h =
bhah, and unique factorization once more implies (x) = ba, whence x ∈ a, as re-
quired.

The proof of (iv) is found by noting that by the remark after Theorem 2.8, a = (ω, α)
for ω, α ∈ Oκ, and substituting in (iv) gives Ou = O(ω, α). Thus

u = aω + bα, {a, b} ⊂ O ⊆ Z̄.

From (i), {ω, α} ⊂ OKw, and so

ω = ξw, α = ζw, {ξ, ζ} ⊂ OK ⊆ Z̄.

Hence
u = aξw + bζw,

which means w|u in Z̄. Interchanging the roles of u, w proves (iv). �

Actually, we can improve Theorem 2.31 by finding a single extension ring in which
the extension of every ideal is principal.

Theorem 2.32. Let κ be a number field. Then there exists a number field K ⊇ κ such
that for each ideal a in the ring of integers Oκ of κ, we have

(I) OKa is a principal ideal;

(II) (OKa) ∩ Oκ = a.

Proof. Since h is finite, one can select a representative set of ideals a1, . . . , ah from
each class and choose algebraic integers w1, . . . , wh such that Oκ(wi)ai is principal.
Let K = κ(w1, . . . , wh), then Oκ(wi) ⊆ OK , and so each ideal OKai is principal in
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OK . Since every ideal a in Oκ is equivalent to some ai, then it is easily to show that
OKa also is principal, say

OKa = OKu, u ∈ Z̄.

This proves (I).
Clearly a ⊆ (OKa) ∩ Oκ. For the converse inclusion, Theorem 2.31 (iv) implies

u = ηw for a unit η in Z̄. Hence

(OKa) ∩ Oκ = (OKu) ∩ Oκ ⊆ (Z̄u) ∩ κ = (Z̄w) ∩ κ = a

by Theorem 2.31 (iii). �

2.4.3 Dirichlet’s unit theorem

We continue to consider the exact sequence (1.10):

1 → Ker(ϑ) → κ∗
ϑ−→ IA → IA → 1

in which A = Oκ is the ring of algebraic integers in an algebraic number field κ of
degree n. Then

U = Uκ = Ker(ϑ)

is just the group of units of Oκ. The set H of all roots of unity in κ, which contains at
least two elements, namely ±1, is contained as a subgroup in U.

Theorem 2.33. The group H of all roots of unity in κ is finite, and indeed it is a cyclic
group of order w ≥ 2.

Proof. See Hecke [95], Theorem 99. �

The quotient U/H is torsion-free. We will find the number of generators of U/H
below. Let σ1, . . . , σr1 be r1 distinct embeddings of κ into R and let (σr1+i, σ̄r1+i)
(1 ≤ i ≤ r2) be r2 pairs of conjugate embeddings of κ into C that are not into R. Now
consider the mapping σ : κ −→ Rr1 × Cr2 defined by

σ(x) = (σ1(x), . . . , σr1+r2(x)).

It is clear that σ is an additive mapping,

σ(x + y) = σ(x) + σ(y).

If we identify C with R2 by using the correspondence

ı
(

x +
√
−1y

)
= (x, y) ∈ R2,

then σ induces a mapping σ∗ : κ −→ Rr1 ×R2r2 = Rn defined by

σ∗(x) = (σ1(x), . . . , σr1(x), ı ◦ σr1+1(x), . . . , ı ◦ σr1+r2(x)).
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Theorem 2.34. Let a be a nonzero ideal in the ring Oκ of algebraic integers in the
algebraic number field κ. Then σ∗(a) is a lattice in Rn satisfying the relation:

N (a)2Dκ/Q = (−4)r2V (σ∗(a))2.

Proof. See [119], Chapter I, Proposition 13.2, 13.4; Theorem 13.5. �

Next consider the homomorphism

� = (�1, . . . , �r1+r2) : κ∗ −→ Rr1+r2

defined by

�i(x) =

{
log |σi(x)|, if 1 ≤ i ≤ r1,

log |σi(x)|2, if r1 < i ≤ r1 + r2.

It is obvious that �i(xy) = �i(x) + �i(y) and so

�(xy) = �(x) + �(y), {x, y} ⊂ κ∗.

Proposition 2.35. The homomorphism � maps the group U of units in the ring Oκ

onto a lattice in the r1 + r2 − 1 dimensional subspace V of Rr1+r2 consisting of all
vectors (x1, . . . , xr1+r2) with

∑
xi = 0.

Proof. See [119], Chapter I, Proposition 13.10; 13.11. �

Let j : Rr1+r2 −→ Rr1+r2−1 be the projection defined by

j(x1, . . . , xr1+r2) = (x1, . . . , xr1+r2−1).

We may choose units η1, . . . , ηr1+r2−1 ∈ Oκ that satisfy the following conditions:

(a) �i(ηj) < 0 if i �= j;

(b) �1(ηj) + · · ·+ �r1+r2−1(ηj) > 0 for 1 ≤ j ≤ r1 + r2 − 1;

(c) �1(ηj) + · · ·+ �r1+r2(ηj) = 0 for any j;

(d) The vectors j ◦ �(ηj), 1 ≤ j ≤ r1 + r2 − 1, are linearly independent over R.

This means Dirichlet’s unit theorem:

Theorem 2.36. There are r1 + r2 units ζ, η1, . . . , ηr1+r2−1, where ζ is a w-th root of
unit, such that each unit of the number field κ is obtained exactly once in the form

ε = ζaηa1
1 · · · η

ar1+r2−1

r1+r2−1 ,

where a1, . . . , ar1+r2−1 are all rational integers and a can only take the values 0, 1,
. . . , w − 1.
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Proof. By Proposition 2.35, we know that �(U) is a lattice in V . Hence there exist
units η1, . . . , ηr1+r2−1 in U such that �(U) have Z basis �(η1), . . . , �(ηr1+r2−1). For
any unit ε ∈ U there exist unique integers ai such that

�(ε) =

r1+r2−1∑
i=1

ai�(ηi).

It follows that

�

(
ε

r1+r2−1∏
i=1

η−ai
i

)
= 0

since � is a homomorphism. The proof will be complete if we prove that �(u) = 0 for
a unit u implies that u is a root of unity. We have �(u) = 0 if and only if |σi(u)| = 1
for all i. Thus

σ(u) = (σ1(u), . . . , σr1+r2(u))

lies in a bounded subset of the lattice σ(Oκ) in Rr1 × Cr2 . A bounded subset of the
lattice contains only a finite number of points in the lattice so there are only a finite
number of possible u. Thus the kernel of � is a finite subgroup of the multiplicative
group of a field and so it is a cyclic group. �

The r1 + r2 − 1 units η1, . . . , ηr1+r2−1 are called fundamental units of the field
κ. Let P be the fundamental mesh of the unit lattice �(U), spanned by the vectors
�(η1), . . . , �(ηr1+r2−1) ∈ V . The vector

ε =
1√

r1 + r2
(1, . . . , 1) ∈ Rr1+r2

is obviously orthogonal to V and has length 1. The (r1 + r2 − 1)-dimensional volume
of P therefore equals the (r1 + r2)-dimensional volume of the parallelepiped spanned
by ε, �(η1), . . . , �(ηr1+r2−1) in Rr1+r2 . But this has volume

±

∣∣∣∣∣∣∣∣∣
�1(η1) · · · �r1+r2(η1)

... · · ·
...

�1(ηr1+r2−1) · · · �r1+r2(ηr1+r2−1)

(r1 + r2)
−1/2 · · · (r1 + r2)

−1/2

∣∣∣∣∣∣∣∣∣
.

Adding all columns to the last one, this column only zeros, except for the final entry,
which equals

√
r1 + r2. We therefore get the

V (�(U)) =
√

r1 + r2R,

where R is the absolute value of the determinant∣∣∣∣∣∣∣
�1(η1) · · · �r1+r2−1(η1)

... · · ·
...

�1(ηr1+r2−1) · · · �r1+r2−1(ηr1+r2−1)

∣∣∣∣∣∣∣ .
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This absolute value R is called the regulator of the field κ.
We refer the proofs of these results to E. Hecke [95], Theorems 99 and 100; J.

Neukirch [202], Chapter I, Theorem 7.4; or G. J. Janusz [119], Chapter I, Theorem
13.12.

For a number field κ, define a number

κ =
2r1+r2πr2hR

w|Dκ/Q|1/2
, (2.29)

where

r1 = number of real primes of κ;

r2 = number of complex primes of κ;

w = number of roots of unity in κ;

h = class number of κ;

R = the regulator of κ.

Theorem 2.37. Let Z(r) denote the number of integral ideals of the number field κ
whose norm is ≤ r. Then

lim
r→∞

Z(r)

r
= κ.

Proof. See Hecke [95], Theorem 122. �

2.4.4 Minkowski’s second theorem

Let C be a convex body in Rn with the volume V (C). Let λ1 = λ1(C) be the infimum
of those numbers λ ≥ 0 such that λC contains an integer point different from 0. In fact,
this infimum is a minimum. It is easily seen that 0 < λ1 < ∞. Put λ̃ = 2V (C)−1/n.
Then λ̃C is a convex body with volume 2n. By applying Minkowski’s first theorem to
the lattice Zn, λ̃C contains an integer point �= 0. Therefore, λ1 ≤ 2V (C)−1/n, or

λn
1 V (C) ≤ 2n. (2.30)

For each integer j with 1 ≤ j ≤ n, let λj = λj(C) be the infimum of all λ ≥ 0 such
that λC contains j linearly independent integer points. Clearly each λj is actually a
minimum, and

0 < λ1 ≤ λ2 ≤ · · · ≤ λn < ∞.

We call λ1, λ2, . . . , λn the successive minima of C. λ1 is the first minimum of C, λ2 is
the second minimum of C, etc. Minkowski’s first theorem is contained in the following
deeper Minkowski’s second theorem [184] (or cf. [231]), which is central to the study
of successive minima.
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Theorem 2.38. Suppose that C is a convex body in Rn. Then

2n

n!
≤ λ1λ2 · · ·λnV (C) ≤ 2n. (2.31)

Note that the right hand inequality here sharpens (2.30). The cube |xi| ≤ 1 (i =
1, . . . , n) has λ1 = · · · = λn = 1 and V (C) = 2n, so that the right inequality in (2.31)
is best possible. The “octahedron” Ω consisting of points with |x1| + · · · + |xn| ≤ 1
has λ1 = · · · = λn = 1 and V (Ω) = 2n/n!, so that the left inequality in (2.31) is best
possible.

Let f(x) = f(x1, . . . , xn) be a distance function on Rn. The inequality f(x) ≤ 1
defines a convex body C in Rn which has its center at the origin x = 0.

Theorem 2.39. There are linearly independent lattice points x(1), . . . ,x(n) in Rn with
the following properties:

(1) f
(
x(1)
)

= λ1 is the minimum of f(x) in all lattice points x �= 0, and for j ≥ 2,
f
(
x(j)
)

= λj is the minimum of f(x) in all lattice points x which are independent
of x(1), . . . ,x(j−1).

(2) The determinant det
(
x

(j)
i

)
of the points x(1), . . . ,x(n) satisfies the inequalities

1 ≤
∣∣∣det

(
x

(j)
i

)∣∣∣ ≤ n!.

(3) The numbers λj depend only on f(x) and not on the special choice of the lattice
points x(j), and they satisfy the inequalities

0 < λ1 ≤ λ2 ≤ · · · ≤ λn < ∞,

2n

n!
≤ λ1λ2 · · · λnV ≤ 2n.

Proof. For a complete proof, see Cassels [25]. A simple proof for the last part of this
theorem was given by H. Davenport [39]. �

2.5 Different of number fields

Let κ be a finite extension of degree n over Q. Let Oκ be the integral closure of Z in
κ.

Theorem 2.40. Let a be a nonzero ideal ofOκ with a basis α1, . . . , αn. A basis for a∗

can be formed from the n elements β1, . . . , βn which are determined along with their
conjugates by the equations

Trκ/Q(αiβj) = δij , i, j = 1, 2, . . . , n.
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Proof. The elements λ ∈ a∗ cannot have arbitrarily large ideal denominators. This is
true since the hypothesis is equivalent to n equations

gi = Trκ/Q(λαi) =

n∑
j=1

λ(j)α
(j)
i , i = 1, 2, . . . , n, (2.32)

where gi ∈ Z, and from the n linear equations, these λ(j) are obtained as quotients of
two determinants. The denominator is the fixed determinant of the α

(j)
i which satisfies

det
(

α
(j)
i

)2
= Dκ/Q(α1, . . . , αn) = N (a)2Dκ/Q.

The numerator is an integral polynomial in the α
(j)
i . Consequently there is an element

ω ∈ Oκ depending only on the α, such that ωλ ∈ Oκ.
If we define the n2 elements β

(j)
i by the uniquely solvable equations

n∑
l=1

α
(l)
i β

(l)
j = δij , i, j = 1, 2, . . . , n,

and if we have λ satisfying (2.32) for gi ∈ Z (i = 1, 2, . . . , n), then the n sequences

of elements β
(1)
i , . . . , β

(n)
i are conjugate sequences of elements βi in κ such that

λ =
n∑

i=1

giβi.

Consequently the β1, . . . , βn form a basis for a∗, provided they are elements in κ. �

Since, moreover,

Dκ/Q(β1, . . . , βn) =
1

Dκ/Q(α1, . . . , αn)
=

1
N (a)2Dκ/Q

,

and by using (2.23),

Dκ/Q(β1, . . . , βn) = N (a∗)2Dκ/Q =
Dκ/Q

N (a)2N (dκ/Q)2 ,

we have
|Dκ/Q| = N (dκ/Q). (2.33)

Theorem 2.41. The greatest common divisor of the differents δ(α) of all α ∈ Oκ is
equal to the different d of the field κ.

Proof. See E. Hecke [95], Theorem 105. �
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Let K be a finite extension of κ. Then the integral closure of Oκ in K is just OK

by transitivity of integral dependence. Furthermore, r arbitrary elements α1, . . . , αr

of κ generate an ideal a in κ and an ideal A in K. It is not difficult to show that an
element β belongs to A if and only if β belongs to a. Accordingly, both ideals a and
A are same, denoted by (α1, . . . , αr).

For each ideal B of OK , by using the decomposition of B into prime ideals of OK

and based on the transitivity of inertia degree and ramification index, one has

Nκ/Q

(
NK/κ(B)

)
= NK/Q(B). (2.34)

Theorem 2.42. If B is an fractional ideal of OK , then

N (NK/κ(B)) = N (B),

where the left-hand side is the (absolute) norm in κ, but the right-hand side is the
(absolute) norm in K.

Proof. If B = (β) for some number β in K, by (1.23) one has

Nκ/Q

(
NK/κ(β)

)
= NK/Q(β). (2.35)

Therefore

N (B) = |NK/Q(β)| = N ((NK/κ(β))) = N (NK/κ(B))

follows from Theorem 2.19.
For each ideal B of OK , then Bh = (β), where β is a certain element in K, and h

is the class number of K. Thus we have

N (B)h = N (Bh) = N (NK/κ(Bh)).

On the other hand,

N (NK/κ(B))h = N (NK/κ(B)h) = N (NK/κ(Bh)),

and so the theorem follows. �

By (2.33), the discriminant ideal with respect to κ = Q, defined in this way, is then
the same as the ideal

DK/Q = (DK/Q),

where DK/Q is the discriminant of K. However we must distinguish the discriminant
of a field, which is a well-defined number DK/Q, from the discriminant ideal of the
same field with respect to Q, which is an ideal, namely DK/Q. Then

DK/Q = Nκ/Q(DK/κ)D
[K:κ]
κ/Q

(2.36)
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follows from (1.54), (1.27) and (2.34), that is, we have a relation of principal ideals in
Z by Theorem 2.27

(DK/Q) = (N (DK/κ))(Dκ/Q)[K:κ].

By comparing the minimal positive integers in these ideals, we find

|DK/Q| = N (DK/κ)|Dκ/Q|[K:κ]. (2.37)

Let α be an algebraic integer which generates the field K. Let A(α) be the set of all
elements

a0 + a1α + · · · + an−1αn−1

where n = [K : κ], and a0, . . . , an−1 run through all algebraic integers in κ. Let Pα

be the irreducible polynomial over κ with leading coefficient 1 which has the root α.

Lemma 2.43. If ω is an algebraic integer in K such that ωdK/κ is integral, then there
exists an element β ∈ A(α) such that ω can be represented in the form

ω =
β

P ′
α(α)

.

Proof. We write

Pα(x) =
n∏

i=1

(
x− α(i)

)
= c0 + c1x + · · · + cnxn,

and consider the polynomial in x

g(x) =
n∑

i=1

ω(i) Pα(x)

x− α(i)
, (2.38)

where ω(i) are the conjugates of ω. Note that g(x) is a polynomial with algebraic
integral coefficients in κ since

Pα(x)

x− α
=

Pα(x)− Pα(α)

x− α
=

n∑
l=1

cl

∑
0≤j≤l−1

xjαl−j−1

and hence

g(x) =
n∑

l=1

cl

∑
0≤j≤l−1

xjTrK/κ

(
ωαl−j−1).

However since ωdK/κ is algebraic integral by hypothesis, the traces appearing here are
integral by Theorem 1.117. If we set x = α in (2.38) we obtain ω = g(α)/P ′

α(α),
where g(α) ∈ A(α). �

Lemma 2.44. For each element β in A(α), TrK/κ(β/P ′
α(α)) is integral.
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Proof. Obviously Lemma 2.44 needs only to be proved for β = 1, α, . . . , αn−1, where
it follows directly from the Euler formulae

n∑
i=1

(
α(i)
)j

P ′
α

(
α(i)
) =

{
0, if 0 ≤ j ≤ n− 2,

1, if j = n− 1.

These formulae follow from the Lagrange interpolation formula

n∑
i=1

(
α(i)
)j+1

P ′
α

(
α(i)
) Pα(x)

x− α(i)
=

{
xj+1, if 0 ≤ j ≤ n− 2,

xn − Pα(x), if j = n− 1,

if we set x = 0. �

From Lemma 2.43 it follows that ωP ′
α(α) is integral if ωdK/κ is integral, thus P ′

α(α)
has the decomposition

P ′
α(α) = dK/κF (2.39)

where F is an integral ideal.

Theorem 2.45. All elements of the ideal F = P ′
α(α)/dK/κ belong to the ring A(α),

and if all elements of an ideal A belong to the ring A(α), then A is divisible by F.

Proof. If β ≡ 0 (mod F), then ω = β/P ′
α(α) is an element with denominator dK/κ,

and by Lemma 2.43, ωP ′
α(α) must be an element of this ring. Hence the first part of

the theorem is proved.
Conversely, if all elements of A belong to the ring A(α), then TrK/κ(β/P ′

α(α)) is
integral for each element β of A by Lemma 2.44. Consequently, by Theorem 1.117,
1/P ′

α(α) is an element of the ideal (AdK/κ)−1; thus P ′
α(α) = dK/κF divides AdK/κ

so F|A, which was to be proved. �

According to this theorem, F is the greatest common divisor of all ideals in K which
contain only elements in A(α). The ideal F is called the conductor of the ring.

Lemma 2.46. Corresponding to each prime ideal P in K there is a ring A(α), where
P does not divide F = P ′

α(α)/dK/κ.

Proof. Let p be the prime ideal in κ which is divisible by P, that is,

p = PeA, (A, P) = 1.

Let α be a primitive root mod P such that each algebraic integer in K is congruent to
an element in A(α) modulo each power of P, and such that

α ≡ 0 (mod A).
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Finally let η be a number in κ which is divisible by P ′
α(α) = dK/κF and assume that pb

is the highest power of p dividing η. Then an appropriate power of η, say ηh, furnishes
a decomposition into two numerical factors in κ,

ηh = phbμ, (μ, p) = 1.

ηh ≡ 0 (mod dK/κF).

Then let us determine, for an arbitrarily given algebraic integer ω in K, an element β
in A(α), such that

ω ≡ β (mod Pehb).

The element (ω − β)μαhb is then divisible by P ′
α(α) = dK/κF, since

(ω − β)μαhb

P ′
α(α)

=
phbμ

dK/κF

(ω − β)αhb

phb
=

ηh

dK/κF

(ω − β)αhb

PehbAhb

is integral. If we apply Lemma 2.43, we thus obtain a representation ωμαhb ∈ A(α)
for each ω, from which by Theorem 2.45, μαhb generates an ideal which is divisible
by F. Thus, in any case, it follows that F is prime to P. �

From Lemma 2.46, we immediately obtain the main theorem of this theory:

Theorem 2.47. The different of K with respect to κ is the greatest common divisor of
all differents of algebraic integers of K with respect to κ.



Chapter 3

Algebraic geometry

We give an overview of algebraic geometry that will be used in the rest of this book.
This part introduces Hermitian geometry, varieties, divisors, linear systems, algebraic
curves, sheaves, vector bundles, schemes and Kobayashi hyperbolicity.

3.1 Hermitian geometry

We will introduce some technical lemmas, basic operators and their gauges on a pro-
jective space associated to a vector space. A good reference is Stoll [267] for complex
case.

3.1.1 Exterior product

Let V be a vector space of finite dimension n + 1 > 0 over a field κ. Write the
projective space P(V ) = V/κ∗ and let P : V∗ −→ P(V ) be the standard projection,
where V∗ = V − {0}. If A ⊂ V , abbreviate

P(A) = P(A ∩ V∗).

The dual vector space V ∗ of V consists of all κ-linear functions α : V −→ κ, and we
shall call

〈ξ, α〉 = α(ξ)

the inner product of ξ ∈ V and α ∈ V ∗. If α �= 0, the n-dimensional linear subspace

E[a] = E[α] = Ker(α) = α−1(0)

depends on a = P(α) ∈ P(V ∗) only, and Ë[a] = P(E[a]) is a hyperplane in P(V ).
Thus P(V ∗) bijectively parameterizes the hyperplanes in P(V ).

Identify V ∗∗ = V by 〈ξ, α〉 = 〈α, ξ〉 and
( ∧

k+1
V
)∗

=
∧
k+1

V ∗ by

〈ξ0 ∧ · · · ∧ ξk, α0 ∧ · · · ∧ αk〉 = det(〈ξi, αj〉),

where
∧
k+1

V is the exterior product of V of order k + 1, and where ξi ∈ V, αi ∈ V ∗

for i = 0, . . . , k. Take k, l ∈ Z[0, n] and take ξ ∈
∧
k+1

V and α ∈
∧
l+1

V ∗, where

Z[m, n] = {i ∈ Z |m ≤ i ≤ n}.
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If k ≥ l, the interior product ξ∠α ∈
∧
k−l

V is uniquely defined by

〈ξ∠α, β〉 = 〈ξ, α ∧ β〉

for all β ∈
∧
k−l

V ∗. If k = l, then

ξ∠α = 〈ξ, α〉 ∈ κ =
∧

0
V

by definition. If k < l, we define the interior product ξ∠α ∈
∧
l−k

V ∗ such that if

η ∈
∧
l−k

V ,
〈η, ξ∠α〉 = 〈ξ ∧ η, α〉.

Take non-negative integers a and b with a ≤ b. Let Jb
a be the set of all increasing

injective mappings λ : Z[0, a] −→ Z[0, b]. Then Jb
b = {ι}, where ι is the inclusion

mapping. If a < b, there exists one and only one λ⊥ ∈ Jb
b−a−1 for each λ ∈ Jb

a such
that Im λ ∩ Im λ⊥ = ∅. The mapping ⊥: Jb

a −→ Jb
b−a−1 is bijective. A permutation

(λ, λ⊥) of Z[0, b] is defined by

(λ, λ⊥)(i) =

{
λ(i), i ∈ Z[0, a],

λ⊥(i− a− 1), i ∈ Z[a + 1, b].

The signature of the permutation is denoted by sign(λ, λ⊥).

Lemma 3.1. Let k ≥ 1 be an integer and ξ0, . . . , ξk ∈ V ; α0, . . . , αk ∈ V ∗. Set

ηi = ξ0 ∧ ξi ∈ W, βi = α0 ∧ αi ∈ W ∗

for i = 1, . . . , k, where W =
∧

2
V . Then

〈η1 ∧ · · · ∧ ηk, β1 ∧ · · · ∧ βk〉 = 〈ξ0, α0〉k−1〈ξ0 ∧ · · · ∧ ξk, α0 ∧ · · · ∧ αk〉,

where the interior product on the left-hand side is between
∧
k

W and
∧
k

W ∗.

Proof. If ξ0, . . . , ξk are linearly dependent, then both sides are zero; therefore we may
assume that ξ0, . . . , ξk form part of a basis for V . Let ξ∗0 , . . . , ξ∗n be the dual basis for
V ∗, and let αi0, . . . , αin be the coordinates of αi relative to this basis. Since

α0 ∧ · · · ∧ αk =
∑
ν∈Jn

k

det(αiν(j))0≤i,j≤kξ∗ν(0) ∧ · · · ∧ ξ∗ν(k),

we have
〈ξ0 ∧ · · · ∧ ξk, α0 ∧ · · · ∧ αk〉 = det(αij)0≤i,j≤k.

Note that
βi =

∑
μ∈Jn

1

(α0μ(0)αiμ(1) − α0μ(1)αiμ(0))ξ
∗
μ(0) ∧ ξ∗μ(1).
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We can obtain

〈η1∧· · ·∧ηk, β1∧· · ·∧βk〉 = det(α00αij−α0jαi0)1≤i,j≤k = αk−1
00 det(αij)0≤i,j≤k.

This latter equality can be shown using properties of determinants. �

Lemma 3.2. Take ξ, ξ′, ξ0, . . . , ξp−2 ∈ V and β ∈
∧
p−1

V ∗. Write

Ξ = ξ0 ∧ · · · ∧ ξp−2, η = (Ξ ∧ ξ)∠β, η′ = (Ξ ∧ ξ′)∠β.

Then
η ∧ η′ = 〈Ξ, β〉(Ξ ∧ ξ ∧ ξ′)∠β.

Proof. See also Wu [302], Lemma 3.9. This reduces to the following identity of de-
terminants. Let M be a (p− 1)× (p− 1) matrix; A and A′, (p− 1) × 1 matrices; B
and B′, 1× (p− 1) matrices; and c, d, e, f , scalars. Then∣∣∣∣∣∣∣∣∣∣

∣∣∣∣M A
B c

∣∣∣∣ ∣∣∣∣M A′

B′ d

∣∣∣∣
∣∣∣∣M A
B e

∣∣∣∣ ∣∣∣∣M A′

B′ f

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣
= |M |

∣∣∣∣∣∣
M A A′

B c d
B′ e f

∣∣∣∣∣∣ .

The left-hand side is the determinant of a 2×2 matrix whose elements are determinants
of p×p matrices. If this is true, then it holds as an identity of polynomials in the matrix
elements, so it will suffice to prove it when M is nonsingular, which holds generically.
Furthermore, if one applies the same row operators simultaneously to M , A, and A′,
then none of the above determinants changes. Therefore, we may assume that M is
diagonal; in that case the identity is easily checked. �

3.1.2 Norms of vector spaces

We continue to consider a vector space V of dimension n + 1 over a field κ. Take a
base e = (e0, . . . , en) of V , a valuation v on κ. For ξ = ξ0e0 + · · ·+ ξnen ∈ V , define
the norm

|ξ|v,e =

⎧⎨⎩
(
|ξ0|2v + · · ·+ |ξn|2v

) 1
2 , if v is Archimedean,

max
0≤i≤n

{|ξi|v}, if v is non-Archimedean.

Obviously, the norm depends on the base e, and will be called a norm over the base e.
If | · |v,e′ is another norm over a base e′ = (e′0, . . . , e′n), it is easy to prove that there
exist two multiplicative Mκ-constants c = {cv} and c′ = {c′v} such that

cv|ξ|v,e ≤ |ξ|v,e′ ≤ c′v|ξ|v,e
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hold for all ξ ∈ V , i.e., norms over bases are equivalent. We will abbreviate

|ξ|v = |ξ|v,e.

Further if κ is a number field with the set Mκ satisfying the product formula of multi-
plicities nv, we will use notations

‖ξ‖v = |ξ|nv
v , |‖ξ|‖v = ‖ξ‖1/[κ:Q]

v . (3.1)

Let ε = (ε0, . . . , εn) be the dual base of e = (e0, . . . , en). Then the norm on V
induces a norm on V ∗ defined by

|α|v =

⎧⎨⎩
(
|α0|2v + · · ·+ |αn|2v

) 1
2 , if v is Archimedean,

max
0≤i≤n

{|αi|v}, if v is non-Archimedean,

where α = α0ε0 + · · ·+ αnεn. Schwarz inequality

|〈ξ, α〉|v ≤ |ξ|v · |α|v

holds for ξ ∈ V, α ∈ V ∗. The distance from x = P(ξ) to Ë[a] with a = P(α) ∈
P(V ∗) is defined by

0 ≤ |x, a|v =
|〈ξ, α〉|v
|ξ|v · |α|v

≤ 1. (3.2)

Further if κ is a number field with a proper set Mκ satisfying the product formula of
multiplicities nv, we will use the normalization

‖α‖v = |α|nv
v , ‖x, a‖v = |x, a|nv

v , (3.3)

and the notations

|‖α|‖v = ‖α‖1/[κ:Q]
v , |‖x, a|‖v = ‖x, a‖1/[κ:Q]

v . (3.4)

The norm on V also induces norms on
∧
k+1

V and
∧
k+1

V ∗. Take ξ ∈
∧
k+1

V, α ∈∧
k+1

V ∗ and write

ξ =
∑
λ∈Jn

k

ξλeλ, α =
∑
λ∈Jn

k

αλελ,

where
eλ = eλ(0) ∧ · · · ∧ eλ(k).

Then we can define the norms

|ξ|v = |ξ|v,e =

⎧⎪⎪⎨⎪⎪⎩
( ∑

λ∈Jn
k

|ξλ|2v
) 1

2
, if v is Archimedean,

max
λ∈Jn

k

{|ξλ|v}, if v is non-Archimedean,
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and

|α|v = |α|v,e =

⎧⎪⎪⎨⎪⎪⎩
( ∑

λ∈Jn
k

|αλ|2v
) 1

2
, if v is Archimedean,

max
λ∈Jn

k

{|αλ|v}, if v is non-Archimedean.

Definition 3.3. Let V1, . . . , Vm and W be normed vector spaces over κ. Let

 : V1 × · · · × Vm −→ W

be an m-linear mapping over κ. If ξ = (ξ1, . . . , ξm) ∈ V1 × · · · × Vm, we write

 (ξ) = ξ1  · · ·  ξm,

and say that ξ is free for the operation  if  (ξ) �= 0. Take xj ∈ P(Vj) (j =
1, . . . , m). We will say that x1, . . . , xm are free for  if there exist ξj ∈ Vj such that
xj = P(ξj) and ξ = (ξ1, . . . , ξm) is free for the operation  . For free x1, . . . , xm, we
can define

x1  · · ·  xm = P(ξ1  · · ·  ξm).

Also, the gauge of x1, . . . , xm for  is defined to be

|x1  · · ·  xm|v =
|ξ1  · · ·  ξm|v
|ξ1|v · · · |ξm|v

.

If x1, . . . , xm are not free for  , we define |x1  · · ·  xm|v = 0.

In particular, if V = κn+1, we may take the standard base e0, e1, . . . , en, where

ej = (0, . . . , 0, 1, 0, . . . , 0) ∈ Zn+1
+

in which 1 is (j + 1)th component of ej . Take ξ ∈ κn+1 − {0} and write

ξ = ξ0e0 + ξ1e1 + · · ·+ ξnen = (ξ0, ξ1, . . . , ξn).

We usually denote P(ξ) by [ξ0, ξ1, . . . , ξn] which are called the homogeneous coordi-
nates of P

(
kn+1

)
, and abbreviate

Pn(κ) = P
(
κn+1) .

We can embed κn into Pn(κ) by using the mapping

(ξ1, . . . , ξn) �→ [1, ξ1, . . . , ξn],

and obtain the disjoint union

Pn(κ) = κn ∪ Pn−1(κ).
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Particularly, P0(κ) = P(κ) consists of one point denoted by∞, and so

P1(κ) = κ ∪ {∞}.
If v is non-Archimedean, set

χv(x, a) =

{ |x−a|v
|x|∨v |a|∨v , x, a ∈ κ,

1
|x|∨v , a = ∞,

(3.5)

where, by definition,
r∨ = max{1, r} (r ∈ R).

If v is Archimedean, set

χv(x, a) =

⎧⎨⎩
|x−a|v

(1+|x|2v)1/2(1+|a|2v)1/2 , x, a ∈ κ,

1√
1+|x|2v

, a =∞.
(3.6)

Then we have

χv

(
1
x

,
1
a

)
= χv(x, a)

for all x, a ∈ κ ∪ {∞}, where we think

1
0

=∞,
1
∞ = 0.

Identify κn+1 = (κn+1)∗ such that

〈ξ, α〉 = ξ0α0 + · · ·+ ξnαn

for ξ = (ξ0, . . . , ξn), α = (α0, . . . , αn) ∈ κn+1. It is easy to show that

χv(x, a) =

{
|[1, x], [−a, 1]|v , x, a ∈ κ,

|[1, x], [1, 0]|v , a = ∞.
(3.7)

Finally, let κ be the field C of complex numbers. A positive definite Hermitian form

(, ) : V × V −→ C

is called a Hermitian product or a Hermitian metric on V . It defines a norm

|ξ| = (ξ, ξ)
1
2 , ξ ∈ V.

A complex vector space together with a Hermitian product is called a Hermitian vector
space. For each ξ ∈ V , one and only one dual vector ξ∗ ∈ V ∗ is defined by (η, ξ) =
〈η, ξ∗〉 for all η ∈ V . The mapping ξ �→ ξ∗ is an anti-linear isomorphism of V onto
V ∗. Here V ∗ becomes a Hermitian vector space by setting

(ξ∗, η∗) = (η, ξ), ξ, η ∈ V.

Then ξ∗∗ = ξ and V ∗∗ = V , as Hermitian vector space. A Hermitian product is

uniquely defined on
∧
p+1

V by the requirement

(ξ0 ∧ · · · ∧ ξp, η0 ∧ · · · ∧ ηp) = det((ξj, ηk)), ξj, ηj ∈ V.
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3.1.3 Schwarz inequalities

We continue to study a vector space V of dimension n + 1 over a field κ. In the
following, we will prove some elementary but useful inequalities about multi-vectors
and give several gauges. Take a positive number r. We will use the following symbol:

ςv,r =

{√
r, if v is Archimedean,

1, if v is non-Archimedean.
(3.8)

First and easiest to prove is of course the following generalized Schwarz’s inequality:

Lemma 3.4. Take k, l ∈ Z[0, n] and take ξ ∈
∧
k+1

V and α ∈
∧
l+1

V ∗. Then

|ξ∠α|v ≤ ςv,(n−p
q−p)

|ξ|v · |α|v ,

where p = min{k, l}, q = max{k, l}, and the combinatorial symbol is defined by(
i

j

)
=

{
i!

j!(i−j)! , if i ≥ j,

0, if i < j.

Proof. W.l.o.g., we may assume k ≥ l, and write

ξ =
∑
λ∈Jn

k

ξλeλ, α =
∑
λ∈Jn

l

αλελ.

First of all, we consider non-Archimedean case. If l = k, noting that

ξ∠α = 〈ξ, α〉 =
∑
λ∈Jn

k

ξλαλ,

we have

|ξ∠α|v ≤ max
λ∈Jn

k

|ξλαλ|v ≤
(
max
λ∈Jn

k

|ξλ|v
)
·
(
max
λ∈Jn

k

|αλ|v
)

= |ξ|v · |α|v

and so the inequality follows. If l < k, by the Laplace’s theorem of determinant
expansion

〈(e0 ∧ · · · ∧ ek)∠α, β〉 = 〈e0 ∧ · · · ∧ ek, α ∧ β〉

=
∑
ν∈Jk

l

sign(ν, ν⊥)〈eν , α〉〈eν⊥ , β〉

=
〈 ∑

ν∈Jk
l

sign(ν, ν⊥)〈eν , α〉eν⊥ , β
〉
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holds for any β ∈
∧
k−l

V ∗, that is,

(e0 ∧ · · · ∧ ek)∠α =
∑
ν∈Jk

l

sign(ν, ν⊥)〈eν , α〉eν⊥ =
∑
ν∈Jk

l

sign(ν, ν⊥)ανeν⊥ . (3.9)

Then
|(e0 ∧ · · · ∧ ek)∠α|v = max

ν∈Jk
l

{|〈eν , α〉|v} ≤ |α|v .

Thus, we have

|ξ∠α|v =

∣∣∣∣ ∑
λ∈Jn

k

ξλeλ∠α

∣∣∣∣
v

≤ max
λ∈Jn

k

{|ξλ|v|eλ∠α|v} ≤ |ξ|v · |α|v .

Finally, assume that v is Archimedean. We have

|ξ∠α|v =

∣∣∣∣ ∑
λ∈Jn

k

ξλeλ∠α

∣∣∣∣
v

≤
∑

λ∈Jn
k

|ξλ|v|eλ∠α|v ≤ |ξ|v
( ∑

λ∈Jn
k

|eλ∠α|2v
) 1

2

.

For λ ∈ Jn
k , set

Jλ
l = {ν ∈ Jn

l | ν ⊂ λ},
where ν ⊂ λ means {ν(0), . . . , ν(l)} ⊂ {λ(0), . . . , λ(k)}. By (3.9), we obtain

|eλ∠α|2v =
∑
ν∈Jλ

l

|αν |2. (3.10)

Since, by applying (3.10),∑
λ∈Jn

k

|eλ∠α|2v =
∑

λ∈Jn
k

∑
ν∈Jλ

l

|αν |2 =
∑
ν∈Jn

l

∑
ν⊂λ∈Jn

k

|αν |2

=

(
n− l

k − l

) ∑
ν∈Jn

l

|αν |2 =

(
n− l

k − l

)
|α|2v ,

the inequality in Lemma 3.4 follows. �

Now assume ξ �= 0 and α �= 0 and set x = P(ξ) ∈ P
( ∧

k+1
V
)

and a = P(α) ∈

P
(∧

l+1
V ∗
)

. We can define the gauge of x and a for ∠

|x∠a|v =
|ξ∠α|v
|ξ|v · |α|v

. (3.11)

In particular, if k = l = 0, then |x∠a|v = |x, a|v. The projective space P
( ∧

n+1
V ∗
)

consists of one and only one point denoted by∞.
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Lemma 3.5. For all x ∈ P(V ), |x∠∞|v = 1.

Proof. Take ξ ∈ V − {0} with x = P(ξ). Put

ξ = ξ0e0 + ξ1e1 + · · ·+ ξnen.

Then
ξj = 〈ξ, εj〉, j = 0, 1, . . . , n.

For j ∈ Z[0, n], setting

ε̂j = (−1)jε0 ∧ · · · ∧ εj−1 ∧ εj+1 ∧ · · · ∧ εn,

we have

∣∣ξ∠(ε0 ∧ · · · ∧ εn)
∣∣
v

=

∣∣∣∣ n∑
j=0

〈ξ, εj〉ε̂j

∣∣∣∣
v

=

∣∣∣∣ n∑
j=0

ξj ε̂j

∣∣∣∣
v

=
∣∣ξ∣∣

v
.

Since∞ = P(ε0 ∧ · · · ∧ εn), then

|x∠∞|v =
|ξ∠(ε0 ∧ · · · ∧ εn)|v
|ξ|v · |ε0 ∧ · · · ∧ εn|v

= 1,

and so Lemma 3.5 is proved. �

Next we show a more subtle inequality (cf. Wu [302]):

Lemma 3.6. Take p, q ∈ Z[1, n] with p + q ≤ n + 1. If ξ ∈
∧
p V and η ∈

∧
q V , then

|ξ ∧ η|v ≤ ςv,(p+q
p )|ξ|v|η|v.

Proof. First of all, note that a norm on the p-fold tensor product ⊗pV of V can be
defined as follows: Taking a base {e0, . . . , en} of V and writing an element ξ ∈ ⊗pV
by

ξ =
∑

ξi1···ipei1 ⊗ · · · ⊗ eip , (3.12)

then

|ξ|v,⊗ =

{(∑
|ξi1···in |2v

) 1
2 , if v is Archimedean,

max{|ξi1···in |v}, if v is non-Archimedean.

Let Jp be the permutation group on Z[1, p]. For each λ ∈ Jp, a linear isomorphism
λ : ⊗pV −→ ⊗pV is uniquely defined by

λ(ξ1 ⊗ · · · ⊗ ξp) = ξλ−1(1) ⊗ · · · ⊗ ξλ−1(p), ξj ∈ V (j = 1, . . . , p).
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The linear mapping

Ap =
1
p!

∑
λ∈Jp

sgn(λ)λ : ⊗pV −→ ⊗pV

is called the anti-symmetrizer of ⊗pV with Im Ap =
∧
p

V , where sgn(λ) is the sign of
the permutation λ, that is,

sgn(λ) =

{
1, if λ is even permutation,

−1, if λ is odd permutation.

For the tensor (3.12), we have

Ap(ξ) =
∑

ξi1···ipei1 ∧ · · · ∧ eip ∈
∧
p

V,

and hence it is easy to show that |Ap(ξ)|v ≤ ςv,p!|ξ|v,⊗, where the elementary inequal-
ity

(a1 + · · ·+ an)2 ≤ n(a2
1 + · · · + a2

n) (ai ∈ R+)

is used for the proof of the Archimedean case. In particular, if ξ ∈
∧
p

V , then Ap(ξ) =
ξ. We can obtain the equality |ξ|v = c′p|ξ|v,⊗, where

c′p =

{√
p!, if v is Archimedean,

|p!|v, if v is non-Archimedean.

Further, if η ∈
∧
q

V , noting that

ξ ∧ η = Ap+q(ξ ⊗ η), |ξ ⊗ η|v,⊗ = |ξ|v,⊗|η|v,⊗,

then we have

|ξ ∧ η|v ≤
√

(p + q)!|ξ ⊗ η|v,⊗ =

(
p + q

p

) 1
2

|ξ|v|η|v

if v is Archimedean. If v is non-Archimedean, writing

η =
∑

ηj1···jqej1 ∧ · · · ∧ ejq ,

then

ξ ∧ η =
∑

ξi1···ipηj1···jqei1 ∧ · · · ∧ eip ∧ ej1 ∧ · · · ∧ ejq

= p!q!
∑

i1<···<ip

∑
j1<···<jq

ξi1···ipηj1···jqei1 ∧ · · · ∧ eip ∧ ej1 ∧ · · · ∧ ejq

and hence

|ξ ∧ η|v ≤ |p!q!|v max |ξi1···ipηj1···jq |v ≤ |p!q!|v|ξ|v,⊗|η|v,⊗ = |ξ|v|η|v.

Therefore Lemma 3.6 is proved. �
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Take xj ∈ P(V ) (j = 0, . . . , k ≤ n) and take ξj ∈ V such that xj = P(ξj). The
gauge of x0, . . . , xk for ∧ is well defined to be

|x0 ∧ · · · ∧ xk|v =
|ξ0 ∧ · · · ∧ ξk|v
|ξ0|v · · · |ξk|v

(3.13)

which satisfies

0 ≤ |x0 ∧ · · · ∧ xk|v ≤ ςv,2ςv,3 · · · ςv,k+1 = ςv,(k+1)!.

When k = n this is a form of Hadamard’s determinant inequality (see [85], [87]).

Lemma 3.7. For x ∈ P(V ), aj ∈ P(V ∗), j = 0, 1, . . . , n, then

|a0 ∧ · · · ∧ an|v ≤ ςv,(n+1)! max
0≤j≤n

|x, aj|v.

Proof. If |a0 ∧ · · · ∧ an|v = 0, the inequality is trivial. If |a0 ∧ · · · ∧ an|v > 0, then
a0 ∧ · · · ∧ an = ∞. Thus Lemma 3.5 implies |x∠(a0 ∧ · · · ∧ an)|v = 1. For each
j ∈ Z[0, n], take αj ∈ V ∗ − {0} with P(αj) = aj . Also take ξ ∈ V − {0} with
P(ξ) = x. We have

|a0 ∧ · · · ∧ an|v = |a0 ∧ · · · ∧ an|v · |x∠(a0 ∧ · · · ∧ an)|v

=
|α0 ∧ · · · ∧ αn|v
|α0|v · · · |αn|v

· |ξ∠(α0 ∧ · · · ∧ αn)|v
|ξ|v|α0 ∧ · · · ∧ αn|v

=
|
∑n

j=0〈ξ, αj〉α̂j |v
|ξ|v|α0|v · · · |αn|v

,

and hence

|a0 ∧ · · · ∧ an|v ≤ ςv,n+1 max
0≤j≤n

|〈ξ, αj〉|v|α̂j |v
|ξ|v|α0|v · · · |αn|v

= ςv,n+1 max
0≤j≤n

|x, aj |v|a0 ∧ · · · ∧ aj−1 ∧ aj+1 ∧ · · · ∧ an|v

≤ ςv,(n+1)! max
0≤j≤n

|x, aj |v.

This finishes the proof. �

3.1.4 General position

Let V be a vector space of finite dimension n + 1 > 0 over a field κ. Let A =
{a0, a1, . . . , aq} be a family of points aj ∈ P(V ∗). Take αj ∈ V ∗−{0} with P(αj) =
aj . For λ ∈ Jq

l , set Aλ = {aλ(0), . . . , aλ(l)}, and let E(Aλ) be the linear subspace
generated by {αλ(0), . . . , αλ(l)} in V ∗. Define

Jl(A ) = {λ ∈ Jq
l | αλ(0) ∧ · · · ∧ αλ(l) �= 0}.
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Then A is said to be in general position if dim E(Aλ) = l + 1 for any λ ∈ Jq
l with

l ≤ min{n, q}. If A is in general position, the hyperplanes Ë[a0], . . . , Ë[aq] (resp.
α0, . . . , αq) also are called in general position.

Lemma 3.8 ([287]). Let α0, . . . , αq be q + 1 vectors in V ∗ in general position. Take
ξ, ξ′ ∈ V . If for some index i,

|(ξ ∧ ξ′)∠αi|v > A|ξ|v|〈ξ, αi〉|v, (3.14)

then there exists a constant c > 0 depending only on the α’s, an index l depending
only on ξ and the α’s, and an index j depending also on ξ′, such that

|〈ξ ∧ ξ′, αj ∧ αl〉|v > cA|ξ|v|〈ξ, αi〉|v.

Proof. Order the vectors αi so that,

|〈ξ, α0〉|v ≤ · · · ≤ |〈ξ, αq〉|v. (3.15)

Then α0, . . . , αn is a basis for V ∗. Let e0, . . . , en be the corresponding dual basis in
V . Then for any vector η ∈ V with coordinates η0, . . . , ηn relative to e0, . . . , en,

|η|v ! max{|η0|v, . . . , |ηn|v} ! |η|v,

where, and in the sequel, all constants implicit in!, etc. will depend only on the α’s.
Also,

|ξ|v ! |ξn|v = |〈ξ, αn〉|v ! |η|v .

Since the lemma is unchanged if we replace ξ′ by ξ′ − aξ for a ∈ κ, we may assume
〈ξ′, αn〉 = 0.

We first claim that, with this choice of ξ′, (3.14) implies

max
0≤j≤n

|〈ξ′, αj〉|v
|〈ξ, αj〉|v

" A.

Indeed, just for the proof of this claim, change bases on V again so that the basis is
{e0, . . . , en−1, u}, where u is a unit vector proportional to ξ. By (3.15) both this base
change and its inverse have bounded coefficients, so that the sup norm with respect to
this basis is equivalent to the length of a vector in V , i.e. the sup norm with respect to
the standard basis of V . Relative to this basis, the j-th coordinate of (ξ ∧ ξ′)∠αi is∣∣∣∣〈ξ, αi〉 〈ξ′, αi〉

ξj ξ′j

∣∣∣∣ =
{
〈ξ, αi〉ξ′j, if 0 ≤ j < n,

〈ξ′, αi〉ξn, if j = n.

The length of this vector is then

|(ξ ∧ ξ′)∠αi|v ! max{|ξ|v |〈ξ′, αi〉|v, |ξ′|v|〈ξ, αi〉|v} ! |(ξ ∧ ξ′)∠αi|v;
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so that

max

{
|〈ξ′, αi〉|v
|〈ξ, αi〉|v

,
|ξ′|v
|ξ|v

}
" A.

If the first term in the above max is the larger, than the claim is proved; otherwise, we
know that

|〈ξ′, αj〉|v " |ξ′|v " A|ξ|v

for some j; since |〈ξ, αj〉|v ! |ξ|v, the claim is again true.
Returning now to the original basis {e0, . . . , en}, let l = n and let j be such that

|〈ξ′, αj〉|v/|〈ξ, αj〉|v " A, as in the claim. Then

|〈ξ ∧ ξ′, αj ∧ αl〉|v =

∣∣∣∣det

(
〈ξ, αj〉 〈ξ′, αj〉
〈ξ, αl〉 〈ξ′, αl〉

)∣∣∣∣
v

" |〈ξ′, αj〉|v|ξ|v
" A|〈ξ, αj〉|v|ξ|v .

This finishes the proof of Lemma 3.8. �

Following Chen [30], we also use the concept of subgeneral position as follows:

Definition 3.9. Let A = {a0, a1, . . . , aq} be a family of points aj ∈ P(V ∗). For
1 ≤ n ≤ u ≤ q, then A is said to be in u-subgeneral position if E(Aλ) = V ∗ for any
λ ∈ Jq

u.

In particular, if u = n this concept agrees with the usual concept of hyperplanes in
general position. To prove Cartan’s conjecture, Nochka used the following technical
lemma:

Lemma 3.10. Let A = {a0, a1, . . . , aq} be a family of points aj ∈ P(V ∗) in u-
subgeneral position with 1 ≤ n ≤ u < q. Then there exists a function ω : A −→
R(0, 1] and a real number θ ≥ 1 satisfying the properties:

(1) 0 < ω(aj)θ ≤ 1, j = 0, 1, . . . , q;

(2) q − 2u + n = θ(
∑q

j=0 ω(aj)− n− 1);

(3) 1 ≤ u+1
n+1 ≤ θ ≤ 2u−n+1

n+1 ;

(4)
∑k

j=0 ω(aσ(j)) ≤ dim E(Aσ) if σ ∈ Jq
k with 0 ≤ k ≤ u;

(5) Let r0, . . . , rq be a sequence of real numbers with rj ≥ 1 for all j. Then for any
σ ∈ Jq

k with 0 ≤ k ≤ u, setting dim E(Aσ) = l + 1, then there exists λ ∈ Jl(A )
such that

Im λ = {λ(0), . . . , λ(l)} ⊂ {σ(0), . . . , σ(k)}, E(Aλ) = E(Aσ),
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and
k∏

j=0

r
ω(aσ(j))

σ(j)
≤

l∏
j=0

rλ(j).

The function ω and the real number θ are respectively called a Nochka weight and a
Nochka constant of the family A in u-subgeneral position. If u = n, then θ = 1 and
ω(aj) = 1 for each j = 0, 1, . . . , q. From Lemma 3.10, it follows that values of the
function ω become small if u is large. Hence Nochka weight is a gauge of subgeneral
position leaving general position. Nochka’s original paper (see [203], [204], [205]) on
the weights of Nochka was quite sketchy; a complete proof can be found in Chen’s
thesis [30] (or see Fujimoto [69], Hu and Yang [103]). Here we omit the proof since it
is very long.

Let A = {a0, a1, . . . , aq} (n ≤ u ≤ q) be in u-subgeneral position. Associated to
a positive number nv, here we write

�x, aj�v = |x, aj |nv
v , x ∈ P(V ).

Define the gauge Γv(A ) of A on a valuation v of κ by

Γv(A ) =
1

ςnv

v,(n+1)!

inf
λ∈Jn(A )

{|aλ(0) ∧ · · · ∧ aλ(n)|nv
v }

with 0 < Γv(A ) ≤ 1.

Lemma 3.11. For x ∈ P(V ), 0 < r ∈ R, define

A (x, r, v) = {j ∈ Z[0, q] | �x, aj�v < r}.

If Γv(A ) ≥ r, then #A (x, r, v) ≤ u.

Proof. Assume, to the contrary, that #A (x, r, v) ≥ u + 1. Then λ ∈ Jn(A ) exists
such that Im λ ⊆ A (x, r, v). Hence

�x, aλ(j)�v < r, j = 0, . . . , n.

Then Lemma 3.7 implies

0 < Γv(A ) ≤ |aλ(0) ∧ · · · ∧ aλ(n)|nv
v /ςnv

v,(n+1)!

≤ max
0≤j≤n

�x, aλ(j)�v < r ≤ Γv(A ),

which is impossible. Hence we have #A (x, r, v) ≤ u. �
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Lemma 3.12. Take x ∈ P(V ) such that �x, aj�v > 0 for j = 0, . . . , q. Then

q∏
j=0

(
1

�x, aj�v

)ω(aj)

≤
(

1
Γv(A )

)q−u

max
λ∈Jn(A )

n∏
j=0

1
�x, aλ(j)�v

, (3.16)

where ω : A −→ R(0, 1] is the Nochka weight. In particular, if u = n we also have

q∏
j=0

1
�x, aj�v

≤
(

1
Γv(A )

)q+1−n

max
λ∈Jq

n−1

n−1∏
j=0

1
�x, aλ(j)�v

. (3.17)

Proof. Take r = Γv(A ). Lemma 3.11 implies #A (x, r, v) ≤ u. Thus σ ∈ Jq
u exists

such that A (x, r, v) ⊂ Im σ. Note that E(Aσ) = V ∗. By Lemma 3.10, there exists
λ ∈ Jn(A ) with Im λ ⊂ Im σ such that E(Aλ) = E(Aσ), and such that

u∏
j=0

(
1

�x, aσ(j)�v

)ω(aσ(j))

≤
n∏

j=0

1
�x, aλ(j)�v

. (3.18)

Set C = Z[0, q]− Im σ. Thus �x, aj�v ≥ r for j ∈ C. Hence

∏
j∈C

(
1

�x, aj�v

)ω(aj)

≤
∏
j∈C

1
�x, aj�v

≤
(

1
r

)#C

=

(
1

Γv(A )

)q−u

.

Thus the inequality (3.16) follows.
If u = n, then σ = λ and Im λ − A (x, r) �= ∅, that is, there is some j0 ∈ Z[0, n]

such that �x, aλ(j0)�v ≥ r. Now (3.18) becomes

n∏
j=0

1
�x, aσ(j)�v

≤ 1
r

∏
j �=j0

1
�x, aλ(j)�v

,

and so (3.17) follows. �

3.1.5 Hypersurfaces

Let V be a normed vector space of dimension n+1 > 0 over a field κ. Take a positive
integer d. Let Jd be the permutation group on Z[1, d] and let⊗dV be the d-fold tensor
product of V . For each λ ∈ Jd, a linear isomorphism λ : ⊗dV −→ ⊗dV is uniquely
defined by

λ(ξ1 ⊗ · · · ⊗ ξd) = ξλ−1(1) ⊗ · · · ⊗ ξλ−1(d), ξj ∈ V (j = 1, . . . , d).

A vector ξ ∈ ⊗dV is said to be symmetric if λ(ξ) = ξ for all λ ∈ Jd. The set of all
symmetric vectors in ⊗dV is a linear subspace of ⊗dV , denoted by #dV , called the
d-fold symmetric tensor product of V .
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The linear mapping

Sd =
1
d!

∑
λ∈Jd

λ : ⊗dV −→ ⊗dV

is called the symmetrizer of ⊗dV with Im Sd = #dV . If ξ ∈ #dV and η ∈ #lV , the
symmetric tensor product

ξ # η = Sd+l(ξ ⊗ η)

is defined with ξ # η = η # ξ. Similarly, for ξj ∈ V (j = 1, . . . , d), we can define the
symmetric tensor product

ξ1 # · · · # ξd = Sd(ξ1 ⊗ · · · ⊗ ξd).

Let ξ�d be the d-th symmetric tensor power of ξ ∈ V , and define

x�d = P(ξ�d)

for x = P(ξ). Thus a mapping ϕd : P(V ) −→ P(#dV ) is well defined by set-
ting ϕd(x) = x�d, which is called the Veronese mapping. We can identify #dV ∗ =
(#dV )∗ by

〈ξ1 # · · · # ξd, α1 # · · · # αd〉 =
1
d!

∑
λ∈Jd

〈ξ1, αλ(1)〉 · · · 〈ξd, αλ(d)〉

for all xj ∈ V, αj ∈ V ∗, j = 1, . . . , d.
Let #P be the cardinality of a set P . We have the following fact:

Lemma 3.13. Let Jn,d be the set of all mappings λ : Z[0, n] −→ Z[0, d] such that

|λ| = λ(0) + · · ·+ λ(n) = d.

Then

#Jn,d =

(
n + d

d

)
.

Proof. For any given λ = (λ(0), . . . , λ(n)) ∈ Jn,d, we replace each integer λ(i) by
λ(i) stars, making sure of leave all of the commas in place. For example, we would
represent the (n + 1)-tuple λ = (2, 1, 0, 3, 0, 0, 2, 0) ∈ J7,8 as follows:

λ �→ (∗∗, ∗, , ∗ ∗ ∗, , , ∗∗, ).

The key observation is that the total number of “stars” and “commas” is n+d = 15. In
other words, to form an (n+1)-tuple with λ(0)+ · · ·+λ(n) = d, we should start with
a row of n + d “commas” and change d of them into stars. Each choice of d commas
to change will give us a unique (n + 1)-tuple with the desired properties. Hence the
total number of (n + 1)-tuples is the number of ways of choosing d elements from an
ordered set of n + d objects. �
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For λ ∈ Jn,d, e = (e0, . . . , en) ∈ V n+1, define

λ! = λ(0)! · · · λ(n)!, e�λ = e
�λ(0)
0 # · · · # e�λ(n)

n ∈ #dV.

If e = (e0, . . . , en) is a base of V , then {e�λ}λ∈Jn,d
is a base of #dV , and

{ d!
λ!ε

�λ}λ∈Jn,d
is the dual base of #dV ∗, where ε = (ε0, . . . , εn) is the dual of e,

and hence

dim#dV =

(
n + d

d

)
.

The norm | · |v on V induces norms on #dV and #dV ∗ as follows: For η ∈ #dV, β ∈
#dV ∗ with

η =
∑

λ∈Jn,d

d!

λ!
ηλe�λ, β =

∑
λ∈Jn,d

d!

λ!
βλε�λ,

define

|η|v = |η|v,e =

⎧⎪⎪⎨⎪⎪⎩
( ∑

λ∈Jn,d

d!
λ! |ηλ|2v

) 1
2

, if v is Archimedean,

max
λ∈Jn,d

{|ηλ|v}, if v is non-Archimedean

and

|β|v = |β|v,e =

⎧⎪⎪⎨⎪⎪⎩
( ∑

λ∈Jn,d

d!
λ! |βλ|2v

) 1
2

, if v is Archimedean,

max
λ∈Jn,d

{|βλ|v}, if v is non-Archimedean,

where e is orthonormal if v is Archimedean. Note that

ξ�d =
∑

λ∈Jn,d

d!

λ!
ξ
λ(0)
0 · · · ξλ(n)

n e�λ, α�d =
∑

λ∈Jn,d

d!

λ!
α

λ(0)
0 · · ·αλ(n)

n ε�λ,

where
ξ = ξ0e0 + · · ·+ ξnen ∈ V, α = α0ε0 + · · ·+ αnεn.

Then we obtain a formula

|ξ�d|v = |ξ|dv, |α�d|v = |α|dv . (3.19)

Let V[d] be the vector space of all homogeneous polynomials of degree d on V . We
obtain a linear isomorphism

∼: #dV ∗ −→ V[d]

defined by
α̃(ξ) = 〈ξ�d, α〉, ξ ∈ V, α ∈ #dV ∗.
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Thus if ξ �= 0 and α �= 0, the distance |x�d, a| is well defined for x�d = P(ξ�d) and
a = P(α). If α �= 0, the n-dimensional subspace

Ed[a] = Ker(α̃) = α̃−1(0)

in V depends on a only, and Ëd[a] = P(Ed[a]) is a hypersurface of degree d in P(V ).
Thus P(#dV ∗) bijectively parameterizes the hypersurfaces in P(V ). Take a sequence
{d0, d1, . . . , dq} of positive integers. Let A = {a0, a1, . . . , aq} be a family of points
aj ∈ P

(
#dj

V ∗). Take αj ∈ #dj
V ∗ − {0} with P(αj) = aj , and define

α̃j(ξ) = 〈ξ�dj , αj〉, ξ ∈ V, j = 0, 1, . . . , q.

According to Eremenko and Sodin [58], we will use the following notation:

Definition 3.14. The family A = {a0, a1, . . . , aq} (q ≥ n) is said to be admissible
(or in general position) if, for every λ ∈ Jq

n, the system

α̃λ(i)(ξ) = 0, i = 0, 1, . . . , n (3.20)

has only the trivial solution ξ = 0 in V .

Next we take a positive integer q with q ≥ n and take an admissible family

A = {a0, a1, . . . , aq}, aj ∈ P
(
#dj

V ∗) .

Let | · |v be a norm defined over a base e = (e0, . . . , en) of V . Associated to a positive
number nv, here we write

�x�dj , aj�v =
∣∣x�dj , aj

∣∣nv

v
, x ∈ P(V ).

Lemma 3.15. There exists a gauge Γv(A ) of A with 0 < Γv(A ) ≤ 1 satisfying

max
0≤i≤n

�x�dλ(i) , aλ(i)�v ≥ Γv(A ), λ ∈ Jq
n, x ∈ P(V ). (3.21)

Proof. Take ξ ∈ V with x = P(ξ) and write ξ = ξ0e0 + · · ·+ξnen. By Theorem 1.48,
for each k ∈ {0, . . . , n}, λ ∈ Jq

n, the identity

ξs
k =

n∑
i=0

bλ
ik(ξ)α̃λ(i)(ξ) (3.22)

is satisfied for some natural number s with

s ≥ d = max
0≤j≤q

dj ,
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where bλ
ik ∈ κ[ξ0, . . . , ξn] are homogeneous polynomials of degree s − dλ(i) whose

coefficients are integral-valued polynomials at the coefficients of α̃λ(i) (i = 0, . . . , n).
Write

bλ
ik(ξ) =

∑
σ∈Jn,s−dλ(i)

bλ
σikξ

σ(0)
0 · · · ξσ(n)

n , bλ
σik ∈ κ. (3.23)

First of all, assume that the norm | · |v is non-Archimedean. From (3.22) and (3.23),
we have

|ξk|sv ≤
(

max
i,σ

∣∣∣bλ
σik

∣∣∣
v
· |αλ(i)|v

)
max

0≤i≤n

⎧⎨⎩ |α̃λ(i)(ξ)|v
|ξ|dλ(i)

v |αλ(i)|v

⎫⎬⎭ |ξ|sv. (3.24)

Note that
max

0≤k≤n
|ξk|sv = |ξ|sv, |α̃j(ξ)|v ≤ |ξ|

dj
v |αj |v. (3.25)

By maximizing the inequalities (3.24) over k, 0 ≤ k ≤ n, and using (3.25), we obtain

1 ≤ max
k,i,σ

∣∣bλ
σik

∣∣
v
· |αλ(i)|v . (3.26)

Define the gauge

Γv(A ) = min
λ∈Jq

n

min
k,i,σ

{
1∣∣bλ

σik

∣∣nv

v
· |αλ(i)|nv

v

}
, (3.27)

with 0 < Γv(A ) ≤ 1. From (3.24), (3.25) and (3.27), we obtain

Γv(A ) ≤ max
0≤i≤n

⎧⎨⎩ |α̃λ(i)(ξ)|v
|ξ|dλ(i)

v |αλ(i)|v

⎫⎬⎭
nv

,

that is, the inequality (3.21) holds.
If the norm | · |v is Archimedean, now (3.22) and (3.23) imply

|ξk|sv ≤
(

n∑
i=0

∑
σ

∣∣∣bλ
σik

∣∣∣
v
· |αλ(i)|v

)
max

0≤i≤n

⎧⎨⎩ |α̃λ(i)(ξ)|v
|ξ|dλ(i)

∗,v |αλ(i)|v

⎫⎬⎭ |ξ|s∗,v, (3.28)

where
|ξ|∗,v = max

k
|ξk|v.

W.l.o.g., we may assume

|ξ|v =
(
|ξ0|2v + · · ·+ |ξn|2v

) 1
2 .
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Since |ξ|v ≤
√

n + 1|ξ|∗,v, inequality (3.28) yields

1 ≤ (n + 1)
d
2 max

k

n∑
i=0

∑
σ

∣∣∣bλ
σik

∣∣∣
v
· |αλ(i)|v. (3.29)

Define the gauge

Γv(A ) = (n + 1)−
dnv

2 min
λ∈Jq

n

min
k

{
n∑

i=0

∑
σ

∣∣∣bλ
σik

∣∣∣ · |αλ(i)|
}−nv

, (3.30)

with 0 < Γv(A ) ≤ 1. From (3.28) and (3.30), we also obtain the inequality (3.21). �

Lemma 3.16. For x ∈ P(V ), 0 < r ∈ R, define

A (x, r, v) =
{

j
∣∣∣ �x�dj , aj�v < r, 0 ≤ j ≤ q

}
. (3.31)

If 0 < r ≤ Γv(A ), then #A (x, r, v) ≤ n.

Proof. Assume that #A (x, r, v) ≥ n + 1. Then λ ∈ Jq
n exists such that

{λ(0), . . . , λ(n)} ⊆ A (x, r, v).

Hence
�x�dλ(i), aλ(i)�v < r ≤ Γv(A ), i = 0, . . . , n,

which is impossible according to (3.21). �

Lemma 3.17. Take x ∈ P(V ) such that �x�dj , aj�v > 0 for j = 0, . . . , q. Then
q∏

j=0

1

�x�dj , aj�v
≤
(

1
Γv(A )

)q−n

max
λ∈Jq

n

{
n∏

i=0

1

�x�dλ(i), aλ(i)�v

}
(3.32)

≤
(

1
Γv(A )

)q+1−n

max
λ∈Jq

n−1

{
n−1∏
i=0

1

�x�dλ(i) , aλ(i)�v

}
. (3.33)

Proof. Take r = Γv(A ). Lemma 3.16 implies #A (x, r, v) ≤ n. Thus σ ∈ Jq
n exists

such that A (x, r, v) ⊆ {σ(0), . . . , σ(n)}. Note that Im λ − A (x, r) �= ∅ for any
λ ∈ Jq

n. Then we have
q∏

j=0

1

�x�dj , aj�v
≤ rn−q

n∏
i=0

1

�x�dσ(i), aσ(i)�v

≤
(

1
Γv(A )

)q−n

max
λ∈J

q
n

{
n∏

i=0

1

�x�dλ(i), aλ(i)�v

}

≤
(

1
Γv(A )

)q+1−n

max
λ∈Jq

n−1

{
n−1∏
i=0

1

�x�dλ(i) , aλ(i)�v

}
,

and so Lemma 3.17 is proved. �
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3.2 Varieties

Let κ be a field and let κ̄ be an algebraic closure of κ. The space κ̄n is called the affine
n-space (over κ), which is usually denoted by An or An(κ̄). The set of κ-rational
points of An is the set

An(κ) = {(z1, . . . , zn) ∈ An | zi ∈ κ}.

We will introduce some geometric notations in spaces An and Pn = P(An+1).

3.2.1 Affine varieties

If S is any subset in the polynomial ring in n variables κ̄[z1, . . . , zn], we define the
zero set of S to be the common zeros of all elements of S, namely

Z(S) := {z ∈ An | P (z) = 0 for all P ∈ S}.

Clearly if a is the ideal of κ̄[z1, . . . , zn] generated by S, then Z(S) = Z(a). Fur-
thermore, the Hilbert basis theorem says that a is generated by a finite number of
polynomials P1, . . . , Pr . Thus Z(S) can be expressed as the common zeros of the
finite set of polynomials P1, . . . , Pr, that is,

Z(S) =

r⋂
i=1

Z(Pi).

A subset Y of An is an algebraic set if there exists a subset S ⊆ κ̄[z1, . . . , zn] such
that Y = Z(S). If the polynomials in S are of coefficients in some subfield K of κ̄,
we say then that Y is defined over K and denote this as Y/K. We have the following
easy properties:

Proposition 3.18. The union of two algebraic sets is an algebraic set. The intersection
of any family of algebraic sets is an algebraic set. The empty set and the whose space
are algebraic sets.

Based on this proposition, we can define the Zariski topology on An by taking the
open subsets to be the complements of the algebraic sets. An affine algebraic variety
(or simply affine variety) is an irreducible closed subset of An with the induced topol-
ogy. An open subset of an affine variety is a quasi-affine variety. Here recall that a
nonempty subset Y of a topological space X is irreducible if it cannot be expressed as
the union Y = Y1 ∪ Y2 of two proper subsets, each one of which is closed in Y .

For any subset Y ⊆ An, let us define the ideal of Y in κ̄[z1, . . . , zn] by

I(Y ) = {P ∈ κ̄[z1, . . . , zn] | P (z) = 0 for all z ∈ Y }.

The properties of two mappings Z and I are summarized in the following proposition.
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Proposition 3.19. (a) If S1 ⊆ S2 are subsets of κ̄[z1, . . . , zn], then Z(S1) ⊇ Z(S2).

(b) If Y1 ⊆ Y2 are subsets of An, then I(Y1) ⊇ I(Y2).

(c) For any two subsets Y1, Y2 of An, we have I(Y1 ∪ Y2) = I(Y1) ∩ I(Y2).

(d) For any ideal a ⊆ κ̄[z1, . . . , zn], I(Z(a)) =
√

a, the radical of a.

(e) For any subset Y ⊆ An, Z(I(Y )) = Ȳ , the closure of Y .

(f) An algebraic set is irreducible if and only if its ideal is a prime ideal.

For example, An is irreducible, since it corresponds to the zero ideal in κ̄[z1, . . . , zn],
which is prime. Let P be an irreducible polynomial in κ̄[z1, . . . , zn]. Then P generates
a prime ideal in κ̄[z1, . . . , zn], since κ̄[z1, . . . , zn] is a unique factorization domain, so
the zero set Z(P ) is irreducible. The affine variety Z(f) is called an affine curve if
n = 2, a surface if n = 3, or a hypersurface if n > 3. If P has degree d, we say that
Z(P ) is of degree d. A maximal ideal m of κ̄[z1, . . . , zn] corresponds to a minimal
irreducible closed subset of An, which must be a point, say a = (a1, . . . , an). This
shows that every maximal ideal of κ̄[z1, . . . , zn] is of the form

m = (z1 − a1, . . . , zn − an), {a1, . . . , an} ⊂ κ̄.

If Y ⊆ An is an affine algebraic set, the ring

κ̄[Y ] := κ̄[z1, . . . , zn]/I(Y ) (3.34)

is called the affine coordinate ring of Y , or simply the affine ring of Y . If Y is an affine
variety, then κ̄[Y ] is an integral domain since I(Y ) is a prime ideal in κ̄[z1, . . . , zn].
Furthermore, κ̄[Y ] is a finitely generated κ̄-algebra. Conversely, any finitely generated
κ̄-algebra A which is a domain is the affine coordinate ring of some affine variety.

For any non-empty set Y , we let F(Y, κ̄) be the set of all functions from Y to κ̄.
Then F(Y, κ̄) is made into a ring in the usual way: if f, g ∈ F(Y, κ̄),

(f + g)(z) = f(z) + g(z); (fg)(z) = f(z)g(z),

for all z ∈ Y . It is usual to identify κ̄ with the subring of F(Y, κ̄) consisting of all
constant functions.

If Y ⊆ An is an affine variety, a function f ∈ F(Y, κ̄) is called a polynomial
function if there is a polynomial P ∈ κ̄[z1, . . . , zn] such that

f(z) = P (z), z = (z1, . . . , zn) ∈ Y.

The polynomial functions form a subring of F(Y, κ̄) containing κ̄. Two polynomials
P, Q determine the same function if and only if

(P −Q)(z) = 0, z ∈ Y,
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that is, P − Q ∈ I(Y ). Thus we may identify κ̄[Y ] with the subring of F(Y, κ̄)
consisting of all polynomial functions on Y .

The quotient field of κ̄[Y ] on an affine algebraic set Y is called the function field
of Y over κ, denoted by κ̄(Y ). An element of κ̄(Y ) is called a rational function on
Y , which is the quotient of two polynomial functions on Y such that the denominator
does not vanish identically on Y .

If Y is an affine variety, the set of zeros of I(Y ) with coordinate (z1, . . . , zn) ∈ κn

is called the set of κ-rational points of Y , and is denoted by Y (κ). It is equal to the
set of solutions of the finite number of equations

Pj(z1, . . . , zn) = 0, j = 1, . . . , r, (z1, . . . , zn) ∈ κn.

A topological space X is called Noetherian if it satisfies the descending chain con-
dition for closed subsets: for any sequence Y1 ⊇ Y2 ⊇ · · · of closed subsets, there
is an integer r such that Yr = Yr+1 = · · · . For example, An is a Noetherian topo-
logical space. indeed, if Y1 ⊇ Y2 ⊇ · · · is a descending chain of closed subsets,
then I(Y1) ⊆ I(Y2) ⊆ · · · is an ascending chain of ideals in κ̄[z1, . . . , zn]. Since
κ̄[z1, . . . , zn] is a Noetherian ring, this chain of ideals is eventually stationary. But for
each i, Yi = Z(I(Yi)), so the chain Yi is also stationary.

Proposition 3.20. In a Noetherian topological space X , every nonempty closed sub-
set Y can be expressed as a finite union Y = Y1∪· · ·∪Yr of irreducible closed subsets
Yi. If we require that Yi � Yj for i �= j, then the Yi are uniquely determined. They are
called the irreducible components of Y .

Proof. Let C be the set of nonempty closed subsets of X which cannot be written as a
finite union of irreducible closed subsets. If C is nonempty, then since X is Noetherian,
it must contain a minimal element, say Y . Then Y is not irreducible, by construction
of C. Thus we can write Y = Y ′ ∪ Y ′′, where Y ′ and Y ′′ are proper closed subsets of
Y . By minimality of Y , each of Y ′ and Y ′′ can be expressed as a finite union of closed
irreducible subsets, hence Y also, which is a contradiction. It follows that every closed
set Y can be written as a union Y = Y1 ∪ · · · ∪ Yr of irreducible closed subsets. By
throwing away a few if necessary, we may assume Yi � Yj for i �= j.

Now suppose Y = Y ′
1 ∪ · · · ∪ Y ′

s is another such representation. Then

Y ′
1 ⊆ Y = Y1 ∪ · · · ∪ Yr,

so Y ′
1 = ∪(Y ′

1 ∩Yi). But Y ′
1 is irreducible, so Y ′

1 ⊆ Yi for some i, say i = 1. Similarly,
Y1 ⊆ Y ′

j for some j. Then Y ′
1 ⊆ Y ′

j , so j = 1, and we find that Y1 = Y ′
1 . Now let

Z = Y − Y1. Then Z = Y2 ∪ · · · ∪ Yr and so Z = Y ′
2 ∪ · · · ∪ Y ′

s . So proceeding by
induction on r, we obtain the uniqueness of the Yi. �

Corollary 3.21. Every algebraic set in An can be expressed uniquely as a union of
varieties, no one containing another.
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If X is a topological space, we define the dimension of X (denoted dim(X)) to be
the supremum of all integers n such that there exists a chain Z0 ⊂ Z1 ⊂ · · · ⊂ Zn

of distinct irreducible closed subsets of X . We define the dimension of an affine or
quasi-affine variety to be its dimension as a topological space.

Proposition 3.22. If Y is an affine algebraic set, then the dimension of Y is equal to
the dimension of its affine coordinate ring κ̄[Y ].

Proof. If Y is an affine algebraic set in An, then the closed irreducible subsets of Y
correspond to prime ideals of κ̄[z1, . . . , zn] containing I(Y ). These in turn correspond
to prime ideals of κ̄[Y ]. Hence dim(Y ) is the length of the longest chain of prime
ideals in κ̄[Y ], which is its dimension. �

Theorem 3.23. Let κ be a field, and let A be an integral domain which is a finitely
generated κ-algebra. Then

(A) the dimension of A is equal to the transcendence degree of the quotient field of A
over κ;

(B) For any prime ideal p in A, we have

height(p) + dim(A/p) = dim(A).

Proof. Matsumura [173], Ch. 5, § 14 or, in the case κ is algebraically closed, Atiyah–
Macdonald [2], Ch. 11. �

Proposition 3.24. The dimension of An is n.

Proof. According to Proposition 3.22 this means that the dimension of the polynomial
ring κ̄[z1, . . . , zn] is n, which follows from part (A) of Theorem 3.23. �

Proposition 3.25. If Y is a quasi-affine variety, then dim(Y ) = dim(Ȳ ).

Proof. Hartshorne [90], Ch. I, Proposition 1.10. �

Proposition 3.26. A variety Y in An has dimension n − 1 if and only if it is the zero
set Z(P ) of a single nonconstant irreducible polynomial in κ̄[z1, . . . , zn].

Proof. If P is an irreducible polynomial, we have already seen that Z(P ) is a vari-
ety. Its ideal is the prime ideal p = (P ). By Theorem 1.16, p has height 1, so by
Theorem 3.23, Z(P ) has dimension n− 1.

Conversely, a variety of dimension n − 1 corresponds to a prime ideal p of height
1. Now the polynomial ring κ̄[z1, . . . , zn] is a unique factorization domain, so by
Proposition 1.17, p is principal, necessarily generated by an irreducible polynomial P .
Hence Y = Z(P ). �
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3.2.2 Projective varieties

A graded ring is a ring A, together with a decomposition

A =
∑
r≥0

Ar

of A into a direct sum of Abelian groups Ar, such that for any r, s ≥ 0, Ar ·As ⊆ Ar+s.
An element of Ar is called a homogeneous element of degree r. Thus any element of
A can be written uniquely as a finite sum of homogeneous elements. An ideal a ⊆ A
is a homogeneous ideal if

a =
∑
r≥0

a ∩Ar.

An ideal is homogeneous if and only if it can be generated by homogeneous elements.
The sum, product, intersection, and radical of homogeneous ideals are homogeneous.
To test whether a homogeneous ideal is prime, it is sufficient to show for any two
homogeneous elements f , g, that fg ∈ a implies f ∈ a or g ∈ a.

Let κ be a field and let κ̄ be an algebraic closure of κ. We make the polynomial
ring A = κ̄[ξ0, . . . , ξn] into a graded ring by taking Ad to be the set of all linear
combinations of monomials of total weight d in ξ0, . . . , ξn. If f is a homogeneous
polynomial of degree d, then

f(λξ0, . . . , λξn) = λdf(ξ0, . . . , ξn),

so that the property of f being zero or not depends only on the equivalence class x of
(ξ0, . . . , ξn). Thus f gives a function from Pn = P(An+1) to {0, 1} by f(x) = 0 if
f(ξ0, . . . , ξn) = 0, and f(x) = 1 if f(ξ0, . . . , ξn) �= 1. Thus we can talk about the
zeros of a homogeneous polynomial f ∈ Ad, namely

Z(f) = {x ∈ Pn | f(x) = 0}.

If S is any set of homogeneous elements of A, we define the zero set of S to be

Z(S) = {x ∈ Pn | f(x) = 0 for all f ∈ S}.

If a is a homogeneous ideal of A, we define Z(a) = Z(S), where S is the set of all
homogeneous elements in a. Since A is a Noetherian ring, any set of homogeneous
elements S has a finite subset f1, . . . , fr such that Z(S) = Z(f1, . . . , fr).

A subset X of Pn is an algebraic set if there exists a set S of homogeneous elements
of A such that X = Z(S). The following properties are basic:

Proposition 3.27. The union of two algebraic sets is an algebraic set. The intersection
of any family of algebraic sets is an algebraic set. The empty set and the whose space
are algebraic sets.
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Thus we can define the Zariski topology on Pn by taking the (Zariski) open subsets
to be the complements of algebraic sets. A projective algebraic variety (or simply
projective variety) is an irreducible algebraic set X in Pn, with the induced topology
by the inclusion X ⊂ Pn, that is, there exists a prime homogeneous ideal p of A such
that X = Z(p). If p = (f) for some f ∈ Ad, the variety X is called a projective
hypersurface of degree d. Further, if f is linear, X is called a hyperplane.

An open subset of a projective variety is a quasi-projective variety. The dimension
of a projective or quasi-projective variety is its dimension as a topological space.

For any subset X ⊆ Pn, we define the homogeneous ideal of X in A by

I(X) = {f ∈ A | f is homogeneous and f(x) = 0 for all x ∈ X}.

If X is an algebraic set, we define the homogeneous coordinate ring of X to be
A/I(X). An element f ∈ A/I(X) will ba called a form of degree d if there is an
element F ∈ Ad whose equivalent class modulo I(X) is f .

If K is a field containing κ, by X(K) we mean the set of such zeros having some
projective coordinates [ξ0, . . . , ξn] with ξi ∈ K for all i = 0, . . . , n, called the set of
K-rational points of X . The set of points in X(κ̄) is called the set of algebraic points
over κ. For a point x = [ξ0, . . . , ξn] ∈ Pn, we denote by κ(x) the field

κ(x) = κ(ξ0, . . . , ξn)

such that at least one of the projective coordinates is equal to 1, which is called the
field of definition of the point x or the residue class field of the point. It does not matter
which such coordinate is selected. If for instance ξ0 �= 0, then

κ(x) = κ

(
ξ1

ξ0
, . . . ,

ξn

ξ0

)
.

Let X be a projective variety in Pn. Then I(X) is a prime ideal, and so the homo-
geneous coordinate ring of X

κ̄HCR[X] = κ̄[ξ0, . . . , ξn]/I(X)

is a domain. Every element f ∈ κ̄HCR[X] may be written uniquely as

f = f0 + · · · + fm,

where fd is a form of degree d. In contrast with the case of affine varieties, no elements
of κ̄HCR[X] except the constants determine functions on X .

Let κ̄HCR(X) be the quotient field of κ̄HCR[X], called the homogeneous function
field of X . Likewise most elements of κ̄HCR(X) cannot be regarded as functions on
X . However, if f, g are both forms in κ̄HCR[X] of same degree d, then f/g define a
function on X , at least where g is not zero, since

f(λξ0, . . . , λξn)

g(λξ0, . . . , λξn)
=

λdf(ξ0, . . . , ξn)

λdg(ξ0, . . . , ξn)
=

f(x)

g(x)
,
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so the value of f/g is independent of the choice of homogeneous coordinates. The
function field of X , written κ̄(X), is defined to be

κ̄(X) =

{
f

g
∈ κ̄HCR(X)

∣∣∣∣ f, g ∈ κ̄HCR[X] are forms of same degree

}
.

It is not difficult to verify that κ̄(X) is a subfield of κ̄HCR(X) satisfying

κ̄ ⊂ κ̄(X) ⊂ κ̄HCR(X).

Elements of κ̄(X) are called rational functions on X .
A projective variety X is covered by a finite number of affine varieties as follows.

Let p be a prime homogeneous ideal of A with X = Z(p). Then there are homoge-
neous polynomials f1, . . . , fr in A generating p. Set

zl,i+1 =

{
ξi
ξl

, 0 ≤ i ≤ l − 1,
ξi+1
ξl

, l ≤ i < n,

and let
Pl,j(zl,1, . . . , zl,n) = fj(zl,1, . . . , zl,l, 1, zl,l+1, . . . , zl,n).

Then the polynomials Pl,1, . . . , Pl,r generate a prime ideal in κ̄[zl,1, . . . , zl,n], and the
set of solutions of the equations

Pl,j(zl,1, . . . , zl,n) = 0, j = 1, . . . , r

is an affine variety, which is an open subset of X , denoted by Ul. It consists of those
points [ξ0, . . . , ξn] ∈ X such that ξl �= 0. The projective variety X is covered by
the open sets U0, . . . , Un. The function fields κ̄(U0), . . . , κ̄(Un) are all equal, and are
generated by the restrictions to X of the quotients ξi/ξl (for all i, l such that ξl is not
identically 0 on X). The function field κ̄(X) of X over κ̄ is isomorphic to be κ̄(Ul) (for
any l). In particular, the function fields of An and Pn are both equal to κ̄(z1, . . . , zn),
the field of rational functions in n variables.

A variety X is complete or proper if for any variety Y , the projection X×Y −→ Y
is closed, i.e., the image of every closed subset is closed. Projective varieties are
complete.

3.2.3 Local rings of varieties

Let X be an affine variety in An. If f ∈ κ̄(X) is a rational function on X , and x ∈ X ,
then f is called regular at x if there are some P, Q ∈ κ̄[X] such that Q(x) �= 0 and
f = P/Q on X . We can then define the value of f at x, written f(x), as follows:
f(x) = P (x)/Q(x), which is independent of the choice of P and Q.
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We define OX(x), or simply by O(x) if no confusion is likely to arise, to be the set
of rational functions on X which are regular at x. It is easy to verify thatOX(x) forms
a subring of κ̄(X) satisfying

κ̄ ⊂ κ̄[X] ⊂ OX(x) ⊂ κ̄(X).

We call OX(x) the local ring of X at x. The ideal of OX(x)

mX(x) = m(x) = {f ∈ OX(x) | f(x) = 0}

is called the maximal ideal of X at x. It is the kernel of the evaluation surjective
homomorphism

f ∈ OX(x) �−→ f(x) ∈ κ̄,

so we obtain the isomorphism:

OX(x)/mX(x) ∼= κ̄.

An element f ∈ OX(x) is a unit in OX(x) if and only if f(x) �= 0, so mX(x) is the
set of non-units in OX(x). Hence OX(x) is really a local ring. Further, OX(x) is a
Noetherian domain (cf. [71]).

The set of points x ∈ X where a rational function f is not regular is called the pole
set of f .

Proposition 3.28. (1) The pole set of a rational function on X is an algebraic subset
of X .

(2)
κ̄[X] =

⋂
x∈X

OX(x).

Proof. See Fulton [71], Chapter 2, Proposition 2. �

Let X be a projective variety in Pn. If f ∈ κ̄(X) is a rational function on X , and
x ∈ X , then f is called regular at x if f can be written as f = P/Q, where P and Q
are forms of the same degree, and Q(x) �= 0. We defineOX(x) to be the set of rational
functions on X which are regular at x. Similarly, OX(x) is a subring of κ̄(X). It also
is a local ring with maximal ideal

mX(x) = m(x) = {P/Q ∈ OX(x) | P (x) = 0, Q(x) �= 0}

The value f(x) of a function f ∈ OX(x) is well-defined.
Generally, let X be a (projective or affine) variety. We say that a rational function f

on X is regular on X if it is regular at every point of X . We denote by O(X) the ring
of all regular functions on X . A regular function on a projective variety is constant (see
[90], I.3.4(a)). Note that the property of being regular is open, that is, if f is regular
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at x, then it is regular at every point in some neighborhood of x. A variety is called
normal if the local ring of every point is integrally closed. A non-singular variety is
normal.

By a subvariety of a variety X we shall always mean a closed subvariety unless
otherwise specified. Let Y ⊂ X be a subvariety of a variety X . The local ring of X
along Y , denoted by OX(Y ), is the set of pairs (U, f), where U is an open subset of
X with U ∩ Y �= ∅ and f ∈ O(U) is a regular function on U , where we identify two
pairs (U, f) = (W, g) if f = g on U ∩W . The ring OX(Y ) is a local ring, its unique
maximal ideal being given by

mX(Y ) = {f ∈ OX(Y ) | f(x) = 0 for all x ∈ Y }.

A mapping ϕ : X −→ Y between varieties is a morphism if it is continuous, and
if for every open set V ⊂ Y and every regular function g on V , the function g ◦ ϕ
is regular on ϕ−1(V ). Note that the image of a projective variety by a morphism is
a projective variety (see [98], Theorem A.1.2.3). On the other hand, morphisms have
the following rigidity:

Proposition 3.29. Let X be a projective variety, let Y and Z be any varieties, and let
ϕ : X × Y −→ Z be a morphism. Suppose that there is a point y0 ∈ Y such that
ϕ is constant on X × {y0}. Then ϕ is constant on every slice X × {y}. If ϕ is also
constant on some slice {x0} × Y , then ϕ is a constant mapping on all of X × Y .

Proof. See [98], Lemma A.7.1.1. �

A mapping ϕ : X −→ Y between varieties is regular at a point x ∈ X if it is
a morphism on some open neighborhood of x. One can show that ϕ is regular at x
if there is an affine neighborhood U ⊂ Am of x in X and an affine neighborhood
V ⊂ An of ϕ(x) in Y such that ϕ sends U into V and such that ϕ can be defined on
U by n polynomials in m variables. That these definitions are equivalent comes from
the fact that a morphism of affine varieties is defined globally by polynomials, as can
be deduced readily from Theorem 3.30 below. If ϕ : X −→ Y is regular at each point
of X , then ϕ is said to be a regular mapping.

A regular mapping ϕ : X −→ Y is an isomorphism if it has an inverse, that is,
if there exists a regular mapping ψ : Y −→ X such that both ϕ ◦ ψ : Y −→ Y
and ψ ◦ ϕ : X −→ X are the identity mappings. In this case we say that X and
Y are isomorphic. An isomorphism from X to itself is also called an automorphism
on X . The group Aut(X) of automorphisms of X is an extremely interesting object.
For example, some examples of Aut(A2) are simple to construct: the affine linear
mappings, and elementary mappings of the form

y1 = αx1 + f(x2), y2 = βx2 + γ, (3.35)

where α, β, γ are constants with αβ �= 0, and f a polynomial. It is known that the
whole group Aut(A2) is generated by these automorphisms in the sense that every
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element of Aut(A2) is a finite composition of the affine linear mappings and the ele-
mentary mappings (cf. [120]). A famous unsolved problem related to automorphisms
of An is the Jacobian conjecture. This asserts that, if the ground field κ has character-
istic 0, a mapping given by

yi = fi(x1, . . . , xn), i = 1, . . . , n

with fi ∈ κ̄[x1, . . . , xn] is an automorphism of An if and only if the Jacobian deter-
minant det

( ∂fi
∂yj

)
is a nonzero constant (cf. [7]). The necessity is easy. For the case

n = 2, this conjecture is proved when the degrees of f1 and f2 are not too large (the
order of 100).

A rational mapping from a variety X to a variety Y is a mapping that is a morphism
on some nonempty open subset of X . Let ϕ : X −→ Y be a rational mapping. Then
there is a largest open subset Ω on which ϕ is a morphism. This open subset is called
the domain of definition of ϕ, denoted dom(ϕ). The rational mapping ϕ is said to be
dominant if ϕ(U) is dense in Y for some (and consequently every) nonempty open set
U ⊂ X on which it is a morphism. A birational mapping is a rational mapping that
has a rational inverse. Two varieties are said to be birationally equivalent if there is a
birational mapping between them.

Theorem 3.30. Let Z and Z ′ be affine varieties. Then

(i) O(Z) ∼= κ̄[Z];

(ii) a morphism ϕ : Z −→ Z ′ induces a ring homomorphism ϕ∗ : κ̄[Z ′] −→ κ̄[Z]
defined by g �→ g ◦ ϕ. The natural mapping

Mor(Z, Z ′) −→ Homκ̄(κ̄[Z ′], κ̄[Z])

defined by ϕ �→ ϕ∗ is a bijection;

(iii) for each P ∈ Z, let mP ⊆ κ̄[Z] be the ideal of functions vanishing at P . Then
P �−→ mP gives a 1−1 correspondence between the points of Z and the maximal
ideals of κ̄[Z];

(iv) for each P , O(P ) ∼= κ̄[Z]mP
, and dimO(P ) = dim Z;

(v) κ̄(Z) is isomorphic to the quotient field of κ̄[Z], and hence κ̄(Z) is a finitely
generated extension field of κ, of transcendence degree = dim Z.

Proof. Hartshorne [90], I.3.2. �

If ϕ : Z −→ Z ′ is a morphism between affine varieties, we may view κ̄[Z] as a
κ̄[Z ′]-module by means of ϕ∗. The morphism ϕ is called finite if κ̄[Z] is a finitely
generated κ̄[Z ′]-module. A morphism ϕ : X −→ Y between varieties is finite if
for every affine open subset V ⊂ Y , the set ϕ−1(V ) is affine and the mapping ϕ :
ϕ−1(V ) −→ V is finite.
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A mapping ϕ between affine varieties is dominant if and only if ϕ∗ is injective, so
we say that ϕ is finite surjective if it is finite and ϕ∗ is injective. If ϕ : X −→ Y is
a finite mapping, then it is a closed mapping and all fibers ϕ−1(y) consist of a finite
number of points. Further, there is an integer d and a nonempty open V ⊂ ϕ(X) such
that

#ϕ−1(y) = d, y ∈ V.

The degree d can be described algebraically as the degree of the associated field ex-
tension, and we define this quantity to be the degree of the finite mapping ϕ,

deg(ϕ) = [κ̄(X) : ϕ∗κ̄(Y )].

Example 3.31. Let m, n ≥ 1 be integers and let N = (m + 1)(n + 1)− 1. We define
the Segre mapping

Sm,n : Pm × Pn −→ PN

by the formula
(x, y) �−→ [xiyj | 0 ≤ i ≤ m, 0 ≤ j ≤ n]

where we have written

x = [x0, . . . , xm] ∈ Pm, y = [y0, . . . , yn] ∈ Pn.

The Segre mappings are morphisms and give embeddings of the product Pm×Pn into
PN .

3.2.4 Dimensions

The dimension of a variety X is defined to be the transcendence degree of its function
field κ̄(X) over κ̄ (cf. [71], [98]), denoted by dim X . There is another definition of
dimension. Consider a maximal chain of subvarieties

Y0 ⊂ Y1 ⊂ · · · ⊂ Ym = X,

where Y0 is a point and Yi �= Yi+1 for all i. Then all such chains have the same number
of elements m, and m is the dimension of X (cf. [98], [150]). In particular, we have
the following useful corollary.

Proposition 3.32. Let X be a variety, and let Y be a subvariety of X . If Y �= X , then
dim Y < dim X .

Proof. Hindry–Silverman [98], Corollary A.1.3.3 or Shafarevich [239], I.6, Theorem
1. �

If Y ⊂ X is a closed subvariety of X , then the number dim X − dim Y is called
the codimension of Y in X , and written codim (Y ) or codimX(Y ). Not surprisingly,
both An and Pn have dimension n. Similarly, the dimension of a hypersurface in An

or Pn is n− 1. In fact, a kind of converse is true.
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Theorem 3.33. A variety of dimension n−1 is birational equivalent to a hypersurface
in An or Pn.

Proof. See Hindry and Silverman [98], or Hartshorne [90], Ch. I, Proposition 4.9.
Main idea is that the function field κ̄(X) of the variety X of dimension n − 1 over κ̄
is a finitely generated extension of κ̄ so that κ̄(X) is separably generated (see Zariski
and Samuel [307], Ch. II, Theorem 31, p. 105, or Matsumura [173], Ch. 10, Corollary,
p. 194). Hence we can find a transcendence base {x1, . . . , xn−1} ⊂ κ̄(X) such that
κ̄(X) is a finite separable extension of κ̄(x1, . . . , xn−1). Then by Theorem 1.70, we
can find one further element xn ∈ κ̄(X) such that κ̄(X) = κ̄(x1, . . . , xn−1, xn).
Now xn is algebraic over κ̄(x1, . . . , xn−1), so it satisfies a polynomial equation with
coefficients which are rational functions in x1, . . . , xn−1. Clearing denominators, we
obtain an irreducible polynomial f(x1, . . . , xn) = 0. This defines a hypersurface in
An with function field κ̄(X), which is birational to X . Its projective closure is a
hypersurface in Pn. �

The dimension of an algebraic subset V is the maximum of the dimensions of its
irreducible components. If all the irreducible components of V have the same (finite)
dimension d, then V is said to be of pure dimension d. If V is an algebraic subset of
An (or Pn) of dimension n− r, defined by r equations

fj = 0, j = 1, . . . , r,

then we say that V is a complete intersection.

Theorem 3.34. Any affine variety of dimension d can be realized as an irreducible
component of some affine complete intersection of pure dimension d.

Proof. C. Musili [198], Theorem 25.7. �

To conform with the usual terminology, a variety of dimension one is called a curve,
and a variety of dimension two is called a surface. If κ is a subfield of C, then X(C)
is a complex analytic space of complex analytic dimension 1. Now a curve is also
sometimes called a Riemann surface.

In order to compute the dimension of a variety, we need to know how the dimen-
sion behaves for intersections of algebraic sets, which is answered by the affine (or
projective) dimension theorem:

Theorem 3.35. Let X and Y be varieties in An (or Pn) of dimensions l and m, re-
spectively. Then every component of X ∩ Y has dimension at least l + m− n.

Proof. Hindry–Silverman [98] or Shafarevich [239] or Hartshorne [90], Ch. I, Propo-
sition 7.1 and Theorem 7.2. �
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Theorem 3.36. Let ϕ : X −→ Y be a surjective morphism of varieties. Then

(I) dim ϕ−1(y) ≥ dim X − dim Y for all y ∈ Y .

(II) There is a nonempty open subset V ⊂ Y such that for all y ∈ V ,

dim ϕ−1(y) = dim X − dim Y.

Proof. Shafarevich [239], I.6, Theorem 7. �

Let Z be an affine variety in affine space An, with coordinates (z1, . . . , zn), and
defined over a field κ. Let a = (a1, . . . , an) be a point of Z. Suppose κ algebraically
closed and ai ∈ κ for all i. Let

Pj(z1, . . . , zn) = 0, j = 1, . . . , r

be a set of defining equations for Z. We say that the point a is regular (or non-singular
or smooth) if

rank

(
∂Pj

∂zi
(a)

)
= n−m,

where m is the dimension of Z, otherwise, is singular. We say that Z is non-singular
or smooth if every point on Z is regular. A projective variety is called non-singular if
all the affine open sets U0, . . . , Un above are non-singular.

Theorem 3.37. Let ϕ be a rational mapping from a smooth variety X to a projective
variety. Then

codim(X − dom(ϕ)) ≥ 2.

Proof. See Shafarevich [239], II.3, Theorem 3. �

Theorem 3.37 yields immediately the following result:

Theorem 3.38. A rational mapping from a smooth curve to a projective variety ex-
tends to a morphism defined on the whole curve.

3.2.5 Differential forms

Let x be a point on a variety X . The tangent space to X at x is the κ̄-vector space

Tx(X) = Homκ̄(m(x)/m(x)2, κ̄).

In other words, the tangent space is defined to be the dual of the vector space
m(x)/m(x)2. We naturally call m(x)/m(x)2 the cotangent space to X at x, de-
noted by T ∗

x (X). It is not difficult to check that Tx(X) and T ∗
x (X) are vector spaces

over κ̄ since
O(x)/m(x) ∼= κ̄.
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Theorem 3.39. Let X be a variety. Then dim Tx(X) ≥ dim X for all x ∈ X . Fur-
thermore, there is a nonempty open set U ⊂ X such that dim Tx(X) = dim X for
x ∈ U .

Proof. See Hartshorne [90], I.5, Proposition 2A and Theorem 3 or Shafarevich [239],
II.1, Theorem 3. �

According to Jacobian criterion (see [90], I.5), a point x in an affine variety Z is
regular if and only if dim Tx(Z) = dim Z. An ordinary singularity in a curve is a
singularity whose tangent cone is composed of distinct lines. The multiplicity of an
ordinary singularity is the number of lines in its tangent cone.

Consider a rational mapping ϕ : X −→ Y between two varieties that is regular at
x, and let y = ϕ(x). According to Hartshorne [90], I.4, Theorem 4, the mapping

ϕ∗ : OY (y) −→ OX(x), g �→ g ◦ ϕ

is a homomorphism of local rings, in particular,

ϕ∗(m(y)) ⊂m(x), ϕ∗(m(y)2) ⊂m(x)2,

and hence it induces a κ̄-linear mapping

ϕ∗ : T ∗
y (Y ) −→ T ∗

x (X).

The tangent mapping or differential of ϕ at x

dϕ(x) : Tx(X) −→ Ty(Y )

is defined to be the transpose of the mapping ϕ∗.
Let X be a variety. Take a function f ∈ κ̄(X)∗ and fix a point x in the domain of

f . We obtain a tangent mapping

df(x) : Tx(X) −→ Tf(x)(A
1) = κ̄,

so df(x) is a linear form on Tx(X), that is, df(x) ∈ T ∗
x (X). Obviously, the classical

rules
d(f + g) = df + dg, d(fg) = fdg + gdf (3.36)

are valid. Thus we may view df as a mapping that associates to each point x ∈
dom(f) a cotangent vector in T ∗

x (X). According to Hindry and Silverman [98], such
a mapping is called an abstract differential 1-form. From the formulas (3.36) one
deduces easily an identity that holds for any polynomial P ∈ κ̄[x1, . . . , xm] and any
functions f1, . . . , fm ∈ κ̄(X):

dP (f1, . . . , fm) =

m∑
i=1

∂P

∂xi
(f1, . . . , fm)dfi. (3.37)

It generalizes immediately to rational functions P .
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A regular differential 1-form on X is an abstract differential 1-form ω such that for
all x ∈ X there is a neighborhood U of x and regular functions fi, gi ∈ O(U) such
that

ω(x) =
∑

gi(x)dfi(x), x ∈ U.

We denote the set of regular differential 1-forms on X by Ω1[X]. It is clearly a κ̄-
vector space, and in fact, it is an O(X)-module.

Let x be a nonsingular point on a variety X of dimension n. Functions t1, . . . , tn ∈
O(x) are called local parameters at x if each ti ∈m(x), and if the images of t1, . . . , tn
form a basis of T ∗

x (X). The functions t1, . . . , tn give local coordinates on X if ui :=
ti − ti(x) give local parameters at all x in X . It is easy to see that t1, . . . , tn are local
parameters if and only if n linear forms dt1(x), . . . , dtn(x) on Tx(X) are linearly
independent. Since dim Tx(X) = n, this in turn is equivalent to saying that in Tx(X),⋂

i

ker(dti(x)) = {0}.

According to Shafarevich [239], III.5, Theorem 1, any nonsingular point x of a variety
X has local parameters t1, . . . , tn defined on a neighborhood U of x such that

Ω1[U ] =
n⊕

i=1

O(U)dti, (3.38)

which means that Ω1[U ] is a free O(U)-module of rank n.
The abstract differential 1-forms considered were mappings sending each point

x ∈ X to an element of T ∗
x (X). We now consider more general abstract differen-

tial r-forms that send x ∈ X to a skewsymmetric r-linear form on Tx(X), that is,

to an element of the r-th exterior product
∧
r

T ∗
x (X) of T ∗

x (X), or equivalently, to a

linear mapping
∧
r

Tx(X) −→ κ̄. A regular differential r-form ω on X is an abstract
differential r-form such that for all x ∈ X there is a neighborhood U containing x and
functions fi, gi1,...,ir ∈ O(U) such that

ω =
∑

gi1,...,irdfi1 ∧ · · · ∧ dfir .

We denote the set of regular differential r-forms on X by Ωr[X]. It is clearly an
O(X)-module. The analogue of (3.38) is true. If t1, . . . , tn are local coordinates on
U , then

Ωr[U ] =
⊕

i1<···<ir

O(U)dti1 ∧ · · · ∧ dtir . (3.39)

Hence Ωr[U ] is a free O(U)-module of rank
(n

r

)
.

We now introduce a new object, consisting of an open set U ⊂ X and a differential
r-form ω ∈ Ωr[U ]. On pairs (U, ω) we introduce the equivalence relation (ω, U) ∼
(ω′, U ′) if ω = ω′ on U ∩U ′. Note that the set of points at which a regular differential
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form is 0 is closed (see Shafarevich [239], III.5.4, Lemma). It is enough to require
that ω = ω′ on some open subset of U ∩ U ′. The transitivity of the equivalence
relation follows from this. An equivalence class under this relation is called a rational
differential r-form on X . We denote the set of rational differential r-forms on X by
Ωr(X), which is a vector space of dimension

(n
r

)
over κ̄(X) (see Shafarevich [239],

III.5.4, Theorem 3). Obviously,

Ω0(X) = κ̄(X).

If t1, . . . , tn is a separable transcendence basis of κ̄(X), then the forms

{dti1 ∧ · · · ∧ dtir | 1 ≤ i1 < · · · < ir ≤ n}

form a basis of Ωr(X) over κ̄(X) (see Shafarevich [239], III.5.4, Theorem 4). Each
element ω ∈ Ωr(X) has a largest open U ⊂ X such that ω defines a regular r-form
on U , called the domain of regularity of ω.

Let ϕ : X −→ Y be a morphism of smooth varieties. Then there is a mapping

ϕ∗ : Ωr[Y ] −→ Ωr[X]

defined by the formula

ϕ∗
(∑

gi1,...,irdfi1 ∧ · · · ∧ dfir

)
=
∑

(gi1,...,ir ◦ ϕ)d(fi1 ◦ ϕ) ∧ · · · ∧ d(fir ◦ ϕ).

3.2.6 Abelian varieties

An algebraic group defined over κ is a variety G defined over κ, an identity element
e ∈ G(κ), and morphisms m : G × G −→ G and i : G −→ G satisfying the axioms
of a group law:

(α) m(e, x) = m(x, e) = x.

(β) m(i(x), x) = m(x, i(x)) = e.

(γ) m(m(x, y), z) = m(x, m(y, z)).

We temporarily write the group laws multiplicatively, that is,

m(x, y) = xy, i(x) = x−1.

If G is an algebraic group, then for any a ∈ G, the right translation

Ra : G −→ G, x �→ ax

and the left translation
La : G −→ G, x �→ xa

are isomorphisms.
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Algebraic groups are smooth varieties. Indeed, if an algebraic group G has a singu-
lar point a, we would deduce that all points of G are singular by using the translation
mappings and their tangent mappings, which contradicts Theorem 3.39.

Let G1 and G2 be two algebraic groups. A homomorphism ϕ : G1 −→ G2 is called
an isogeny if it is surjective, has finite kernel, and dim G1 = dim G2. The cardinality
of the kernel of ϕ is called the degree of ϕ.

Proposition 3.40 (Weil). A rational mapping from a smooth variety into an algebraic
group either extends to a morphism or is undefined on a set of pure codimension one.

Proof. See Hindry and Silverman [98], Lemma A.7.1.4. �

An Abelian variety is a projective variety that is also an algebraic group. By using
Theorem 3.37 and above Weil’s result, it follows that a rational mapping from a smooth
variety into an Abelian variety must extend to a morphism.

Proposition 3.41. If ϕ : A −→ B is a morphism between two Abelian varieties, then
ϕ is the composition of a translation and a homomorphism.

Proof. By composing ϕ with a translation, we may assume that ϕ(eA) = eB , where
eA and eB are the identity elements of A and B, respectively. Consider the mapping

ψ : A×A −→ B, ψ(x, y) = ϕ(xy)ϕ(x)−1ϕ(y)−1.

It is clear that
ψ(eA, A) = {eB}, ψ(A, eA) = {eB},

and hence Proposition 3.29 implies that ψ is a constant. Hence

ψ(x, y) = ψ(eA, eA) = eB ,

which means precisely that ϕ is a homomorphism. �

Proposition 3.42. An Abelian variety is a commutative algebraic group.

Proof. Proposition 3.41 means that the inversion morphism i : A −→ A must be a
homomorphism. Hence

i(xy) = i(x)i(y),

so A is commutative. �

We now know that the group law on an Abelian variety A is commutative, so we
will henceforth write the group law additively. In particular, an integer n gives an
endomorphism of A by

[n]x = x + x + · · ·+ x (n terms)
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if n > 0, [n]x = [−n](−x) if n < 0, and [0]x = eA. The n-torsion subgroup of A,
denoted A[n], is the set of points of order n in A,

A[n] = {x ∈ A | [n]x = eA}.

The torsion subgroup of A, denoted Ators, is the set of points of finite order,

Ators =

∞⋃
n=1

A[n].

Then Ators(κ) will denote the points of finite order in A(κ).

Proposition 3.43. Let A be an Abelian variety of dimension g over an algebraically
closed field κ̄ of characteristic p ≥ 0.

(δ1) The multiplication mapping [n] : A(κ̄) −→ A(κ̄) is a degree n2g isogeny,

(δ2) If p = 0 or if n is prime to p, then

A[n] ∼= (Z/nZ)2g.

(δ3) If p > 0, then for some integer 0 ≤ r ≤ g,

A[pe] ∼= (Z/peZ)r, e = 1, 2, 3, . . . .

Proof. See [98], Theorem A.7.2.7; or [256]. �

3.3 Divisors

In this part, we describe divisors on an algebraic variety X . There are two kinds. The
group of Weil divisors on X is the free Abelian group generated by the subvarieties of
codimension one on X . It is denoted by Div(X). In other words, a Weil divisor can
be written as a linear combination

D =
∑

i

niYi,

where Yi is a subvariety of codimension 1, and ni ∈ Z. For example, if X is a curve,
then the Yi’s are points; if X is a surface, then the Yi’s are irreducible curves; and so
on. If all ni ≥ 0 then D is called effective or positive. We write D ≥ 0 for D effective.

The support of the divisor D is the union of all those Yi’s for which the multiplicity
ni is nonzero. It is denoted by supp(D). Let us denote by Dred the reduced divisor
of D. In other words, Dred is the sum of all the irreducible components of D, with
multiplicity 1.

Let Y be a subvariety of codimension 1 of X . For any regular point x ∈ X , Y can
be given in a neighborhood U ⊂ X of x as the zeros of a regular function g ∈ O(U).
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Moreover, any function f ∈ O(x) vanishing on U ∩ Y is divisible by g. The function
g is called a local defining function, g = 0 is called the local equation of Y at x, and
is unique, up to multiplication by a function nonzero at x (see Shafarevich [239], II.3,
Theorem 1).

A divisor D on the variety X is called normal crossings if each irreducible com-
ponent of D is nonsingular, and whenever r irreducible components Y1, . . . , Yr of D
meet at a point x, then the local defining functions g1, . . . , gr of the Yi form a part
of a regular sequence for O(x), i.e., g1, . . . , gr are linearly independent (mod m(x)),
where g1 · · · gr = 0 is just the local equation of D at x. Therefore, a normal crossings
divisor must be effective, and all irreducible components of its support must occur
with multiplicity 1.

Let Y be a subvariety of codimension 1 of X . We recall that OX(Y ) is the local
ring of functions regular in a neighborhood of some point of Y . In particular, if X is
nonsingular along Y , thenOX(Y ) is a discrete valuation ring. Take f ∈ OX(Y )−{0}.
Let x ∈ X be a regular point, and g a local defining function for Y near x. Since
f ∈ OX(x) and OX(x) is a discrete valuation ring, there exist a unit u in OX(x) and
an non-negative integer d such that

f = ugd.

Note that the integer d is independent of the choice of regular points in X ∩Y and will
be called the order of f along Y , denoted by ordY (f). We can extend ordY to κ̄(X)∗
in the usual way. Its main properties are summarized as follows:

Proposition 3.44. Fix f ∈ κ̄(X)∗. The order function ordY : κ̄(X)∗ −→ Z has the
following properties:

(a) ordY (fg) = ordY (f) + ordY (g) for all g ∈ κ̄(X)∗.

(b) ordY (f + g) ≥ min{ordY (f), ordY (g)} for all g ∈ κ̄(X)∗ with f + g �= 0.

(c) There are only finitely many Y ’s with ordY (f) �= 0.

(d) ordY (f) ≥ 0 if and only if f ∈ OX(Y ). Similarly, ordY (f) = 0 if and only if f
is a unit in OX(Y ).

(e) Assume further that X is projective. Then the following are equivalent:

(e1) ordY (f) ≥ 0 for all Y .

(e2) ordY (f) = 0 for all Y .

(e3) f ∈ κ̄∗.

Proof. Hindry–Silverman [98], Lemma A.2.1.2 or Shafarevich [239], III.1.1, (2). �

Let f ∈ κ̄(X)∗ be a rational function on X . The divisor of f is the divisor

(f) =
∑
Y

ordY (f)Y.
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Usually we say that f has a zero of order d along Y if ordY (f) = d > 0, and that f
has a pole of order d along Y if ordY (f) = −d < 0. A divisor is said to be principal if
it is the divisor of a function. Two divisors D and D′ are said to be linearly equivalent,
denoted by D ∼ D′, if their difference is a principal divisor. The divisor class group
of X is the group of divisor classes modulo linear equivalence. It is denoted by Cl(X).
The linear equivalence class of a divisor D will be denoted by Cl(D). A divisor class
is called effective if it contains an effective divisor.

Proposition 3.45. Let deg(Y ) denote the degree of an irreducible hypersurface Y ⊂
Pn, and extend the function deg by linearity to the group of divisors Div(Pn). Then
a divisor D ∈ Div(Pn) is principal if and only if it has degree 0, and the induced
mapping deg : Cl(Pn) −→ Z is an isomorphism.

Proof. See Hindry and Silverman [98], Proposition A.2.1.3. �

A Cartier divisor on a variety X is an (equivalence class of) collections of pairs
{(Ui, fi)}i∈I satisfying the following conditions:

(A) The Ui’s are Zariski open sets that cover X .

(B) The fi’s are nonzero rational functions fi ∈ κ̄(Ui)∗ = κ̄(X)∗.

(C) fif
−1
j ∈ O∗(Ui ∩ Uj) (i.e., fif

−1
j has no poles or zeros on Ui ∩ Uj).

Two collections {(Ui, fi)}i∈I and {(Vj, gj)}j∈J are considered to be equivalent (de-
fine the same divisor) if fig

−1
j ∈ O∗(Ui ∩ Vj) for all i ∈ I and j ∈ J . The support of

a Cartier divisor {(Ui, fi)}i∈I is the set of zeros and poles of the fi’s. A pair (Ui, fi) is
said to represent the divisor locally, or on the open set Ui. The Cartier divisor is said
to be effective if for all representing pairs (Ui, fi) the rational function fi is regular at
all points of Ui, that is, fi has no poles on Ui. We then view the Cartier divisor as a
hypersurface on X , defined locally on Ui by the equation fi = 0. The Cartier divi-
sors form a group, denoted by CaDiv(X). Indeed, if Cartier divisors are respectively
{(Ui, fi)}i∈I and {(Vj , gj)}j∈J , then their sum is

{(Ui, fi)}i∈I + {(Vj , gj)}j∈J = {(Ui ∩ Vj , figj)}(i,j)∈I×J .

Associated to a function f ∈ κ̄(X)∗ is its principal Cartier divisor, denoted by

div(f) = {(X, f)}.

Two divisors are said to be linearly equivalent if their difference is a principal Cartier
divisor. The group of Cartier divisor classes of X is the group of divisor classes mod-
ulo linear equivalence. It is called the Picard group of X and is denoted by Pic(X).

We now compare the two types of divisors. Let Y be an irreducible subvariety of
codimension 1 in X , and let D be a Cartier divisor defined by {(Ui, fi)}i∈I . We define
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the order of D along Y , denoted by ordY (D), as follows. Choose one of the open sets
Ui such that Ui ∩ Y �= ∅ and set

ordY (D) = ordY (fi).

It is easily seen that ordY (D) is independent of the choice of (Ui, fi), so that we
obtain a map from Cartier divisors to Weil divisors by sending D to

∑
ordY (D)Y . In

general, this mapping is neither surjective nor injective. For example, see Fulton [72],
Examples 2.1.2 and 2.1.3 or Hartshorne [90], II.6.11.3.

Theorem 3.46. If X is a smooth variety, then the natural mappings

CaDiv(X) −→ Div(X), Pic(X) −→ Cl(X)

are isomorphisms.

Proof. Hartshorne [90], II.6.11. �

In the sequel we will consider only Cartier divisors when the variety in question
might be singular, and we will freely identify Weil and Cartier divisors when we work
with smooth varieties.

Let X be a smooth variety of dimension n, and let ω be a nonzero rational differen-
tial n-form on X . We cover X by affine open subsets Ui of X with local coordinates
t
(i)
1 , . . . , t

(i)
n . In Ui, we can write

ω = g(i)dt
(i)
1 ∧ · · · ∧ dt(i)n .

In particular, we have the expression

dt(i)α =
n∑

β=1

hαβdt
(j)
β , α = 1, . . . , n. (3.40)

Since dt
(i)
1 (x), . . . , dt

(i)
n (x) form a basis of T ∗

x (X) for each x ∈ Ui, it follows from

(3.40) that the Jacobian determinant of the functions t
(i)
1 , . . . , t

(i)
n with respect to

t
(j)
1 , . . . , t

(j)
n satisfies

D
(
t
(i)
1 , . . . , t

(i)
n

)
D
(
t
(j)
1 , . . . , t

(j)
n

) := det(hαβ) �= 0.

Substituting (3.40) in the expression for ω and simple calculations in the exterior alge-
bra shows that on the intersection Ui ∩ Uj , we get

g(j) = g(i) D
(
t
(i)
1 , . . . , t

(i)
n

)
D
(
t
(j)
1 , . . . , t

(j)
n

) .
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Since the Jacobian determinant is regular and nowhere zero in Ui ∩ Uj , the collection
of pairs (Ui, g(i)) defines a divisor on X . This divisor is called the divisor of ω, and is
denoted by div(ω).

Any other nonzero rational differential n-form ω′ on X has the form ω′ = fω for
some rational function f ∈ κ̄(X)∗. It follows that

div(ω′) = div(ω) + div(f),

so that the divisor class associated to an n-form is independent of the chosen form.
This divisor class is called the canonical class of X . By abuse of language, any divisor
in the canonical class is called a canonical divisor and is denoted by K, as well as its
class, or by KX if we wish to emphasize the dependence on X .

Let ϕ : X −→ Y be a morphism of varieties, let D ∈ CaDiv(Y ) be a Cartier
divisor defined by {(Vj , gj)}j∈J , and assume that ϕ(X) is not contained in the support
of D. Then the Cartier divisor ϕ∗D ∈ CaDiv(X) is the divisor defined by

ϕ∗D = {(ϕ−1(Vj), gj ◦ ϕ)}j∈J .

Proposition 3.47. Let A be an Abelian variety, let X be an arbitrary variety, and let
ϕ, ψ, χ : X −→ A be three morphisms. Then for any divisor D ∈ CaDiv(A),

(ϕ + ψ + χ)∗D− (ϕ + ψ)∗D− (ϕ + χ)∗D− (ψ + χ)∗D + ϕ∗D + ψ∗D + χ∗D ∼ 0.

Proof. See Hindry and Silverman [98], Corollary A.7.2.4. �

Let ϕ : X −→ Y be a finite mapping of smooth projective varieties, let Z be an
irreducible divisor on X , and let Z ′ = ϕ(Z) be the image of Z under ϕ. Note that the
dimension theorem (Theorem 3.36) tells us that Z ′ is an irreducible divisor on Y . Let
sZ be a generator of the maximal ideal of OX(Z), and similarly set sZ′ be a generator
of the maximal ideal of OY (Z ′), that is, sZ and sZ′ are local equations for Z and Z ′.
The ramification index of f along Z is defined to be the integer

eZ = eZ(ϕ) = ordZ(sZ′ ◦ ϕ),

where we recall that ordZ : OX(Z) −→ Z is the valuation on OX(Z). Equivalently,

sZ′ ◦ ϕ = useZ
Z , u ∈ OX(Z)∗.

The mapping ϕ is said to be ramified along Z if eZ(ϕ) ≥ 2. If eZ(ϕ) = 1, we say that
ϕ is unramified along Z. If char κ = 0, or char κ = p, and p does not divide eZ(ϕ),
we say that the ramification is tame. If p does divide eZ(ϕ), it is wild. We then have
the following Hurwitz formula:
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Theorem 3.48. Let ϕ : X −→ Y be a finite mapping between smooth projective
varieties.

(1) The mapping ϕ is ramified only along a finite number of irreducible divisors.

(2) If we assume further either that the characteristic of κ is 0 or that the character-
istic of κ does not divide any of the ramification indices, then we have the formula

KX ∼ ϕ∗(KY ) + R,

where R is the ramification divisor of ϕ given by

R =
∑
Z

(eZ(ϕ)− 1)Z.

Proof. Hindry–Silverman [98], Proposition A.2.2.8. �

Two divisors D1, D2 on X are algebraically equivalent if there exists a connected
algebraic set T , two points t1, t2 ∈ T , and a divisor D on X × T such that

Di = D|X×{ti}, i = 1, 2.

Linear equivalence of divisors implies algebraic equivalence.

Lemma 3.49. Let X be a complete non-singular variety. Let D be a divisor on X such
that some positive multiple of D is very ample. Then there exists an integer m > 0
such that for any divisor E on X algebraically equivalent to 0, the divisor E + mD
is very ample.

Proof. See S. Lang [144], Chapter 4, Lemma 3.2. �

One sees easily that algebraic equivalence is compatible with addition in Div(X):
divisors D algebraically equivalent to 0 form a subgroup. We denote this by Div0(X).
An important result is the following theorem proved by Severi (for fields of character-
istic 0) and Néron (in the general case).

Theorem 3.50. For X a nonsingular projective variety, the group Div(X)/Div0(X)
is finitely generated.

When X is a nonsingular projective variety, one can define Pic0(X) to be the sub-
group of Pic(X) = Cl(X) composed of divisor classes algebraically equivalent to 0.
The group Pic0(X) can always be given the structure of an Abelian variety, which is
called the Picard variety of X . The quotient

NS(X) = Pic(X)/Pic0(X)

is called the Néron–Severi group of X and is a finitely generated group.
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3.4 Linear systems

Let D be a divisor on a variety X . The associated vector space or Riemann–Roch
space of D is defined to be the subset of rational functions

L(D) = L(X, D) = {f ∈ κ̄(X)∗ |D + (f) ≥ 0} ∪ {0}. (3.41)

This set is a vector space over κ̄ under the usual algebraic operations on functions.
Indeed, if D =

∑
niYi then f ∈ κ̄(X)∗ belongs to L(D) if and only if

ordY (f) ≥
{
−ni, Y = Yi,

0, Y �= Yi for all i,

and because of this, our assertion follows at once from (b) in Proposition 3.44. The
dimension of L(D) is denoted by �(D) (which is called the dimension of D by some
authors).

Theorem 3.51. Let D be a divisor on a projective variety. Then �(D) is finite.

Proof. See, for example, Hartshorne [90], Theorem III.2, Hindry and Silverman [98],
Corollary A.3.2.7, or Shafarevich [239], III.2.3, Theorem 5. �

We know �(D) = �(D′) if D ∼ D′ (see [239], III.1.5, Theorem 3). Thus we see that
it makes sense to speak of the dimension �(c) of a divisor class c, that is, the common
dimension of all the divisors of this class. This number has the following meaning. If
D ∈ c and f ∈ L(D), then the divisor

Df = D + (f) ∈ c

is effective. Conversely, any effective divisor D′ ∈ c is of the form Df for some
f ∈ L(D). Obviously, if X is projective, f is uniquely determined by Df up to a
constant factor. Thus we can set up a one-to-one correspondence between effective
divisors in the class c and points of P(L(D)) ∼= P�(D)−1.

The following definition slightly generalizes this construction. A linear system L
on a variety X is a subset of effective divisors all linearly equivalent to a fixed divisor
D and parametrized by a linear subvariety of P(L(D)). The dimension of the linear
system L is the dimension of the linear subvariety. The set of base points of L is the
intersection of the supports of all divisors in L. We will say that L is base point free
if this intersection is empty. The set of effective divisors linearly equivalent to D is a
linear system, called the complete linear system of D. It is denoted by |D|. If |D| is
base point free, the divisor D is also said to be base point free.

Let L be a linear system of dimension n parametrized by a projective space P(V ) ⊂
P(L(D)), where V is a subspace of L(D) of dimension n + 1 over κ̄. Let BL be the
set of base points of L. When x ∈ X −BL, the subspace of V

Vx = {f ∈ V | f(x) = 0}
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has dimension n. Thus there exists unique element ϕL(x) ∈ P(V ∗) such that

E[ϕL(x)] = Vx.

It is easy to show that if L �= ∅, then

ϕL : X −BL −→ P(V ∗)

is regular, which further extends a rational mapping

ϕL : X −→ P(V ∗) (3.42)

called the dual classification mapping.
Next we explain it clearly. Select a basis f0, . . . , fn of V and let e0, . . . , en be the

dual basis in V ∗. Choose ϕ̃L(x) ∈ V ∗ − {0} such that P(ϕ̃L(x)) = ϕL(x). Thus we
can write

ϕ̃L(x) =
n∑

i=0

ϕ̃i(x)ei.

By the definition,

E[ϕL(x)] =

{
ξ =

n∑
i=0

ξifi ∈ V

∣∣∣∣∣ 〈ξ, ϕ̃L(x)〉 =

n∑
i=0

ξiϕ̃i(x) = 0

}
.

Since E[ϕL(x)] = Vx, then ξ ∈ E[ϕL(x)] means that

ξ(x) =
n∑

i=0

ξifi(x) = 0,

that is, [f0(x), . . . , fn(x)] can serve as the homogeneous coordinates of ϕL(x). There-
fore we can identify

ϕL = [f0, . . . , fn] : X −→ Pn. (3.43)

We will abbreviate
ϕD = ϕ|D|.

The fixed component of a linear system L is the largest divisor D0 such that for all
D ∈ L, we have D ≥ D0. If D0 = 0, we say that the linear system has no fixed
component. We can now formulate the correspondence between rational mappings
and linear systems.

Theorem 3.52. There is a natural bijection between:

〈1〉 Linear systems L of dimension n without fixed components.

〈2〉 Morphisms ϕ : X −→ Pn with image not contained in a hyperplane, up to
projective automorphism. (That is, we identify two rational mappings ϕ, ϕ′ :
X −→ Pn if there is an automorphism σ : Pn −→ Pn such that ϕ′ = σ ◦ ϕ.)
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Proof. See Mumford [196], Theorem 6.8 or Hartshorne [90], II.7.1 and II.7.8.1. �

A linear system L on a projective variety X is very ample if the associated mapping
ϕL is an embedding, that is, ϕL is a morphism that maps X isomorphically onto its
image ϕL(X). A divisor D is said to be very ample if the complete linear system |D|
is very ample, and to be ample if some positive multiple of D is very ample.

Proposition 3.53. Let X be a projective variety. Every divisor on X can be written as
the difference of two very ample divisors. More precisely, let D be an arbitrary divisor
on D and let E be a very ample divisor.

{1} There exists an m ≥ 0 such that D + mE is base point free.

{2} If D is base point free, then D + E is very ample.

Proof. Lang [150], Proposition 1.1; Hindry–Silverman [98], Theorem A.3.2.3. �

Proposition 3.54. Let f : X −→ Y be a morphism between two projective varieties
and let D be a divisor on Y .

%1& If D is base point free, then f∗D is a base point free divisor on X .

%2& If f is finite, and if D is ample, then f∗D is an ample divisor on X .

Proof. See Hartshorne [90], III, Exercise 5.7. �

The dimension of a divisor D on a projective variety X is the quantity

dim D = max
m≥1

dim ϕmD(X);

that is, it is the maximal dimension of the image of X under the dual classification
mapping ϕmD, which is also called D-dimension of X . If L(mD) is always empty,
then let dim D = −1 by convention (some authors instead prefer to set dim D = −∞
in this situation). If dim D = dim X , then we say that D is pseudo ample, which
means that there exists some positive integer m such that ϕmD is an imbedding of
some non-empty Zariski open subset of X into a locally closed subset of P(L(mD)).
Usually, dim KX is called the Kodaira dimension of X . It is a result of Kodaira that:

Theorem 3.55. On a non-singular projective variety, a divisor D is pseudo ample if
and only if there exists some positive integer m such that mD ∼ E + Z, where E is
ample and Z is effective.

Proof. See [131], Appendix; [287], Proposition 1.2.7; [130], Lemma 7.3.6 and Lemma
7.3.7; or Lemma 3.141. �
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A non-singular projective variety X is defined to be canonical if the canonical class
KX is ample, very canonical if KX is very ample, and pseudo canonical if KX is
pseudo ample. Instead of pseudo canonical, a variety has been called of general type.
This new notion comes from Lang and Griffiths (cf. [150]). Generally, a projective
variety (possibly singular) is called pseudo canonical if X is birationally equivalent to
a projective non-singular pseudo canonical variety.

If κ has characteristic 0, resolution of singularities is known, and due to Hironaka.
This means that given X a projective variety, there exists a birational morphism

ϕ : X̃ −→ X

such that X̃ is projective and non-singular and ϕ is an isomorphism over the Zariski
open subset of X consisting of the regular points. The non-singular projective variety
X̃ is called a normalization of X .

An important characterization of a subvariety of an Abelian variety being pseudo
canonical was given by Ueno [278] (or see Iitaka [115], [116]):

Theorem 3.56. Let X be a subvariety of an Abelian variety over an algebraically
closed field. Then X is pseudo canonical if and only if the group of translations which
preserve X is finite.

We have quite generally Ueno’s theorem (see [278], Theorem 3.10):

Theorem 3.57. Let X be a subvariety of an Abelian variety A, and let B be the
connected component of the group of translations preserving X . Then the quotient
ϕ : X −→ X/B is a morphism, whose image is a pseudo canonical subvariety of
the Abelian quotient A/B, and whose fibers are translations of B. In particular, if X
does not contain any translations of Abelian subvarieties of dimension ≥ 1, then X is
pseudo canonical.

Proof. See Iitaka [117], Theorem 10.13, and Mori [192], Theorem 3.7. �

The mapping ϕ is called the Ueno fibration of X . Lang [150] formulated the Kawa-
mata’s theorem [125] into the following Kawamata’s structure theorem:

Theorem 3.58. Let X be a pseudo canonical subvariety of an Abelian variety A in
characteristic 0. Then there exists a finite number of proper subvarieties Zi with Ueno
fibrations ϕi : Zi −→ Yi whose fibers have dimension ≥ 1, such that every translate
of an Abelian subvariety of A of dimension ≥ 1 contained in X is actually contained
in the union of the subvarieties Zi.

The union of the subvarieties Zi is called the Ueno-Kawamata fibrations in X when
X is pseudo canonical. Note that the set of Zi is empty if and only if X does not
contain any translations of an Abelian subvariety of dimension ≥ 1.
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3.5 Algebraic curves

3.5.1 Bézout’s theorem

A curve C is a variety of dimension one, so its function field κ̄(C) is of transcendence
degree one. It follows that κ̄(C) is algebraic over any subfield κ̄(x) generalized by a
nonconstant function x ∈ κ̄(C). Hence we may write κ̄(C) = κ̄(x, y), where x and y
are nonconstant functions on C satisfying an algebraic relation

f(x, y) = 0. (3.44)

Let C0 ⊂ A2 denote the affine plane curve defined by f , and let C1 ⊂ P2 be the
projective plane curve defined by the homogenized equation

F (X, Y, Z) := Zmf

(
X

Z
,
Y

Z

)
= 0, (3.45)

where m = deg(f). Clearly, C is birational to both C0 and C1. Any curve birational
to C is called a model of C, so we can say that C has a plane affine model and a
plane projective model. The following main result shows that C has a smooth plane
projective model, which is called a normalization of C.

Theorem 3.59. Any algebraic curve is birational to a unique (up to isomorphism)
smooth projective curve.

Proof. See Fulton [71], VII.5, Theorem 3, Hartshorne [90], I, Corollary 6.11, or
Hindry and Silverman [98], Theorem A.4.1.4. �

We explain Theorem 3.59 on normalization of algebraic curves clearly. Let f(x, y)
be an irreducible polynomial of two variables x and y over an algebraically closure κ̄
of a field κ and consider the equations (3.44) and (3.45). If the point (x0, y0) lies on
the affine curve (3.44), then [x0, y0, 1] lies on C1. Conversely, if [X0, Y0, Z0] lies on
C1 with Z0 �= 0, then (X0/Z0, Y0/Z0) lies on the affine curve (3.44). Points on C1

with Z = 0 are called the points at infinity of the affine curve.
In affine space, recall that we say the simple (or regular) point p = (a, b) ∈ C0 of

C0 if either derivative ∂f
∂x(p) �= 0 or ∂f

∂y (p) �= 0. In this case the line

∂f

∂x
(p)(x− a) +

∂f

∂y
(p)(y − b) = 0

is called the tangent line to C0 at p. A point which is not simple is called multiple (or
singular) correspond to a solution of the equations

f(x, y) =
∂f

∂x
(x, y) =

∂f

∂y
(x, y) = 0.
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Theorem 3.60. Let C0 be an irreducible plane curve. Then p ∈ C0 is a simple point
of C0 if and only if OC0(p) is a discrete valuation ring. In this case, if L(x, y) is
any line through p which is not tangent to C0 at p, then the image (residue) � of L in
OC0(p) ⊂ κ̄[C0] is a uniformizing parameter for OC0(p).

Proof. See Fulton [71], Chapter 3, Theorem 1. �

W.l.o.g., we may assume that p = (0, 0) is a point on the affine curve (3.44), other-
wise, it is sufficient to consider the function f(x + a, y + b) at the point (0, 0). Write

f(x, y) = fμ(x, y) + fμ+1(x, y) + · · · + fm(x, y),

where fj(x, y) (j = μ, . . . , m) is a homogeneous polynomial of degree j with fμ(x, y)
�≡ 0, and μ ≥ 1 since f(0, 0) = 0. We define μ to be the multiplicity of f (or C0) at
p = (0, 0), and write μ0

f (p) or μC0(p). Note that p ∈ C0 if and only if μ0
f (p) > 0.

Using the rules for derivatives, it is easy to check that p is a simple point on C0 if and
only if μ0

f (p) = 1, otherwise, p is a singular point if and only if μ0
f (p) ≥ 2. Recall

that when μ ≥ 2, the singular point p is called a μ-fold point, say, double point for the
case μ = 2, triple point when μ = 3, and so on.

Theorem 3.61. Let C0 be an irreducible plane curve defined. Then

μC0(p) = dimκ̄ mC0(p)n/mC0(p)n+1

for all sufficiently large n.

Proof. See Fulton [71], Chapter 3, Theorem 2. �

Since a homogeneous polynomial of two variables defined over an algebraically
closed field can be factored into a product of linear factors (see [71], Chapter 2, Corol-
lary after Proposition 5), we can write

fμ(x, y) =
∏

i

Li(x, y)ri ,

where the Li(x, y) are distinct lines, and ri are positive integers. The Li are called
the tangent lines to C0 at p = (0, 0); ri is the multiplicity of the tangent line. The
Li is a simple (resp. double, etc.) tangent line if ri = 1 (resp. 2, etc.). Further, if μ
tangent lines at p are distinct, then p is called an ordinary μ-fold point of the affine
curve (3.44).

Suppose p is a simple point on irreducible curve C0. We let ordp be the order
function on κ̄(C0) with the discrete valuation ring OC0(p). If g ∈ κ̄[x, y], and [g] is
the image of g in κ̄[C0], we write ordp(g) instead of ordp([g]). If p is a simple point
on a reducible curve Z(f), let f =

∏
fei
i be the factorization of f into irreducible

components. Then
μ0

f (p) =
∑

i

eiμ
0
fi

(p);
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and if L is a tangent line to Z(fi) with multiplicity ri, then L is a tangent line to Z(f)
with multiplicity

∑
eiri. In particular, a point p is a simple point of Z(f) if and only

if p belongs to just one component Z(fi) of Z(f), and p is a simple point of Z(fi).
Take f, g ∈ κ̄[x, y] and p ∈ A2. We say that Z(f) and Z(g) intersect properly at

p if Z(f) and Z(g) have no common component which passes through p. There is a
unique number

if,g(p) = dimκ̄OA2(p)/(f, g),

called the intersect number of Z(f) and Z(g) at p, satisfying the following properties
(See Fulton [71], Chapter 3, Theorem 3):

(1) if,g(p) is a non-negative integer for any f , g, and p such that Z(f) and Z(g)
intersect properly at p. However, if,g(p) = ∞ if Z(f) and Z(g) do not intersect
properly at p.

(2) if,g(p) = 0 if and only if p �∈ Z(f) ∩ Z(g). Also if,g(p) depends only on the
components of Z(f) and Z(g) which pass through p.

(3) If L is an affine linear change of coordinates on A2, and L(q) = p, then if,g(p) =
if◦L,g◦L(q).

(4) if,g(p) = ig,f (p).

(5) if,g(p) ≥ μ0
f (p)μ0

g(p), with equality occurring if and only if Z(f) and Z(g) have
no tangent lines in common at p.

(6) If f =
∏

fri
i and g =

∏
g

sj

j , then if,g(p) =
∑
i,j

risjifi,gj
(p).

(7) if,g(p) = if,g+hf (p) for any h ∈ κ̄[x, y].

(8) If p is a simple point on Z(f), then if,g(p) = ordp(g).

(9) If Z(f) and Z(g) have no common components, then∑
p

if,g(p) = dimκ̄ κ̄[x, y]/(f, g).

A point p ∈ C1 is singular if

F (p) =
∂F

∂X
(p) =

∂F

∂Y
(p) =

∂F

∂Z
(p) = 0.

By the Euler’s formula of homogeneous functions, we know

deg(F )F (X, Y, Z) = X
∂F

∂X
(X, Y, Z) + Y

∂F

∂Y
(X, Y, Z) + Z

∂F

∂Z
(X, Y, Z).

Hence a point p ∈ C1 is singular if and only if

∂F

∂X
(p) =

∂F

∂Y
(p) =

∂F

∂Z
(p) = 0.
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It is a simple lemma to prove that if an affine point is non-singular, then the corre-
sponding projective point is also non-singular, and conversely. If the algebraic curve
C1 defined by (3.45) is irreducible, then C1 has at most finitely many singular points
(cf. [80]).

The projective plane curve C1 can be covered by 3 affine plane curves U0, U1 and
U2. If p ∈ Ui, we can dehomogenize F with respect to Xi, say X2 = Z, and define
the multiplicity of F or C1 at p, μ0

F (p) or μC1(p), to be μ0
f (p). The multiplicity is

independent of the choice of Ui.
If we are considering a finite set of points p1, . . . , pr ∈ P2, we can always find a

line L which does not pass through any of the points, and set

F∗ =
F

Lm
∈ κ̄(P2).

Note that we may always find a projective change of coordinates so that the line L
becomes the line Z at infinity. Then, under the natural identification of κ̄(A2) with
κ̄(P2), this F∗ is the same as the function f(x, y) = F (x, y, 1).

If p is a simple point on C1, and F is irreducible, thenOC1(p) is a discrete valuation
ring. We let ordp denote the corresponding order function on κ̄(C1). If g ∈ κ̄[x, y]
with

G(X, Y, Z) := Zng

(
X

Z
,
Y

Z

)
, (3.46)

where n = deg(g), then G∗ ∈ κ̄(P2) is determined as in the preceding paragraph. If
[G∗] is the residue class of G∗ in κ̄(C1), we define

ordp(G) = ordp([G∗]).

Take F, G ∈ κ̄[X, Y, Z] and p ∈ P2. We define

iF,G(p) = dimκ̄OP2(p)/(F∗, G∗).

This is independent of the way F∗ and G∗ are formed, and it satisfies properties (1)–(8)
above: in (3), however, L should be a projective change of coordinates, and in (7), h,
f , g should be homogeneous polynomials with deg(h) = deg(g)− deg(f).

We can define a line L to be tangent to a curve Z(F ) at p if iF,L(p) > μ0
F (p). Thus

p is an ordinary multiple point of Z(F ) if Z(F ) has μ0
F (p) distinct tangent lines at p.

Theorem 3.62. Let Z(F ) and Z(G) be projective plane curves of degree m and n
respectively. Assume Z(F ) and Z(G) have no common component. Then∑

p

iF,G(p) = mn.

Proof. See Fulton [71], Chapter 5, Bézout’s theorem. �
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3.5.2 Riemann–Roch theorem

In view of Theorem 3.59, we will concentrate on smooth projective curves. Let C be
a smooth projective curve. A divisor on C is simply a finite formal sum

D =
∑

nP P,

and we can define the degree of D to be

deg(D) =
∑

nP .

The following Riemann–Roch theorem which allows us to compute the dimension
�(D) in most cases, is of inestimable value in the study of algebraic curves.

Theorem 3.63. Let C be a smooth projective curve. There exists an integer g ≥ 0
such that for all divisors D ∈ Div(C),

�(D)− �(KC −D) = deg(D)− g + 1.

Proof. See Serre [236], II.9, Théorème 3, Hartshorne [90], IV, Theorem 1.3 or Fulton
[71], VIII.6. �

The integer g is called the genus of smooth projective curve C. When C is not
necessarily smooth or projective, its genus is defined to be the genus of a normalization
of C. It is tautological from this definition that the genus is a birational invariant.

Corollary 3.64. Let C be a smooth projective curve of genus g. Then

�(KC) = g, deg(KC) = 2g − 2.

Proof. We first apply the Riemann–Roch theorem to the divisor D = 0 to get 1 −
�(KC) = −g + 1. Note that �(0) = 1, since the only regular functions on a projective
variety are the constant functions. Next we apply the theorem to D = KC to get
�(KC)− 1 = deg(KC)− g + 1. �

Corollary 3.65. Let C be a smooth projective curve of genus g and take D ∈ Div(C).

'1( If deg(D) < 0, then �(D) = 0.

'2( If deg(D) ≥ 2g − 1, then �(D) = deg(D)− g + 1.

'3( If �(D) �= 0 and �(KC −D) �= 0, then we have �(D) ≤ 1
2 deg(D) + 1.

Proof. If f ∈ L(D) is a nonzero function, then D + (f) is effective, so

0 ≤ deg(D + (f)) = deg(D)
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since the divisors of functions have degree 0. Hence if deg(D) < 0, thenL(D) = {0},
so �(D) = 0. This proves '1(, and then '2( follows from '1(, Corollary 3.64, and the
Riemann–Roch theorem.

To prove '3(, we observe that the linear systems |D| and |KC −D| are nonempty
and that the addition mapping |KC −D| × |D| �−→ |KC | is finite-to-one. Therefore,

�(KC −D) − 1 + �(D)− 1 ≤ �(KC)− 1.

Combining this inequality with the Riemann–Roch theorem applied to D yields the
desired result. �

Corollary 3.66. Let C be a smooth projective curve of genus g and take D ∈ Div(C).

(a) If deg(D) ≥ 2g, then D is base point free.

(b) If deg(D) ≥ 2g + 1, then D is very ample.

(c) D is ample if and only if deg(D) > 0.

Proof. From Proposition 3.53, we deduce that D is base point free if and only if

�(D − P ) = �(D)− 1

for all P ∈ C. Similarly, it follows that D is very ample if and only if

�(D − P −Q) = �(D)− 2

for all P, Q ∈ C. Since �(KC−E) = 0 when deg(E) > 2g−2 (Corollary 3.65, '1(),
statements (a) and (b) follows from the Riemann–Roch theorem applied to D, D−P ,
D − P −Q. Then (c) is a simple consequence of (b) and Corollary 3.65, '1(. �

Theorem 3.67. Let C be a smooth projective plane curve of degree n. Then the genus
g of C is given by the formula

g =
(n− 1)(n− 2)

2
.

Proof. A regular differential form whose divisor has degree n(n − 3) can be con-
structed on C. Then Corollary 3.64 implies that

n(n− 3) = deg(KC) = 2g − 2,

which gives the desired result (cf. [98]). �

When a plane curve has singularities, the formula for the genus must be modified as
follows:
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Theorem 3.68. Let C be a projective plane curve of degree n with only ordinary sin-
gularities. Then its genus is given by the formula

g =
(n− 1)(n− 2)

2
−
∑
P∈S

δP (δP − 1)

2
,

where S is the set of singular points and δP the multiplicity of C at P .

Proof. See Fulton [71], VIII.3, Proposition 5. �

We now describe a useful formula, called Riemann–Hurwitz formula, that can fre-
quently be used to compute the genus of a curve.

Theorem 3.69. Let C be a curve of genus g, let C ′ be a curve of genus g′, and let
ϕ : C −→ C ′ be a finite separable mapping of degree d ≥ 1. For each point P ∈ C,
write eP for the ramification index of ϕ at P , and assume either that char(κ̄) = 0 or
else that char(κ̄) does not divide any of the eP ’s. Then

2g − 2 = d(2g′ − 2) +
∑
P∈C

(eP − 1). (3.47)

Proof. See Hindry and Silverman [98], Theorem A.4.2.5. �

Since the number 2− 2g is just the Euler characteristic χ(C) of C, then (3.47) also
assumes the following form:

χ(C) = dχ(C ′) +
∑
P∈C

(1− eP ). (3.48)

The formula (3.48) for functions may be regarded as a logarithmic analogue of the
formula (2.37) for numbers.

Let C = Z(F ) be an irreducible projective curve of degree m and let ϕ : C̃ −→
C be the birational morphism from the non-singular model C̃ onto C. Take G ∈
κ̄[X, Y, Z] with degree n such that Z(G) do not contain C as a component. Define the
divisor of G to be

div(G) =
∑
q∈C̃

ordq(G)q.

Then for p ∈ C,
iF,G(p) =

∑
q∈ϕ−1(p)

ordq(G).

See [71], Chapter 7, Proposition 2. By the property (8),∑
p∈C

iF,G(p) =
∑
p∈C

∑
q∈ϕ−1(p)

ordq(G) =
∑
q∈C̃

ordq(G).
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By Bézout’s theorem, div(G) is a divisor of degree mn.
If C has only ordinary multiple points, define the effective divisor

E =
∑
q∈C̃

{μC(ϕ(q))− 1} q

with the degree
deg(E) =

∑
p∈C

μC(p){μC(p)− 1}.

Further, if m ≥ 3, n = m − 3, then div(G) − E is a canonical divisor (if m = 3,
div(G) = 0). See [71], Chapter 8, Proposition 8.

Let K be a function field of dimension 1 over an algebraically closed field κ (i.e.,
a finitely generated extension field of transcendence degree 1). We wish to establish
a connection between nonsingular curves with function field K and the set of discrete
valuation rings of K/κ. If x is a point on nonsingular curve C, then the local ring
O(x) is a regular local ring of dimension one, and so it is a discrete valuation ring. Its
quotient field is the function field K of C, and since κ ⊆ O(x), it is a valuation ring of
K/κ. Thus the local rings of C define a subset of the set CK of all discrete valuation
rings of K/κ. We will sometimes call the elements of CK points, and write v ∈ CK ,
where v stands for the valuation ring OK,v. Note that the set CK is infinite, because it
contains all the local rings of any nonsingular curve with function field K; those local
rings are all distinct, and there are infinitely many of them (see [90], Chapter I, Section
6).

We make CK into a topological space by taking the closed sets to be the finite
subsets and the whole space. If U ⊆ CK is an open subset of CK , we define the ring
of regular functions on U to be

O(U) =
⋂
v∈U

OK,v.

An element f ∈ O(U) defines a function from U to κ by taking f(v) to be the residue
of f modulo the maximal ideal of OK,v. Note that any f ∈ K is a regular function on
some open set U (see [90], Chapter I, Lemma 6.5). Thus the function field of CK is
just K.

Theorem 3.70. Let K be a function field of dimension 1 over an algebraically closed
field κ. Then CK defined above is isomorphic to a nonsingular projective curve.

Proof. See [90], Chapter I, Theorem 6.9. �

3.5.3 Rational curves

Proposition 3.71. Let C be a smooth projective curve. Then the following are equiv-
alent:
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(i) C has genus 0.

(ii) There exists a point P ∈ C such that �(P ) = 2.

(iii) For every point P ∈ C we have �(P ) = 2.

Proof. Clearly, (iii) implies (ii), and applying Corollary 3.65 (ii) with g = 0 shows that
(i) implies (iii). Finally, if (ii) holds, then the linear system associated to the divisor
P gives a morphism ϕP : C −→ P(L(P )) = P1 of degree one, which must be an
isomorphism since C and P1 are smooth curves. This proves that (ii) implies (i). �

Let C be a smooth projective curve of genus 0 defined over a field κ. Let KC be a
canonical divisor defined over κ. Then −KC is a divisor of degree 2 (Corollary 3.64),
and is very ample (Corollary 3.66, (b)). The Riemann–Roch theorem tells us that the
dimension of the associated embedding is �(−KC) = 3. Hence C can be embedded
into P2 as a smooth curve X of degree 2 (i.e., as a conic).

Theorem 3.72. Let C be a smooth projective curve of genus 0 defined over a field
κ.

(1) The curve C is isomorphic over κ to a conic in P2.

(2) The curve C is isomorphic over κ to P1 if and only if it possesses a κ-rational
point.

The conclusion (2) in Theorem 3.72 was proved simultaneously in a joint paper
of Hilbert and Hurwitz and a paper of Poincaré. In particular, notice that over an
algebraically closed field, all curves of genus 0 are isomorphic to P1. A curve is said
to be rational if it is birational to the projective line.

A natural question is how one obtains all the irreducible algebraic curves which
have a rational parametric representation in an independent variable z. In other words,
if

f(x, y) = 0 (3.49)

is an irreducible equation of the curve, then we require two rational functions

x = ϕ(z), y = ψ(z)

of a variable z, not both constant, which satisfy the equation (3.49) identically in z.

Theorem 3.73 (cf. [253]). An algebraic curve has a rational parametric representa-
tion if and only if it is of genus 0.
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3.5.4 Elliptic curves

An algebraic curve defined over a field κ is called an elliptic curve if a normalization
of the curve has genus 1.

Proposition 3.74. Let C be a curve of genus 1 defined over a field κ, and let O ∈
C(κ). Then there exists a1, a2, a3, a4, a6 ∈ κ such that C is isomorphic over κ to the
plane cubic E given by the generalized Weierstrass equation

Y 2Z + a1XY Z + a3Y Z2 = X3 + a2X2Z + a4XZ2 + a6Z3. (3.50)

Under this isomorphism, the point O is mapped to the inflection point [X, Y, Z] =
[0, 1, 0] ∈ E.

Proof. From Corollary 3.64, we know that any canonical divisor KC has

deg(KC) = 0, �(KC) = 1.

Thus we can find an effective canonical divisor KC with degree 0, which means that
KC = 0. In other words, the zero divisor is a canonical divisor. This means that there
exists a regular differential form without zeros.

Let D be a nonzero effective divisor on C. The Riemann–Roch theorem with g = 1
and KC = 0 implies that �(D) = deg(D). Fix a point O ∈ C(κ), and for each integer
n ≥ 1, consider the vector space L(Dn) of the divisor Dn = nO whose dimension is

�(Dn) = deg(Dn) = n.

Notice that
L(D1) ⊂ L(D2) ⊂ L(D3) ⊂ · · · .

Since dimL(Dn) = n, we can find two functions x, y ∈ κ̄(C) such that

L(D1) = κ, L(D2) = κ⊕ κx, L(D3) = κ⊕ κx⊕ κy.

We know by Corollary 3.66 that the linear system associated to the vector space L(D3)
is very ample. This means that the rational mapping

ϕD3 = [x, y, 1] : C −→ P2

extends to an isomorphism between C and its image ϕD3(C). In particular, ϕD3(C) is
a smooth plane curve.

Notice that x has a pole of order 2 at O, that y has a pole of order 3 at O, and that x
and y have no other poles. Thus we have

L(D4) = κ⊕ κx⊕ κy ⊕ κx2, L(D5) = κ⊕ κx⊕ κy ⊕ κx2 ⊕ κxy.
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The functions 1, x, y, x2, xy are linearly independent over κ since their poles have
different orders at O. But when we look at L(D6), we find that there are 7 functions
that can be naturally constructed using x and y, namely

{1, x, x2, x3, y, xy, y2} ⊂ L(D6).

The vector space L(D6) has dimension 6, so these functions satisfy a nontrivial κ-
linear relation:

ay2 + bxy + cy = dx3 + ex2 + fx + g.

Since only the y2 and x3 terms have poles of order 6, either the coefficients a and
d are both nonzero, or they both vanish. But if a = d = 0, then every term has a
different-order pole at O, so all of the other coefficients would have to vanish. Hence
ad �= 0. This allows us to replace (x, y) by (adx, ad2y) and cancel a3d4, which gives
an equation

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6 (3.51)

with ai ∈ κ, that is, we obtain a plane affine model of C given by (3.51). As usual, the
plane affine model of C is as the locus of the homogeneous coordinate equation (3.50)
in P2 with only one point [0, 1, 0] on the line at∞. �

Conversely, every smooth cubic curve E given by a generalized Weierstrass equa-
tion is an elliptic curve defined over κ. The functions x, y ∈ κ̄(C) in the proof of
proposition are called Weierstrass coordinate functions on C, which have the follow-
ing property

κ̄(C) = κ̄(x, y), [κ̄(C) : κ̄(x)] = 2.

The point O in C corresponding to [0, 1, 0] under the mapping ϕ is called a basepoint
of C, or the origin of C.

Any two generalized Weierstrass equations for C are related by a linear change of
variables of the form

x = u2x′ + r,

y = u3y′ + su2x′ + t, (3.52)

with u, r, s, t ∈ κ, u �= 0. The coefficients a′
i for the new equation are computed as

follows:

ua′
1 = a1 + 2s,

u2a′
2 = a2 − sa1 + 3r − s2,

u3a′
3 = a3 + ra1 + 2t,

u4a′
4 = a4 − sa3 + 2ra2 − (t + rs)a1 + 3r2 − 2st,

u6a′
6 = a6 + ra4 − ta3 + r2a2 − rta1 + r3 − t2.
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Next we introduce the smoothness condition of the plane cubic E given by the
generalized Weierstrass equation (3.50). The following quantities are usually used:

b2 = a2
1 + 4a2,

b4 = a1a3 + 2a4,

b6 = a2
3 + 4a6,

b8 = a2a2
3 − a1a3a4 − a2

4 + a2
1a6 + 4a2a6,

Δ = 9b2b4b6 − b2
2b8 − 8b3

4 − 27b2
6.

One easily verifies that they satisfy the relations

4b8 = b2b6 − b2
4, 1728Δ = c3

4 − c2
6,

where

c4 = b2
2 − 24b4,

c6 = 36b2b4 − b3
2 − 216b6.

The quantity Δ is called the discriminant of the generalized Weierstrass equation. The
following quantities

j =
c3

4

Δ
,

ω =
dx

2y + a1x + a3
=

dy

3x2 + 2a2x + a4 − a1y

are called the j-invariant and the invariant differential associated with the generalized
Weierstrass equation, respectively. Under the linear change of variables (3.52), the
associated quantities for new equation can be given by

u2b′2 = b2 + 12r,

u4b′4 = b4 + rb2 + 6r2,

u6b′6 = b6 + 2rb4 + r2b2 + 4r3,

u8b′8 = b8 + 3rb6 + 3r2b4 + r3b2 + 3r4,

u4c′4 = c4, u6c′6 = c6, u12Δ′ = Δ, j′ = j and u−1ω′ = ω.

Proposition 3.75. The curve given by a generalized Weierstrass equation is non-sin-
gular if and only if Δ �= 0. Otherwise the curve is singular with exactly one singular
point. The curve has an ordinary 2-fold point (node) if and only if Δ = 0 and c4 �= 0.
The curve has a non-ordinary 2-fold point (cusp) if and only if Δ = 0 and c4 = 0.
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Proof. Let E be given by the generalized Weierstrass equation

F (X, Y, Z) = Y 2Z + a1XY Z + a3Y Z2 −
(
X3 + a2X2Z + a4XZ2 + a6Z3) = 0.

Obviously, the point at infinity O = [0, 1, 0] is never singular since

∂F

∂Z
(O) = 1 �= 0.

Thus to study the singularity of E, it is sufficient to consider the affine equation

f(x, y) = F (x, y, 1) = y2 + a1xy + a3y −
(
x3 + a2x2 + a4x + a6

)
.

First of all, suppose that E is singular, say at p0 = (x0, y0). The substitution

x = x′ + x0, y = y′ + y0

leaves Δ and c4 invariant, so without loss of generality we may assume p0 = (0, 0).
Then

a6 = f(p0) = 0, a4 =
∂f

∂x
(p0) = 0, a3 =

∂f

∂y
(p0) = 0,

so the equation for E takes the form

f(x, y) = y2 + a1xy − a2x2 − x3 = 0.

This equation has associated quantities

Δ = 0, c4 =
(
a2

1 + 4a2
)2

.

Note that
y2 + a1xy − a2x2 = (y − αx)(y − βx)

for some α, β ∈ κ̄. Now by definition, E has a node (respectively cusp) if α �= β
(respectively α = β), which occurs if and only if its discriminant

a2
1 + 4a2 �= 0 (respectively = 0).

To complete the proof, it remains to show that if E is non-singular, then Δ �= 0.
Here we omit the proof, which can be found by late discussion. �

If char(κ̄) = 2, one easily computes

j =
a12

1

Δ
.

Hence we have that the condition j = 0 is equivalent to a1 = 0, and the equation
(3.51) transforms as follows: if a1 �= 0 (i.e. j �= 0), then choosing suitably r, s, t we
can achieve a1 = 1, a3 = 0, a4 = 0, and the equation (3.51) takes the form

y2 + xy = x3 + a2x2 + a6, (3.53)
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with the condition of smoothness given by Δ = a6 �= 0. For this case, one has
j = 1/a6. Suppose next that a1 = 0 (i.e. j = 0), then the equation (3.51) transforms
to

y2 + a3y = x3 + a4x + a6, (3.54)

and the condition of smoothness in this case is Δ = a4
3 �= 0.

If char(κ̄) = 3, the equation (3.51) transforms to

y2 = x3 + a2x2 + a4x + a6, (3.55)

where multiple roots are again disallowed. Moreover, we have a4 = 0 in the case
j �= 0. Now it follows

Δ = −a3
2a6, j = −a3

2

a6
.

When j = 0, we have a2 = 0, Δ = −a3
4.

If char(κ̄) �= 2, then we can simplify the generalized Weierstrass equation by com-
pleting the square. Thus replacing y by 1

2(y − a1x − a3) gives an equation of the
form

y2 = 4x3 + b2x2 + 2b4x + b6. (3.56)

Now E is singular if and only if there is a point (x0, y0) ∈ E satisfying

2y0 = 12x2
0 + 2b2x0 + 2b4 = 0.

In other words, the singular points are exactly points of the form (x0, 0) with x0 a
double root of the equation

4x3 + b2x2 + 2b4x + b6 = 0.

This cubic polynomial has a double root if and only if its discriminant (which equals
16Δ) vanishes.

If further char(κ̄) �= 2, 3, then replacing (x, y) by ((x−3b2)/36, y/108) eliminates
the x2 term of (3.56), yielding the simple Weierstrass equation

y2 = x3 + ax + b,

where
a = −27c4, b = −54c6.

The only change of variables preserving this form of the equation is

x = u2x′, y = u3y′ (3.57)

for some u ∈ κ̄∗, and then

u4a′ = a, u6b′ = b, u12Δ′ = Δ.

We summary the above discussion as follows:
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Theorem 3.76 (cf. [80], [256]). For each smooth elliptic curve E defined over a field
κ of characteristic �= 2, 3, there exists a coordinate system such that the affine equation
of E may be expressed by a Weierstrass equation

y2 = x3 + ax + b (3.58)

with a, b ∈ κ, and

Δ = −16(4a3 + 27b2) �= 0, j =
1728(−4a)3

Δ
. (3.59)

The only change of variables preserving this form of the equation is (3.57).

The condition that the discriminant Δ is nonzero is equivalent to the curve being
smooth. It is also equivalent to the cubic x3 + ax + b having 3 different roots since

16(x1 − x2)
2(x2 − x3)

2(x3 − x1)
2 = Δ,

where x1, x2, x3 are the three zeros of the polynomial x3 + ax + b.

Proposition 3.77. The invariant differential ω on an elliptic curve associated to a
generalized Weierstrass equation is regular and non-vanishing, i.e. div(ω) = 0.

Proof. Silverman [256], Chapter III, Proposition 1.5. �

Proposition 3.78. Two elliptic curves associated to generalized Weierstrass equations
are isomorphic over κ̄ if and only if they have the same j-invariant.

Proof. Schmitt–Zimmer [233], Proposition 1.8. �

Conjecture 3.79 (Lang, Stark [145]). If (x, y) ∈ Z2 is a point on the elliptic curve E
defined by (3.58) with a, b ∈ Z, then for ε > 0, there exists a number C(ε) such that

|x| ≤ C(ε)max{|a|3, |b|2}
5
3 +ε. (3.60)

Lang originally posed the conjecture with an unknown exponent; then Stark sug-
gested that the exponent should be 5/3.

Question 3.80. Given polynomials a, b satisfying (3.59). If polynomials x, y satisfy
(3.58), does the following relation hold

3
5

deg(x) ≤ max{3 deg(a), 2 deg(b)}? (3.61)
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Let E be an elliptic curve given by a generalized Weierstrass equation (3.51). Re-
member that E ⊂ P2 consists of the points P = (x, y) satisfying the equation together
with the point O = [0, 1, 0] at infinity. Let L ⊂ P2 be a line. Then since the equation
has degree three, L intersects E at exactly three points, say P, Q, R. Note that if L is
tangent to E, then P, Q, R may not be distinct. The fact that L ∩ E (counting multi-
plicity) consists of three points is a special case of Bézout’s theorem. One can use this
fact to define an addition law on E. Namely, given P, Q ∈ E, draw the line L through
P and Q (tangent line to E if P = Q). Let R be the third point of intersection of L
with E. Let L′ be the line connecting R and O. Define P + Q to be the third point of
intersection of E with L′. The composition law makes E into an Abelian group with
identity element O.

The resulting group is called the Mordell–Weil group of E. It is rather easy to
determine explicit formulae for the above group law. We now give such formulae
in terms of an elliptic curve given by generalized Weierstrass equation (3.51). Let
P1 = (x1, y1) and P2 = (x2, y2) denote points on the curve. Then

−P1 = (x1,−y1 − a1x1 − a3).

Set

λ =
y2 − y1

x2 − x1
, μ =

y1x2 − y2x1

x2 − x1

when x1 �= x2 and

λ =
3x2

1 + 2a2x1 + a4 − a1y1

2y1 + a1x1 + a3
, μ =

−x3
1 + a4x1 + 2a6 − a3y1

2y1 + a1x1 + a3

when x1 = x2. If P3 = (x3, y3) = P1 + P2, then x3 and y3 are given by the formulae

x3 = λ2 + a1λ− a2 − x1 − x2,

y3 = −(λ + a1)x3 − μ− a3.

Further,
E(κ) = {solutions (x, y) ∈ κ2 of (3.51)} ∪ {O}

is a subgroup of E (see [256], Proposition 2.2).

Example 3.81 (cf. [300]). Let E/Q be an elliptic curve defined by the equation (3.58).
If a = −1, b = 0, then

E(Q) = {(0, 0), (1, 0), (−1, 0), O}.

Let E/κ be an elliptic curve and � ∈ Z a prime. The (�-adic) Tate module of E is
the group

T�(E) = lim←n
E[�n],
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the inverse limit being taken with respect to the natural mappings

[�] : E[�n+1] −→ E[�n].

Since each E[�n] is a Z/�nZ-module, we see that the Tate module has a natural struc-
ture as a Z�-module. Note that since the multiplication mappings [�] are surjective,
the inverse limit topology on T�(E) is equivalent to the �-adic topology it gains as a
Z�-module. Proposition 3.43 implies immediately

Proposition 3.82 ([256]). The Tate module has the following structure:

(d1) T�(E) ∼= Z� × Z� if � �= char(κ).

(d2) Tp(E) ∼= {0} or Zp if p = char(κ) > 0.

Let m ≥ 2 be an integer (prime to char(κ) if char(κ) > 0). Note that each element
σ of the Galois group Gκ̄/κ acts on E[m] since, if [m]P = O, then

[m]σ(P ) = σ([m]P ) = O.

We thus obtain a representation

Gκ̄/κ −→ Aut(E[m]) ∼= GL(2, Z/mZ),

where the latter isomorphism involves choosing a basis for E[m]. The action of Gκ̄/κ

on each E[�n] commutes with the multiplication mappings [�] used to form the inverse
limit, so Gκ̄/κ also acts on T�(E). The �-adic representation (of Gκ̄/κ on E), denoted
ρE,�, is the mapping

ρE,� : Gκ̄/κ −→ Aut(T�(E))

giving the action of Gκ̄/κ on T�(E) as described above. If � �= char(κ), by choosing a
Z�-basis for T�(E) we obtain a representation

Gκ̄/κ −→ GL(2, Z�);

and then the natural inclusion Z� ⊂ Q� gives

Gκ̄/κ −→ GL(2, Q�).

If κ is a local field, complete with respect to a discrete valuation v = ord, we can
find a generalized Weierstrass equation (3.51) for E/κ with all coefficients ai ∈ Oκ,v

since replacing (x, y) by (u−2x, u−3y) causes each ai to become aiu
i, if we choose u

divisible by a large power of a uniformizing parameter t for the valuation ring Oκ,v.
Since v is discrete, we can look for an equation of v-integral coefficients (and so the
discriminant Δ is v-integral) with v(Δ) as small as possible among all curves in the
same isomorphism class, called a minimal (Weierstrass) equation for E at v. Let E/κ
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be an elliptic curve associated to a generalized Weierstrass equation (3.51) with v-
integral coefficients. If v(Δ) < 12 (or v(c4) < 4 or v(c6) < 6), then the equation is
minimal. If char(Fv(κ)) �= 2, 3, the converse is also true (cf. [233], Theorem 4.2).

The natural reduction mapping Oκ,v −→ Fv(κ) is denoted z �→ z̃. Now having
chosen a minimal Weierstrass equation (3.51) for E/κ, we can reduce its coefficients
modulo t to obtain a (possibly singular) curve over Fv(κ), namely

Ẽ : y2 + ã1xy + ã3y = x3 + ã2x2 + ã4x + ã6.

The curve Ẽ/Fv(κ) is called the reduction of E modulo t. Further, E is said to has
good (or stable) reduction over κ if Ẽ is non-singular, otherwise, has bad reduction.
In the case of having bad reduction, E is also said to have multiplicative (or semi-
stable) reduction over κ if Ẽ has an ordinary double point, otherwise, have additive
(or unstable) reduction over κ. If E has multiplicative reduction, then the reduction is
said to be split (respectively non-split) if the slopes of the tangent lines at the double
point are in Fv(κ) (respectively not in Fv(κ)).

Proposition 3.83. Let E be an elliptic curve over a local field κ with minimal Weier-
strass equation (3.51).

(A) E has good reduction if and only if v(Δ) = 0.

(B) E has multiplicative reduction if and only if v(Δ) > 0 and v(c4) = 0. The
multiplicative reduction is split if −c4c6 is a square in Fv(κ) at char(Fv(κ)) �=
2, 3; b2 is a square in Fv(κ) at char(Fv(κ)) = 3; the polynomial x2 + a1x +
(a3a−1

1 + a2) has a root in Fv(κ) at char(Fv(κ)) = 2.

(C) E has additive reduction if and only if v(Δ) > 0 and v(c4) > 0.

Proof. See [233], Proposition 4.4; or [256]. �

3.5.5 Hyperelliptic curves

A curve C of genus g ≥ 2 is called a hyperelliptic if there exists a double covering
ϕ : C −→ P1. Let C be a hyperelliptic curve defined over a field κ with char(κ̄) �= 2.
The function field of C is a quadratic extension of κ̄(P1), hence has the shape κ̄(x, y),
where

y2 = F (x) (3.62)

for some polynomial F (x) ∈ κ̄[x]. This equation gives an affine model C ′ for C. If
the polynomial F has a double root, say α, then we can replace y by (x − α)y and
cancel (x − α)2. So we may assume that C ′ is given by an affine equation (3.62) for
some F (x) ∈ κ̄[x] with distinct roots. Then the affine curve C ′ is smooth. We can use
the functions x and y to embed C ′ into Pg+1 via the mapping

(x, y) �−→ [1, x, x2, . . . , xg, y].
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Define

d =

{
deg(F ), if deg(F ) is even,

deg(F ) + 1, if deg(F ) is odd,

and consider the affine curve C ′′ defined by the equation

v2 = G(u) = udF

(
1
u

)
. (3.63)

Since the mapping (
u, v
)

=
(
x−1, yx−d/2)

defines an isomorphism

{(x, y) ∈ C ′ | x �= 0} −→ {(u, v) ∈ C ′′ | u �= 0},

then C ′′ also is a smooth affine model of C. Note that the mapping ϕ : C −→ P1

has degree 2 and is ramified at the points where F (x) = 0, and if deg(F ) is odd, it
is also ramified at the point at infinity. Thus ϕ is ramified at exactly d points. The
ramification index at each ramified point must be 2, so the Riemann–Hurwitz formula
(3.47) yields

2g − 2 = deg(ϕ)
(
2g(P′)− 2

)
+
∑
P∈C

(eP − 1) = −4 + d,

and we thus find that

g =
d

2
− 1 =

[
deg(F )− 1

2

]
,

where [x] denotes the maximal integer ≤ x.

Proposition 3.84 (cf. [80], [98]). Every curve of genus 2 is hyperelliptic.

Proof. If C is a curve of genus 2, then Riemann–Roch theorem says that

�(KC) = deg(KC) = 2,

so the linear |KC | gives a mapping ϕKC
: C −→ P1 of degree 2. Hence the curve C

is hyperelliptic. �

Theorem 3.85. Let C be a smooth projective curve of genus g.

(1) The canonical divisor KC is base point free if and only if g ≥ 1.

(2) The canonical divisor KC is ample if and only if g ≥ 2.

(3) The canonical divisor KC is very ample if and only if g ≥ 3 and the curve is not
hyperelliptic.
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Proof. If KC is not base point free, then there is a point P ∈ C with

�(KC − P ) = �(KC) = g.

Hence Riemann–Roch theorem implies

�(P ) = �(KC − P ) + 2− g = 2,

and by Proposition 3.71, this implies that C is rational. This gives (1).
We have already seen that if C has genus 1, then KC = 0. Corollary 3.64 and

Corollary 3.66 tell us that deg(KC) = 2g − 2 and that KC is ample if and only if
deg(KC) > 0, which proves (2).

For the remaining parts, we may assume that g ≥ 2. From the proof of Corol-
lary 3.66, it follows that KC is very ample if and only if

�(KC − P −Q) = �(KC)− 2 = g − 2

for all P, Q ∈ C. On the other hand, Riemann–Roch theorem yields

�(P + Q)− �(KC − P −Q) = deg(P + Q)− g + 1 = 3− g.

Combining these two equations, we find that KC is very ample if and only if �(P +
Q) = 1 for all P, Q ∈ C. If C is hyperelliptic, say ϕ : C −→ P1, then the inverse
image of any point in P1 consists of two points P, Q that satisfy �(P + Q) = 2. Thus
KC is not very ample on a hyperelliptic curve. Conversely, if KC is not ample, then
there are two points P, Q ∈ C with �(P +Q) = 2, and hence the linear system |P +Q|
defines a mapping of degree 2 from C to P1. This completes the proof of (3). �

3.5.6 Jacobian of curves

Theorem 3.86. Let C be a smooth projective curve of genus g ≥ 1. There exists an
Abelian variety Jac(C), called the Jacobian of C, and an injection j : C −→ Jac(C),
called the Jacobian embedding of C, with the following properties:

〈1〉 Extend j linearly to divisors on C. Then j induces a group isomorphism between
Pic0(C) and Jac(C).

〈2〉 For each r ≥ 0, define a subvariety Wr ⊂ Jac(C) by

Wr =

⎧⎪⎪⎨⎪⎪⎩
{0}, if r = 0,

j(C) + · · · + j(C)︸ ︷︷ ︸, if r > 0.

r copies

Then
dim Wr = min{r, g}, Wg = Jac(C).
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〈3〉 Let Θ = Wg−1. Then Θ is an irreducible ample divisor on Jac(C).

Proof. See [98], Theorem A.8.1.1. �

It is clear that the curve C determines the pair (Jac(C), Θ) up to a natural isomor-
phism. The converse is called Torelli’s theorem: Over an algebraically closed field, the
isomorphism class of the pair (Jac(C), Θ) determines the isomorphism class of the
curve C. See Theorem 12.1 in Milne [182] for a further discussion.

Suppose that the curve C is defined over a field κ. Then its Jacobian variety Jac(C)
is also defined over κ. But, it may not be possible to define the injection j : C −→
Jac(C) over κ. More precisely, the mapping j is defined by choosing a divisor D of
degree 1 and then setting

j : C −→ Pic0(C) ∼= Jac(C), j(x) = Cl(x−D).

In particular, if there is a point x0 ∈ C(κ), then we can take D = x0 to get a mapping j
that is defined over κ. This will suffice for the proof of Faltings’ Theorem 8.3 (Mordell
conjecture), since if C has no κ-rational points, then it is trivial to prove that C(κ)
is finite. We also note that once we have identified Jac(C) and Pic0(C), then the
embedding j is unique up to translation.

3.6 Sheaves and vector bundles

3.6.1 Sheaves

Definition 3.87. Let X be a topological space. A presheaf F of Abelian groups on
X associates to each open set U ⊂ X a Abelian group F(U), called the sections of
F over U , and to each pair V ⊂ U of open sets a mapping rU,V : F(U) −→ F(V ),
called the restriction mapping, satisfying

(i) F(∅) = 0, where ∅ is the empty set,

(ii) rU,U : F(U) −→ F(U) is the identity,

(iii) rW,V = rU,V ◦ rW,U for any triple V ⊂ U ⊂ W of open sets. By virtue of this
relation, we may write η|V for rU,V (η) without loss of information.

We define a presheaf of rings, a presheaf of sets, or a presheaf with values in any
fixed category C, by replacing the words “Abelian group” in the definition by “ring”,
“set”, or “object of C” respectively. We will stick to the case of Abelian groups in this
section, and let the reader make the necessary modifications for the case of rings, sets,
etc.

Definition 3.88. A presheaf F on a topological space X is a sheaf F if it satisfies the
following supplementary conditions:

(iv) if ζ ∈ F(U ∪ V ) and ζ|U = ζ|V = 0, then ζ = 0;
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(v) for any pair of open sets U, V in X and sections ξ ∈ F(U), η ∈ F(V ) such that

ξ|U∩V = η|U∩V ,

there exists a section ζ ∈ F(U ∪ V ) with

ζ|U = ξ, ζ|V = η.

(Note condition (iv) implies that ζ is unique.)

Example 3.89. Let X be a variety over a field κ. For each open set U ⊆ X , let O(U)
be the ring of all regular functions on U , and for each pair U ⊆ V of open sets, let
rV,U : O(V ) −→ O(U) be the restriction mapping in the usual sense. Then O is a
sheaf of rings on X , called the sheaf of regular functions on X .

Example 3.90. The sheaf of invertible functions O∗ associated to an open set U of
a variety X the set of regular functions without zeros on U . It is a sheaf of groups.
Notice that O∗(U) is exactly the group of units in the ring O(U).

Example 3.91. On a variety X , the sheaf of rational functions KX attaches to each
open set U the set of rational functions on U .

Example 3.92. The sheaf of differential r-forms Ωr on a variety X associates to an
open set U the set Ωr[U ] of regular r-differentials on U .

Example 3.93. In the same way, one can define the sheaf C0 of continuous real-
valued functions on any topological space, or the sheaf C∞ of C∞-functions on a
C∞-manifold, or the sheaf A of holomorphic functions on a complex manifold.

Example 3.94. Let X be a topological space, and A an Abelian group, say, Z, Q, R,
and C. We define the constant sheaf, also denoted by A, on X determined by A as
follows. Give A the discrete topology, and for any open set U ⊆ X , let A(U) be
the group of all continuous mappings of U into A. Then with the usual restriction
mappings, we obtain a sheaf A. Note that for every connected open set U , A(U) ∼= A.

There is an obvious way to form the direct sum and tensor product of two sheaves
of modules:

(F ⊕ G)(U) = F(U) ⊕ G(U), (F ⊗ G)(U) = F(U)⊗ G(U).

Definition 3.95. If F is a presheaf on a topological space X , and if x is a point of X ,
we define the stalk F(x) of F at x to be the direct limit of the groups F(U) for all
open sets U containing x, via the restriction mappings r.
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Thus an element of F(x) is represented by a pair (U, f) where U is an open subset
of X containing x, and f is an element of F(U). Two such pairs (U, f) and (W, g)
define the same element of F(x) if and only if there is a neighborhood V ⊂ U ∩W
of x such that f |V = g|V . Thus we may speak of elements of the stalk F(x) as germs
of sections of F at the point x. In the case of a variety X and its sheaf of regular
functions O, the stalk O(x) at a point x is just the local ring of x on X , which was
defined in Section 3.2.3.

Let F be a sheaf on X . The set of global sections of F is the set F(X). This set is
also frequently denoted by Γ(X,F).

Definition 3.96. If F and G are presheaves (or sheaves) on a topological space X , a
mapping (or morphism, or homomorphism) ϕ : F −→ G consists of a homomorphism
of Abelian groups ϕU : F(U) −→ G(U) for each open set U ⊂ X such that for
V ⊂ U ⊂ X , ϕU and ϕV commute with the restriction mappings, that is, the diagram

F(U)
ϕU−−−−→ G(U)⏐⏐4rU,V

⏐⏐4r′U,V

F(V )
ϕV−−−−→ G(V )

is commutative, where r and r′ are the restriction mappings in F and G. An isomor-
phism is a mapping which has a two-sided inverse.

Proposition 3.97. Let ϕ : F −→ G be a morphism of sheaves on a topological space
X . Then ϕ is an isomorphism if and only if the induced mapping on the stalk ϕx :
F(x) −→ G(x) is an isomorphism for every x ∈ X .

Proof. See Hartshorne [90], Chap. II, Proposition 1.1. �

Definition 3.98. Let ϕ : F −→ G be a morphism of presheaves on a topological space
X . We define the presheaf kernel of ϕ, presheaf image of ϕ, and presheaf cokernel of
ϕ to be the presheaves given respectively by

U �→ Ker(ϕU), U �→ Im(ϕU ), U �→ Coker(ϕU ) = G(U)/Im(ϕU ).

Note that if ϕ : F −→ G is a morphism of sheaves, then the presheaf kernel of ϕ is
a sheaf, but the presheaf cokernel and presheaf image of ϕ are in general not sheaves.
This leads us to the notion of a sheaf associated to a presheaf.

Proposition 3.99. Given a presheafF , there is a sheafF+ and a morphism θ : F −→
F+ with the property that for any sheaf G and any morphism ϕ : F −→ G, there is a
unique morphism φ : F+ −→ G such that ϕ = ψ ◦ θ. Furthermore the pair (F+, θ)
is unique up to unique isomorphism, called the sheaf associated to the presheaf F .
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Proof. We construct the sheaf F+ as follows. For any open set U , let F(U) be the set
of functions s from U to the union ∪x∈UF(x) of the stalks of F over points of U such
that

(I) s(x) ∈ F(x) for each x ∈ U ,

(II) for each x ∈ U , there is a neighborhood V of x, contained in U , and an element
t ∈ F(V ), such that for all y ∈ V , the germ [t]y of t at y is equal to s(y).

Now one can verify immediately that F+ with the natural restriction mappings is a
sheaf, that there is a natural morphism θ : F −→ F+, and that it has the universal
property described. �

Note that for any point x, F+(x) = F(x). Note also that if F itself was a sheaf,
then F+ is isomorphic to F via θ.

Definition 3.100. A subsheaf of a sheaf F is a sheaf F ′ such that for every open set
U ⊂ X , F ′(U) is a subgroup of F(U), and the restriction mappings of the sheaf F ′

are induced by those of F . It follows that for any point x, the stalk F ′(x) is a subgroup
of F(x).

If ϕ : F −→ G is a morphism of sheaves, we define the kernel of ϕ, denoted
Ker(ϕ), to be the presheaf kernel of ϕ (which is a sheaf). Thus Ker(ϕ) is a subsheaf
of F . If Ker(ϕ) = 0, the morphism ϕ is called injective. Thus ϕ is injective if and
only if the induced mapping ϕU : F(U) −→ G(U) is injective for every open set U
of X .

If ϕ : F −→ G is a morphism of sheaves, we define the image of ϕ, denoted Im(ϕ),
to be the sheaf associated to the presheaf image of ϕ. By the universal property of the
sheaf associated to a presheaf, there is a natural injective mapping Im(ϕ) �→ G. Thus
Im(ϕ) can be identified with a subsheaf of G. If Im(ϕ) = G, the morphism ϕ is said
to be surjective. We say that a sequence

· · · → F i−1 ϕi−1

−−−→ F i ϕi

−→ F i+1 → · · ·

of sheaves and morphisms is exact if at each stage Ker(ϕi) = Im(ϕi−1). Thus a
sequence

0 → F ϕ−→ G
is exact if and only if ϕ is injective, and

F ϕ−→ G → 0

is exact if and only if ϕ is surjective.
Now let F ′ be a subsheaf of a sheaf F . We define the quotient sheaf F/F ′ to be the

sheaf associated to the presheaf U �→ F(U)/F ′(U). It follows that for any point x,
the stalk of F/F ′ at x is the quotient F(x)/F ′(x).

If ϕ : F −→ G is a morphism of sheaves, we define the cokernel of ϕ, denoted
Coker(ϕ), to be the sheaf associated to the presheaf cokernel of ϕ.
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Definition 3.101. Let f : X −→ Y be a continuous mapping of topological spaces.
For any F on X , we define the direct image sheaf f∗F on Y by

(f∗F)(V ) = F(f−1(V ))

for any open set V ⊂ Y . For any sheaf G on Y , we define the inverse image sheaf
f−1G on X to be the sheaf associated to the presheaf

U �→ lim
f(U)⊆V

G(V ),

where U is any open set in X , and the limit is taken over all open sets V of Y contain-
ing f(U).

If Z is a topological subspace of X with the induced topology, if i : Z −→ X is the
inclusion mapping, and if F is a sheaf on X , then we call i−1F the restriction of F to
Z, and we often denote it by F|Z . Note that the stalk of F|Z at any point x ∈ Z is just
F(x).

Definition 3.102. Let X be a variety. A sheaf of OX -modules (or simply an OX-
module) is a sheaf F on X such that for every U ⊂ X , F(U) is a module over the ring
O(U), and such that for every V ⊂ U ⊂ X , the mapping rU,V : F(U) −→ F(V ) is
a homomorphism of modules. In other words, if s1, s2 ∈ F(U) and f1, f2 ∈ O(U),
then

rU,V (f1s1 + f2s2) = rU,V (f1)rU,V (s1) + rU,V (f2)rU,V (s2).

Note that there are two different restriction mappings rU,V here, one for F and one for
O.

For example, the sheaves KX and Ωr are clearlyOX-modules. Similarly, the direct
sum

Or = O ⊕ · · · ⊕ O (r times)

is an OX-module called a freeOX-module of rank r.

Definition 3.103. Let F be anOX-module on X . We say that F is locally free if each
point in X has a neighborhood over which F is free. The rank of a locally free sheaf
F is the integer r such that F(U) ∼= O(U)r for all sufficiently small open sets U . A
locally free sheaf of rank 1 is called an invertible sheaf (or sometimes a line sheaf).

For example, when X is smooth, the sheaf of r-forms Ωr is a locally free sheaf. The
reason that locally free sheaves of rank 1 are called “invertible” is because they are the
sheaves F for which there exists another sheaf G such that F ⊗ G ∼= O. Thus the set
of invertible sheaves naturally form a group, using tensor product as the group law and
O as the identity element.
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Let D be a Cartier divisor on a variety X defined by {(Ui, fi)}i∈I . We define the
sheaf LD to be the subsheaf of KX determined by the conditions

LD(Ui) =
1
fi
O(Ui), i ∈ I.

This determines LD, since the Ui’s cover X . It is not hard to check that LD is well-
defined and is locally free of rank 1. It is also easy to see that up to isomorphism, LD

depends only on the linear equivalence class of D, and that

LD+D′ = LD ⊗ LD′ .

Proposition 3.104. The association CaDiv(X) �−→ LD defines an isomorphism from
Pic(X) to the group of invertible sheaves (modulo isomorphism).

Proof. See Hartshorne [90], Proposition II.6.13 or Shafarevich [239], Theorem 3,
Chapter VI.1.4. �

3.6.2 Vector bundles

A vector bundle of rank r over a variety X is a variety E and a morphism p : E −→ X
with the following two properties:

(1) Each fiber Ex = p−1(x) is a vector space of dimension r;

(2) The fibration p is locally trivial.

A vector bundle of rank 1 is called a line bundle. The trivial bundle of rank r over X
is X × Ar �−→ X .

The condition (2) means that for each point x0 ∈ X , there is a neighborhood U of
x0 over which the fibration is trivial. In other words, if we write EU = p−1(U), then
there is an isomorphism ϕU : U ×Ar −→ EU such that

p ◦ ϕU (x, ξ) = x, x ∈ U, ξ ∈ Ar.

The mappings ϕU are called local trivializations of E. For each x ∈ U , setting

ϕU,x(ξ) = ϕU (x, ξ), ξ ∈ Ar,

then ϕU,x : Ar −→ Ex is a linear isomorphism.
Let B = {U, W, Z, . . . } be an open covering of X such that for each element in B,

say U , there is a local trivialization ϕU of U ×Ar onto EU . We thus obtain a mapping

gUW : U ∩W −→ GL(r, κ̄) (3.64)

given by
gUW (x) = ϕ−1

U,x ◦ ϕW,x

with entries in O(U ∩ W ); the mappings gUW are consist of r × r matrices, called
transition matrices for E relative to the local trivializations ϕU , ϕW . The transition
matrices of E necessarily satisfy the identities:
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(3) gUW gWU is the identity in U ∩W ,

(4) gUW gWZgZU is the identity in U ∩W ∩ Z.

Conversely, if there exist an open covering B = {U, W, Z, . . . } of X and matrices
gUW with entries in O(U ∩ W ) satisfying the conditions (3) and (4), then there is a
vector bundle (E, p, X) such that {gUW } is the system of transition matrices: it is not
hard to check that E as a point set must be the union⋃

U∈B
U × Ar

with points (x, ξ) ∈ U × Ar and (x, gUW (x)ξ) ∈ U × Ar identified and with the
variety structure induced by the inclusions U × Ar ↪→ E.

As a general rule, operations on vector spaces induce operations on vector bundles.
For example, if E �−→ X is a vector bundle, we can define the dual of E to be the
bundle E∗ whose fibers are the dual vector spaces of the fibers of E; trivializations
ϕU : U × Ar −→ EU then induce mappings

ϕ∗
U : U × V ∗ −→ E∗

U ,

where V ∗ is the dual of V = Ar, which give E∗ = ∪E∗
x the structure of a variety.

The construction is most easily expressed in terms of transition matrices: if E �−→ X
has transition matrices {gUW }, then E∗ �−→ X is just the vector bundle given by
transition matrices

g∗UW = tg−1
UW .

Similarly, if E �−→ X , E′ �−→ X are vector bundles of rank r and r′ with transi-
tion matrices {gUW } and {g′UW }, respectively, then one can define direct sum, tensor
product, and exterior power of bundles, respectively,

〈1〉 E ⊕E′, given by transition matrices

hUW =

(
gUW 0

0 g′UW

)
: U ∩W −→ GL(r + r′, κ̄),

〈2〉 E ⊗E′, given by transition matrices

hUW = gUW ⊗ g′UW : U ∩W −→ GL(rr′, κ̄),

〈3〉
∧
l

E, given by transition matrices

hUW =
∧
l

gUW : U ∩W −→ GL

(
r!

l!(r − l)!
, κ̄

)
.

In particular, det(E) :=
∧
r

E is a line bundle given by

hUW = det gUW : U ∩W −→ κ̄∗,

called the determinant bundle of E.
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A morphism of vector bundles f : E′ −→ E which is a closed embedding of
varieties is an embedding of vector bundles. In this case the image f(E′) is called a
subbundle of E. If F ⊂ E is a subbundle of a vector bundle E, then F is a collection
{Fx ⊂ Ex}x∈X of subspaces of the fibers Ex of E such that F = ∪Fx is a subvariety
of E. The condition that F ⊂ E is a subvariety is equivalent to saying that for every
x ∈ X , there exists a neighborhood U of x in X and a trivialization

ϕU : U ×Ar −→ EU

such that
ϕ−1

U |FU
: FU −→ U ×Al ⊂ U × Ar.

The transition matrices gUW of E relative to these trivializations will then look like

gUW =

(
hUW kUW

0 jUW

)
.

The bundle F will have transition matrices hUW , and the mappings jUW are transition
matrices for the quotient bundle E/F given by

E/F =
⋃

x∈X

Ex/Fx.

For a structure of variety, see [239].
We also define the pullback of a bundle p : E −→ X by a morphism f : Y −→ X

to be the fibered product

f∗E = E ×X Y = {(y, v) ∈ Y × E | f(y) = p(v)}.

Let p : E −→ X be a vector bundle of rank r. A section of E is a morphism
s : X −→ E such that p ◦ s = idX . Similarly, a rational section of E is a rational
mapping s : X −→ E such that p ◦ s = idX . It is easy to check from the definition
of vector bundle that if s1 and s2 are sections of E then there exists a section s1 + s2

such that
(s1 + s2)(x) = s1(x) + s2(x)

for any point x ∈ X . The sum on the right-hand side is meaningful, since s1(x), s2(x)
∈ Ex, and Ex is a vector space. In a similar way the equality

(fs)(x) = f(x)s(x)

determines a multiplication of a section s by an element f ∈ O(X). The set of sections
to a vector bundle clearly form a module over the ring O(X), which we will denote
by Γ(X, E).
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A frame for E over U ⊂ X is a collection ξ1, . . . , ξr of sections over U such that
{ξ1(x), . . . , ξr(x)} is a basis of Ex for all x ∈ U . A frame for E over U is essentially
the same thing as a trivialization of E over U : given a trivialization

ϕU : U ×Ar −→ EU ,

the sections
ξi(x) = ϕU (x, ei)

form a frame, where {e1, . . . , er} is the standard basis of Ar, and conversely given
ξ1, . . . , ξr a frame, we can define a trivialization ϕU by

ϕU

(
x,

r∑
i=1

λiei

)
=

r∑
i=1

λiξi(x).

Given a trivialization ϕU of E over U , we can represent every section s of E over
U uniquely as a O(U) vector-valued function sU = (sU1, . . . , sUr) by writing

s(x) =
r∑

i=1

sUi(x)ϕU(x, ei);

if ϕW is a trivialization of E over W and sW = (sW 1, . . . , sWr) the corresponding
representation of s|U∩W , then

r∑
i=1

sUi(x)ϕU(x, ei) =

r∑
i=1

sWi(x)ϕW (x, ei)

so
ϕU,x(sU (x)) = ϕW,x(sW (x)),

i.e.
sU = gUW sW . (3.65)

Thus, in terms of trivializations {ϕU}U∈B, sections of E over X correspond exactly
to collections {sU}U∈B of vector-valued O(U) functions such that (3.65) hold for all
U, W , where gUW are transition matrices of E relative to {ϕU}.

Let p : E −→ X be a vector bundle. We associate to each open set U the vector
space of sections Γ(U, EU ). Notice that Γ(U, EU ) is an O(U)-module. It is easy to
check that the association U �−→ Γ(U, EU ) defines a locally free sheafLE whose rank
is equal to the rank of the vector bundle E.

Proposition 3.105. The association E �−→ LE is a bijection between (isomorphism
classes of) vector bundles of rank r and (isomorphism classes of) locally free sheaves
of rank r.
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Proof. See Hartshorne [90], Exercise II.5.18 or Shafarevich [239], Theorem 2, Chap-
ter VI.1.3. �

Let X be a nonsingular variety. The sheaf of differential r-forms Ωr on X is lo-
cally free. Hence by Proposition 3.105 it defines a vector bundle, denoted by Λr . In
particular, T ∗(X) := Λ1 is called the cotangent bundle. Obviously,

Λr =
∧
r

T ∗(X).

The vector bundle dual to the cotangent bundle is called the tangent bundle, and is
denoted by T (X).

Example 3.106. Consider Pn to be the set of lines of An+1 through 0. Define a variety

E = {(x, v) ∈ Pn × An+1 | v lies on the line x}.

The projection onto the first factor, p : E −→ Pn, gives E the structure of a line
bundle. Indeed, the first condition is clear, and it is easy to check that the fibration p
trivializes above each standard affine open subset. Thus if we let Uj = Pn−{Xj = 0},
then the trivialization ϕUj : Uj × A1 −→ EUj is given explicitly by

ϕUj(x, λ) =

(
x,

(
λx0

xj
,
λx1

xj
, . . . ,

λxn

xj

))
.

3.6.3 Line bundles

Recall that for any line bundle p : L −→ X on the variety X , we can find an open
cover B = {U, W, Z, . . . } of X and trivializations

ϕU : U ×A1 −→ LU

of LU = p−1(U). We define the transition functions

gUW : U ∩W −→ κ̄∗

for L relative to the trivializations {ϕU} by

gUW (x) = ϕ−1
U,x ◦ ϕW,x ∈ κ̄∗.

The functions gUW are clearly regular, nonvanishing, and satisfy

gUW gWU = 1,

gUW gWZgZU = 1; (3.66)

conversely, given a collection of nonvanishing functions {gUW ∈ O(U ∩W )} satisfy-
ing these identities, we can construct a line bundle L with transition functions {gUW }
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by taking the union of U × A1 over all U ∈ B and identifying {x} × A1 in U × A1

and W × A1 via multiplication by gUW (x).
Now, given L as above, for any collection of nonvanishing regular functions fU ∈

O(U) we can define alternate trivilizations of L over B by

ϕ′
U = fU ϕU ;

transition functions g′UW for L relative to {ϕ′
U} will then given by

g′UW =
fW

fU
gUW . (3.67)

On the other hand, any other trivialization of L over B can be obtained in this way, and
so we see that collections {gUW } and {g′UW } of transition functions define the same
line bundle if and only if there exist nonvanishing functions fU ∈ O(U) satisfying
(3.67).

We can give the set of line bundles on X the structure of a group, multiplication
being given by tensor product and inverses by dual bundles. If L is given by data
{gUW }, L′ by {g′UW}, we have seen that

L⊗ L′ ∼ {gUW g′UW }, L∗ ∼ {g−1
UW }.

Based on the form of transition functions for L∗, we often use the symbol L−1 to
express the line bundle L∗.

We now describe the basic correspondence between divisors and line bundles. Let
D be a Cartier divisor on X which is represented by a set of pairs {(U, fU )}U∈B,
where the B form a open covering of X and

gUW :=
fU

fW
∈ O∗(U ∩W ),

and in U ∩W ∩ Z we have

gUW gWZgZU =
fU

fW
· fW

fZ
· fZ

fU
= 1.

The line bundle given by the transition functions {gUW = fU/fW } is called the asso-
ciated line bundle of D, and written [D]. Obviously, a rational section of [D] is given
by the collection {fU}. We check that [D] is well defined: if {f ′

U} are alternate local
data for D, then

hU =
fU

f ′
U

∈ O∗(U),

and

g′UW =
f ′
U

f ′
W

=
hW

hU
gUW
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for each U, W ∈ B. We further observe that replacing the fU ’s by ffU does not affect
the construction, where f ∈ κ̄(X)∗, so the isomorphism class of the resulting line
bundle depends only on the linear equivalence class of D. Also it is easy to show
that the line bundle [D] associated to a divisor D on X is trivial if and only if D is
principal.

Conversely, suppose that L is a line bundle defined in an open cover B = {U, W,
Z, . . .} of X by transition functions {gUW} for L relative to the trivializations {ϕU},
with gUW ∈ O(U∩W ). It follows from the gluing conditions (3.66) that gWU = g−1

UW

and
gUW = gUZg−1

WZ (3.68)

over U ∩W ∩ Z. The inclusion O(U ∩W ) ↪→ κ̄(X) allows us to consider the gUW

as elements of κ̄(X), and (3.68) holds for these in the same way. Fix some subscript
Z, set sU = gUZ . Since

sUs−1
W = gUW , (3.69)

the system {(U, sU )}U∈B define a certain divisor D with [D] = L. Let ξU be the frame
of L over U defined by

ξU (x) = ϕU (x, 1), x ∈ U.

Then we can prove easily the relation

ξW = gUW ξU

over U ∩W . Since
sUξU = sW gUW g−1

UW ξW = sW ξW ,

the collection {sU} just defines a rational section s. Thus we also denote this divisor
by (s) = D.

Proposition 3.107. The association D �−→ [D] induces a functorial isomorphism be-
tween the group of Cartier divisor classes and the group of isomorphism classes of
line bundles on X . More precisely,

[D + D′] = [D]⊗ [D′], [−D] = [D]∗.

Further, [f∗D] = f∗[D] for any morphism f of varieties.

Let L be a line bundle defined in an open cover B = {U, W, Z, . . . } of X by
transition functions {gUW}. An absolute value | · |v on κ̄ induces a metric v on L,
which amounts to the giving of a norm on each fiber, varying as smoothly as the
conditions prescribe (continuously, C∞, real analytic, and so on). Suppose given for
each U ∈ B a function

ρU : U −→ R+

such that on U ∩W we have

ρU = |gUW |2vρW .
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Then we say that the family of triples {(U, gUW , ρU )} represents the metric. We could
also write a representative family as {(U, ϕU , ρU )} using the trivializations ϕU instead
of the transition functions gUW . A line bundle with a metric v will be denoted by a
pair (L, v), and will be called a metrized line bundle.

Here we introduce a construction of metrics on L. By Proposition 3.53, there are
very ample line bundles E, H on X such that L ∼= E ⊗H−1. Now choose generating
global sections s0, . . . , sp of E and t0, . . . , tq of H . Then there is a unique metric on
L given by

ρU (x) = max
i

min
j

∣∣∣∣siU (x)

tjU (x)

∣∣∣∣2
v

, x ∈ U.

If s = {sU}U∈B is a section of L, then we define

|s(x)|2v =
|sU (x)|2v
ρU (x)

, x ∈ U.

The value on the right-hand side is independent of the choice of U , as one sees at once
from the transformation law. The metric is said to be locally bounded if log |s|v is
locally bounded for every open subset U of X and every nowhere vanishing section
s ∈ Γ(U, L).

For the case X = Pn, let H be the line bundle associated to a hyperplane. It is
easy to see that H is the dual of the line bundle defined in Example 3.106. The global
sections of H can be identified with linear forms

Γ (Pn, H) = κ̄X0 ⊕ · · · ⊕ κ̄Xn.

We let Hd denote the line bundle obtained by tensoring H with itself d times. The
global sections of Hd are the homogeneous polynomials of degree d,

Γ
(
Pn, Hd

)
=

⊕
i0+···+in=d

κ̄X i0
0 · · ·X

in
n .

3.6.4 Intersection multiplicity

Let A be a graded ring. If M is a module over A, then a sequence of submodules

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M

is also called a finite filtration, and we call r the length of the filtration. A module M
is said to be simple if it does not contain any submodule other than 0 and M itself, and
if M �= 0. A filtration is said to be simple if each Mi/Mi−1 is simple. A module M is
said to be of finite length if it is 0, or if it admits a simple finite filtration. The length of
such a simple finite filtration is uniquely determined, called the length of the module,
and denoted by length(M), or lengthA(M) to stress the role of the ring A.
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A graded A-module is an A-module M , together with a decomposition

M =
∑
r∈Z

Mr,

such that Ar ·Ms ⊆ Mr+s. For any graded A-module M , and for l ∈ Z, we define
the twisted module M(l) by shifting l places to the left, i.e., M(l)r = Mr+l. If M is a
graded A-module, we define the annihilator of M ,

Ann(M) = {a ∈ A | a ·M = 0}.

This is a homogeneous ideal in A.

Proposition 3.108. Let M be a finitely generated graded module over a Noetherian
graded ring A. Then there exists a filtration

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M

by graded submodules, such that for each i,

M i/M i−1 ∼= (A/pi)(li),

where pi is a homogeneous prime ideal of A, and li ∈ Z. The filtration is not unique,
but for any such filtration we do have:

(μ) if p is a homogeneous prime ideal of A, then for some i,

Ann(M) ⊆ p⇐⇒ pi ⊆ p.

In particular, the minimal elements of the set {p1, . . . , pr} are just the minimal
primes of M , i.e., the primes which are minimal containing Ann(M);

(ν) for each minimal prime of M , the number of times which p occurs in the set
{p1, . . . , pr} is equal to the length of Mp over the local ring Ap (and hence is
independent of the filtration).

Proof. For the existence of the filtration, we consider the set of graded submodules of
M which admit such a filtration. Clearly, the zero module does, so the set is nonempty.
Since M is a Noetherian module, so there is a maximal submodule M ′ ⊆ M . Now
consider M ′′ = M/M ′. If M ′′ = 0, we are done. If not, we consider the set of ideals

I = {Im = Ann(m) |m ∈ M ′′ − {0} is a homogeneous element }.

Each Im is a homogeneous ideal, and Im �= A. Since A is a Noetherian ring, we can
find an element m ∈ M ′′ − {0} such that Im is a maximal element of the set I. We
claim that Im is a prime ideal. Let a, b ∈ A. Suppose that ab ∈ Im, but b �∈ Im. We
will show a ∈ Im. By splitting into homogeneous components, we may assume that
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a, b are homogeneous elements. Now consider the element bm ∈ M ′′. Since b �∈ Im,
then bm �= 0. We have Im ⊆ Ibm, so by maximality of Im, one has Im = Ibm. But
ab ∈ Im, so abm = 0, so a ∈ Ibm = Im as required. Thus Im is a homogeneous prime
ideal of A, denoted p. Let m have degree l. Then the module N ⊆ M ′′ generated by
m is isomorphic to (A/p)(−l). Let N ′ ⊆ M be the inverse image of N in M . Then
M ′ ⊆ N ′, and N ′/M ′ ∼= (A/p)(−l). So N ′ also has a filtration of the type required.
This contradicts the maximality of M ′. We conclude that M ′ was equal to M , which
proves the existence of the filtration.

Now suppose given such a filtration of M . Then it is clear that for some i,

Ann(M) ⊆ p⇐⇒ Ann(M i/M i−1) ⊆ p.

But Ann((A/pi)(l)) = pi so this proves (μ).
To prove (ν) we localize at a minimal prime p. Since p is minimal in the set

{p1, . . . , pr}, after localization, we will have M i
p = M i−1

p except in the cases where
pi = p, and in those cases

M i
p/M i−1

p
∼= (A/p)p,

the quotient field of A/p. This shows that Mp is an Ap-module of finite length equal
to the number of times p occurs in the set {p1, . . . , pr}. �

Definition 3.109. If p is a minimal prime of a graded A-module M , we define the
multiplicity of M at p to be the length of Mp over Ap, denoted length(Mp).

Theorem 3.110 (Hilbert–Serre). Let M be a finitely generated graded κ[x0, . . . , xn]-
module. Then there is a unique polynomial PM (z) ∈ Q[z] such that PM (l) =
dimκ Ml for all l " 0. Furthermore, deg PM = dim Z(Ann(M)), where Z denotes
the zero set in Pn of a homogeneous ideal.

The polynomial PM of the theorem is the Hilbert polynomial of M . If Y ⊆ Pn is an
algebraic set of dimension r, we define the homogeneous ideal of Y in κ[x0, . . . , xn],
denoted I(Y ), to be the ideal generated by

{f ∈ κ[x0, . . . , xn] | f is homogeneous and f(x) = 0 for all x ∈ Y },

and define the homogeneous coordinate ring of Y to be κ[x0, . . . , xn]/I(Y ). Further,
we define the Hilbert polynomial of Y to be the Hilbert polynomial PY of its homoge-
neous coordinate ring. By the theorem, PY is a polynomial of degree r. We define the
degree of Y to be r! times the leading coefficient of PY .

Proposition 3.111. (ξ1) If Y ⊆ Pn, Y �= ∅, then the degree of Y is a positive integer.

(ξ2) Let Y = Y1 ∪ Y2, where Y1 and Y2 have the same dimension r, and where
dim(Y1 ∩ Y2) < r. Then deg(Y ) = deg(Y1) + deg(Y2).

(ξ3) deg(Pn) = 1.
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(ξ4) If H ⊆ Pn is a hypersurface whose ideal is generated by a homogeneous poly-
nomial of degree d, then deg(H) = d.

Let Y ⊆ Pn be a projective variety of dimension r. Let H be a hypersurface not
containing Y . Then

Y ∩H = Z1 ∪ · · · ∪ Zs,

where Zj are varieties of dimension r − 1. Let pj be the homogeneous prime ideal of
Zj . We define the intersection multiplicity of Y and H along Zj to be

iY,H(Zj) = length(κ[x0, . . . , xn]/(I(Y ) + I(H)))pj .

Here I(Y ), I(H) are the homogeneous ideals of Y and H . The module

M = κ[x0, . . . , xn]/(I(Y ) + I(H))

has annihilator I(Y ) + I(H), and Z(I(Y ) + I(H)) = Y ∩ H , so pj is a minimal
prime of M .

Theorem 3.112. Let Y be a variety of dimension ≥ 1 in Pn, and let H be a hyper-
surface not containing Y . Let Z1, . . . , Zs be the irreducible components of Y ∩ H .
Then

s∑
j=1

iY,H(Zj) deg(Zj) = deg(Y ) deg(H).

3.7 Schemes

3.7.1 Schemes

We will construct the space Spec A associated to a (commutative) ring A. As a set, we
define Spec A to be the set of all prime ideals of A. If a is any ideal of A, we define the
subset V (a) ⊆ Spec A to be the set of all prime ideals which contain a. The following
properties are basic:

(a) If a and b are two ideals of A, then V (ab) = V (a) ∪ V (b).

(b) If {ai} is any set of ideals of A, then V (
∑

ai) = ∩V (ai).

(c) If a and b are two ideals, V (a) ⊆ V (b) if and only if
√

a ⊇
√

b, where the radical
of a is defined as

√
a = {f ∈ A | fr ∈ a for some r > 0}.

Now we define a topology on Spec A by taking the subsets of the form V (a) to be
the closed subsets. Note that

V (A) = ∅; V ((0)) = Spec A;
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and the properties (a), (b), (c) shows that finite unions and arbitrary intersections of
sets of the form V (a) are again of that form. Hence they do form the set of closed
sets for a topology on Spec A. For any element f ∈ A, we denote by D(f) the open
complement of V ((f)). Note that open sets of the form D(f) form a base for the
topology of Spec A. Indeed, if V (a) is a closed set, and p �∈ V (a), then a � p, so
there is an f ∈ a, f �∈ p. Then p ∈ D(f) and D(f) ∩ V (a) = ∅. By using this fact, it
is easy to show that Spec A is compact.

Note that if p is a prime ideal of A, which determines a point in Spec A, then its
closure in Spec A is V (p), that is, it consists of all prime ideals p′ with p ⊂ p′. In
particular, a prime ideal p ⊂ A is a closed point of Spec A if and only if p is a maximal
ideal. If A does not have zero divisors, then (0) is prime, and is contained in every
prime ideal. Thus its closure is the whole space; (0) is an everywhere dense point.

If a topological space has non-closed points, then there is a certain hierarchy among
its points, that we formulate in the following definition: x is a specialization of y if x
is contained in the closure of y. An everywhere dense point is called a generic point
of a space.

When does Spec A have an everywhere dense point? Note that the intersection of all
prime ideals p ⊂ A consists of all nilpotent elements of A, that is, it is the nilradical.
If this is a prime ideal, then it defines a point of Spec A; but any prime ideal must
contain all nilpotent elements, that is, must contain the nilradical. Hence Spec A has a
generic point if and only if its nilradical is prime. The generic point is unique, and is
the point defined by the nilradical.

Next we will define a sheaf of rings O on Spec A. For each prime ideal p ⊂ A, let
Ap be the localization of A at p. For an open set U ⊂ Spec A, we define O(U) to be
the set of functions

s : U −→
⋃
p∈U

Ap

such that s(p) ∈ Ap for each p, and such that s is locally a quotient of elements of A: to
be precise, we require that for each p ∈ U , there are a neighborhood V of p, contained
in U , and elements a, f ∈ A, such that for each q ∈ V , f �∈ q, and s(q) = a/f in Aq.

Now it is clear that sums and products of such functions are again such, and that the
element 1 which gives 1 in each Ap is an identity. Thus O(U) is a commutative ring
with identity. If U ⊂ V are two open sets, the natural restriction mapping O(V ) −→
O(U) is a homomorphism of rings. It is then clear that O is a presheaf. Finally, it is
clear from the local nature of the definition that O is a sheaf.

Definition 3.113. Let A be a ring. The spectrum of A is the pair consisting of the
topological space Spec A together with the sheaf of rings O defined above.

Proposition 3.114. Let A be a ring, and (Spec A,O) its spectrum.

(A) For any p ∈ Spec A, the stalk Op of the sheaf O is isomorphic to the local ring
Ap.
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(B) For any element f ∈ A, the ringO(D(f)) is isomorphic to the localized ring Af .

(C) In particular, O(Spec A) ∼= A.

Proof. See Hartshorne [90], Chap. II, Proposition 2.2. �

A ringed space is a pair (X,OX) consisting of a topological space X and a sheaf of
rings OX on X . The ringed space (X,OX) is a locally ringed space if for each point
x ∈ X , the stalk OX(x) is a local ring. The sheaf OX is called the structure sheaf of
the ringed space.

A morphism of ringed spaces from (X,OX) to (Y,OY ) is a pair (f, f#) of a con-
tinuous mapping f : X −→ Y and a mapping f# : OY −→ f∗OX of sheaves of rings
on Y , in which the latter f# induces a homomorphism of rings

f#
V : OY (V ) −→ (f∗OX)(V ) = OX(f−1(V ))

for every open set V in Y . Given a point x ∈ X , as V ranges over all open neighbor-
hoods of f(x), f−1(V ) ranges over a subset of the neighborhoods of x. Taking direct
limits

lim
V →f(x)

OY (V ) = OY (f(x)), lim
V →f(x)

OX(f−1(V )) = OX(x),

thus we obtain an induced homomorphism

f#
x : OY (f(x)) −→ OX(x).

A morphism of locally ringed spaces is a morphism (f, f#) such that for each point
x ∈ X , the induced mapping of local rings f#

x : OY (f(x)) −→ OX(x) is a local
homomorphism of local rings. Recall that if A and B are local rings with maximal
ideals mA and mB respectively, a homomorphism ϕ : A −→ B is called a local
homomorphism if ϕ−1(mB) = mA.

Examples of locally ringed spaces include algebraic varieties with their sheaves of
regular functions and differential (respectively analytic) varieties with their sheaves of
differential (respectively analytic) functions.

Proposition 3.115. (D) If A is a ring, then (Spec A,O) is a locally ringed space.

(E) If ϕ : A −→ B is a homomorphism of rings, then ϕ induces a natural morphism
of locally ringed spaces

(f, f#) : (Spec B,OSpec B) −→ (Spec A,OSpec A).

(F) If A and B are rings, then any morphism of locally ringed spaces from Spec B to
Spec A is induced by a homomorphism of rings ϕ : A −→ B as in (E).
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Proof. (D) This follows from Proposition 3.114, (A).
(E) Given a homomorphism ϕ : A −→ B, we define a mapping f : Spec B −→

Spec A by f(p) = ϕ−1(p) for any p ∈ Spec B. If a is an ideal of A, then it is
immediate that f−1(V (a)) = V (ϕ(a)), so f is continuous. For each p ∈ Spec B, we
can localize ϕ to obtain a local homomorphism of local rings ϕp : Aϕ−1(p) −→ Bp.
Now for any open set V ⊆ Spec A, we obtain a homomorphism of rings

f#
V : OSpec A(V ) −→ OSpec B(f−1(V ))

by the definition of O, composing with the mappings f and ϕp. This gives the mor-
phism of sheaves

f# : OSpec A −→ f∗OSpec B.

The induced mappings f# on the stalks are just the local homomorphisms ϕp, so
(f, f#) is a morphism of locally ringed spaces.

(F) Conversely, suppose given a morphism of locally ringed spaces (f, f#) from
Spec B to Spec A. Taking global sections, f# induces a homomorphism of rings

ϕ : O(Spec A) −→ O(Spec B).

By Proposition 3.114, (C), these rings are A and B, respectively, so we have a homo-
morphism ϕ : A −→ B. For any p ∈ Spec B, we have an induced local homomor-
phism on the stalks,

f#
p : OSpec A(f(p)) −→ OSpec B(p),

or f#
p : Af(p) −→ Bp, which must be compatible with the mapping ϕ on global

sections and the localization homomorphisms. In other words, we have a commutative
diagram

A
ϕ−−−−→ B⏐⏐4 ⏐⏐4

Af(p)

f#
p−−−−→ Bp.

Since f# is a local homomorphism, it follows that ϕ−1(p) = f(p), which shows that
f coincides with the mapping Spec B −→ Spec A induced by ϕ. Now it is immediate
that f# also is induced by ϕ, so that the morphism (f, f#) of locally ringed spaces
does indeed come from the homomorphism of rings ϕ. �

Definition 3.116. An affine scheme is a locally ringed space (X,OX) which is iso-
morphic to the spectrum (Spec A,O) of some ring A. A scheme is a locally ringed
spaces (X,OX) in which every point has an open neighborhood U such that the topo-
logical space U , together with the restricted sheaf OX |U , is an affine scheme. We
call X the underlying topological space of the scheme (X,OX), and OX its structure



216 3 Algebraic geometry

sheaf. By abuse of notation we will often write simply X for the scheme (X,OX).
A morphism of schemes is a morphism as locally ringed spaces. An isomorphism is a
morphism with a two-sided inverse.

If X is a topological space, and Z an irreducible closed subset of X , a generic point
for Z is a point η such that Z = {η}. Every (nonempty) irreducible closed subset in a
scheme has a unique generic point. A scheme of fundamental importance is the affine
scheme Spec Z. It has one generic point, corresponding to the ideal (0), and all of its
other points are closed and correspond to prime numbers,

Spec Z = {(0), 2Z, 3Z, . . . , pZ, . . . }.

The structure sheaf of Spec Z is easy to describe

O(D(p1, . . . , pk)) = Z
(

1
p1

, . . . ,
1
pk

)
.

The function field of Spec Z (i.e., the stalk at (0)) is Q.
Associated to a ring A, we have a scheme

An
A = Spec A[x1, . . . , xn].

In particular, if κ is a field, A1
κ has a generic point η, corresponding to the zero ideal,

whose closure is the whole space. The other points, which correspond to the maximal
ideals in κ[x], are all closed points. There are in one-to-one correspondence with
the nonconstant monic irreducible polynomials in x. Therefore, if κ is algebraically
closed, the closed points of A1

κ are in one-to-one correspondence with elements of κ.
A graded ring is a ring S, together with a decomposition

S =
⊕
r≥0

Sr

of S into a direct sum of Abelian groups Sr, such that for any r, s ≥ 0, Sr ·Ss ⊆ Sr+s.
An element of Sr is called a homogeneous element of degree r. Thus any element of
S can be written uniquely as a (finite) sum of homogeneous elements. An ideal a ⊆ S
is a homogeneous ideal if

a =
⊕
r≥0

a ∩ Sr.

An ideal is homogeneous if and only if it can be generated by homogeneous elements.
The sum, product, intersection, and radical of homogeneous ideals are homogeneous.
To test whether a homogeneous ideal a is prime, it is sufficient to show for any two
homogeneous elements f, g, that fg ∈ a implies f ∈ a or g ∈ a (see Matsumura
[173], § 10 or Zariski-Samuel [307], Vol. 2, Ch. VII, § 2).

Let S be a graded ring. We denote by S+ the ideal

S+ =
⊕
r>0

Sr.
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We define the set Proj S to be the set of all homogeneous prime ideals p, who do not
contain all of S+. If a is a homogeneous ideal of S, we define the subset

V (a) = {p ∈ Proj S | a ⊆ p} .

Lemma 3.117. (α) If a and b are homogeneous ideals in S, then V (ab) = V (a) ∪
V (b).

(β) If {ai} is any set of homogeneous ideals of A, then V (
∑

ai) = ∩V (ai).

Proof. The proofs are the same as (a) and (b), taking into account the fact that a ho-
mogeneous ideal p is prime if and only if for any two homogeneous elements a, b ∈ S,
ab ∈ p implies a ∈ p or b ∈ p. �

Because of the lemma we can define a topology on Proj S by taking the closed
subsets to be the subsets of the form V (a). Next we define a sheaf of ring O on
Proj S. For each p ∈ Proj S, we consider the ring S(p) of elements of degree zero
in the localized ring T−1S, where T is the multiplicative system consisting of all
homogeneous elements of S which are not in p. For any open subset U ⊆ Proj S, we
define O(U) to be the set of functions s : U −→

∐
S(p) such that for each p ∈ U ,

s(p) ∈ S(p), and such that s is locally a quotient of elements of S: for each p ∈ U ,
there exists a neighborhood V of p in U , and homogeneous elements a, f in S, of the
same degree, such that for all q ∈ V , f �∈ q, and s(q) = a/f in S(q). Now it is clear
that O is a presheaf of rings, with the natural restrictions, and it is also clear from
the local nature of the definition that O is a sheaf. Thus a ringed space (Proj S,O)
follows.

Proposition 3.118. Let S be a graded ring.

(γ) For any p ∈ Proj S, the stalk O(p) is isomorphic to the local ring S(p).

(δ) For any homogeneous f ∈ S+, let

D+(f) = {p ∈ Proj S | f �∈ p}.

Then D+(f) is open in Proj S. Furthermore, these open sets cover Proj S, and
for each such open set, we have an isomorphism of locally ringed spaces(

D+(f),O|D+(f)

) ∼= Spec S(f),

where S(f) is the subring of elements of degree 0 in the localized ring Sf .

(ε) Proj S is a scheme.

Proof. Note that (γ) says that Proj S is a locally ringed space, and (δ) tells us it is
covered by open affine schemes, so (ε) is a consequence of (γ) and (δ). See Hartshorne
[90], Chap. II, Proposition 2.5. �
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If A is a ring, we make the polynomial ring A[x0, . . . , xn] into a graded ring S by
taking Sd to be the set of all linear combinations of monomials of total weight d in
x0, . . . , xn. We define projective n-space over A to be the scheme

Pn
A = Proj A[x0, . . . , xn]. (3.70)

In particular, if A is an algebraically closed field κ, then Pn
κ is a scheme whose sub-

space of closed points is naturally homeomorphic to the variety called projective n-
space.

A scheme X is called a scheme over a scheme S, or S-scheme if it is equipped with
a morphism X �−→ S. In this context, if f : X −→ S and g : Y −→ S are two S-
schemes, then an S-morphism is a morphism φ : X −→ Y satisfying f = g ◦ φ. This
generalizes the notion of varieties and morphisms defined over κ, which corresponds
to the case S = Spec κ. We also note that since every ring A has a (unique) canonical
homomorphism Z −→ A, all schemes have a canonical morphism to Spec Z, so every
scheme is a scheme over Spec Z. We denote by Sch(S) the category of schemes over
S. If A is a ring, then by abuse of notation we write Sch(A) for the category of
schemes over Spec A.

Proposition 3.119. Let κ be an algebraically closed field. There is a natural fully
faithful functor t : Var(κ) −→ Sch(κ) from the category of varieties over κ to
schemes over κ. For any variety X , its topological space is homeomorphic to the set
of closed points of t(X), and its sheaf of regular functions is obtained by restricting
the structure sheaf of t(X) via this homeomorphism.

Proof. To begin with, let X be any topological space, and let t(X) be the set of
(nonempty) irreducible closed subsets of X . If Y is a closed subset of X , then
t(Y ) ⊆ t(X). Furthermore,

t(Y1 ∪ Y2) = t(Y1) ∪ t(Y2), t(∩Yi) = ∩t(Yi).

So we can define a topology on t(X) by taking as closed sets the subsets of the form
t(Y ), where Y is a closed subset of X . If f : X1 −→ X2 is a continuous mapping, then
we obtain a mapping t(f) : t(X1) −→ t(X2) by sending an irreducible closed subset
to the closure of its image. Thus t is a functor on topological spaces. Furthermore,
one can define a continuous mapping α : X −→ t(X) by α(P ) = {P}. Note that α
induces a bijection between the set of open subsets of X and the set of open subsets of
t(X).

Now let κ be an algebraically closed field. Let X be a variety over κ, and let OX

be its sheaf of regular functions (Example 3.89). We will show that (t(X), α∗OX) is a
scheme over κ. Since any variety can be covered by open affine subvarieties, it will be
sufficient to show that if X is affine, then (t(X), α∗OX) is a scheme. So let X be an
affine variety with affine coordinate ring A = κ[X]. We define a morphism of locally
ringed spaces

β : (X,OX) −→ X = Spec A
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as follows. For each point P ∈ X , let β(P ) = mP , the ideal of A consisting of all
regular functions which vanish at P . Then by Theorem 3.30, β is a bijection of X
onto the set of closed points of X . It is easy to see that β is a homeomorphism onto its
image. Now for any open set U ⊆ X , we will define a homomorphism of rings

OX (U) �−→ β∗OX(U) = OX(β−1(U)).

Given a section s ∈ OX (U), and given a point P ∈ β−1(U), we define s(P ) by taking
the image of s in the stalkOX (β(P )), which is isomorphic to the local ring AmP

, and
then passing to the quotient ring AmP

/mP which is isomorphic to the field κ. Thus s
gives a function from β−1(U) to κ. It is easy to see that this is a regular function, and
that this mapping gives an isomorphism OX (U) ∼= OX(β−1(U)). Finally, since the
prime ideals of A are in 1 − 1 correspondence with the irreducible closed subsets of
X , these remarks show that (X ,OX ) is isomorphic to (t(X), α∗OX), so the latter is
indeed an affine scheme.

To give a morphism of (t(X), α∗OX) to Spec κ, we have only to give a homomor-
phism of rings

κ �−→ Γ(t(X), α∗OX) = Γ(X,OX).

We send λ ∈ κ to the constant function λ on X . Thus t(X) becomes a scheme over κ.
Finally, if X and Y are two varieties, then one can check that the natural mapping

HomVar(κ)(X, Y ) �−→ HomSch(κ)(t(X), t(Y ))

is bijective. This shows that the functor t : Var(κ) −→ Sch(κ) is fully faithful. In
particular, it implies that t(X) is isomorphic to t(Y ) if and only if X is isomorphic to
Y .

It is clear from the construction that α : X −→ t(X) induces a homeomorphism
from X onto the set of closed points of t(X), with the induced topology. �

To any affine variety X over an algebraically closed field κ we can associate a κ-
scheme, denoted by Xsch, which is simply Spec κ[X]. The closed points of Xsch (i.e.,
the maximal ideals of κ[X]) correspond to the points of the variety X and are called
geometric points. However, Xsch has many other (nonclosed) points, in fact, one for
each irreducible closed subvariety of X . Of particular interest is the ideal (0), which is
dense in Xsch and is called the generic point of X . Having turned affine varieties into
schemes, it is easy to extend the construction to any quasi-projective variety X . We
simply cover X by affine open sets Ui, form the affine schemes U sch

i , and then glue
the U sch

i ’s together to form the scheme Xsch.

3.7.2 Basic properties of schemes

A scheme is connected if its topological space is connected. A scheme is irreducible
if its topological space is irreducible. A scheme is reduced if for every open set U ,
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the ringOX(U) has no non-zero nilpotent elements. Equivalently, X is reduced if and
only if the local ring O(x), for all x ∈ X , have no non-zero nilpotent elements.

Let (X,OX) be a scheme. Let (OX)red be the sheaf associated to the presheaf U �→
OX(U)red. Then (X, (OX)red) is a scheme, called the reduced scheme associated to
X , and denote it by Xred. There is a morphism of schemes Xred −→ X , which is a
homeomorphism on the underlying topological spaces. If f : X −→ Y is a morphism
of schemes, where X is reduced, then there is a unique morphism g : X −→ Yred such
that f is obtained by composing g with the natural mapping Yred −→ Y .

A scheme is integral if for every open set U , the ring OX(U) is an integral domain.
A scheme is normal if all of its local rings are integrally closed domains. A scheme
is locally Noetherian if it can be covered by open affine subsets Spec Aα, where each
Aα is a Noetherian ring. A scheme X is Noetherian if it is locally Noetherian and
quasi-compact. Equivalently, X is Noetherian if it can be covered by a finite number
of open affine subsets Spec Ai, where each Ai is a Noetherian ring.

Example 3.120. If X = Spec A is an affine scheme, then X is irreducible if and only
if the nilradical Nil(A) of A is prime; X is reduced if and only if Nil(A) = 0; X is
integral if A is an integral domain; and X is Noetherian if and only if A is a Noetherian
ring.

Proposition 3.121. A scheme is integral if and only if it is both reduced and irre-
ducible.

Proof. See Hartshorne [90], Chap. II, Proposition 3.1. �

A morphism f : X −→ Y of schemes is locally of finite type if there exists a
covering of Y by open affine subsets Vi = Spec Bi, such that for each i, f−1(Vi)
can be covered by open affine subsets Uij = Spec Aij , where each Aij is a finitely
generated Bi-algebra. The morphism f is of finite type if in addition each f−1(Vi) can
be covered by a finite number of the Uij .

A morphism f : X −→ Y of schemes is finite if there exists a covering of Y by
open affine subsets Vi = Spec Bi, such that for each i, f−1(Vi) is affine, equal to
Spec Ai, where Ai is a Bi-algebra which is a finitely generated Bi-module.

An open subscheme of a scheme X is a scheme U , whose topological space is an
open subset of X , and whose structure sheafOU is isomorphic to the restrictionOX |U
of the structure sheaf of X . An open immersion is a morphism f : X −→ Y which
induces an isomorphism of X with an open subscheme of Y .

A closed immersion is a morphism f : X −→ Y of schemes such that f induces a
homeomorphism of the space X onto a closed subset of the space Y , and furthermore
the induced mapping f# : OY −→ f∗OX of sheaves on Y is surjective. A closed
subscheme of a scheme Y is an equivalence class of closed immersions, where we
say f : X −→ Y and f ′ : X ′ −→ Y are equivalent if there is an isomorphism
i : X ′ −→ X such that f ′ = f ◦ i.
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The dimension of an irreducible scheme X is the maximal length n of a chain of
distinct irreducible closed subsets

X0 ⊂ X1 ⊂ · · · ⊂ Xn = X.

The dimension of a scheme is the maximal dimension of its irreducible components.
Clearly, the dimension of Spec A is just the Krull dimension of A, so the dimension of
a variety X is the same as the dimension of the scheme Xsch. The scheme of integers
satisfies dim Spec A = 1, and more generally,

dim Spec(Z[X1, . . . , Xn]) = n + 1.

If A is a Dedekind domain, then Spec A is irreducible, reduced, and has dimension 1.
Let S be a scheme, and let X, Y be schemes over S, i.e., schemes with morphisms to

S. We define the fibred product of X and Y over S, denoted X ×S Y , to be a scheme,
together with morphisms p1 : X ×S Y −→ X and p2 : X ×S Y −→ Y , which make
a commutative diagram with the given morphisms X �−→ S and Y �−→ S

X ×S Y
p2−−−−→ Y

p1

⏐⏐4 ⏐⏐4
X −−−−→ S,

such that given any scheme Z over S, and given morphisms f : Z −→ X and g :
Z −→ Y which make a commutative diagram with the given morphisms X �−→ S
and Y �−→ S

Z
g−−−−→ Y

f

⏐⏐4 ⏐⏐4
X −−−−→ S,

then there exists a unique morphism θ : Z −→ X ×S Y such that f = p1 ◦ θ, and
g = p2 ◦ θ. The morphisms p1 and p2 are called the projection morphisms of the fibred
product onto its factors.

If X and Y are schemes given without reference to any base scheme S, we take
S = Spec Z and define the product of X and Y , denoted X × Y , to be X ×Spec Z Y .
Here notice that by Proposition 3.115, each scheme X admits a unique morphism to
Spec Z, since every ring A has a canonical homomorphism Z �−→ A, so every scheme
is a scheme over Spec Z.

Theorem 3.122. For any two schemes X and Y over a scheme S, the fibred product
X ×S Y exists, and is unique up to unique isomorphism. Further, if S = Spec R,
X = Spec A, and Y = Spec B are affine, then the fibred product is affine and can be
described as X ×S Y = Spec A⊗R B.
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Proof. See Hartshorne [90], Chap. II, Theorem 3.3. �

Let f : X −→ Y be a morphism of schemes, and let y ∈ Y be a point. Let O(y)
be the local ring at y, namely the stalk of the structure sheaf at y, and my its maximal
ideal. We define the residue field of y on Y to be the field

κ(y) := O(y)/my.

If K is any field, to give a morphism of Spec K to Y it is equivalent to give a point
y ∈ Y and an inclusion mapping κ(y) �−→ K. In particular, one obtains the natural
morphism Spec κ(y) �−→ Y . Then we define the fibre of the morphism f over the
point y to be the scheme

Xy = X ×Y Spec κ(y).

The fibre Xy is a scheme over κ(y), and one can show that its underlying topological
space is homeomorphic to the subset f−1(y) of X .

The notion of the fibre of a morphism f : X −→ Y of schemes allows us to
regard a morphism as a family of schemes (namely its fibres) parametrized by the
points of the image scheme. If Y is irreducible and η is its generic point, we call
Xη = X ×Y Spec κ(Y ) the generic fibre of the family. The fibre Xy over a closed
point y ∈ Y is called the special fibre at y. A morphism f : X −→ Y , with Y
irreducible, is generically finite if f−1(η) is a finite set, where η is the generic point of
Y . Here we state Zariski’s connectedness principle:

Proposition 3.123. Let f : X −→ S be an irreducible family of projective schemes
over an irreducible curve S (i.e., a irreducible scheme of dimension 1). Then the
generic fiber of f is irreducible. Further, every special fiber of f is connected, and all
but finitely many of them are irreducible.

Proof. See Hartshorne [90], Chap. III, Exercise 11.4. �

Another important application of fibred products is to the notion of base extension.
Let S be a fixed scheme which we think of as a base scheme, meaning that we are
interested in the category of schemes over S. If S′ is another base scheme, and if
S′ �−→ S is a morphism, then for any scheme X over S, we let X ′ = X ×S S′,
which will be a scheme over S′. We say that X ′ is obtained from X by making a base
extension S′ �−→ S. Note, by the way, that base extension is a transitive operation: if
S′′ �−→ S′ �−→ S are two morphisms, then

(X ×S S′)×S′ S′′ ∼= X ×S S′′.

Let f : X −→ Y be a morphism of schemes. The diagonal morphism is the
unique morphism Δ : X −→ X ×Y X whose composition with both projections
p1, p2 : X ×Y X −→ X is the identity mapping of X �−→ X . We say that the
morphism f is separated if the diagonal morphism Δ is a closed immersion. In that
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case we also say X is separated over Y . A scheme X is separated if it is separated
over Spec Z.

Proposition 3.124. An arbitrary morphism f : X −→ Y is separated if and only if
the image of the diagonal morphism is a closed subset of X ×Y X .

A morphism f : X −→ Y is proper if it is separated, of finite type, and universally
closed. Here we say that a morphism is closed if the image of any closed subset is
closed. A morphism f : X −→ Y is universally closed if it is closed, and for any
morphism Y ′ �−→ Y , the corresponding morphism f ′ : X ′ −→ Y ′ obtained by base
extension is also closed.

If Y is any scheme, we define projective n-space over Y , denoted Pn
Y , to be Pn

Z

×Spec Z Y . A morphism f : X −→ Y of schemes is projective if it factors into a
closed immersion i : X −→ Pn

Y for some n, followed by the projection Pn
Y �−→ Y .

A morphism f : X −→ Y is quasi-projective if it factors into an open immersion
j : X −→ X ′ followed by a projective morphism g : X ′ −→ Y .

Proposition 3.125. Let κ be an algebraically closed field. The image of the functor
t : Var(κ) −→ Sch(κ) of Proposition 3.119 is exactly the set of quasi-projective
integral schemes over κ. The image of the set of projective varieties is the set of
projective integral schemes. In particular, for any variety X , t(X) is an integral,
separated scheme of finite type over κ.

Proof. See Hartshorne [90], Chap. II, Proposition 4.10. �

An abstract variety is an integral separated scheme of finite type over an alge-
braically closed field κ. If it is proper over κ, we will also say it is complete. The
following Chow’s lemma says that proper morphisms are fairly close to projective
morphisms:

Lemma 3.126. Let X be proper over a Noetherian scheme S. Then there is a scheme
X ′ and a morphism g : X ′ −→ X such that X ′ is projective over S, and there is an
open dense subset U ⊆ X such that g induces an isomorphism of g−1(U) to U .

Recall the algebraic notion of a flat module. Let A be a ring, and let M be an A-
module. We say that M is flat over A if the functor N �−→ M⊗AN is an exact functor
for any module N over A. Let f : X −→ Y be a morphism of schemes, and let F be
anO(X)-module. We say F is flat over Y at a point x ∈ X , if the stalk F(x) is a flat
OY (y)-module, where y = f(x) and we consider F(x) as an OY (y)-module via the
natural mapping f# : OY (y) −→ OX(x). We say simply F is flat over Y if it is flat
at every point of X . We say X is flat over Y if O(X) is.
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3.7.3 Sheaves of modules

Let A be a ring and let M be an A-module. We define the sheaf associated to M
on Spec A, denoted by M̃ , as follows. For each prime ideal p ⊆ A, let Mp be the
localization of M at p. For any open set U ⊆ Spec A we define the group M̃(U) to
be the set of functions s : U −→

∐
p∈U Mp such that for each p ∈ U , s(p) ∈ Mp,

and such that s is locally a fraction m/f with m ∈ M and f ∈ A. To be precise,
we require that for each p ∈ U , there is a neighborhood V of p in U , and there are
elements m ∈ M and f ∈ A, such that for each q ∈ V , f �∈ q, and s(q) = m/f in
Mq. We make M̃ into a sheaf by using the obvious restriction mappings.

Let (X,OX) be a scheme. A sheaf of OX-modules F is quasi-coherent if X can
be covered by open affine subsets Ui = Spec Ai, such that for each i there is an Ai-
module Mi with F|Ui

∼= M̃i. We say that F is coherent if furthermore each Mi can
be taken to be a finitely generated Ai-module.

A sheaf of ideals on X is a sheaf of modules J which is a subsheaf ofOX . In other
words, for every open set U , J (U) is an ideal inOX(U). Let Y be a closed subscheme
of a scheme X , and let i : Y −→ X be the inclusion morphism. We define the ideal
sheaf of Y , denoted JY , to be the kernel of the morphism i# : OX −→ i∗OY .

Proposition 3.127. Let X be a scheme. For any closed subscheme Y of X , the corre-
sponding ideal sheaf JY is a quasi-coherent sheaf of ideals on X . If X is Noetherian,
it is coherent. Conversely, any quasi-coherent sheaf of ideals on X is the ideal sheaf
of a uniquely determined closed subscheme of X .

Proof. See Hartshorne [90], Chapter II, Proposition 5.9. �

3.7.4 Differentials over schemes

We now carry the definition of the module of relative differential forms to schemes.
Let f : X −→ Y be a morphism of schemes. We consider the diagonal morphism
Δ : X −→ X ×Y X . It follows from the proof of Proposition 3.124 that Δ gives
an isomorphism of X onto its image Δ(X), which is a locally closed subscheme of
X ×Y X , i.e., a closed subscheme of an open subset W of X ×Y X . Let J be the
sheaf of ideals of Δ(X) in W . Then we define the sheaf of relative differentials of X
over Y to be the sheaf

ΩX/Y = Δ∗(J /J 2) (3.71)

on X . First note that J /J 2 has a natural structure of OΔ(X)-module. Then since Δ
induces an isomorphism of X to Δ(X), ΩX/Y has a natural structure of OX -module.
Furthermore, it follows from Proposition 3.127 that ΩX/Y is quasi-coherent; if Y is
Noetherian and f is a morphism of finite type, then X ×Y X is also Noetherian, and
so ΩX/Y is coherent.

If U = Spec A is an open affine subset of Y and V = Spec B is an open affine
subset of X such that f(V ) ⊆ U , then V ×U V is an open affine subset of X ×Y X
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isomorphic to Spec(B⊗A B), and Δ(X)∩ (V ×U V ) is the closed subscheme defined
by the kernel of the diagonal homomorphism B⊗A B −→ B. Thus J /J 2 is the sheaf
associated to the module I/I2 of (1.6). It follows that

ΩV/U = ΩSpec B/Spec A
∼= Ω̃B/A.

Thus our definition of the sheaf of differentials of X/Y is compatible, in the affine
case, with the module of differentials defined Section 1.2.4, via the functor ∼.

Proposition 3.128. Let f : X −→ Y and g : Y −→ Z be morphisms of schemes.
Then there is an exact sequence of sheaves on X:

f∗ΩY/Z −→ ΩX/Z −→ ΩX/Y −→ 0.

Proof. See Hartshorne [90], Chapter II, Proposition 8.11. �

A morphism f : X −→ Y of schemes of finite type over a field κ is smooth of
relative dimension n if:

(i) f is flat;

(ii) if X ′ ⊆ X and Y ′ ⊆ Y are irreducible components such that f(X ′) ⊆ Y ′, then
dim X ′ = dim Y ′ + n;

(iii) for each point x ∈ X (closed or not),

dimκ(x) ΩX/Y ⊗ κ(x) = n.

If X is integral, then condition (iii) is equivalent to saying ΩX/Y is locally free on X
of rank n.

Theorem 3.129. Let f : X −→ Y be a morphism of schemes of finite type over a field
κ. Then f is smooth of relative dimension n if and only if f is flat; and the fibres of f
are geometrically regular of dimension n.

Proof. See Hartshorne [90], Chapter III, Theorem 10.2. �

By definition, the fibres of f are geometrically regular of dimension n if, for each
point y ∈ Y , letting

Xȳ = Xy ⊗κ(y) κ(y),

where κ(y) is the algebraic closure of κ(y), then Xȳ is equidimensional of dimension
n and regular.

Let f : X −→ Y be a morphism of schemes of finite type over a field κ. For each
x ∈ X , let y = f(x). Let Ô(x) and Ô(y) be the completions of the local rings at
x and y. Choose fields of representatives κ(x) ⊆ Ô(x) and κ(y) ⊆ Ô(y) so that
κ(y) ⊆ κ(x) via the natural mapping Ô(y) −→ Ô(x). A morphism f : X −→ Y of
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schemes of finite type over a field κ is étale if it is smooth of relative dimension 0. It
is unramified if for every x ∈ X , letting y = f(x), we have

m(y) · O(x) = m(x),

and κ(x) is a separable algebraic extension of κ(y).

Proposition 3.130. Let f : X −→ Y be a morphism of schemes of finite type over a
field κ. The following conditions are equivalent:

(1) f is étale;

(2) f is flat, and ΩX/Y = 0;

(3) f is flat and unramified;

(4) for every x ∈ X , κ(x) is a separable algebraic extension of κ(y), and the nature
mapping

Ô(y)⊗κ(y) κ(x) −→ Ô(x)

is an isomorphism.

Proof. See Hartshorne [90], Chapter III, Exercise 10.3, 10.4. �

3.7.5 Ramification divisors

A scheme X is said to be regular (or sometimes nonsingular) in codimension one
if every local ring OX(x) of X of dimension one is regular. The most important
examples of such schemes are nonsingular varieties over a field and Noetherian normal
schemes.

Let X be a Noetherian integral separated scheme over κ which is regular in codi-
mension one. A prime divisor on X is a closed integral subscheme Y of codimension
one. A Weil divisor is an element of the free Abelian group Div(X) generated by the
prime divisors. We write a divisor as

D =
∑

niYi,

where the Yi are prime divisors, the ni are integers, and only finitely many ni are
different from 0. If all the ni ≥ 0, we say that D is effective.

Let κ be an algebraically closed field. Let X be a Noetherian integral separated
scheme over κ which is regular in codimension one. If Y is a prime divisor on X , let
η ∈ Y be its generic point. Then the local ring OX(η) is a discrete valuation ring with
quotient field K := κ(X), the function field of X . We call the corresponding discrete
valuation vY the valuation of Y . Let f ∈ K∗ be any nonzero rational function on X .
Then vY (f) is an integer. If it is positive, we say f has a zero along Y , of that order;
if it is negative, we say f has a pole along Y , of order −vY (f). Note that vY (f) = 0
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for all except finitely many prime divisor (see [90], Chapter II, Lemma 6.1). Thus we
can define the divisor of f , denoted (f), by

(f) =
∑

vY (f)Y,

where the sum is taken over all prime divisors of X . Any divisor which is equal to the
divisor of a function is called a principal divisor.

Two (Weil) divisors D and D′ on X are said to be linearly equivalent, written
D ∼ D′, if D −D′ is a principal divisor. The group Div(X) of all divisors dived by
the subgroup of principal divisors is called the divisor class group of X , and is denoted
by Cl(X).

Let f : X −→ Y be a generically finite morphism of Noetherian integral separated
schemes which are regular in codimension one. The ramification divisor of f is defined
by

R = RX/Y =
∑
Z

length{(ΩX/Y )Z}Z, (3.72)

where the sum extends over all prime divisors Z of X , and length{(ΩX/Y )Z} means
the length of the localized module (ΩX/Y )Z at Z.

Let κ be an algebraically closed field. An abstract variety X of dimension one over
κ is called an abstract curve over κ. If all local rings of X are regular local rings, we
say that X is nonsingular.

Proposition 3.131. Let X be a nonsingular abstract curve over κ with function field
K. Then the following condition are equivalent:

(a) X is projective;

(b) X is complete;

(c) X ∼= t(CK), where CK is the set of all discrete valuation rings of K/κ, and t is
the functor from varieties to schemes of Proposition 3.119.

Proof. See [90], Chapter II, Proposition 6.7. �

Proposition 3.132. Let X be a complete nonsingular abstract curve over κ, let Y be
any abstract curve over κ, and let f : X −→ Y be a morphism. Then either (1)
f(X) = a point, or (2) f(X) = Y . In case (2), κ(X) is a finite extension field of
κ(Y ), f is a finite morphism, and Y is also complete.

Proof. See [90], Chapter II, Proposition 6.8. �

If f : X −→ Y is a finite morphism of abstract curves, we define the degree of f to
be the degree of the field extension [κ(X) : κ(Y )]. We say the morphism f : X −→ Y
is separable if κ(X) is a separable field extension of κ(Y ).
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If X is a nonsingular abstract curve, a prime divisor on X is just a closed point, so
an arbitrary divisor can be written

D =
∑

niPi,

where the Pi are closed points, and ni ∈ Z. We define the degree of D to be

deg(D) =
∑

ni.

If f : X −→ Y is a finite morphism of nonsingular abstract curves, we define a
homomorphism f∗ : Div(Y ) −→ Div(X) as follows. For any point Q ∈ Y , let t ∈
OY (Q) be a local parameter at Q, i.e., t is an element of κ(Y ) with vQ(t) = 1, where
vQ is the valuation corresponding to the discrete valuation ring OY (Q). Consider t
as an element of OX(P ) for P ∈ f−1(Q) via the natural mapping f# : OY (Q) −→
OX(P ). We define

f∗Q =
∑

f(P )=Q

vP (t)P.

Since f is a finite morphism, this is a finite sum, so we obtain a divisor on X . Note that
f∗Q is independent of the choice of the local parameter t. Indeed, if t′ is another local
parameter at Q, then t′ = ut where u is a unit in OY (Q). For any point P ∈ f−1(Q),
f#(u) will be a unit in OX(P ), so vP (t′) = vP (t). We extend the definition by
linearity to all divisors on Y . One sees easily that f∗ preserves linear equivalence, so
it induces a homomorphism f∗ : Cl(Y ) −→ Cl(X).

The integer vP (t) is called the ramification index of f at P ∈ X , denoted by eP .
If eP > 1, we say f is ramified at P , and that Q is a branch point of f . If eP = 1,
we say f is unramified at P . This definition is consistent with the earlier definition
of unramified (Section 3.7.4) since our ground field κ is algebraically closed, and
so κ(P ) = κ(Q) for any point P of X with Q = f(P ). If char(κ) = 0, or if
char(κ) = p, and p does not divide eP , we say that the ramification is tame. If p does
divide eP , it is wild.

For any point P ∈ X , let Q = f(P ), let t be a local parameter at Q, and let s be
a local parameter at P . Then dt is a generator of the free OY (Q)-module Ω1[Y ]Q,
and ds is a generator of the free OX(P )-module Ω1[X]P . There is a unique element
g ∈ OX(P ) such that f∗(dt) = gds. We denote this element by dt/ds.

Proposition 3.133. Let f : X −→ Y be a finite, separable morphism of abstract
curves. Then

(α) ΩX/Y is a torsion sheaf (meaning a sheaf whose stalk at the generic point is zero)
on X , with support equal to the set of ramification points of f . In particular, f is
ramified at only finitely many points;

(β) for each P ∈ X , the stalk (ΩX/Y )P is a principal OX(P )-module of finite length
equal to vP (dt/ds);
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(γ) if f is tamely ramified at P , then

length{(ΩX/Y )P} = eP − 1.

If f is wildly ramified, then the length is > eP − 1.

(δ) if KX and KY are the canonical divisors of X and Y , respectively, then

KX ∼ f∗KY + R.

Proof. See [90], Chapter IV, Proposition 2.2; Proposition 2.3. �

3.8 Kobayashi hyperbolicity

There are rich theory and a lot of researches on Kobayashi hyperbolicity. Here we only
introduce simple notations and some open problems related to topics in this book. For
more details, see Kobayashi [129], [130], and Lang [148].

3.8.1 Hyperbolicity

Let D be the open unit disc {z ∈ C | |z| < 1}. Let Hol(M, N) denote the set of
holomorphic mappings from a complex space M into another complex space N . We
have the classic Schwarz–Pick lemma (cf. Kobayashi [129]):

Theorem 3.134. Assume f ∈ Hol(D, D). Then

|f ′(z)|
1− |f(z)|2 ≤

1
1− |z|2 , z ∈ D,

and equality at a single point z implies that f ∈ Aut(D).

We consider the Hermitian metric h on D given by

h =
2

(1− |z|2)2 dz ⊗ dz,

which induces the Riemann metric

ds2
D =

4
(1− |z|2)2 dzdz.

Then the inequality in Theorem 3.134 may be written as follows:

f∗ds2
D ≤ ds2

D,

or
dh(f(z), f(z′)) ≤ dh(z, z′)
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for the associated distance function dh. The metric h (or ds2
D) is called the Poincaré

metric or the Poincaré–Bergman metric of D. We note that the Gaussian curvature of
the metric h is equal to −1 everywhere. By a simple calculation we have

dh(z, w) = log
1 + |α|
1− |α| (z, w ∈ D),

where
α =

w − z

1− zw
.

Definition 3.135. Let M be a complex space. Let x, y ∈ M be arbitrary points. A
holomorphic chain α from x to y is the collection of holomorphic mappings fi ∈
Hol(D, M) and pi, qi ∈ D for i = 0, . . . , l such that

f0(p0) = x, fi(qi) = fi+1(pi+1) (0 ≤ i ≤ l − 1), fl(ql) = y.

Then the Kobayashi pseudo distance dM is given by

dM (x, y) = inf
α

{
l∑

i=0

dh(pi, qi)

}
, (3.73)

where the infimum is taken for all holomorphic chains α from x to y.

For the existence of a holomorphic chain from x to y, the reader is referred to
S. Lang [148]. It is easy to see that for x, y, z ∈ M ,

dM (x, x) = 0, dM (x, y) = dM (y, x), dM (x, z) ≤ dM (x, y) + dM (y, z). (3.74)

In general, a mapping dM : M ×M −→ R+ satisfying the relation above is called a
pseudo distance which may identically vanish. If f is a holomorphic mapping between
two complex spaces M and N , then the Kobayashi pseudo distances satisfy

dN (f(x), f(y)) ≤ dM (x, y), {x, y} ⊂ M. (3.75)

Example 3.136. Let M = C with the Euclidean metric. Then dC(x, y) = 0 for all
x, y ∈ C. In fact, given two points x, y ∈ C and an arbitrarily small positive number
ε, there is a mapping f ∈ Hol(D, C) such that f(0) = x and f(ε) = y. Hence
dC(x, y) ≤ log 1+ε

1−ε .

It will be useful to consider the following generalization. Let M be a subset of a
complex Hermitian manifold M̄ . We can define dM on M by taking the mappings fi

to lie in M , and to be holomorphic as mappings into M̄ . Then we obtain a pseudo
distance on M . We say that M is Kobayashi hyperbolic in M̄ if this pseudo distance
is a distance, that is if x �= y implies dM (x, y) �= 0. For simplicity, we shall say
hyperbolic instead of Kobayashi hyperbolic. If M is a complex space imbedded in
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a complex manifold M̄ , then a mapping into M is analytic if and only if it is ana-
lytic viewed as a mapping into M̄ . Therefore the definition of the Kobayashi pseudo
distance on M is intrinsic, independent of the imbedding of M into a manifold.

If M is hyperbolic, then it follows directly from (3.75) and Example 3.136 that there
cannot be a non-constant holomorphic mapping f : C −→ M . The converse is due to
Brody [18]:

Theorem 3.137 ([18]). Let M be a relatively compact complex subspace of a complex
Hermitian manifold M̄ , and suppose M is not hyperbolic. Then there exists a non-
constant holomorphic mapping f : C −→ M̄ such that

‖f ′(0)‖ = 1; ‖f ′(z)‖ ≤ 1, z ∈ C.

Recall that the induced linear mapping

f ′(z) : Tz(C) = C −→ Tf(z)(M̄),

is the holomorphic differential at each z ∈ C. Each complex tangent space has its
norm: Tf(z)(M̄) has the Hermitian norm, and Tz(C) = C has the Euclidean norm.
The norm of the linear mapping f ′(z) is defined as usual:

‖f ′(z)‖ = sup
v

‖f ′(z)v‖
‖v‖ , v ∈ Tz(C), v �= 0.

Based on this theorem, it is useful to define a complex space M to be Brody hyperbolic
if every holomorphic mapping of C into M is constant.

Let M be any variety. Lang [147], [150] introduces the holomorphic special set
Sphol(M) of M to be the Zariski closure of the union of all images of non-constant
holomorphic mappings f : C −→ M . Thus M is hyperbolic if and only if this special
set is empty. In general the special set may be the whole variety. Here we consider a
smooth toroidal compactification M ofD/Γ, whereD is a bounded symmetric domain
of Cm and Γ ⊂ Aut(D) is an arithmetic subgroup. In general, Γ may not act freely
on D, but a subgroup of finite index will act without fixed points, and we lose no
essential generality in assuming that this is true for D. It is well known that D/Γ is
negatively curved since in fact the Bergman metric on D has negative holomorphic
sectional curvatures ≤ −c < 0 and is Γ-invariant. Further, D/Γ is hyperbolic (see
[129], [200]), and so Sphol(M) �⊂ D/Γ. It is a basic theorem of Baily–Borel [4] that
D/Γ is quasi-projective. It is natural to ask whether Sphol(M) ⊂ M −D/Γ?

Kiernan and Kobayashi [127] discuss the notion of M being hyperbolic modulo a
subset S, meaning that the Kobayashi pseudo distance in M satisfies dM (x, y) �= 0
unless x = y or x, y ∈ S. According to S. Lang [147], the variety M is said to
be pseudo Brody hyperbolic if the special set Sphol(M) is a proper subset; and M is
pseudo Kobayashi hyperbolic if there exists a proper algebraic subset S such that M is
hyperbolic modulo S. S. Lang [147] conjectures that the two definitions are equivalent
with S = Sphol(M).
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3.8.2 Measure hyperbolicity

Let M be a complex manifold with volume or pseudo volume form Ψ. Let C0(M)
be the set of continuous functions with compact support. Then Ψ defines a positive
functional on C0(M) by

ϕ �→
∫

M
ϕΨ.

Hence there is a unique regular positive measure μΨ such that∫
M

ϕdμΨ =

∫
M

ϕΨ, ϕ ∈ C0(M).

For example, on the ball of radius r in Cm with center at 0:

Cm(0; r) = {(z1, . . . , zm) ∈ Cm | |z|2 = |z1|2 + · · ·+ |zm|2 < r2},

there is the standard positive (1, 1)-form

ω = 2i

{∑
k

1
r2 − |z|2 dzk ∧ dz̄k +

4|z|2
(r2 − |z|2)2 ∂|z| ∧ ∂|z|

}
(3.76)

with

Θr =
1

m!
ωm =

2mr2

(r2 − |z|2)m+1

m∏
k=1

idzk ∧ dz̄k, (3.77)

Ric(Θr) = −(m + 1)ddc log(r2 − |z|2) =
m + 1

4π
ω. (3.78)

Thus the Einstein–Kähler metric on Cm(0; r) is given by

hr =
m∑

k=1

2
r2 − |z|2 dzk ⊗ dz̄k +

2
(r2 − |z|2)2

(
m∑

k=1

z̄kdzk

)
⊗
(

m∑
k=1

zkdz̄k

)
(3.79)

such that holomorphic sectional curvatures are −1 everywhere.

Lemma 3.138. Let M be a complex manifold of dimension m and let Ψ be a pseudo
volume form on M such that Ric(Ψ) is positive, and such that there exists a constant
c > 0 such that the Griffiths function G(Ψ) of Ψ satisfies cG(Ψ) ≥ 1. Then for all
holomorphic mappings f : Cm(0; r) −→ M , we have

f∗Ψ ≤ c

(
m + 1

4π

)m

Θr.

Proof. See [129], Theorem 4.4; [130], Corollary 2.4.15; or [102]. �
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For r = 1, we write Θ for Θ1. The unit ball Cm(0; 1) will be denoted Bm.

Definition 3.139. Let M be a complex manifold of dimension m. Let A be a Borel
measurable subset of M . A holomorphic chain α for A is the collection of holomor-
phic mappings fi ∈ Hol(Bm, M) and open sets Ui in Bm for i = 1, 2, . . . such that

A ⊂
⋃
i

fi(Ui).

The space M is said to be covered by holomorphic chains if there exists a holomorphic
chain for M . Then the Kobayashi measure μM is defined by

μM (A) = inf
α

∞∑
i=1

μΘ(Ui), (3.80)

where the infimum is taken for all holomorphic chains α for A, where μΘ is the regular
measure on Bm induced by Θ. If μM (W ) > 0 for all non-empty open sets W in M ,
then M is called measure hyperbolic.

Since the open sets generate the σ-algebra of Borel measurable sets, it follows that if
B is measurable in Bm and f is holomorphic, then f(B) is measurable. Furthermore,
a regular measure satisfies the property that the measure of a set is the infimum of
the measures of the open sets containing it. Hence in the definition of the Kobayashi
measure, instead of taking open sets Ui we could take measurable sets Bi in Bm. A
basic fact is that if μ is a measure on a complex manifold M of dimension m such that
every holomorphic mapping f : Bm −→ M satisfies

μ(f(B)) ≤ μΘ(B)

for every Borel measurable set B in Bm, then μ ≤ μM (cf. [129], Proposition 1.5;
[130], Theorem 7.2.6). Thus the complex manifold M satisfying the conditions in
Lemma 3.138 is measure hyperbolic (cf. [130], Theorem 7.4.1).

We let
n →div ∞

denote the property that n tends to infinity, ordered by divisibility. In speaking of
estimates, we use the standard notation of number theorists

A(n) ! B(n), n →∞

to mean that there is a constant c such that A(n) ≤ cB(n) for all sufficiently large n.
Here, sufficiently large may mean with respect to the divisibility ordering. We recall
two lemmas from basic algebraic geometry (cf. [130], [147]).

Lemma 3.140. Let X be a variety of dimension n. Let L be a holomorphic line bundle
on X . Then

dim H0(X,O(Lm))! mn, m →∞.
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Proof. Let H be an ample line bundle such that E = L ⊗H is ample. If m is large
enough so that Hm is very ample, then the exact sequence of sheaves (cf. [81], p. 139)

0 −→ O(Lm) −→ O(Em) −→ O(Em|D) −→ 0

where D is a smooth effective divisor of X obtained as the zero set of a general holo-
morphic section of Hm, and Em|D denotes the restriction of Em to D, induces an
exact sequence

0 −→ H0(X,O(Lm)) −→ H0(X,O(Em)) −→ H0(D,O(Em|D))

which further implies

dim H0(X,O(Lm)) ≤ dim H0(X,O(Em)).

Furthermore, since Em is ample, then Kodaira’s vanishing theorem implies

dim H0(X,O(Em)) = χ(X, Em).

On the other hand (Hirzebruch [100], p. 150), we have

χ(X, Em) = a0 + a1m + · · · + anmn,

where a0, a1, . . . , an are rational numbers determined by characteristic classes of X
and E, thus proving the lemma. �

Lemma 3.141. Let X be a non-singular variety of dimension n. Let L be a holomor-
phic line bundle on X such that

dim H0(X,O(Lm)) " mn, m →div ∞.

Then for a very ample line bundle E on X ,

dim H0(X,O(Lm ⊗ E∗)) " mn, m →div ∞,

in particular, H0(X,O(Lm ⊗ E∗)) �= {0}.

Proof. Let D be a non-singular effective divisor of X obtained as the zero set of a
general holomorphic section of E. We have the exact sequence of sheaves

0 → O(Lm ⊗ E∗) → O(Lm) →O(Lm|D) → 0,

whence the exact cohomology sequence

0 → H0(X,O(Lm ⊗ E∗))→ H0(X,O(Lm))→ H0 (D,O(Lm|D)) .

Applying Lemma 3.140 to this invertible sheaf on D we conclude that the dimension
of the term on the right is ! mn−1, so for m large

dim H0(X,O(Lm ⊗ E∗)) " mn,

and in particular is positive for m large, whence the lemma follows. �
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Conversely, if L is a holomorphic line bundle on X , and if E is a very ample line
bundle on X such that

H0(X,O(Lm ⊗E∗)) �= {0}

for some positive integer m, then L is pseudo ample (see [130], Lemma 7.3.7). In fact,
let α be a non-trivial holomorphic section of Lm ⊗ E∗ and set

ΓX = {αs | s ∈ Γ(X, E)} ⊂ Γ(X, Lm).

A holomorphic projective imbedding of X is well defined by using only the subspace
ΓX , i.e., the sections of Lm that are divisible by α. The imbedding thus obtained is
none other than the imbedding ϕE obtained by using Γ(X, E). If we use Γ(X, Lm),
then we obtain only a meromorphic imbedding ϕLm of X into a projective space.

Theorem 3.142 (Kodaira [134], Kobayashi–Ochiai [131]). Let X be a non-singular
pseudo canonical variety. Then X admits a pseudo volume form Ψ with Ric(Ψ) posi-
tive, and X is measure hyperbolic.

Proof. Set n = dim X . Since X is pseudo canonical, then

dim H0(X,O(Km
X ))" mn

for m large, so we can apply Lemma 3.141. Let L be a very ample line bundle on
X . We shall obtain a projective imbedding of X by means of some of the sections in
H0(X,O(Km

X )). By Lemma 3.141, for m large there exists a non-trivial holomorphic
section α of Km

X ⊗ L∗. Let {s0, . . . , sN} be a basis of H0(X,O(L)). Then

α⊗ s0, . . . , α⊗ sN

are linearly independent sections of H0(X,O(Km
X )). Since [s0, . . . , sN ] gives a pro-

jective imbedding of X into PN because L is assumed very ample, it follows that
α⊗ s0, . . . , α⊗ sN vanish simultaneously only at the zeros of α, but nevertheless give
the same projective imbedding, which is determined only by their ratios. Then

αα ⊗
N∑

j=0

sj ⊗ sj

may be considered as a section of

(Km
X L∗)L⊗ (K

m
XL

∗
)L = Km

X ⊗K
m
X ,

and can be locally expressed in terms of complex coordinates in the form

|g(z)|2
N∑

j=0

|gj(z)|2Φ(z)⊗m,
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where as usual Φ(z) is the standard Euclidean volume form on Cn, while g(z), g0(z),
. . . , gN (z) are local holomorphic functions representing α, s0, . . . , sN respectively.
Set

h(z) =

( N∑
j=0

|gj(z)|2
) 1

m

.

Then there is a unique pseudo volume form Ψ on X which has the local expression

Ψ(z) = |g(z)|
2
m h(z)Φ(z).

Furthermore Ric(Ψ) is positive, because Ric(Ψ) is the pull-back of the Fubini–Study
form on PN by the projective imbedding. �

Its converse is due to Burt Totaro [277] (or see Kobayashi [130]), that is, if a non-
singular projective variety X admits a pseudo volume form Ψ with Ric(Ψ) positive,
then X is pseudo canonical. In fact, take an open cover {Uj} of X with holomor-
phic coordinates zj

1 , . . . , zj
n on Uj , where n = dim X . We obtain a non-vanishing

holomorphic section of KX on each Uj :

ξj = dzj
1 ∧ · · · ∧ dzj

n.

We know that Ψ induces a “pseudo” metric κ = κΨ on KX such that

inξj ∧ ξj = |ξj|2κΨ.

Then our assumption on Ψ means

Ψ = hj|gj |2qinξj ∧ ξj,

where hj is a positive C∞ function on Uj , q > 0 is some fixed rational number, and
gj is holomorphic not identically zero. Hence we have

|ξj |−2
κ = hj|gj |2q.

Write q = p/m for coprime positive integers p and m. If ξk = λjkξj on Uj ∩Uk, then

hm
j |gj |2p = |λjk|2mhm

k |gk|2p.

Define
χjk = λm

jk

(
gkg−1

j

)p
so that

h−m
j = |χjk|−2h−m

k .

Since gkg−1
j is a holomorphic function on Uj ∩Uk without zeroes, we can define a line

bundle H by the system of transition functions {χjk}. Then {h−m
j } define a metric ρ

on H such that

c1(H, ρ)|Uj = −ddc log h−m
j = mRic(Ψ)|Uj > 0,
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that is, H is positive, and so H is ample. Hence E = H l is very ample for some
positive integer l. Since the transition functions for Kml

X ⊗E∗ are given by {λml
jk χ−l

jk}
and since

gpl
j = λml

jk χ−l
jkgpl

k ,

{gpl
j } represents a holomorphic section of Kml

X ⊗ E∗.

This shows that Γ(X, Kml
X ⊗E∗) �= {0}. Therefore KX is pseudo ample according

to the remark after Lemma 3.141.

3.8.3 Open problems

Problem 3.143. Let M be a projective algebraic variety. Determine which of the
following conditions are equivalent:

(1) M is Kobayashi hyperbolic;

(2) All subvarieties of M (including M itself) are pseudo canonical;

(3) Every subvariety of M is measure hyperbolic;

(4) M is negatively curved;

(5) M is Brody hyperbolic.

Now we know that (1)⇐⇒ (5). Kobayashi has shown that (4) implies (1); otherwise
all equivalence above remain unproved. He stated (1) =⇒ (4) as a problem; other
implications in the above list are conjectures of Lang.

Problem 3.144. Let M be a projective algebraic variety. Determine which of the
following conditions are equivalent:

(i) M is pseudo Kobayashi hyperbolic;

(ii) M is pseudo canonical;

(iii) M is measure hyperbolic;

(iv) There exists a pseudo volume form Ψ for which Ric(Ψ) > 0;

(v) M is pseudo Brody hyperbolic.

Currently what is known is that (ii) ⇐⇒ (iv) (see Kodaira [134], Totaro [277]), (ii)
=⇒ (iii) (see Kobayashi–Ochiai [131]), (i) =⇒ (iii) (see Kobayashi [129]), and (iii)
=⇒ (ii) for surfaces (see Mori–Mukai [193]). Kobayashi [129] prosed (iii) =⇒ (ii) as
a problem; other implications are conjectures of Lang.

If M is a non-singular projective variety over C, Kobayashi and Ochiai [132] con-
jectured that if M is hyperbolic then the canonical class KM is pseudo ample, but
Lang [150] made the stronger conjecture:

Conjecture 3.145. If M is non-singular and hyperbolic then KM is ample.
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Here we consider a non-singular hypersurface M of degree d in Pn(C). When
d ≤ n − 1, then M contains a line through every point (cf. [147]). The adjunction
formula immediately implies

KM =
(
KPn(C) ⊗ [M ]

)
|M = (H|M )d−n−1,

where H is the hyperplane line bundle on Pn(C). Then d ≥ n + 2 is precisely the
condition that makes the canonical bundle KM ample. When n ≥ 3, since the Fermat
hypersurface

xd
0 + · · ·+ xd

n = 0

contains a line

z ∈ C �−→ [z, c1z, . . . , crz, cr+1, . . . , cn−1, 1] ∈ Pn(C),

where 1 ≤ r ≤ n− 2, and c1, . . . , cn−1 are numbers such that

1 + cd
1 + · · · + cd

r = 0, cd
r+1 + · · · + cd

n−1 + 1 = 0,

we see that in general the condition that M has ample canonical bundle does not imply
M hyperbolic. However, in 1970, S. Kobayashi ([129], p. 132) made the following
conjecture:

Conjecture 3.146. A generic hypersurface of degree≥ 2n+1 of Pn(C) is hyperbolic,
and that its complement is complete hyperbolic.

This conjecture is still open, but there has been some progress on the existence
of hyperbolic hypersurfaces of Pn(C). Examples of hyperbolic hypersurfaces were
constructed by R. Brody and M. Green [19], M. Zaidenberg [305], A. M. Nadel [199],
H.-K. Hà [84], M. McQuillan [178], J.-P. Demailly and J. El Goul [47], B. Shiffman
and M. Zaidenberg [242] in dimension 2, M. Shirosaki [247], C. Ciliberto and M.
Zaidenberg [31] in dimension 3, and finally by K. Masuda and J. Noguchi [170], Y.
T. Siu and S. K. Yeung [257], B. Shiffman and M. Zaidenberg [243], and H. Fujimoto
[70] in any dimension. J. El Goul [55] gave a construction of a hyperbolic surface of
degree 14 and J.-P. Demailly [46] later reduced the degree in El Goul’s construction
to 11. Y. T. Siu and S. K. Yeung [257] also obtained an elegant hyperbolic surface of
degree 11 by using their generalized Borel lemma. M. Shirosaki [248] constructed a
hyperbolic surface of degree 10. H. Fujimoto [70] improved Shirosaki’s construction
to give examples of degree 8. J. Duval [53] gave hyperbolic surfaces of degree 6 in
P3(C). Hu and Yang [113] also constructed hyperbolic hypersurfaces of lower degrees.



Chapter 4

Height functions

A height function is a means of measuring the “size” of a rational or integral point
on an algebraic variety. Based on the product formula in Section 2.2, one defines
heights on projective spaces defined over number fields, and further defines heights on
varieties associated to divisors, which will be compared with the heights defined by
using Weil functions of the divisors. The corresponding first main theorems also be
exhibited.

4.1 Heights on projective spaces

4.1.1 Basic properties

Let V = VQ̄ be a vector space of finite dimension n+1 > 0 over Q̄. Take ξ ∈ V −{0}
and write ξ = ξ0e0+· · ·+ξnen for a fixed basis {e0, . . . , en} of V . Then (ξ0, . . . , ξn) ∈
κn+1 for some number field κ. We will denote the case by ξ ∈ Vκ and say that ξ is
defined over κ. Let Mκ be the set of absolute values on κ satisfying product formula
with multiplicities nv . Then |ξ|v = 1 for all but finitely many v ∈ Mκ, that is,
γ = {|ξ|v} is a multiplicative Mκ-constant. We can define the relative (multiplicative)
height of ξ (relate to κ) by

Hκ(ξ) =
∏

v∈Mκ

|ξ|nv
v .

If, e.g., ξ0 �= 0, then |ξ|v ≥ |ξ0|v for each v, which implies

Hκ(ξ) ≥ 1. (4.1)

Also |λξ|v = |λ|v|ξ|v for λ ∈ κ∗, so

Hκ(λξ) = Hκ(ξ) (4.2)

by the product formula.
If we have a tower of finite extensions Q ⊂ κ ⊂ K and if ξ ∈ V − {0} is defined

over κ, then
HK(ξ) =

∏
w∈MK

|ξ|nw
w =

∏
v∈Mκ

∏
w∈MK ,w|v

|ξ|nw
v .
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By using (2.18), we have

HK(ξ) =
∏

v∈Mκ

|ξ|nv[K:κ]
v = Hκ(ξ)[K:κ],

and so

HK(ξ)
1

[K:Q] = Hκ(ξ)
[K:κ]
[K:Q] = Hκ(ξ)

1
[κ:Q] . (4.3)

The transformation formula (4.3) allows us to define a height function that is indepen-
dent of the field. The absolute (multiplicative) height is defined by

H(ξ) = Hκ(ξ)
1

[κ:Q] ,

which does not depend on finite field extensions of Q, that is, we obtain the function

H : V −→ R[1, +∞).

We often use the absolute (logarithmic) height h(ξ) which is defined by

h(ξ) = log H(ξ) =
1

[κ : Q]
log Hκ(ξ).

In many references, the relative (multiplicative)height (relate to κ) is defined by

H∗,κ(ξ) =
∏

v∈Mκ

|ξ|nv∗,v

for ξ = ξ0e0 + · · ·+ ξnen ∈ Vκ − {0}, where

|ξ|∗,v = max{|ξ0|v, |ξ1|v, . . . , |ξn|v}.

Obviously, H∗,κ also satisfies (4.1), (4.2) and (4.3). Thus the absolute (multiplicative)
height

H∗(ξ) = H∗,κ(ξ)
1

[κ:Q]

and the absolute (logarithmic) height

h∗(ξ) = log H∗(ξ) =
1

[κ : Q]
log H∗,κ(ξ)

are well defined. Note that

|ξ|∗,v ≤ |ξ|v ≤ ςv,n+1|ξ|∗,v,

and so
H∗,κ(ξ) ≤ Hκ(ξ) ≤ (n + 1)

[κ:Q]
2 H∗,κ(ξ).

We have

h∗ ≤ h ≤ h∗ +
1
2

log(n + 1).
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Definition 4.1. Two heights H1 and H2 (resp. logarithmic heights h1 and h2) are
called equivalent if

cH1 < H2 < c′H1 (resp. h2 = h1 + O(1))

holds for some positive constants c and c′.

Hence if the base of V is changed, we obtain an equivalent height. In particular, H
and H∗ are equivalent.

Take x ∈ P(V ) ∼= Pn. Then there exists a coordinate ξ ∈ Vκ for some number field
κ such that x = P(ξ). The relative (multiplicative) heights of x are defined by

Hκ(x) = Hκ(ξ), H∗,κ(x) = H∗,κ(ξ).

Similarly, the absolute (multiplicative) heights

H(x) = H(ξ), H∗(x) = H∗(ξ)

and the absolute (logarithmic) heights of x

h(x) = h(ξ), h∗(x) = h∗(ξ)

are defined respectively. By the product formula, these do not depend on the choice of
ξ.

Example 4.2. Any point x ∈ P(Qn+1) has a set of coordinates (ξ0, . . . , ξn) which are
relatively prime integers, and we then see that

HQ(x) =
√

ξ2
0 + · · · + ξ2

n, H∗,Q(x) = max{|ξ0|, |ξ1|, . . . , |ξn|}.

In particular, the set of points x in P(Qn+1) of height HQ(x) ≤ a fixed number is
finite. Such a fact is also true in a number field (see Theorem 4.29).

Lemma 4.3. Any element x of P(V ) has a coordinate ξ ∈ Vκ for some number field
κ with x = P(ξ) such that

(i) |ξ|v ≤ 1 for non-Archimedean v;

(ii)
∏

v∈M 0
κ

‖ξ‖v ≥ |Dκ/Q|−1/2;

(iii) |ξ|v ≤ c(κ)|ξ|w for any Archimedean v, w.

Proof. For a fixed basis {e0, . . . , en} of V , take ξ′ = ξ′0e0 + · · · + ξ′nen ∈ Vκ with
x = P(ξ′). Consider the ideal g(ξ′) generated by ξ′0, . . . , ξ′n. By Theorem 2.26,
there is an integral ideal a in the same ideal class as g(ξ′) such that the norm satisfies

N (a) ≤
√
|Dκ/Q|. After multiplying ξ′ by some λ ∈ κ, we get a new ξ with g(ξ) = a.

Then ξ0, . . . , ξn are integers in κ, and so (i) holds.
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If we write
(ξi) =

∏
j

p
νij

j ,

then
‖ξ‖pj = N (pj)

−min(ν0j ,...,νnj).

On the other hand,
a = g(ξ) =

∏
j

p
min(ν0j ,...,νnj)
j ,

so we obtain ∏
v∈M 0

κ

‖ξ‖v =
∏
j

‖ξ‖pj = N (a)−1,

and (ii) holds.
By Dirichlet’s unit theorem, if σ1, . . . , σr1 correspond to real embeddings of κ into

R and σr1+1, σr1+1, . . . , σr1+r2 , σr1+r2 correspond to the complex embeddings of κ
into C, then given any c1, . . . , cr1+r2 , there exists a unit η such that

ci|σi(η)| ≤ cjc(κ)|σj(η)|

for 1 ≤ i, j ≤ r1 + r2 and some constant c(κ). To prove (iii), it suffice to show

|σi(ξ)| ≤ c(κ)|σj(ξ)|,

and this can be deduced by multiplying ξ by a suitable unit η. �

4.1.2 Heights on number fields

We define the height of an element x of the number field κ to be the height of the point
[1, x] in P1(κ) = P(κ2), so that we have

Hκ(x) =

( ∏
v∈M∞

κ

(√
1 + |x|2v

)nv
)( ∏

v∈Mκ−M∞
κ

max
{

1, |x|nv
v

})
,

H∗,κ(x) =
∏

v∈Mκ

max
{

1, |x|nv
v

}
,

and similarly for H(x), H∗(x), h(x) and h∗(x). We see that if x �= 0, then

Hκ(x) = Hκ(x−1), H∗,κ(x) = H∗,κ(x−1).

Furthermore, we have trivially

H∗,κ(x1 · · · xn) ≤ H∗,κ(x1) · · ·H∗,κ(xn)

and for x ∈ κ,
H∗,κ(xn) = H∗,κ(x)n.

For x �= 0, h∗(x) = 0 if and only if x is a root of unity (see [144]).
For the proof of Roth’s theorem, we will need the Liouville’s inequality:
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Lemma 4.4. Let κ be a number field, let x be a nonzero element of κ, and let S ⊂ Mκ

be any set of absolute values on κ. Then∏
v∈S

min{1, ‖x‖v} ≥
1

H∗,κ(x)
.

Proof. Using the product formula, we compute

H∗,κ(x) =
∏

v∈Mκ

max{1, ‖x‖v} =
∏

v∈Mκ

‖x‖v max

{
1,

1
‖x‖v

}

=
∏

v∈Mκ

max

{
1,

1
‖x‖v

}
=
∏

v∈Mκ

1
min{1, ‖x‖v}

≥
∏
v∈S

1
min{1, ‖x‖v}

.

Taking reciprocals gives the desired result. �

Proposition 4.5. Take x ∈ κ∗ and let (x) = b/d be an ideal factorization for x where
b, d are relatively prime ideals in Oκ. Then

H∗,κ(x) = N (d)
∏

v∈M∞
κ

max{1, ‖x‖v}. (4.4)

Proof. Indeed, we have
max{1, ‖x‖v} > 1

for a p-adic valuation v if and only if p divides the denominator d. Write

d = pa1
1 · · · p

ar
r

with ai > 0 for each i. We obtain∏
v∈M 0

κ

max{1, ‖x‖v} =

r∏
i=1

N (pi)
ai = N (d),

and hence (4.4) follows from definition. �

Proposition 4.6. Suppose that α is algebraic of degree d over the rational numbers,
and let

f(X) = adXd + ad−1Xd−1 + · · · + a0 = 0, ad > 0,

be its irreducible equation, with coefficients ai ∈ Z, and gcd(a0, . . . , ad) = 1. If
κ = Q(α), then one has the formula

H∗,κ(α) = ad

d∏
i=1

max{1, ‖αi‖∞}, (4.5)

where α1, . . . , αd are the distinct conjugates of α in C.
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Proof. Indeed, ∏
v∈M∞

κ

max{1, ‖α‖v} =

d∏
i=1

max{1, ‖αi‖∞}.

By using the standard Gauss lemma, which will be recalled in the next section, we see

|f |v = |ad|v
d∏

j=1

max{1, |αj |v}

for v ∈ M0
κ. However, by definition,

|f |v = max
0≤j≤d

|aj |v = 1,

and hence

1 =
∏

v∈M 0
κ

|f |nv
v =

∏
v∈M 0

κ

⎛⎝‖ad‖v
d∏

j=1

max{1, ‖αj‖v}

⎞⎠
=

∏
p∈M 0

Q

⎛⎝|Nκ/Q(ad)|p
d∏

j=1

max{1, |Nκ/Q(αj)|p}

⎞⎠
= a−d

d

∏
p∈M 0

Q

max{1, |Nκ/Q(α)|dp} = a−d
d

∏
v∈M 0

κ

max{1, ‖α‖dv},

that is, ∏
v∈M 0

κ

max{1, ‖α‖v} = ad.

Therefore (4.5) follows from definition of the height. �

Theorem 4.7 (cf. [144]). Let κ be a number field. Let a = r1 + r2 − 1 where r1 is the
number of real absolute values and r2 the number of complex ones.

(1) The number of algebraic integers x ∈ Oκ with height H∗,κ(x) ≤ r is

c0r(log r)a + O
(
r(log r)a−1)

for some constant c0.

(2) The number of units η ∈ Oκ with H∗,κ(η) ≤ r is

c1(log r)a + O
(
(log r)a−1)

for some constant c1.
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Recall that we will use O(1) to denote a bounded function. Generally, if h(r) is a
non-negative function, we will denote

O(h(r)) := O(1)h(r).

We also use the symbol o(h(r)) to denote a function such that o(h(r))/h(r) → 0 as
r →∞.

Lemma 4.8 (cf. [233]). Let κ be a number field of degree n = [κ : Q]. Fix a positive
number r ∈ R with r ≥ 1 and take x ∈ κ such that H∗(x) ≤ r. Then there exist an
α ∈ Oκ and an m ∈ Z such that x = α

m and 0 < m ≤ rn.

Proof. By the theorem on the unique prime ideal decomposition, we can write the
fractional ideal (x) in the form (x) = b/d, where b, d are relatively prime ideals in
Oκ. Denote by m the norm of d: N (d) = m. Then m is a positive integer and
the principal ideal (m) is divisible by d. There exists an integral ideal m such that
(m) = dm, and hence

(x) = bm(m)−1,

which means that bm is a principal ideal. Denoting its generator by β we have

(x) = (β)(m)−1.

Hence the first assertion of the lemma follows by taking α = ηβ for a suitable unit η.
By Proposition 4.5, we have

m = N (d) ≤ H∗,κ(x) = H∗(x)n,

and hence the lemma is proved. �

For x ∈ κ, we denote by x(i) the conjugates of x, 1 ≤ i ≤ n, and set

T2(x) =
n∑

i=1

∣∣x(i)
∣∣2.

Theorem 4.9 (cf. [233]). Let κ be a number field of degree n = [κ : Q]. Let {w1, . . . ,
wn} be a basis of Oκ over Z. Fix a positive number r ∈ R with r ≥ 1. Then any
x ∈ κ with H∗(x) ≤ r can be represented in the form

x =
x1w1 + · · ·+ xnwn

m

with x1, . . . , xn, m ∈ Z, satisfying 0 < m ≤ rn and

|xi| ≤
rnm

√
n√

|Dκ/Q|

∏
j �=i

√
T2(wj), i = 1, . . . , n.
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Proof. By Lemma 4.8, there exist an algebraic integer α ∈ Oκ and a rational integer
m ∈ Z such that x = α/m and 0 < m ≤ rn. The assumption H∗(x) ≤ r implies that

|x|v ≤ rn/nv ≤ rn, v ∈ Mκ,

and hence

|α|v ≤ rn|m|v.

If we consider Archimedean absolute values and interpret the α(k) as complex num-
bers, we see that all conjugates of α satisfy the inequality

|α|v =
∣∣α(k)

∣∣ ≤ rnm,

and hence ( n∑
k=1

∣∣α(k)
∣∣2)1/2

≤
( n∑

k=1

r2nm2
)1/2

= rnm
√

n.

We choose an integral basis {w1, . . . , wn} ofOκ. Then α can be written in the form

α = x1w1 + · · ·+ xnwn

with xi ∈ Z. Taking conjugates and using Cramer’s rule we see that

xi =
ai√
|Dκ/Q|

, i = 1, . . . , n,

where

ai =

∣∣∣∣∣∣∣
w

(1)
1 · · · α(1) · · · w

(1)
n

...
...

...

w
(n)
1 · · · α(n) · · · w

(n)
n

∣∣∣∣∣∣∣
is the determinant of the matrix (w

(k)
j ), where the i-th column is replaced by the vector

(α(k)). By using Hadamard inequality for ai, we obtain the estimate:

|ai| ≤
(

n∑
k=1

∣∣∣α(k)
∣∣∣2)1/2∏

j �=i

(
n∑

k=1

∣∣∣w(k)
j

∣∣∣2)1/2

=

(
n∑

k=1

∣∣∣α(k)
∣∣∣2)1/2∏

j �=i

√
T2(wj),

and this proves the theorem. �
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It is an old conjecture of Lehmer [156] that when α is of degree d over Q, and is not
0 or a root of unity, then

h∗(α) ≥ log α0

d
(4.6)

where α0 = 1.1762808 · · · is the larger real root of the 10th-degree Lehmer polyno-
mial

L(x) = x10 + x9 − x7 − x6 − x5 − x4 − x3 + x + 1. (4.7)

Of special interest to Lehmer were palindromic polynomials (also sometimes called
reciprocal or symmetric polynomials): these are polynomials P (x) ∈ Z[x] that satisfy

P (x) = xmP

(
1
x

)
,

where m is the degree of P (x). A nonlinear irreducible palindromic polynomial must
have even degree since palindromic polynomials of odd degree always have −1 as a
root. Obviously, L(x) is a palindromic polynomial.

Note that

h∗
(

21/d
)

=
log 2

d
.

The example shows that (4.6) would be best possible on the order of d. The best result
in this direction is due to Dobrowolski [51] and says that if d ≥ 3, then

h∗(α) >
c

d

(
log log d

log d

)3

(4.8)

with an absolute constant c > 0.
In contrast, there is the following result of Zhang [308]: Suppose α is algebraic but

not 0, 1, (1±
√
−3)/2. Then

h∗(α) + h∗(1− α) ≥ c > 0 (4.9)

with an absolute constant c > 0. Zagier [304] gave a more natural proof and deter-
mined the best value of the constant

c =
1
2

log
1 +

√
5

2
.

4.1.3 Functional properties of heights

Proposition 4.10. The action of the Galois group on Pn(Q̄) leaves the height invari-
ant. In other words, let x ∈ Pn(Q̄) and let σ ∈ GQ̄/Q. Then H(σ(x)) = H(x).
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Proof. Let κ/Q be a number field with x ∈ Pn(κ). The automorphism σ of Q̄ defines
an isomorphism σ : κ −→ σ(κ), and it likewise identifies the sets of absolute values
on κ and σ(κ). More precisely, σ induces an isomorphism

σ : Mκ −→ Mσ(κ),

where for p ∈ Mκ, the absolute value σ(p) ∈ Mσ(κ) is defined by

|σ(a)|σ(p) = |a|p, a ∈ κ.

It is also clear that σ induces an isomorphism on the completions, κp
∼= σ(κ)σ(p), so

np = nσ(p). Take ξ ∈ κn+1 − {0} with x = [ξ]. This allows us to compute

Hσ(κ)(σ(x)) =
∏

P∈Mσ(κ)

|σ(ξ)|nP

P =
∏

p∈Mκ

|σ(ξ)|nσ(p)

σ(p)

=
∏

p∈Mκ

|ξ|np

p = Hκ(x).

We also have
[κ : Q] = [σ(κ) : Q],

so taking [κ : Q]th roots gives the desired result. �

Example 4.11. Let Sm,n be the Segre embedding described in Example 3.31. Then

h∗(Sm,n(x, y)) = h∗(x) + h∗(y), x ∈ Pm, y ∈ Pn.

By using heights, one can describe completely growth of morphisms between pro-
jective spaces (cf. [144], [98], [256]).

Lemma 4.12. Let f : Pm −→ Pn be a rational mapping of degree d defined over Q̄.
Let If denote the indeterminacy lotus of f . Then there exists a constant c satisfying

h(f(x)) ≤ dh(x) + c

for all x ∈ Pm − If .

Proof. Note that f = P(f̃) can be given by an (n + 1)-tuple f̃ = (f0, . . . , fn) of
homogeneous polynomials of degree d with coefficients in some number field κ, and
in m+1 variables X0, . . . , Xm. Let A = Pm−If be the set of points x = [x0, . . . , xm]
in projective space Pm such that not all polynomials fi(x) vanish, i = 0, . . . , n. Then
f : A −→ Pn is a morphism. Trivial estimates using the triangle inequality show that
for any point x ∈ Pm(κ)− If , we have

Hκ(f(x)) ≤ C [κ:Q]Hκ(x)d.

Taking the [κ : Q] root and the logarithm yield the lemma. �
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Theorem 4.13. Let f : Pm −→ Pn be a rational mapping of degree d defined over
Q̄. Let If denote the indeterminacy lotus of f and let X be a closed subvariety of Pm

with the property that X ∩ If = ∅. Then

h(f(x)) = dh(x) + O(1), x ∈ X.

Proof. One inequality was proved in Lemma 4.12. Next we prove the inequality in
the other direction. Note that f defines a morphism X −→ Pn. Fix a field of defi-
nition κ for f , so f is given in homogeneous coordinates by [f0, . . . , fn], where the
homogeneous polynomials f0, . . . , fn of degree d in the variables X0, . . . , Xm have
coefficients in the number field κ.

Let g1, . . . , gr be homogeneous polynomials generating the ideal of X . Then we
know that g1, . . . , gr, f0, . . . , fn have no common zeros in Pm. By Theorem 1.48,
there exist polynomials aij , bij ∈ Q̄[X0, . . . , Xm] and a non-negative integer l such
that

Xd+l
i =

r∑
j=1

aijgj +

n∑
j=0

bijfj , 0 ≤ i ≤ m.

Disregarding the monomials in bij of degree �= l, we can assume without loss of
generality that bij is homogeneous of degree l. Extending κ if necessary, we may also
assume that the aij’s, bij’s and gj ’s have coefficients in κ.

It is also convenient to clear denominators, so we pick an element a in κ, integral at
all valuations of Mκ such that a is a denominator for all coefficients of the polynomials
bij . Multiplying by a, we may assume without loss of generality that we have the
equation

aXd+l
i =

r∑
j=1

aijgj +

n∑
j=0

bijfj ,

where the coefficients of bij are integral in κ. Take

x = [x0, . . . , xm] ∈ X(κ)

with xi integral in κ. The assumption that x ∈ X implies that gj(x) = 0 for all j, so
when we evaluate the above formula at x we obtain

axd+l
i =

n∑
j=0

bij(x)fj(x), 0 ≤ i ≤ m.

Take α ∈ {0, . . . , m} such that

|xα|v = max
i
|xi|v .

If v ∈ Mκ is non-Archimedean, then

|a|v|xα|d+l
v ≤ |xα|lv max

j
|fj(x)|v,
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whence
|a|nv

v max
i
|xi|(d+l)nv

v ≤ max
i
|xi|lnv

v max
j
|fj(x)|nv

v .

If v ∈ Mκ is Archimedean, then

|a|v|xα|d+l
v ≤ (n + 1)

(
m + l

l

)
Cv|xα|lv max

j
|fj(x)|v,

where Cv is a constant giving the bound for the coefficients of the polynomials bαj

(j = 0, . . . , n). Taking the product yields

Hκ(x)d+l ≤ CHκ(x)lHκ(f(x)),

where

C =
∏

v∈M∞
κ

{
(n + 1)

(
m + l

l

)
Cv

}nv

,

so taking logarithms gives the desired inequality. �

Corollary 4.14. Let P and Q be two coprime polynomials in Q̄[X]. Then we have

h

(
P (x)

Q(x)

)
= max{deg(P ), deg(Q)}h(x) + O(1). (4.10)

4.2 Heights of polynomials

4.2.1 Coefficients for polynomials

We assume that κ is a number field. Let Mκ be a proper set of absolute values on κ
with multiplicities nv. An element f in the ring κ[X1, . . . , Xn] can be written as a sum

f(X) =
∑
i∈I

aiX
i,

where I is a finite set of distinct elements in Zn
+, ai ∈ κ, X = (X1, . . . , Xn), and

Xi = X i1
1 · · ·X

in
n , i = (i1, . . . , in) ∈ Zn

+.

We will use the symbols

∂if =
1

i1! · · · in!
· ∂|i|f

∂X i1
1 · · · ∂X in

n

,

where |i| = i1 + · · · + in is the length of index i. We also write degXh
(f) for the

degree of f on the variable Xh.
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If we define the Gauss norm

|f |v =

⎧⎪⎨⎪⎩
(∑
i∈I

|ai|2v
) 1

2 , if v is Archimedean,

max
i∈I
{|ai|v}, if v is non-Archimedean

or
|f |∗,v = max

i∈I
{|ai|v},

the (projective) relative (multiplicative)height of f (relate to κ) is defined to be the
height of its coefficients taken as homogeneous coordinates:

Hκ(f) =
∏

v∈Mκ

|f |nv
v ,

or
H∗,κ(f) =

∏
v∈Mκ

|f |nv∗,v.

The (projective) absolute (multiplicative) height are defined by

H(f) = Hκ(f)
1

[κ:Q] , H∗(f) = H∗,κ(f)
1

[κ:Q] .

Thus the (projective) absolute (logarithmic) heights can be defined by

h(f) = log H(f), h∗(f) = log H∗(f).

It is easy to show
|f |∗,v ≤ |f |v ≤ ς

v,(n+d
d )|f |∗,v,

where d = deg(f), and so

H∗(f) ≤ H(f) ≤
(

n + d

d

) 1
2

H∗(f).

If σ is an isomorphism of κ over Q then we get the polynomial

σ(f) =
∑
i∈I

σ(ai)X
i,

and thus, as for points, we have

H(σ(f)) = H(f), H∗(σ(f)) = H∗(f).

For some applications, it is more convenient to use the (affine) relative (multiplica-
tive) height of f (relate to κ)

H∨,κ(f) =
∏

v∈Mκ

max{1, |f |nv∗,v},
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the (affine) absolute (multiplicative) height)

H∨(f) = H∨,κ(f)
1

[κ:Q] ,

and the (affine) absolute (logarithmic) height

h∨(f) = log H∨(f).

Lemma 4.15. Let f(X1, . . . , Xn) ∈ Z[X1, . . . , Xn] be a polynomial with integer
coefficients, and let i = (i1, . . . , in) be an n-tuple of nonnegative integers. Then
∂if ∈ Z[X1, . . . , Xn]. Further, if degXh

(f) ≤ rh for each h = 1, . . . , n, then

|∂if |∗ ≤ 2r1+···+rn |f |∗.

Proof. Differentiating f , we obtain

∂if =
∑
j∈Zn

+

aj∂iX
j =

∑
j∈Zn

+

aj

1
i1!

∂i1Xj1
1

∂X i1
1

· · · 1
in!

∂inXjn
n

∂X in
n

=
∑
j∈Zn

+

aj

(
j1

i1

)
· · ·
(

jn

in

)
Xj1−i1

1 · · ·Xjn−in
n .

The combinatorial symbols are integers, so this proves the first part of Lemma 4.15.
To prove the second part, we use the binomial formula for (1 + 1)j to estimate(

j

i

)
≤

j∑
l=0

(
j

l

)
= (1 + 1)j = 2j .

Hence taking the maximum over all n-tuples j = (j1, . . . , jn) of integers satisfying

0 ≤ j1 ≤ r1, . . . , 0 ≤ jn ≤ rn,

we obtain

|∂if |∗ = max

∣∣∣∣aj

(
j1

i1

)
· · ·
(

jn

in

)∣∣∣∣
≤ max |aj| ·max 2j1+···+jn = 2r1+···+rn |f |∗.

This completes the proof of second part in Lemma 4.15. �

Lemma 4.16. Let f ∈ Z[X1, . . . , Xn] with degXh
(f) ≤ rh, and let x = (x1, . . . , xn)

be an n-tuple of algebraic numbers in a number field κ. Then for all n-tuples of
nonnegative integers i = (i1, . . . , in) we have

H∗,κ(∂if(x)) ≤ 4(r1+···+rn)[κ:Q]H∗,κ(f)
n∏

h=1

H∗,κ(xh)rh .
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Proof. Let j = (j1, . . . , jn) be any n-tuple of nonnegative integers. Lemma 4.15 tells
us that ∂j∂if has integer coefficients that are bounded by

|∂j∂if |∗ ≤ 2r1+···+rn |∂if |∗ ≤ 4r1+···+rn |f |∗.

If v ∈ M∞
κ , we have

|∂if(x)|v ≤ (r1 + 1) · · · (rn + 1)|∂if |∗ max{1, |x1|v}r1 · · ·max{1, |xn|v}rn

≤ 4r1+···+rn |f |∗ max{1, |x1|v}r1 · · ·max{1, |xn|v}rn .

If v is non-Archimedean, we can obtain the stronger bound

|∂if(x)|v ≤ max{1, |x1|v}r1 · · ·max{1, |xn|v}rn

since ∂if has integer coefficients. Thus

H∗,κ(∂if(x)) =
∏

v∈Mκ

max{1, |∂if(x)|v}nv

≤ 4(r1+···+rn)[κ:Q]H∗,κ(f)

n∏
h=1

H∗,κ(xh)rh ,

and so the lemma is proved. �

If v is non-Archimedean, Gauss’ lemma (cf. [144]) for valuations then asserts that
| · |v is a valuation.

Lemma 4.17. Take f, g ∈ κ[X1, . . . , Xn]. If v is a non-trivial non-Archimedean val-
uation, then |fg|v = |f |v |g|v .

For a polynomial f ∈ κ[X1, . . . , Xn], we write

f(X) =
∑
i∈I

aiX
i =

d1∑
i1=0

· · ·
dn∑

in=0

aiX
i1
1 · · ·X

in
n ,

where i = (i1, . . . , in), dh = degXh
(f). We observe that the number N of nonzero

monomials appearing in f satisfies

N ≤
n∏

h=1

(dh + 1) ≤ min

{
n∏

h=1

2dh ,

n∏
h=1

(2 deg(f)

}

≤ min
{

2deg(f), (2 deg(f))n
}

. (4.11)
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Lemma 4.18. Let F = {f1, . . . , fp} be a collection of polynomials in κ[X1, . . . , Xn].
Then

h∗(f1 · · · fp) ≤
p∑

j=1

h∗(fj) +

p∑
j=2

log min
{

2deg(fj), (2 deg(fj))
n
}

; (4.12)

h∨(f1 + · · · + fp) ≤
p∑

j=1

h∨(fj) + log p. (4.13)

Proof. Write

fj(X) =
∑

i

ajiX
i.

Then we have

f1(X) · · · fp(X) =
∑

i

( ∑
i1+···+ip=i

a1i1 · · · apip

)
Xi,

and hence for any v ∈ M∞
κ ,

|f1 · · · fp|∗,v = max
i

∣∣∣∣ ∑
i1+···+ip=i

a1i1 · · · apip

∣∣∣∣
v

.

We fix a multi-index i = (i1, . . . , in) and look at the coefficient of Xi:∑
i1+···+ip=i

a1i1 · · · apip =
∑

i11+···+ip1=i1

· · ·
∑

i1n+···+ipn=in

a1i1 · · · apip . (4.14)

If we choose values for i2, . . . , ip, then there is at most one value of i1 for which
a1i1 · · · apip is a term in (4.14). Hence the number Ni of nonzero terms in (4.14) is at
most the number of ways to choose i2, . . . , ip such that a2i2 , . . . , apip are all nonzero.
Applying (4.11) to each of f2, . . . , fp, we obtain an estimate

N := max
i

Ni ≤
p∏

j=2

min
{

2deg(fj), (2 deg(fj))
n
}

. (4.15)

Then we have

|f1 · · · fp|∗,v ≤ N max
i

max
i1+···+ip=i

∣∣a1i1 · · · apip

∣∣
v

≤ N

p∏
j=1

max
i
{|aji|v} = N

p∏
j=1

|fj |∗,v. (4.16)
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Combining with Lemma 4.17, it follows that

h∗(f1 · · · fp) ≤
p∑

j=1

h∗(fj) + log N,

and so (4.12) follows.
To prove (4.13), now we have

f1(X) + · · ·+ fp(X) =
∑

i

(a1i + · · ·+ api)X
i,

and hence for any v ∈ Mκ,

|f1 + · · · + fp|∗,v = max
i
|a1i + · · · + api|v

≤ ς2
v,p max

j,i
|aji|v = ς2

v,p max
j
|fj |∗,v. (4.17)

Therefore

|f1 + · · ·+ fp|∗,v ≤ ς2
v,p

p∏
j=1

max{1, |fj |∗,v},

which easily yield (4.13). �

4.2.2 Gelfand’s inequality

To prove a converse inequality of (4.12), we first introduce a multiplicative norm and
an L2-norm on the space of polynomials. For any complex polynomial

f(X) =
∑

i

aiX
i ∈ C[X1, . . . , Xn], (4.18)

we define the Mahler measure of f by

Mah(f) = exp

(∫
In

log
∣∣∣f(e2πit1 , . . . , e2πitn

)∣∣∣dt1 · · · dtn

)
, (4.19)

where I = R[0, 1], i =
√
−1. The L2-norm of f is just the quantity

(∫
In

∣∣∣f(e2πit1 , . . . , e2πitn
)∣∣∣2dt1 · · · dtn

) 1
2

=

(∑
i

∣∣ai

∣∣2) 1
2

=
∣∣f∣∣.

Then we have the following simple properties:
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Proposition 4.19. Take f, g ∈ C[X1, . . . , Xn] and suppose that degXh
(f) ≤ dh.

Then

(i) |f | ≤ {(d1 + 1) · · · (dn + 1)}1/2|f |∗;

(ii) Mah(fg) = Mah(f)Mah(g);

(iii) Mah(f) ≤ |f |.

Lemma 4.20. Let f ∈ C[X1, . . . , Xn] be defined by (4.18) with degXh
(f) ≤ dh.

Then

|ai| ≤
(

d1

i1

)
· · ·
(

dn

in

)
Mah(f).

Proof. The proof is by induction on the number n of variables. For the case n = 1,
we factor

f(X) = a0 + a1X + · · · + adXd = ad(X − α1) · · · (X − αd),

and note that ∫ 1

0
log
∣∣e2πit − α

∣∣ dt = log max{1, |α|}. (4.20)

Then

|aj | = |ad|
∣∣∣∣ ∑

h1<···<hd−j

αh1 · · ·αhd−j

∣∣∣∣
≤
(

d

j

)
|ad|

d∏
h=1

max{1, |αh|} =

(
d

j

)
Mah(f).

To complete the induction, now we give a decomposition of f . Since f has the
following form

f(X1, . . . , Xn) =

d1∑
i1=0

· · ·
dn∑

in=0

ai1···inX i1
1 · · ·X

in
n ,

and if we define

fi1···ip(Xp+1, . . . , Xn) =

dp+1∑
ip+1=0

· · ·
dn∑

in=0

ai1···ipip+1···inX
ip+1
p+1 · · ·X

in
n , 1 ≤ p ≤ n,

where fi1···in = ai for the case p = n, we obtain

f(X1, . . . , Xn) =

d1∑
i1=0

fi1(X2, . . . , Xn)X i1
1 , (4.21)
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and more generally

fi1···ip−1(Xp, . . . , Xn) =

dp∑
ip=0

fi1···ip(Xp+1, . . . , Xn)X
ip
p . (4.22)

From (4.21) and the previous lemma in one variable, we deduce that for all x2, . . . ,
xn ∈ C,

|fi1(x2, . . . , xn)| ≤
(

d1

i1

)
exp

(∫ 1

0
log
∣∣f (e2πit1 , x2, . . . , xn

)∣∣ dt1

)
,

and hence

log Mah(fi1) =

∫
In−1

log
∣∣fi1

(
e2πit2 , · · · , e2πitn

)∣∣ dt2 · · · dtn

≤ log

(
d1

i1

)
+

∫
In

log
∣∣f (e2πit1 , · · · , e2πitn

)∣∣ dt1 · · · dtn

≤ log

(
d1

i1

)
+ log Mah(f).

This gives the inequality

Mah(fi1) ≤
(

d1

i1

)
Mah(f),

and more generally, starting from (4.22) and using the same argument, we obtain

Mah(fi1···ip) ≤
(

dp

ip

)
Mah(fi1···ip−1),

which gives the bound

|ai| ≤
(

dn

in

)
Mah(fi1···in−1)

for the coefficients, and now the claim follows by putting together these inequalities.�

Let μ(f) denote the number of variables X1, . . . , Xn that genuinely appear in f .
Then using the trivial estimate (

d

p

)
≤ 2d−1, d ≥ 1,

we find
|f |∗ ≤ 2d1+···+dn−μ(f)Mah(f). (4.23)
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Lemma 4.21. Let f1, . . . , fp ∈ C[X1, . . . , Xn] be polynomials and set

dh = degXh
(f1 · · · fp), h = 1, . . . , n.

Then we have
p∏

j=1

|fj |∗ ≤ ed1+···+dn |f1 · · · fp|∗. (4.24)

Proof. Let f = f1 · · · fp and set dhj = degXh
(fj). Then

dh =

p∑
j=1

dhj , μ(f) ≤
p∑

j=1

μ(fj),

and so

|f1|∗ · · · |fp|∗ ≤
p∏

j=1

2d1j+···+dnj−μ(fj)Mah(fj) = 2d1+···+dn−
P

j μ(fj)Mah(f)

≤ 2d1+···+dn−μ(f){(d1 + 1) · · · (dn + 1)}1/2|f |∗.

Now we observe that for d ≥ 2 and for d = 0,

2d
√

d + 1 ≤ ed,

while if dh = 1, then the Xh variable contributes to μ(f). This lets us to obtain the
inequality (4.24). �

Lemma 4.17 and Lemma 4.21 yield immediately the Gelfand’s inequality (cf. [98],
Proposition B.7.3):

Lemma 4.22. Let d1, . . . , dn be integers and let f1, . . . , fp ∈ Q̄[X1, . . . , Xn] be poly-
nomials whose product satisfies

degXh
(f1 · · · fp) ≤ dh, h = 1, . . . , n.

Then we have
p∑

j=1

h∗(fj) ≤ h∗(f1 · · · fp) + d1 + · · · + dn.

Finally, we make some remarks on the following Lehmer’s question:

Problem 4.23. Is there a δ > 0 such that the Mahler measure of every irreducible
monic polynomial P (x) with integer coefficients is either 1 or larger than 1 + δ?
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It may be checked that if P (x) is monic and irreducible, then Mah(P ) = 1 if and
only if P (x) is a cyclotomic polynomial or the monomial x. In [156], Lehmer found
the monic palindromic polynomials of degree 2, 4, 6, and 8 with smallest Mahler
measure. For degree 10 and higher, the best polynomial Lehmer could find was L(x)
defined by (4.7). This polynomial still stands today as the palindromic polynomial
with smallest known Mahler measure:

Mal(L) = 1.17628 · · · .

If P (x) ∈ Z[x] is a monic, irreducible polynomial with

1 < Mal(P ) < Mal(L),

then P (x) must be palindromic, since Smyth [259] has shown that 1.32471 · · · , the
unique real root of S(x) = x3−x−1, is a lower bound for the set of Mahler measures
of non-palindromic polynomials with Mahler measure strictly large than 1.

A Salem number is a real algebraic integer α, greater than 1, with the property that
all its conjugates lie on or within the unit circle, and at least one conjugate lies on
the unit circle. The minimal polynomial of a Salem number α is also called a Salem
polynomial. Its Mahler measure is clearly just α. It is not difficult to prove that Salem
polynomials are always palindromic.

The Lehmer polynomial L(x) defined by (4.7) is a Salem polynomial: it is the
minimal polynomial of the Salem number

α0 = 1.17628 · · · = Mah(L).

Thus α0 is both the smallest known Salem number and the smallest known Mahler
measure. In 1996, Voutier [296] obtained a lower bound for the Mahler measures of
irreducible monic polynomials P (x) ∈ Z[x] in one variable:

Theorem 4.24. If P (x) is not a cyclotomic polynomial and has degree d > 1, then

log Mah(P ) >
1
4

{
log log d

log d

}3

.

4.2.3 Finiteness theorems

Lemma 4.25. Let | · | be an absolute value on κ which coincides with the ordinary one
on Q. Let f ∈ κ[X] be a polynomial of degree d, and let

f(X) =
d∏

i=1

(X − αi)

be a factorization in κ̄. We assume that our absolute value is extended to κ̄. Then

5−
d
2

d∏
i=1

√
1 + |αi|2 ≤ |f | ≤ 2

d−1
2

d∏
i=1

√
1 + |αi|2.
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Proof. The right inequality is trivially proved by induction, estimating the coefficients
in a product of a polynomial g(X) by (X−α). We prove the other by induction on the
number of indices i such that |αi| > 2. If |αi| ≤ 2 for all i, our assertion is obvious.
Suppose that

f(X) = g(X)(X − α)

with |α| > 2 and suppose that our assertion is true for

g(X) = Xd + bd−1Xd−1 + · · · + b0.

We have

f(X) = Xd+1 +

d∑
i=0

(bi−1 − αbi)X
i,

where bd = 1, b−1 = 0. Then

|f | =
(

1 +
d∑

i=0

|bi−1 − αbi|2
) 1

2

≥
(

1 +
d∑

i=0

(|αbi| − |bi−1|)2

) 1
2

≥
(

1 +
d∑

i=0

(|α| − 1)(|α||bi|2 − |bi−1|2)
) 1

2

≥ (|α| − 1)|g|

≥
√

1 + |α|2√
5

|g|

and our lemma is now obvious. �

Lemma 4.26. Let | · | be an absolute value which coincides with the ordinary one
on Q. Take d ∈ Z+. If f and g are two polynomials in κ[X1, . . . , Xn] such that
deg(f) + deg(g) ≤ d, then

10−dn/2|fg| ≤ |f ||g| ≤ 10dn/2|fg|.

Proof. Let us first assume that f, g are polynomials in one variable, so we can write

f(X) = a

p∏
i=1

(X − αi),

g(X) = b

q∏
j=1

(X − βj).

Without loss of generality, we may assume a = b = 1, and that we have extended our
absolute value to κ̄. By Lemma 4.25, we get

|f ||g| ≤ 2
d
2 −1
( p∏

i=1

√
1 + |αi|2

) q∏
j=1

√
1 + |βj |2 ≤ 2

d
2 −15

d
2 |fg| ≤ 10

d
2 |fg|.
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Similarly, we can obtain

|f ||g| ≥ 10−
d
2 |fg|.

Now let f be a polynomial in n variables X1, . . . , Xn of degree ≤ d. Then the
polynomial in one variable

Sd(f)(Y ) = f
(
Y, Y d, . . . , Y dn−1)

has the same set of non-zero coefficients as f . Thus, if f and g are two polynomials in
n variables X1, . . . , Xn such that the sum of their degrees is ≤ d, then

Sd(fg) = Sd(f)Sd(g)

has the same non-zero coefficients as fg. From this our reduction of the n-variable
case to the 1-variable case is clear. �

From Lemma 4.26 we can deduce analogous results for heights.

Lemma 4.27. Take d ∈ Z+. If f and g are two polynomials in κ[X1, . . . , Xn] such
that deg(f) + deg(g) ≤ d, then

10−
dn

2 H(fg) ≤ H(f)H(g) ≤ 10
dn

2 H(fg).

Proof. Set
‖f‖v = |f |nv

v , v ∈ Mκ.

We have
Hκ(fg) =

∏
v∈Mκ

‖fg‖v ≥
∏

v∈Mκ

ςnv
v,r‖f‖v‖g‖v ,

where r = 10−dn
. Since ∑

v∈M∞
κ

nv = [κ : Q],

whence ∏
v∈Mκ

cnv
v,r = 10−

dn

2 [κ:Q]

and the inequality on the left follows immediately. The one on the right follows in a
similar way. �

Let α be algebraic over Q, and let f(X) be its irreducible polynomial over Q. Then

f(X) =
d∏

j=1

(X − αj),

where d is the degree of α over Q and αj are the conjugates of α. In view of the above
results we get:
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Proposition 4.28. Take d ∈ Z+. There exist two numbers c1, c2 > 0 depending on d,
such that if α is algebraic over Q of degree d, and f(X) is its irreducible polynomial
over Q, then

c1H(α)d ≤ H(f) ≤ c2H(α)d.

Recall that the field of definition of a point x = [ξ0, . . . , ξn] ∈ Pn(Q̄) is the field

Q(x) = Q(ξ0/ξi, ξ1/ξi, . . . , ξn/ξi)

for any i with xi �= 0. The following finiteness theorem is of fundamental importance
for the application of height functions in Diophantine geometry.

Theorem 4.29 ([206], [207]). Let d0, r0 be two fixed positive numbers. Then the set
of points x in Pn(Q̄) algebraic over Q, and such that

[Q(x) : Q] < d0, H(x) < r0

is finite. In particular, for any fixed number field κ, the set

{x ∈ Pn(κ) | Hκ(x) < r0}

is finite.

Proof. Take a point x = [ξ0, . . . , ξn] ∈ Pn(Q̄) of degree d and consider the polynomial

f(X0, . . . , Xn) = ξ0X0 + · · · + ξnXn.

Then H(f) is the height of the point x. Let

g =
∏
σ

σ(f)

be the product being taken over all distinct isomorphisms σ of Q̄ over Q. Then g
has coefficients in Q, and H(g), H(f)d have the same order of magnitude. We have
already seen in Section 4.1 that the number of points with height less than a fixed num-
ber, in a projective space, and rational over Q is bounded. Consequently Theorem 4.29
follows. �

An immediate corollary of the finiteness property in Theorem 4.29 is the following
important result due to Kronecker:

Theorem 4.30. Let κ be a number field, and let x = [ξ0, . . . , ξn] ∈ Pn(κ) with ξi �= 0
for some i. Then H∗(x) = 1 if and only if the ratio ξj/ξi is a root of unity or zero for
every j �= i.
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Proof. Here we follow Hindry and Silverman [98], Corollary B.2.3.1. Without loss of
generality, we may divide the coordinates of x by ξi and then reorder them, so we may
assume that x = [1, ξ1, . . . , ξn]. If every ξj is a root of unity, then |ξj |v = 1 for every
absolute value on κ, and hence H∗(x) = 1.

Suppose that H∗(x) = 1. Write

xr = [1, ξr
1 , . . . , ξr

n], r = 1, 2, . . . .

It is clear from the definition of the height that H∗(xr) = H∗(x)r, so H∗(xr) = 1
for every r ≥ 1. But xr ∈ Pn(κ), so Theorem 4.29 tells us that the sequence {xr}
contains only finitely many distinct points. Choose integers s > r ≥ 1 such that
xs = xr. This implies that ξs

j = ξr
j for each 1 ≤ j ≤ n. Therefore, each ξj is a root of

unity or is zero. �

Finally, we introduce a quantitative result related to Theorem 4.29. Let κ be a
number field. A real function ν on Pn will be said to be a weight function for κ if
ν(x) = 0 for each x �∈ Pn(κ). Denote the center of absolute height h on Pn by

O = {x ∈ Pn | h(x) = 0}.

Take a subset A ⊆ Pn. For r ≥ 0, set

A[O; r] = {x ∈ A | h(x) ≤ r}.

Note that h(x) = 0 for x = [ξ0, . . . , ξn] ∈ Pn(κ) with ξi �= 0 if and only if ξj = 0
(j �= i).

Let ν be a weight function on Pn for κ. Based on Theorem 4.29, we can define the
spherical image of κ for ν by

nν(r) =
∑

x∈Pn[O;r]

ν(x). (4.25)

Fix r0 > 0. For r > r0, we define the characteristic function of κ for ν by

Nν(r) = Nν(r, r0) =

∫ r

r0

nν(t)
dt

t
. (4.26)

A basic weight function of κ is the characteristic function

χκ(x) =

{
1, if x ∈ Pn(κ),

0, if x �∈ Pn(κ).
(4.27)

We will write
n(r, Pn(κ)) = nχκ(r). (4.28)

Theorem 4.31 ([226]). Let κ be a number field and set [κ : Q] = d. Then there exists
a constant c > 0 such that

n(r, Pn(κ)) = ced(n+1)r +

{
O
(
redr
)

, if d = 1, n = 1,

O
(
e(dn+d−1)r

)
, otherwise.
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4.3 Heights on varieties

Let X be a variety defined over Q̄. Let f : X −→ Pn be a morphism of X into a
projective space, defined over Q̄. Then for each point x of X , if f(x) is a point of
Pn(κ), rational over a number field κ, we can thus define its relative height

Hf,κ(x) = Hκ(f(x)).

Generally, we can define the absolute height

Hf (x) = H(f(x))

and the absolute (logarithmic) height

hf (x) = h(f(x)).

Theorem 4.32. Let X be a projective variety defined over Q̄, let f : X −→ Pn

and g : X −→ Pm be morphisms, and let H and L be hyperplanes in Pn and Pm,
respectively. Suppose that f∗H and g∗L are linearly equivalent. Then

hf (x) = hg(x) + O(1).

Proof. Let D ∈ Div(X) be any effective divisor in the linear equivalence class of
f∗H and g∗L. The morphisms f and g are determined respectively by certain sub-
spaces V and W in the vector space L(D) and choices of bases for V and W (see
Section 3.4). In other words, if we choose a basis s0, . . . , sN for L(D), then there are
linear combinations

fi =
N∑

j=0

aijsj, 0 ≤ i ≤ n,

and

gi =

N∑
j=0

bijsj, 0 ≤ i ≤ m,

such that f and g are given by

f = [f0, . . . , fn], g = [g0, . . . , gm],

where the aij’s and bij’s are constants.
Let ϕ = [s0, . . . , sN ] : X −→ PN be the morphism corresponding to the complete

linear system determined by D. Let A : PN −→ Pn be the linear mapping defined
by the matrix (aij), and similarly let B : PN −→ Pm be the linear mapping defined
by (bij). Then we have f = A ◦ ϕ and g = B ◦ ϕ. The mappings A and B are not
morphisms on all of PN , but the fact that f and g are morphisms associated to the
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linear system L(D) implies that A is defined at every point of the image ϕ(X), and
similarly for B. Hence we can apply Theorem 4.13 to conclude that

h(A(y)) = h(y) + O(1), h(B(y)) = h(y) + O(1)

for all y ∈ ϕ(X). Writing y = ϕ(x) with x ∈ X , we obtain

h(f(x)) = h(A(ϕ(x))) = h(ϕ(x)) + O(1)

= h(B(ϕ(x))) + O(1) = h(g(x)) + O(1),

which is the desired result. �

We are now ready to give Weil’s construction that associates a height function to
every divisor. Let X be a projective variety defined over κ. Take D ∈ Div(X). First,
suppose that D is very ample. Then we have the associated dual classification mapping
ϕD : X −→ P(V ∗), where V = L(D). The absolute (multiplicative) height of x ∈ X
for D is defined by

HD(x) = H(ϕD(x)),

and the absolute (logarithmic) height of x for D is defined as

hD(x) = h(ϕD(x)) ≥ 0.

If ψ : X −→ Pm is another dual classification mapping associated to D, this means
that

ϕ∗
DH ∼ D ∼ ψ∗L,

where H is a hyperplane in P(V ∗) and L is a hyperplane in Pm. Now Theorem 4.32
tells us that

h(ϕD(x)) = h(ψ(x)), x ∈ X.

Hence for very ample divisors, we can use any associated dual classification mapping
to compute the height, up to O(1).

Lemma 4.33 ([144]). If D and D′ are two very ample divisors on X , then

hD+D′ = hD + hD′ + O(1).

Proof. Let
ϕD : X −→ Pm, ϕD′ : X −→ Pn

be the associated dual classification mappings. Composing the product

ϕD × ϕD′ : X −→ Pm × Pn

with the Segre mapping (cf. Example 3.31)

Sm,n : Pm × Pn −→ PN
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gives a morphism

ϕD ⊗ ϕD′ : X −→ PN , ϕD ⊗ ϕD′(x) = Sm,n(ϕD(x), ϕD′(x)).

Since
S∗

m,nH ∼ L× Pn + Pm × J ∈ Div(Pm × Pn),

where H , L and J are hyperplanes in PN , Pm, and Pn, respectively, the morphism
ϕD ⊗ ϕD′ is associated to the divisor D + D′, that is,

(ϕD ⊗ ϕD′)∗H ∼ D + D′.

Since the height for a very ample divisor can be computed using any associated mor-
phism, therefore

hD+D′(x) = h(ϕD ⊗ ϕD′(x)) + O(1), x ∈ X,

and hence, by Example 4.11,

hD+D′(x) = h(Sm,n(ϕD(x), ϕD′(x))) + O(1)

= h(ϕD(x)) + h(ϕD′(x)) + O(1)

= hD(x) + hD′(x) + O(1).

This gives Lemma 4.33. �

Next, for any divisor D ∈ Div(X), we can write D = E − E′ where E and E′ are
very ample, and define

hD = hE − hE′ .

This definition depends on the choices of E and E′, but by Lemma 4.33, hD is well
defined up to equivalence. In fact, suppose now that we have two decompositions

D = E −E′ = E1 − E′
1

of a divisor D as the difference of very ample divisors. Then

E + E′
1 = E′ + E1,

and hence Lemma 4.33 yields

hE + hE′
1
= hE+E′

1
+ O(1) = hE′+E1 + O(1) = hE′ + hE1 + O(1),

which implies
hE − hE′ = hE1 − hE′

1
+ O(1).

Basic properties of height functions associated to divisors are summarized in the
following Theorem 4.34. This theorem may be viewed as a machine, called Weil’s
height machine, that converts geometric statements described in terms of divisor class
relations into arithmetic statements described by relations between height functions.
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Theorem 4.34. For every smooth projective variety X defined over a number field κ,
the mapping

h : Div(X) −→ {functions X −→ R}

has the following properties:

(1) (Normalization) If H is a hyperplane in Pn, then

hH(x) = h(x) + O(1), x ∈ Pn.

(2) (Functoriality) If f : X −→ Y is a morphism and if D ∈ Div(Y ), then

hf∗D(x) = hD(f(x)) + O(1), x ∈ X.

(3) (Additivity) If D, D′ ∈ Div(X), then

hD+D′(x) = hD(x) + hD′(x) + O(1), x ∈ X.

(4) (Linear Equivalence) If D, D′ ∈ Div(X) with D linearly equivalent to D′, then

hD(x) = hD′(x) + O(1), x ∈ X.

(5) (Positivity) If D ∈ Div(X) is an effective divisor and if BD is the base locus of
the linear system |D|, then

hD(x) ≥ O(1), x ∈ X −BD.

(6) (Algebraic Equivalence) If D, E ∈ Div(X) with D ample and E algebraically
equivalent to 0, then

lim
hD(x)→∞

hE(x)

hD(x)
= 0.

(7) (Finiteness) If D ∈ Div(X) is ample, then for every finite extension K/κ and
every constant r0, the set

{x ∈ X(K) | hD(x) ≤ r0}

is finite.

(8) (Uniqueness) The height functions hD are determined, up to O(1), by normal-
ization (1), functoriality (2) just for embeddings f : X −→ Pn, and additivity
(3).
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Proof. We first check additivity property (3), which we already know for very ample
divisors. Now let D and D′ be arbitrary divisors, and write them as differences D =
E−E′ and D′ = E1−E′

1 of very ample divisors. Then E +E1 and E′ +E′
1 are very

ample, so we can compute

hD+D′ = hE+E1 − hE′+E′
1
+ O(1)

= hE + hE1 − hE′ − hE′
1
+ O(1)

= hD + hD′ + O(1).

This completes the proof of additivity (3).
It is now easy to check the property (1). Since the identity id : Pn −→ Pn, id(x) =

x, is the associated dual classification mapping ϕH . This gives (1).
To verify (2), we denote D ∈ div(Y ) as a difference of very ample divisors, D =

E −E′. Then it follows from Proposition 3.54 that f∗E and f∗E′ are base point free,
with associated morphisms ϕE ◦ f and ϕE′ ◦ f , respectively. Therefore,

hf∗D = hf∗E − hf∗E′ + O(1)

= h ◦ ϕE ◦ f − h ◦ ϕE′ ◦ f + O(1)

= hE ◦ f − hE′ ◦ f + O(1)

= hD ◦ f + O(1).

Let h′
D be other functions associated to divisors D on X which satisfy the normal-

ization (1), functoriality (2) just for embeddings f : X −→ Pn, and additivity (3).
If D is very ample with the associated embedding ϕD : X −→ Pn, then (1) and (2)
imply that

h′
D = h′

ϕ∗
DH + O(1) = h′

H ◦ ϕD + O(1) = h ◦ ϕD + O(1),

where H is a hyperplane in Pn. Hence

h′
D = hD + O(1).

Since any divisor D can be written as the difference E−E′ of very ample divisors, so
the additivity (3) forces

h′
D = h′

E − h′
E′ + O(1) = hE − hE′ + O(1) = hD + O(1).

This proves the uniqueness property (8) of the height.
Next suppose that D, D′ ∈ Div(X) are linearly equivalent. Writing D = E − E′

and D′ = E1−E′
1 as the difference of very ample divisors as usual, we have E+E′

1 ∼
E′+E1. This means that the morphisms ϕE+E′

1
and ϕE′+E1 are associated to the same

linear system, so Theorem 4.32 implies

h(ϕE+E′
1
(x)) = h(ϕE′+E1(x)), x ∈ X.
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Using this equality and additivity gives

hE + hE′
1
= hE+E′

1
+ O(1) = hE′+E1 + O(1) = hE′ + hE1 + O(1).

Hence
hD = hE − hE′ + O(1) = hE1 − hE′

1
+ O(1) = hD′ + O(1),

which proves (4).
To prove positivity (5), for an effective divisor D, write D = E−E′ as a difference

of very ample divisors as usual. Choose a basis f0, . . . , fn for L(E′). Then the fact
that D is effective implies that

E + (fi) = D + E′ + (fi) ≥ 0,

so f0, . . . , fn are also in L(E). We extend this set to form a basis

{f0, . . . , fn, fn+1, . . . , fm} ⊂ L(E).

These bases give morphisms

ϕE = [f0, . . . , fm] : X −→ Pm, ϕE′ = [f0, . . . , fn] : X −→ Pn

associated to E and E′. The functions f0, . . . , fm are regular at all points not in the
support of E, so for any x ∈ X with x �∈ supp(E) we can compute

hD(x) = hE(x)− hE′(x) + O(1)

= h(ϕE(x))− h(ϕE′(x)) + O(1)

≥ O(1).

The last inequality follows directly from the definition of the height, since the fact that
m ≥ n clearly yields ∏

v∈Mκ

‖ϕE(x)‖v ≥
∏

v∈Mκ

‖ϕE′(x)‖v.

This gives the desired estimate for points not in the support of E. Now choose very
ample divisors E0, E1, . . . , Er on X with the property that Ei + D is very ample, and

E0 ∩ · · · ∩Er = ∅.

For example, use Proposition 3.53 to find a very ample divisor E′ such that D + E′

is also very ample, take an embedding ϕE′ : X −→ Pr corresponding to E′, and
take the Ei’s to be the pullbacks of the coordinate hyperplanes in Pr . Now we apply
our above result to each of the decompositions D = (D + Ei) − Ei to deduce the
inequality hD ≥ O(1) for all points not in the support of D. Finally, varying D in its
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linear system |D|, we obtain the positivity (5) for all points not lying in the base locus
of |D|.

We will give a proof of the algebraic equivalence (6) using the fact that if D is
ample and E is algebraically equivalent to 0, then there is an integer m > 0 such that
mD + nE is very ample for all integers n (see Lemma 3.49). The height associated to
a very ample divisor is nonnegative by construction, so

hmD+nE(x) ≥ O(1), x ∈ X.

Using additivity (3), we obtain

mhD(x) + nhE(x) ≥ −c, x ∈ X,

where the constant c will depend on D, E, m, and n, but is independent of x. This
holds for all integers n, so we can rewrite using positive and negative values for n.
Thus for any n ≥ 1 we obtain

m

n
+

c

nhD(x)
≥ hE(x)

hD(x)
≥ −m

n
− c

nhD(x)
, x ∈ X.

Therefore,
m

n
≥ lim sup

hD(x)→∞

hE(x)

hD(x)
≥ lim inf

hD(x)→∞
hE(x)

hD(x)
≥ −m

n
.

These inequalities hold for all n ≥ 1, so letting n →∞, we obtain the desired result.
It remains to prove the finiteness property (7). Note that if we replace the ample

divisor D by a very ample multiple mD, then additivity (3) implies that

hmD = mhd + O(1);

hence it suffices to prove (7) under the assumption that D is very ample. Let ϕD :
X −→ Pn be an embedding associated to D, so ϕ∗

DH = D. Then (1) and (2) imply
that

hD = hϕ∗
DH = hH ◦ ϕD + O(1) = h ◦ ϕD + O(1),

so we are reduced to showing that Pn(K) has finitely many points of bounded height.
This follows from Theorem 4.29, which completes the proof of (7), and with it the
proof of Theorem 4.34. �

If the variety X is not smooth, Theorem 4.34 is still valid, provided that one works
entirely with Cartier divisors, rather than with Weil divisors.

We illustrate the use of the height machine by quickly proving that if D is ample,
then hD is the largest possible height function, up to a constant; i.e. for any other
divisor E,

hE ! hD + O(1).
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In fact, by Proposition 3.53, there exists m > 0 such that mD − E is very ample, so
the properties (3) and (5) in Theorem 4.34 imply

O(1) ≤ hmD−E = mhD − hE + O(1),

which means
hE ≤ mhD + O(1).

This is the desired result.
Up to a bounded function, the height hD associated to a divisor D depends only the

divisor class of D. It is sometimes convenient to reformulate Theorem 4.34 purely in
terms of divisor classes or line bundles.

Theorem 4.35. Let X be a projective variety defined over a number field κ. There is
a unique homomorphism

h : Pic(X) −→ {functions X −→ R}
{bounded functions X −→ R}

with the property that if L ∈ Pic(X) is very ample and ϕL : X −→ Pn is an associ-
ated embedding, then

hL = h ◦ ϕL + O(1). (4.29)

The height functions hL have the following additional properties:

(a) (Functoriality) Let f : X −→ Y be a morphism of smooth varieties, and let
L ∈ Pic(Y ). Then

hf∗L = hL ◦ f + O(1).

(b) (Positivity) Let BL be the base locus of L ∈ Pic(X), and assume that BL �= X .
Then

hL(x) ≥ O(1), x ∈ X −BL.

(c) (Algebraic equivalence) Let L, E ∈ Pic(X) with L ample and E algebraically
equivalent to 0. Then

lim
hL(x)→∞

hE(x)

hL(x)
= 0.

Proof. All of this is a restatement of Theorem 4.34 in terms of line bundles. Note that
the linear equivalence and additivity properties of Theorem 4.34 are included in the
statement that the height mapping h is defined and is a homomorphism on Pic(X) and
that we do not need a smoothness hypotheses because Pic(X) is defined in terms of
Cartier divisors. �
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Proposition 4.36. Let C/κ be a smooth projective curve.

(i) Let D, E ∈ Div(C) be divisors with deg(D) ≥ 1. Then

lim
hD(x)→∞

hE(x)

hD(x)
=

deg(E)

deg(D)
.

(ii) Let f , g ∈ κ̄(C) be rational functions on C with f nonconstant. Then

lim
h(f(x))→∞

h(g(x))

h(f(x))
=

deg(g)

deg(f)
.

Proof. Set d = deg(D) and e = deg(E). For every integer n, we consider the divisor

Dn = n(eD − dE) + D.

Since deg(Dn) = deg(D) ≥ 1, then Corollary 3.66 implies that Dn is ample. The
positivity property of the height machine (Theorem 4.34) implies that hDn(x) is
bounded below for all x ∈ C(κ̄). By using the additivity of the height, we find that

−c ≤ hDn = n(ehD − dhE) + hD,

where c = c(D, E, n) is constant depending only on D, E, and n, and so

− c

dhD
≤ n

(
e

d
− hE

hD

)
+

1
d

.

This holds for positive and negative values of n, so taking both n and −n with n ≥ 1,
we obtain the estimate

− c

ndhD
− 1

nd
≤ e

d
− hE

hD
≤ c

ndhD
+

1
nd

.

Therefore

− 1
nd
≤ lim inf

hD(x)→∞

(
e

d
− hE(x)

hD(x)

)
≤ lim sup

hD(x)→∞

(
e

d
− hE(x)

hD(x)

)
≤ 1

nd
.

These inequalities hold for all n ≥ 1, so we can let n →∞ to obtain

lim
hD(x)→∞

(
e

d
− hE(x)

hD(x)

)
= 0.

This completes the proof of (i).
To prove (ii), write div(f) = D′ −D and div(g) = E′ − E. Note that

deg(f) = deg(D), deg(g) = deg(E).
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Further, if we consider f to be a mapping f : C −→ P1, then D = f∗(∞), so

hD = h ◦ f + O(1).

Similarly,
hE = h ◦ g + O(1).

Now we can use (i) to compute

lim
h(f(x))→∞

h(g(x))

h(f(x))
= lim

hD(x)→∞
hE(x) + O(1)

hD(x) + O(1)
=

deg(E)

deg(D)
=

deg(g)

deg(f)
.

�

Let X be a projective variety defined over a number field κ. Denote the center of
absolute height hD on X relative to some ample divisor D by

O = {x ∈ X | hD(x) = 0}.

Take a subset A ⊆ X . For r ≥ 0, set

A[O; r] = {x ∈ A | hD(x) ≤ r}.

A real function ν on A will be said to be a weight function for κ if ν(x) = 0 for each
x �∈ A(κ).

Assume that A[O; r] is finite for each r > 0. Let ν be a weight function on A for κ.
We can define the spherical image of κ for ν by

nν(r) =
∑

x∈A[O;r]

ν(x). (4.30)

Fix r0 > 0. For r > r0, we define the characteristic function of κ for ν by

Nν(r) = Nν(r, r0) =

∫ r

r0

nν(t)
dt

t
. (4.31)

A basic weight function of κ is the characteristic function

χκ(x) =

{
1, if x ∈ A(κ),

0, if x �∈ A(κ).
(4.32)

The spherical image nχκ(r) of κ for χκ also is called the counting function of A(κ),
which is also denoted by n(r, A(κ)). Now we give Néron’s description of the counting
function of an Abelian variety.

Theorem 4.37. Let κ be a number field, let A be an Abelian variety over κ, and let
Γ ⊆ A(κ) be a finitely generated group of rank d. Then there exists constant a > 0,
which depend on A/κ, Γ, and on the height, such that

n(r, Γ) = ard/2 + O(r(d−1)/2).
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Theorem 4.38 (Mumford [195]). Let κ be a number field, and let C be a curve of
genus g ≥ 2 over κ. Then there exists constant a, which depend on C/κ and on the
height, such that for all r ≥ e,

n(r, C(κ)) ≤ a log r.

4.4 Heights and Weil functions

In this section, we discuss a class of functions on varieties, called Weil functions,
which have logarithmic singularities on a given divisor, and are parameterized by a
proper set of absolute values over a number field. Associated to Weil functions of
divisors, proximity functions, valence functions and heights are well defined by the
divisors, up to O(1).

4.4.1 Weil functions

Let κ be a number field and let Mκ be a set of absolute values satisfying product
formula with multiplicities nv. Take v ∈ Mκ. Let κv be the completion of κ for v
and extend | · |v to an absolute value on the algebraic closure κv. Let D be a Cartier
divisor on a variety X , given by a collection {(Ui, fi)}i∈I . A local Weil function for
D relative to v is a function

λD,v : X(κv)− supp D −→ R

with the following form:

λD,v(x) = − log |‖fi(x)|‖v + ui(x),

where ui is a continuous function on Ui(κv). We sometimes think of λD,v as a function
of X(κ)− supp D or X(κ)− supp D by implicitly choosing an embedding κ �→ κv.

We define an (additive) Mκ-constant γ to be a real valued function

γ : Mκ −→ R

such that γv = 0 for almost all v ∈ Mκ (all but a finite number of v in Mκ). If w is an
extension of an element v in Mκ to the algebraic closure κ, then we define

γw = γv.

Thus γ is extended to a function of Mκ into R.
Let X be a variety defined over κ. A subset E of X(κ) ×Mκ is said to be affine

bounded if there exists a coordinated affine open subset U of X(κ) with coordinates
(x1, . . . , xm) and an Mκ-constant γ such that for all (x, v) ∈ E we have

max
i
|xi|v ≤ eγv .
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If there is only one absolute value and κ is algebraically closed, this notion coincides
with the notion of a bounded set of points on an affine variety. The subset E is called
bounded if it is contained in the finite union of affine bounded subsets. In particular, if
X is a projective variety, then X(κ)×Mκ is bounded (see [144]).

A function
u : X(κ)×Mκ −→ R

is called bounded from above if there exists an Mκ-constant γ such that

uv(x) ≤ γv, (x, v) ∈ X(κ)×Mκ.

We define similarly bounded from below and bounded. We say that u is locally
bounded if it is bounded on every bounded subset of X(κ) ×Mκ; and define locally
bounded from above or below similarly. The function u is called continuous if for each
v ∈ Mκ the function uv is continuous on X(κ).

Let D be a divisor on X . By a (global) Weil function associated with D we mean a
function

λD : (X(κ)− supp D)×Mκ −→ R

having the following property. Let (U, f) be a pair representing D. Then there exists
a locally bounded continuous function

u : U(κ)×Mκ −→ R

such that for any point in U(κ)− supp D we have

λD,v(x) = − log |‖f(x)|‖v + uv(x).

The function u is then uniquely determined by λD and the pair (U, f). Let [D] be the
line bundle associated to D with a meromorphic section s. For x �∈ supp D, the Weil
function λD associated with D can be given by

λD,v = − log |‖s(x)|‖v .

If (U1, f1) is another local representative of the divisor D with U ∩ U1 �= ∅, by the
definition there exists a locally bounded continuous function

u1 : U1(κ)×Mκ −→ R

such that for any point in U1(κ)− supp D we have

λD,v(x) = − log |‖f1(x)|‖v + u1,v(x).

Hence on U ∩ U1, we have

u1,v − uv = − log |‖ff−1
1 |‖v . (4.33)



276 4 Height functions

If (4.33) holds, the triples (U, f, u) and (U1, f1, u1) are called compatible.
We sometimes think of λD as a function over κ, that is, λD is defined on (X(κ)−

supp D) × Mκ. If K is a finite extension of the number field κ and λD is a Weil
function for D over κ, then

λD,w(x) =
[Kw : κv]

[K : κ]
λD,v(x)

is a Weil function for D over K. Thus, if x ∈ X(κ), then

λD,v(x) =
∑
w|v

λD,w(x) + O(1),

where O(1) means a bounded function of x.
In particular, if f is a rational function on X , a Weil function λf associated with the

principal divisor (f) is given by

λf,v(x) = − log |‖f(x)|‖v .

Proposition 4.39. Weil functions satisfy the following properties:

(a) If λD and λD′ are Weil functions for D and D′, then λD + λD′ is a Weil function
for D + D′ and −λD is a Weil function for −D.

(b) Assume that X is projective. If D is an effective divisor, then its Weil functions
are bounded from below.

(c) Assume that X is projective. If λ, λ′ are Weil functions with the same divisor, then
λ− λ′ is bounded.

(d) Let f : X −→ Y be a morphism of varieties and let D be a divisor on Y not
containing the image of f . If λD is a Weil function for D on Y then λD ◦ f is a
Weil function for f∗D on X .

Proof. See Lang [144], Chapter 10, Proposition 2.1 for (a), Proposition 3.1 for (b),
Proposition 2.2 for (c), and Proposition 2.6 for (d). �

Proposition 4.40. Let D1, . . . , Dm and D be divisors on X such that Ei = Di −D
are effective divisors for all i, and such that the supports of E1, . . . , Em have no points
in common. Then

λD = inf
i

λDi

is a Weil function for D.

Proof. Given a point x, for each i let (Ui, fi) be a local representative of the divisor
Di on an open set Ui containing x. Then there exists a locally bounded continuous
function

ui : Ui(κ)×Mκ −→ R
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such that in Ui(κ)− supp Di we have

λDi,v = − log |‖fi|‖v + ui,v.

Let i(x) be an index such that x �∈ supp Ei(x), and let

Ux = (X − supp Ei(x)) ∩ U1 ∩ · · · ∩ Um.

Then Ux is an open set containing x. Let

ux : Ux(κ)×Mκ −→ R

be defined by

ux,v(y) = inf
i

{
− log |‖fi(y)f−1

i(x)(y)|‖v + ui,v(y)
}

.

Since the rational function fi(x) has Cartier divisor D+Ei(x) on Ui(x), it has the Cartier
divisor D|Ux on Ux. Hence the family {(Ux, fi(x))} defines the Cartier divisor D on
X .

Next, by definition we know that fif
−1
i(x)

represents the Cartier divisor Ei on Ux and
hence is morphic on Ux. Therefore the function

(y, v) �−→ − log |‖fi(y)f−1
i(x)

(y)|‖v

is locally bounded from below on Ux(κ)×Mκ. Since ui is locally bounded, it follows
that ux is locally bounded from below on Ux(κ)×Mκ. Since

fi(x)f
−1
i(x)

= 1,

it follows that ux is also locally bounded from above. Hence ux is locally bounded,
and its definition shows directly that it is continuous.

Further we check the compatibility condition. Let x′ be a point of X and let i(x′) be
an index such that x′ �∈ supp Ei(x′). Define (Ux′ , fi(x′), ux′) as we did (Ux, fi(x), ux).
Thus on Ux ∩ Ux′ , we obtain

ux′,v − ux,v = − log |‖fi(x)f
−1
i(x′)

|‖v,

thus proving the compatibility, and defining a Weil function λD associated with D
such that in Ux(κ)− supp D we have

λD,v = − log |‖fi(x)|‖v + ux,v.

Substituting y = x in the definition of ux,v(y) we find that

λD,v(x) = inf
i

λDi,v(x),

thus proving the proposition. �
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The existence of a Weil function associated with a given divisors on a projective
variety is referred to S. Lang [144]:

Theorem 4.41. Let X be a projective variety. Let D be a divisor on X . Then there
exists a Weil function having this divisor.

Proof. Applying Proposition 3.53, then there exist effective Cartier divisors Di (i =
1, . . . , m) and Ej (j = 1, . . . , n) such that the supp Di have no common point, the
supp Ej have no common point, and D + Di ∼ Ej . Thus there are rational functions
fij such that

D − Ej + Di = (fij).

By Proposition 4.40, there exists a Weil function λHj for Hj = D − Ej such that

λHj = inf
i

λfij
.

Since the Cartier divisors of λ−Hj = −λHj have the forms

−Hj = Ej −D,

we apply Proposition 4.40 once more to get the desired function λD, which is defined
by the formula

λD = sup
j

inf
i

λfij
.

This proves the theorem. �

4.4.2 Heights expand Weil functions

Theorem 4.42. Let X be a projective variety over κ and let λD be a Weil function of
a divisor D on X . Then

hD(x) =
∑

v∈Mκ

λD,v(x) + O(1), x ∈ X(κ)− supp D. (4.34)

Proof. We will compare hD with the function

	D(x) =
∑

v∈Mκ

λD,v(x), x ∈ X(κ)− supp D. (4.35)

A Weil functions λD′ for another divisor D′ on X is said to be linearly equivalent to
λD if there exists a rational function f such that

λD′ − λD = λf + γ,

where γ is a Mκ-constant. Thus if λD′ is linearly equivalent to λD, by the product
formula we have

	D′(x) = 	D(x) + O(1), x �∈ supp D ∪ supp D′.
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Now we can extend the definition of 	D to supp D as follows. For each point x ∈
supp D, there exists a rational function f such that x does not lie in the support of
D′ = D − (f). Put λD′ = λD − λf . We then define

	D(x) = 	D′(x).

This value is independent of the choice of f .
Next we prove that 	 satisfies the normalization property in Theorem 4.34, that is,

if H is a hyperplane in Pn, then

	H(x) = h(x) + O(1), x ∈ Pn.

Let H0, . . . , Hn be the hyperplane corresponding to the coordinate functions. There
exist rational functions fi such that

(fi) = Hi −H.

For any point x �∈ H , it is easy to obtain

h(x) =
∑

v∈Mκ

sup
i

log |‖fi(x)|‖v + O(1),

or equivalently,
h(x) = −

∑
v∈Mκ

inf
i

λfi,v(x) + O(1),

where λfi
is a Weil function associated with the principal divisor (fi). We conclude

the proof by applying Proposition 4.39, (a), (c) and Proposition 4.40.
Obviously, 	 also satisfies the functoriality and additivity properties of Theorem 4.34

from Proposition 4.39, (a) and (d). Hence the uniqueness property in Theorem 4.34
implies

hD = 	D + O(1).

This proves the desired result. �

Let D be a divisor on a nonsingular projective variety X over κ. If D is effective,
by Theorem 4.34, (5), we have hD ≥ O(1), in other words we can choose hD in
its equivalence class such that hD ≥ 0. If D is ample, by the definition there exists
m ∈ Z+ such that mD is very ample, and so

0 ≤ hmD = mhD + O(1).

W.l.o.g. we may assume hD ≥ 0. If D is pseudo ample, by Theorem 3.55 there exists
some positive integer m such that mD ∼ E +Z, where E is ample and Z is effective.
Hence

hmD = hE + hZ + O(1).

Thus we can choose hD in its equivalence class such that hD ≥ 0.



280 4 Height functions

Let D be an effective divisor on X and let R be a subset of X(κ̄) − supp D. Then
R is a set of (S, D)-integralizable points if there exists a global Weil function λD and
a Mκ-constant γ such that for all x ∈ R, all v ∈ Mκ − S, and all embeddings of κ̄ in
κ̄v,

λD(x, v) ≤ γ(v).

As easy consequences of the properties of Weil functions, one finds (cf. [287], p. 11):
If K is a finite extension field of κ, and if T is the set of places of K lying over places
in S, thenR ⊂ X(κ̄) is a set of (S, D)-integralizable points if and only if it is a set of
(T, D)-integralizable points.

4.4.3 Proximity functions

Let κ be a number field and let Mκ be a set of absolute values satisfying product
formula with multiplicities nv. Let S be a finite set of places containing M∞

κ . Let λD

be a Weil function for a divisor D on a variety X . For any point x ∈ X(κ) not in the
support of D, the proximity function for D is defined by

m(x, D) = mS(x, D) =
∑
v∈S

λD,v(x).

Then
N(x, D) = NS(x, D) =

∑
v∈Mκ−S

λD,v(x)

serves as the valence function for D.

Lemma 4.43. The proximity and valence functions satisfy the following properties:

(A) If D and D′ are divisors, then

m(x, D + D′) = m(x, D) + m(x, D′) + O(1),

N(x, D + D′) = N(x, D) + N(x, D′) + O(1).

(B) Assume that X is projective. If D is an effective divisor, then m(x, D) and
N(x, D) are bounded from below.

(C) Let f : X −→ Y be a morphism of varieties and let D be a divisor on Y not
containing the image of f . Then

m(x, f∗D) = m(f(x), D) + O(1), N(x, f∗D) = N(f(x), D) + O(1).

(D) m(x, D) and N(x, D) do not depend on the number field used in the definition.
In other words, if K is a number field containing κ and T is the set of places of
K lying over places v ∈ S, then for all x ∈ X(κ)

mS(x, D) = mT (x, D) + O(1), NS(x, D) = NT (x, D) + O(1).
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Proof. This follows directly from Proposition 4.39 and the definitions, or see Lemma
3.4.1 of Vojta [287]. �

If X is projective, by Theorem 4.42, one obtains the first main theorem:

m(x, D) + N(x, D) = hD(x) + O(1). (4.36)

Proposition 4.39, (c) implies that the functions m(x, D), N(x, D) are well determined
by the divisor D, up to O(1), respectively. Further, if D is an effective divisor, by
Proposition 4.39 (b), we may assume

m(x, D) ≥ 0, N(x, D) ≥ 0

by using a proper Weil function of D. We will construct concrete Weil functions such
that these inequalities hold.

Let V = Vκ be a vector space of finite dimension n+1 > 0 over κ. Take a ∈ P(V ∗).
Obviously,

λa,v(x) = log
1

|‖x, a|‖v
determine a Weil function λa for the hyperplane Ë[a]. Thus we obtain the proximity
function for a

m(x, a) := m
(
x, Ë[a]

)
=
∑
v∈S

log
1

|‖x, a|‖v
, (4.37)

and the valence function for a

N(x, a) := N
(
x, Ë[a]

)
=

∑
v∈Mκ−S

log
1

|‖x, a|‖v
. (4.38)

Note that ∑
v∈Mκ

log
1

|‖x, a|‖v
= h(x) + h(a), x �∈ Ë[a]. (4.39)

We obtain the first main theorem:

m(x, a) + N(x, a) = h(x) + h(a), x �∈ Ë[a], (4.40)

and therefore,
N(x, a) ≤ h(x) + h(a), x �∈ Ë[a].

In particular, if V = κ2, then

P(V ) = P1(κ) = κ ∪ {∞}.

For x ∈ κ, we abbreviate

m(x, a) =

{
m([1, x], [−a, 1]), if a ∈ κ,

m([1, x], [1, 0]), if a = ∞
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and similarly

N(x, a) =

{
N([1, x], [−a, 1]), if a ∈ κ,

N([1, x], [1, 0]), if a = ∞.

By the formula (3.7), we find

m(x, a) =
1

[κ : Q]

∑
v∈S

log
1

χv(x, a)nv

and similarly

N(x, a) =
1

[κ : Q]

∑
v∈Mκ−S

log
1

χv(x, a)nv
.

Fix a, x ∈ κ. Obviously, there exists a constant C depending only on |a|v such that

max

{
1,

1
|x− a|v

}
≤ 1

χv(x, a)
≤ C max

{
1,

1
|x− a|v

}
.

Thus we obtain

m(x, a) =
∑
v∈S

log+ 1
|‖x− a|‖v

+ O(1)

and similarly

N(x, a) =
∑

v∈Mκ−S

log+ 1
|‖x − a|‖v

+ O(1),

where by definition,

log+ r = log r∨ = max{0, log r} (r ∈ R+).

Let D be a very ample divisor over a nonsingular projective variety X . Take s ∈
V ∗ = Γ(X, [D]) with (s) = D and set a = P(s). For x �∈ D, the proximity function
m(x, D) and the valence function N(x, D) are given respectively by

m(x, D) = m(ϕD(x), a) =
∑
v∈S

log
1

|‖ϕD(x), a|‖v
,

and

N(x, D) = N(ϕD(x), a) =
∑

v∈Mκ−S

log
1

|‖ϕD(x), a|‖v
.
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4.5 Arakelov theory

Let κ be a global field of dimension 1, in other words, κ is either a number field or
the function field F(C) of a smooth projective curve C over a field F, and let X
be a smooth projective variety defined over κ. Let C = Spec Oκ if κ is a number
field, and let C = Csch if κ is a function field. A model for X over C is a scheme
X �−→ C whose generic fiber is isomorphic to X . It is easy to see that there exists
a model X �−→ C that is projective (by which we mean that all fibers are projective
varieties) and whose generic fiber Xη = X ×C Spec κ is isomorphic to X . Indeed,
fix an embedding i : X −→ Pn

κ. We know that Pn
κ is the generic fiber of the scheme

Pn
C �−→ C, so we may take X to be the Zariski closure of i(X) inside Pn

κ.
A smooth projective variety X over κ has good reduction at x if there exists a

projective model of X over O(x) whose special fiber is smooth. If such a model does
not exist, we say that X has bad reduction at x. We know that the variety X has good
reduction at all but finitely many points (cf. [98], Proposition A.9.1.6). For example,
Pn/Q has good reduction everywhere.

4.5.1 Function fields

We start with a smooth projective variety X defined over a function field κ = F(C),
where C is a smooth projective curve over F. We will assume that F is algebraically
closed. We can construct a projective variety X over F with a morphism π : X −→ C
such that the generic fiber of π is isomorphic to X/κ. We further assume that X is
smooth so that Weil divisors and Cartier divisors are the same. A point x ∈ X(κ)
induces a rational mapping C −→ X , and since C is smooth and X is projective, x
will extend to a section (i.e., to a morphism) x̄ : C −→ X . Any divisor D =

∑
nY Y

on X extends to a divisor D̄ on X by taking the Zariski closure of each component and
keeping the same multiplicities, say D̄ :=

∑
nY Ȳ . The divisor D̄ is a Weil divisor,

and hence is a Cartier divisor by hypothesis. Now observe that x̄∗D̄ is well-defined
as a divisor class on the curve C, and even as a divisor if we add the hypothesis that
x �∈ supp(D). We now define a function 	D,X on X(κ) by the formula

	D,X (x) := deg x̄∗D̄, x ∈ X(κ). (4.41)

If x is a point defined over the algebraic closure of κ = F(C), say x ∈ X(K)
with K a finite extension of κ, we can still define its height as follows. Fix a smooth
projective curve C ′ and a covering f : C ′ −→ C such that K = F(C ′) and such that
the mapping f induces the inclusion κ ⊂ K. The point x corresponds to a morphism
x̄ : C ′ −→ X as above, and we can define

	D,X (x) :=
1

[K : κ]
deg x̄∗D̄. (4.42)

One readily checks that this quantity is independent of the field K as long as x ∈
X(K). Generally, the extension of height functions from X(κ) to X(κ̄) will be
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straightforward, so we will be content in this section to restrict attention to points
in X(κ).

Lemma 4.44. Let x = [f0, . . . , fn] ∈ Pn(κ), let x̄ be the associated F-morphism
x̄ : C −→ Pn, and let D be a hyperplane (divisor class) in Pn. Then

deg x̄∗D =
∑
p∈C

max
0≤i≤n

{−ordp(fi)}.

Proof. Changing coordinates if necessary, we may assume that x̄(C) �⊂ Hi, where Hi

is the hyperplane defined by ξi = 0. Let Di := x̄∗Hi. Then

Di −Dj = x̄∗Hi − x̄∗Hj = (fi/fj)

and
ordp(Di)− ordp(Dj) = ordp(fi)− ordp(fj),

and hence

inf
i
{ordp(Di)} − ordp(Dj) = inf

i
{ordp(fi)} − ordp(fj).

But since the Di’s are effective and the intersection of their supports is empty, we see
that inf i{ordp(Di)} = 0. Hence

− inf
i
{ordp(fi)} = ordp(Dj)− ordp(fj).

Now summing over p ∈ C and using the fact that
∑

p ordp(fj) = 0 gives the desired
result. �

Notice that the sum in Lemma 4.44 is nothing more than the height

h(x) =
∑
p∈C

max
0≤i≤n

{−ordp(fi)} (4.43)

of the κ-rational point in Pn for the usual collection of valuations on the function field
κ.

Next we observe that if Y is an irreducible hypersurface on X , then its image π(Y )
is either equal to all of C, or else it is equal to a single point. We say that D is a vertical
divisor if π maps all of the components of D to points, and similarly we say that D
is a horizontal divisor if π maps all of its components surjectively onto C. Clearly,
any divisor can be written as the sum of a horizontal and a vertical divisor in a unique
way. We also note that vertical divisors are characterized by the property that their
restriction to the generic fiber of π is trivial.
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Lemma 4.45. Let D be a vertical divisor on X with respect to π : X −→ C. Then
the mapping

	D,X : X(κ) −→ Z, x �−→ deg x̄∗D,

takes finitely many values. In particular, 	D,X is a bounded function.

Proof. The proof is immediate once we note that if D is an irreducible component of a
fiber of π, then deg x̄∗D = 1 if the section x̄ meets D, and deg x̄∗D = 0 otherwise.�

Lemma 4.46. Let D be a divisor on X . Let π : X −→ C and π′ : X ′ −→ C be two
models for X/κ. Then the difference 	D,X − 	D,X ′ is bounded on X(κ).

Proof. We can find a third model X ′′ that will dominate the other two, and hence we
can reduce to the case where there is a birational morphism f : X −→ X ′ such that
π = π′◦f . If x ∈ X(κ) and x̄ is the associated section from C to X , then x̄′ = f ◦ x̄ is
the section from C to X ′ corresponding to x′. In fact, they coincide on a dense subset
of C, hence are identical. Now let D̄ be the Zariski closure of D in X , and let D̄′

be the Zariski closure of D in X ′. Then the divisor E := f∗D̄′ − D̄ is trivial when
restricted to the generic fiber, so E is a vertical divisor. Hence

	D,X − 	D,X ′ = deg x̄∗E

is a bounded function by Lemma 4.45. �

Proposition 4.47. (a) Take X = Pn, let D be a hyperplane of Pn defined over κ, and
let h be the usual height on Pn(κ). Then

	D,X = h + O(1).

(b) Let ϕ : X ′ −→ X be a κ-morphism of varieties defined over κ and let D be a
divisor on X not containing the image of ϕ. Then

	ϕ∗D,X ′ = 	D,X ◦ ϕ + O(1).

(c) For all divisors D, D′ on X defined over κ,

	D+D′,X = 	D,X + 	D′,X + O(1).

(d) Let f ∈ κ(X)∗ and D = (f). Then

	D,X = O(1).

(e) If D is an effective divisor and x �∈ supp(D), then 	D,X (x) ≥ 0.
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Proof. Property (a) is just Lemma 4.44. Property (c) is immediate by additivity of π∗

and deg.
To prove (b), we use that fact that we can choose models π : X −→ C and π′ :

X ′ −→ C such that ϕ extends to a morphism ϕ̄ from X ′ to X . Having done this,
we see that ϕ̄∗D̄ − ϕ∗D is trivial when restricted to the generic fiber of π; hence
it is a vertical divisor E. Again by Lemma 4.45 and additivity, we conclude that
	D,X ◦ ϕ− 	ϕ∗D,X ′ is bounded.

To prove (d), we observe that f ∈ κ(X) will be extend to a rational function f̄ on
X and that the restriction to the generic fiber of π of the two divisors

(
f̄
)

and D are
the same; hence their difference is a vertical divisor, say

E =
(
f̄
)
−D.

It follows from Lemma 4.45 that the function

	D,X (x) = deg x̄∗D = deg x̄∗(f̄)− deg x̄∗E = −deg x̄∗E

is bounded.
Finally, notice that the effectiveness of D implies that D̄, and hence x̄∗D̄, is also

effective. Therefore x̄∗D̄ has positive degree, which gives (e). �

4.5.2 Number fields

We now want to built an analogue of the above construction when the function field is
replaced by a number field κ. This is accomplished by formally adding analytic infor-
mation toX for each Archimedean place; hence the role of C is played by an arithmetic
scheme Mκ consisting of SpecOκ, with finitely many points added, corresponding to
the Archimedean places. Therefore, one can think of the arithmetic scheme Mκ as an
object whose closed points are in canonical bijection with Mκ. Recall that the set of
non-Archimedean places on κ is naturally identified with the set of prime ideals inOκ,
hence our identification of M0

κ with SpecOκ. We will also write pv ∈ SpecOκ for
the prime ideal corresponded to the place v ∈ M0

κ; pv ∈ Mκ − SpecOκ for the place
v ∈ M∞

κ ; and so give the canonical bijection

Mκ −→ Mκ, v �→ pv. (4.44)

A compactified divisor on SpecOκ (or Arakelov divisor on Mκ) is a formal sum

D :=
∑

v∈Mκ

mvpv , (4.45)

where

mv ∈
{

Z, if v ∈ M0
κ,

R, if v ∈ M∞
κ ;
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and almost all mv = 0. A principal compactified divisor on SpecOκ is a divisor of
the form

div(a) :=
∑

v∈M 0
κ

ordv(a)pv +
∑

v∈M∞
κ

log
1
‖a‖v

pv (4.46)

for some a ∈ κ∗. The degree of the compactified divisor D is defined to be

deg(D) :=
∑

v∈Mκ

degv(D), (4.47)

where

degv(D) =

{
mv logN (pv), if v ∈ M0

κ,

mv, if v ∈ M∞
κ .

(4.48)

Observe that the product formula (2.13) says exactly that the degree of a principal
compactified divisor is zero.

Let κ be a number field and let X/κ be a smooth projective variety. We can construct
a projective scheme π : X −→ SpecOκ with generic fiber X/κ, and the fact that X is
proper over SpecOκ implies that any rational point x ∈ X(κ) gives a section

x̄ : SpecOκ −→ X .

Similarly, we can still define the closure of a divisor D on X to be its Zariski closure
D̄ in X . If X is sufficiently smooth (e.g., if it is regular as an abstract scheme), then
x̄∗D̄ will give a well-defined divisor class on SpecOκ, and indeed if the image of x
does not lie in the support of D, then we get a well-defined divisor on SpecOκ

x̄∗D̄ =
∑

v∈M 0
κ

mvpv.

To define the degree of x̄∗D̄ which should depend only on the divisor class of D,
we need to complete the divisor x̄∗D̄ by adding to it a finite sum that takes account of
the places “at infinity”. In other words, we need to extend x̄ into a section

x̃ : Mκ −→ X .

Our approach is to use Green functions (also called Néron functions in this context).
For our purposes a Green function attached to a divisor D and a place v ∈ M∞

κ is
simply a continuous function

GD,v : XD(C) −→ R

with a logarithmic pole along D, where XD := X − supp(D). This last condition
means that if U is an open subset of X and if f = 0 is a local equation for D on U ,
then the function

GD,v(x) + log ‖f(x)‖v ,
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defined a priori only on UD(C), extends to a continuous function on U(C). Thus we
obtain a compactified divisor on SpecOκ

x̃∗D̄ =
∑

v∈M 0
κ

mvpv +
∑

v∈M∞
κ

GD,v(x)pv. (4.49)

The height of x ( �∈ supp(D)) relative to these choices is

	D,X (x) :=
1

[κ : Q]
deg x̃∗D̄. (4.50)

A variant of this point of view is furnished by the notion of a line bundle equipped
with a norm or a metric. A line sheaf L on SpecOκ being coherent, there exists a
module L = Γ(SpecOκ, L ) over Oκ such that L = L̃. The module L is locally free
of rank 1. Take v ∈ M∞

κ . We identify

Lv = Lv = L⊗Oκ κv.

By a metric on L (or L ) induced by v, we mean a norm | · |v on Lv, so this norm
satisfies the triangle inequality and satisfies

|a�|v = |a|v|�|v, a ∈ κv, � ∈ Lv.

A metrized line bundle on SpecOκ is a projective module L of rank 1 over Oκ

together with a collection of nontrivial norms

T = {| · |v | v ∈ M∞
κ } (4.51)

such that | · |v is a norm on the κv vector space Lv = L ⊗ κv that is compatible with
the norm on κv. As usual, we then use the normalized form

‖�‖v = |�|nv
v ,

where

nv =

{
1, if v is real,

2, if v is complex.

AsOκ-module, such L is isomorphic to some fractional ideal g. Alternatively, we may
let L be a finitely generated torsion free module over Oκ.

Given � ∈ L, � �= 0, we can associate a divisor to L as follows. There is a unique
injection of Oκ into L as Oκ-module, sending 1 to �. Then L can be identified with a
fractional ideal in κ, and so an ideal a� = L−1 is defined well. We define the associated
divisor

D� =
∑

v∈M 0
κ

ordv(a�)pv +
∑

v∈M∞
κ

log
1
‖�‖v

pv.
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The Arakelov degree of a metrized line bundle L is defined to be the degree of its
associated divisor

deg(L) := logN (a�) +
∑

v∈M∞
κ

log
1
‖�‖v

. (4.52)

As usual, the product formula (2.13) tells us that the degree is independent of the
choice of �. We also have the relation

N (a�) = #(L/�Oκ).

Let κ be a number field, let X/κ be a smooth projective variety, and let L be a line
bundle on X defined over κ. We can construct a projective scheme π : X −→ SpecOκ

with generic fiber X/κ, and the fact that X is proper over SpecOκ implies that any
rational point x ∈ X(κ) gives a section x̄ : SpecOκ −→ X by the valuative criterion
of properness (see [90], Theorem 4.7) with an extension

x̃ : Mκ −→ X .

Choose an extension L of L to X and metrics (4.51) on L (extending scalars to κ̄v
∼=

C). Then the pullback
x̃∗L = x̃∗(L)T

is a metrized line bundle on SpecOκ, and the metrized height (or degree) of x relative
to these choices is

	L,X ,T (x) :=
1

[κ : Q]
deg x̃∗L. (4.53)

Proposition 4.48. Let L,X , T and L′,X ′, T ′ be two extensions with metrics of a va-
riety X and a line bundle L on X as above. Then

	L,X ,T (x) = 	L′,X ′,T ′(x) + O(1), x ∈ X(κ).

Proof. We consider first the case that X = X ′. Let � �= 0 be a section to L. Since
X(C) is compact, there exist constants C1, C2 > 0 such that

C1 ≤
|�(z)|v
|�(z)|′v

≤ C2, z ∈ X(C).

This shows that the Archimedean pieces of 	L,X ,T and 	L′,X ,T ′ differ by a bounded
amount.

Next, sinceL′⊗L−1 is trivial on the generic fiber ofX , there exists a vertical divisor
E such that L′ = L⊗ [E]. The line bundle [E] is trivial when restricted to the generic
fiber; hence it may be equipped with the trivial metric, and then the function

x �−→ deg x̃∗[E]
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is bounded for x ∈ X(κ). This takes care of the non-Archimedean pieces, which
proves that 	L,X ,T and 	L′,X ,T ′ differ by a bounded amount.

Finally, we consider the effect of choosing different models X and X ′. We may
suppose that there is a birational morphism f : X ′ −→ X that is the identity on the
generic fiber. We then choose L′ := f∗L, and we take as a metric on L′ the pullback
of the metric on L. If x ∈ X(κ), then the corresponding sections

x̄′ : SpecOκ −→ X ′, x̄ : SpecOκ −→ X

are linked by x̄ = f ◦ x̄′. Therefore,

x̄∗L = (f ◦ x̄′)∗L = x̄′∗L′,

so in this case we get an equality 	L,X ,T (x) = 	L′,X ′,T ′(x). �

A metrized height function (associated to L) is any function 	L of the form 	L,X ,T

for any model X −→ SpecOκ for X , any extension L of L to X , and any choice of
metrics (4.51) on L.

Theorem 4.49. Let κ be a number field and let X/κ be a smooth projective variety.

(A) The usual Weil height h on Pn(κ) is a metrized height on Pn associated to the
hyperplane line bundle H .

(B) Let ϕ : X ′ −→ X be a morphism of projective varieties, let L be a line bundle
on X , and let 	L be a metrized height function for L. Then 	L ◦ ϕ is a metrized
height function for the line bundle ϕ∗L on X ′.

(C) Let L and L′ be line bundles on X , and choose metrized heights 	L and 	L′ for
L and L′, respectively. Then 	L + 	L′ is a metrized height function associated to
L⊗ L′.

(D) If L is the trivial bundle on X , then 	L = 0 is a metrized height function for L.

(E) There is a metrized height 	L for L such that 	L(x) ≥ 0 for all x not in the base
locus of L.

Proof. (A) Take X = Pn and let L = H be the hyperplane line bundle on Pn. We
choose X = Pn

Oκ
with an extensionH of H to Pn

Oκ
. Fix

α = (α0, . . . , αn) ∈ κ̄n+1 − {0}.

For x ∈ Pn(κ), there exists

ξ = (ξ0, . . . , ξn) ∈ κn+1 − {0}

such that x = P(ξ). Then α determines uniquely a global section s to H given by

〈ξ, α〉 = α0ξ0 + · · ·+ αnξn,
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up to a non-zero multiple. The Fubini–Study metric on H is defined by the formula

|s(x)|v =
|〈ξ, α〉|v
|ξ|v

.

Then the associated metrized height function is

	H,X ,T (x) =
1

[κ : Q]

∑
v∈Mκ

log
1

|s(x)|nv
v

= h(x).

(B) Fix a model X for X , an extension L for L to X , and metrics (4.51) on L
corresponding to the selected metrized height 	L. Choose a model X ′ for X ′ such that
ϕ extends to a morphism ϕ̄ : X ′ −→ X . To do this, first choose any X ′. Then ϕ
extends to a rational mapping, and we can blow up to resolve the indeterminacy (see
Hartshorne [90], II. 7.17.3). We take ϕ̄∗L as a model for ϕ∗L and the pullback metrics

|ϕ∗(s)|v = |s|v

as metrics on ϕ∗L, and then the equality

	ϕ∗L = 	L ◦ ϕ

is clear.
(C) Fix a model X for X , extensions L and L′ for L and L′ to X , and metrics

T = {| · |v}v∈M∞
κ

and T ′ = {| · |′v}v∈M∞
κ

on L and L′, corresponding to the choice of
metrized heights 	L and 	L′ . We take L ⊗ L′ as an extension of L⊗ L′, and we take

|s⊗ s′|v = |s|v|s′|′v

as the family of metrics on L ⊗ L′. Letting 	L⊗L′ be the associated metrized height,
the equality

	L⊗L′ = 	L + 	L′

is then clear from the definition of metrized height.
(D) The trivial metric on the trivial line bundle gives the zero function.
(E) Take any model X for X , any extension L of L to X , and any set of metrics

T = {| · |v}v∈M∞
κ

on L. Let s be any nonzero section to L, and let s̄ be its unique
extension to L. We can use the section x̄∗s̄ to x̄∗L to compute

	L,X ,T (x) =
1

[κ : Q]
log #(x̄∗L/s̄(x)Oκ) +

1
[κ : Q]

∑
v∈M∞

κ

log
1

|s(x)|nv
v

.

The first term on the right-hand side is clearly nonnegative. To deal with the sum of
Green functions for L over Archimedean places, we write

|s|∞ = sup
v∈M∞

κ , x∈X(κv)
|s(x)|v.
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Note that |s|∞ is finite, because X(C) is compact and the various norms are continu-
ous. Further, we need only a finite number of sections to define the base locus of L, so
we have proven that there is a constant c (depending on all of our choices) such that

	L,X ,T (x) ≥ −c

for all x not in the base locus of L. Hence if we replace the original metrics by the
equivalent metrics

|s|′v := e−c|s|v,

we obtain a metrized height that is nonnegative off of the base locus of L. �

Here we follow the proof of Theorem B.10.7 in Hindry and Silverman [98]. Theo-
rem 4.49 shows that metrized height functions are Weil heights, since the normaliza-
tion property (A), the functoriality property (B) just for embeddings X �−→ PN , and
the additivity property (C) determine the height functions up to O(1). The point is that
if L is very ample with associated embedding ϕL : X −→ PN , then (A) and (B) imply
that

	L = h ◦ ϕL + O(1) = hL + O(1). (4.54)

This determines the height function for very ample line bundles. But any line bundle
L can be written as the product L1 ⊗ L−1

2 of very ample line bundles L1 and L2, so
the additivity (C) forces us to define

	L = 	L1 − 	L2 + O(1) = hL + O(1). (4.55)

Let S be a finite set of places of Mκ containing the Archimedean places. According
to the expression (4.49), the valence function for D is of the form:

N(x, D) =
1

[κ : Q]

∑
v∈Mκ−S

mv logN (pv) + O(1).

Fix an positive integer m. Then we may define the truncated valence function

Nm(x, D) = NS,m(x, D) =
1

[κ : Q]

∑
v∈Mκ−S

min{m, mv} logN (pv) (4.56)

of x to multiplicity m for each effective divisor D on X . Usually, we also write

N(x, D) = NS(x, D) := N1(x, D). (4.57)

If Q ⊂ κ ⊂ K are finite separable algebraic extensions, then we have a finite
morphism MK −→ Mκ. In this case, let RK/κ denote the Arakelov divisor on MK

such that its restriction on SpecOK is the ramification divisor of the corresponding
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mapping SpecOK −→ SpecOκ, and such that the corresponding Green functions are
all zero. Thus RK/κ is of the form

RK/κ =
∑

w∈M 0
K

length{(ΩOK/Oκ
)pw}pw. (4.58)

We then define

dK/κ,S =
1

[K : Q]
degMK−S RK/κ

=
1

[K : Q]

∑
w∈MK−S

length{(ΩOK/Oκ
)pw} logN (pw), (4.59)

where MK − S is the set in which each valuation is an extension of some element in
Mκ − S. In particular, we define the logarithmic discriminant of K with respect to κ
as follows

dK/κ =
1

[K : Q]

∑
w∈M 0

K

length{(ΩOK/Oκ
)pw} logN (pw). (4.60)

Obviously, one has
0 ≤ dK/κ − dK/κ,S ≤ O(1). (4.61)

If we have a tower κ ⊆ K ⊆ L, then

dL/κ,S − dK/κ,S =
1

[L : Q]
degML−S RL/K. (4.62)

By Theorem 1.121, we have

dK/κ =
1

[K : Q]
logN (dK/κ), (4.63)

and hence (1.59) and Theorem 2.42 yield

dK/κ =
1

[K : Q]
logN (DK/κ). (4.64)

Thus (2.37) implies

dK/κ =
1

[K : Q]
log |DK/Q| −

1
[κ : Q]

log |Dκ/Q|, (4.65)

where

dκ/Q =
1

[κ : Q]
log |Dκ/Q| (4.66)

is just the absolute (logarithmic) discriminant of κ (cf. P. Vojta [287]).
Arakelov theory may be extended to a complete variety (cf. [293]).
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4.6 Canonical heights on Abelian varieties

4.6.1 Periodic points

Let X be a smooth variety defined over a number field κ and let f : X −→ X be a
morphism. For each n ≥ 1, let

fn = f ◦ f ◦ · · · ◦ f : X −→ X

denote the n-th iterate of f . An element x ∈ X is called periodic for f if fn(x) = x
for some n ≥ 1, and it is called preperiodic for f if fn(x) is periodic for some n ≥ 1.
Equivalent, x is preperiodic if its forward orbit

O+(x) = {x, f(x), f2(x), . . .}

is finite.
Take D ∈ Div(X) such that f∗D ∼ αD for some number α > 1. Applying

Theorem 4.34 to the relation f∗D ∼ αD, there exists a constant c such that

|hD(f(x))− αhD(x)| ≤ c

hold for all x ∈ X . Take two integers n and m with n > m ≥ 0. We have∣∣∣∣hD (fn(x))

αn
− hD (fm(x))

αm

∣∣∣∣ =

∣∣∣∣∣
n∑

i=m+1

{
hD(f i(x))

αi
− hD(f i−1(x))

αi−1

}∣∣∣∣∣
≤

n∑
i=m+1

c

αi

=
c

α− 1

(
1

αm
− 1

αn

)
. (4.67)

The last quantity goes to 0 as n, m → ∞, which shows that {α−nhD(fn(x))} is a
Cauchy’s sequence, hence converges. Néron and Tate studied the canonical height on
X relative to f and D

	D,f (x) = lim
n→∞

1
αn

hD (fn(x)) , (4.68)

with the following two properties:

(i) 	D,f (x) = hD(x) + O(1) for all x ∈ X .

(ii) 	D,f (f(x)) = α	D,f (x) for all x ∈ X .

In fact, the property (ii) follows directly from (4.68), and the property (i) follows from
the inequality (4.67) by taking m = 0 and letting n → ∞, which is of the explicit
form

|	D,f (x)− hD(x)| ≤ c

α− 1
.
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The canonical height 	D,f is unique. In fact, suppose that h and h′ are two functions
with properties (i) and (ii). Then (i) implies that h− h′ is bounded, say

|h(x)− h′(x)| ≤ c1, x ∈ X.

On the other hand, the property (ii) means that

h(f(x))− h′(f(x)) = α{h(x)− h′(x)},

and iterating this relation yields

h(fn(x))− h′(fn(x)) = αn{h(x)− h′(x)}, n ≥ 1.

Thus we obtain
|h(x)− h′(x)| ≤ c1

αn
→ 0

as n →∞. This shows that h = h′.

Theorem 4.50. Let f : X −→ X be a morphism of a smooth variety defined over
a number field κ. Let D ∈ Div(X) be an ample divisor such that f∗D ∼ αD for
some α > 1. Then 	D,f (x) ≥ 0 for all x ∈ X , and 	D,f (x) = 0 if and only if x is
preperiodic for f . In particular, the set

{x ∈ X(κ) | x is preperiodic for f}

is finite.

Proof. Since D is ample, we can choose a height function hD with nonnegative values.
It is then immediate from (4.68) that 	D,f is nonnegative. Now take x ∈ X(κ̄).
Replacing κ by a finite extension, we may assume that x ∈ X(κ) and that D and f are
defined over κ. If x is preperiodic for f , then the forward orbit O+(x) repeats, so the
sequence {hD(fn(x)} is bounded. It follows that

	D,f (x) = lim
n→∞

1
αn

hD (fn(x)) = 0.

Conversely, if 	D,f (x) = 0, then for any integer n ≥ 1 we have

hD(fn(x)) = 	D,f (fn(x)) + O(1) = αn	D,f (x) + O(1) = O(1).

Since all of points fn(x) are in X(κ), there exists a constant r0 such that

O+(x) ⊂ {y ∈ X(κ) | hD(y) ≤ r0}.

By Theorem 4.34 (7), the set O+(x) is finite, and so x is preperiodic for f . �

Theorem 4.50 shows a relation between height functions and dynamics (see [98],
Theorem B.4.2). The finiteness of preperiodic points is due to Northcott [208].
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Corollary 4.51. If f : Pn −→ Pn is a morphism of degree d ≥ 2, then the set

{x ∈ Pn(κ) | x is preperiodic for f}

is finite.

Proof. Since f∗H ∼ dH for any hyperplane H ∈ Div(Pn), the corollary follows
immediately from Theorem 4.50. �

Corollary 4.52. Let A be an Abelian variety and let D ∈ Div(A) be an ample sym-
metric divisor (i.e. [−1]∗D ∼ D). Then for each integer n ≥ 2, A(κ) has only finitely
many points that are preperiodic for [n].

Proof. Take any D ∈ Div(A). Applying Proposition 3.47 with ϕ = [n], ψ = [1] and
χ = [−1] to obtain

[n + 1]∗D + [n− 1]∗D − 2[n]∗D ∼ D + [−1]∗D. (4.69)

Now an easy induction, both upwards and downwards from n = 0, gives the Mum-
ford’s formula (or cf. [98], Corollary A.7.2.5):

[n]∗D ∼
(

n2 + n

2

)
D +

(
n2 − n

2

)
[−1]∗D. (4.70)

In particular,

[n]∗D ∼
{

n2D, if D is symmetric,

nD, if D is antisymmetric ([−1]∗D ∼ −D).
(4.71)

Therefore, if D ∈ Div(A) is an ample symmetric divisor, we can apply Theorem 4.50
to conclude Corollary 4.52. �

Note that x ∈ A is preperiodic for [n] if and only if there are integers i > j such
that

[ni]x = [nj ]x,

so it follows that the preperiodic points for [n] are precisely the torsion points. Hence

Ators(κ) = {x ∈ A(κ) | [m]x = eA, m ≥ 1}

is finite.
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4.6.2 Canonical heights

Theorem 4.53. Let A be an Abelian variety defined over a number field κ, and let
D ∈ Div(A) be a divisor whose divisor class is symmetric. The canonical height
	D,[2] on A relative to D satisfies the following properties:

(a) For all x ∈ A(κ̄),
	D,[2](x) = hD(x) + O(1).

(b) For all integers m, and for all x ∈ A(κ̄),

	D,[2]([m]x) = m2	D,[2](x).

(c) (Uniqueness) The canonical height 	D,[2] depends only on the divisor class of the
divisor D. It is uniquely determined by (a) and (b) for any integer m ≥ 2.

(d) (Parallelogram law) For all x, y ∈ A(κ̄),

	D,[2](x + y) + 	D,[2](x− y) = 2	D,[2](x) + 2	D,[2](y).

(e) The canonical height 	D,[2] : A(κ̄) −→ R is a quadratic form. The associated
pairing 〈, 〉 : A(κ̄)×A(κ̄) −→ R defined by

〈x, y〉D =
1
2

{
	D,[2](x + y)− 	D,[2](x)− 	D,[2](y)

}
is bilinear and satisfies 〈x, x〉D = 	D,[2](x).

Proof. Note that [2]∗D ∼ 4D from (4.71), so we can apply (4.68) to obtain

	D,[2](x) = lim
n→∞

1
4n

hD ([2n]x) .

Then (a) and (b) with m = 2 follow respectively from the properties (i) and (ii) with
f = [2]. The relation (4.71) tells us that

hD([m]y) = m2hD(y) + O(1)

holds for all y ∈ A(κ̄), where O(1) is bounded independently of y. We replace y by
[2]nx, divide by 4n, and let n →∞. The result is

	D,[2]([m]x) = lim
n→∞

1
4n

hD ([2n][m]x)

= lim
n→∞

1
4n

(
m2hD ([2n]x) + O(1)

)
= m2	D,[2](x),

where one uses the fact the mappings [m] and [2n] commute with one another. This
completes the proof of (b).



298 4 Height functions

The uniqueness statement (c) follows from the uniqueness assertion of the canonical
height 	D,f applied to f = [2].

To prove (d), use the relation

hD(x + y) + hD(x− y) = 2hD(x) + 2hD(y) + O(1) (4.72)

which is satisfied by arbitrary symmetric divisors on A (see [98], Corollary B.3.4).
Thus the parallelogram law (d) follows if we replace x and y by [2n]x and [2n]y,
divide by 4n, and let n →∞.

Finally, putting x = y = eA into the parallelogram law (d) gives 	D,[2](eA) = 0,
and then putting x = eA gives

	D,[2](−y) = 	D,[2](y),

so 	D,[2] is an even function. We apply the parallelogram law four times to obtain

0 = 	D,[2](x + z + y) + 	D,[2](x + z − y)− 2	D,[2](x + z)− 2	D,[2](y),

0 = 	D,[2](x + z − y) + 	D,[2](x− z + y)− 2	D,[2](x)− 2	D,[2](z − y),

0 = 	D,[2](x− z + y) + 	D,[2](x + z + y)− 2	D,[2](x + y)− 2	D,[2](z),

0 = 2	D,[2](z + y) + 2	D,[2](z − y)− 4	D,[2](z)− 4	D,[2](y).

The alternating sum of these four equations gives

〈x + z, y〉D = 〈x, y〉D + 〈z, y〉D,

which yields the desired result (e). �

Proposition 4.54. Let A be an Abelian variety defined over a number field κ, and let
D ∈ Div(A) be an ample divisor with symmetric divisor class.

(f) For all x ∈ A(κ̄), we have 	D,[2](x) ≥ 0, with equality if and only if x is a point
of finite order.

(g) The associated canonical height function extends R-linearly to a positive definite
quadratic form

	D,[2] : A(κ̄)⊗R −→ R.

In particular, if x1, . . . , xr ∈ A(κ̄) ⊗ R are linearly independent, then the height
regulator

det(〈xi, xj〉D)1≤i,j≤r

is strictly greater than 0.

Proof. See [98], Proposition B.5.3. �
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Theorem 4.55. Let A be an Abelian variety defined over a number field κ, and let
D ∈ Div(A) be a divisor whose divisor class is antisymmetric. The canonical height
	D,[2] on A relative to D satisfies the following properties:

(A) For all x ∈ A(κ̄),
	D,[2](x) = hD(x) + O(1).

(B) For all integers m, and for all x ∈ A(κ̄),

	D,[2]([m]x) = m	D,[2](x).

(C) (Uniqueness) The canonical height 	D,[2] depends only on the divisor class of the
divisor D. It is uniquely determined by (a) and (b) for any one integer m ≥ 2.

(D) For all x, y ∈ A(κ̄),

	D,[2](x + y) = 	D,[2](x) + 	D,[2](y).

Proof. The proof is almost the same as the proof of Theorem 4.53, here we merely
give a sketch of (D). To do it, use the relation

hD(x + y) = hD(x) + hD(y) + O(1) (4.73)

which is satisfied by arbitrary antisymmetric divisors on A (see [98], Corollary B.3.4).
Now replace x and y by [2n]x and [2n]y, divide by 2n, and let n →∞ to obtain (D).�

Generally, if D ∈ Div(A) is an arbitrary divisor on the Abelian variety A, define
divisors

D+ = D + [−1]∗D, D− = D − [−1]∗D.

It is clear that D+ is symmetric and D− is antisymmetric. Then a unique quadratic
function ĥD : A(κ̄) −→ R is defined by

ĥD =
1
2

(
	D+,[2] + 	D−,[2]

)
, (4.74)

called the canonical height on A relative D.

4.6.3 Tate–Shafarevich groups

Let κ be a number field and let A be an Abelian variety over κ. Recall that the mul-
tiplication mapping [m] : A(κ̄) −→ A(κ̄) is surjective with finite kernel, denoted by
A[m], and that A[m] is isomorphic to (Z/mZ)2g.

For each x ∈ A(κ), we select a point y ∈ A(κ̄) satisfying [m]y = x, and then we
define a mapping ty : Gκ̄/κ −→ A[m] by ty(σ) = σ(y)− y for each σ ∈ Gκ̄/κ. Note
that σ(y)− y ∈ A[m], since

[m](σ(y)− y) = σ([m]y)− [m]y = σ(x)− x = 0.
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We also have

ty(σ
′σ) = σ′σ(y)− y = σ′(σ(y)− y) + σ′(y)− y

= σ′(ty(σ)) + ty(σ
′).

In other words, the mappings ty is a 1-cocycle from G to A[m].
Take other y′ ∈ A(κ̄) such that [m]y′ = x. Then the point a = y′ − y ∈ A[m]

satisfies
ty′(σ)− ty(σ) = (σ(y′)− y′)− (σ(y)− y) = σ(a)− a.

Thus the difference ty′ − ty is a coboundary, so the cohomology class of ty in
H1(Gκ̄/κ, A[m]) depends only on x, independent of the choice of y. In other words,
we get a well-defined mapping

δ : A(κ) −→ H1(Gκ̄/κ, A[m]). (4.75)

Let α : A −→ B be an isogeny of two Abelian varieties defined over κ. Then the
short exact sequence

0 → Ker(α)
ι−→ A(κ̄)

α−→ B(κ̄) → 0 (4.76)

induces a long exact sequence of cohomology groups

0 → Ker(α)(κ)
ι−→ A(κ)

α−→ B(κ)

δ−→ H1(Gκ̄/κ, Ker(α))
ι−→ H1(Gκ̄/κ, A(κ̄))

α−→ H1(Gκ̄/κ, B(κ̄)). (4.77)

The homomorphism δ is defined as follows: Take x ∈ B(κ), and choose y ∈ A(κ̄)
such that α(y) = x. Then define δ(x) to be the cohomology class associated to the
cocycle

δ(x) : Gκ̄/κ −→ Ker(α), δ(x)(σ) = σ(y)− y.

The above long exact sequence gives rise to the following fundamental short exact
sequence:

0 → B(κ)/α(A(κ))
δ−→ H1(Gκ̄/κ, Ker(α)) → H1(Gκ̄/κ, A(κ̄))[α] → 0, (4.78)

where H1(Gκ̄/κ, A(κ̄))[α] denotes the kernel of the mapping

α : H1(Gκ̄/κ, A(κ̄)) −→ H1(Gκ̄/κ, B(κ̄)).

For each place v of κ, let κv be the completion of κ at v. We may consider Gκ̄v/κv

to be a subgroup of Gκ̄/κ. Then for an arbitrary Abelian group A on which Gκ̄/κ acts
we obtain restriction homomorphisms

H1(Gκ̄/κ, A ) −→ H1(Gκ̄v/κv
, A ).
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There is a local exact sequence analogous to the exact sequences (4.77) and (4.78), and
the global exact sequence maps to the local exact sequence via restriction, yielding the
following commutative diagram:

0 → B(κ)/α(A(κ))
δ−→ H1(Gκ̄/κ, Ker(α)) → H1(Gκ̄/κ, A(κ̄))[α] → 0

↓ ↓ ↓
0 → B(κv)/α(A(κv))

δv−→ H1(Gκ̄v/κv
, Ker(α)) → H1(Gκ̄v/κv

, A(κ̄v))[α] → 0.

The Selmer group of A with respect to α is the group

Sel(α)(A/κ) =
⋂
v

Ker
{

H1(Gκ̄/κ, Ker(α)) → H1(Gκ̄v/κv
, A(κ̄v))[α]

}
.

The Tate-Shafarevich group of A is the group

X(A/κ) =
⋂
v

Ker
{

H1(Gκ̄/κ, A(κ̄)) → H1(Gκ̄v/κv
, A(κ̄v))

}
.

In both formulae, v is taken over all places of κ. From the exact sequences (4.77) and
(4.78), one deduces the following important exact sequence

0 → B(κ)/α(A(κ))→ Sel(α)(A/κ)→X(A/κ)[α] → 0.

Conjecture 4.56. Let A be an Abelian variety defined over a number field κ. Then
X(A/κ) is finite.

4.6.4 Mordell–Weil theorem

Let κ be a number field and let A be an Abelian variety of dimension g over κ. We
continue to study A[m]. Without loss of generality, we may assume that A[m] ⊂ A(κ).

For each x ∈ A(κ), we select a point y ∈ A(κ̄) satisfying [m]y = x, and then for
each σ ∈ Gκ̄/κ we define

〈σ, x〉 = σ(y)− y ∈ A[m].

We verify below that the value of 〈σ, x〉 depends only on x, and not on the choice of
y. So suppose that

[m]y′ = [m]y = x.

Then y′ − y ∈ A[m] ⊂ A(κ), hence

{σ(y)− y} − {σ(y′)− y′} = σ(y − y′)− (y − y′) = 0.

The resulting mapping
〈 , 〉 : Gκ̄/κ ×A(κ) −→ A[m] (4.79)
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is called the Kummer pairing on A, which is bilinear. We start with the first variable:

〈σ′σ, x〉 = σ′σ(y)− y = σ′(σ(y)− y) + σ′(y)− y

= σ′(〈σ, x〉) + 〈σ′, x〉 = 〈σ, x〉+ 〈σ′, x〉.

Next we compute

〈σ, x + x′〉 = σ(y + y′)− (y + y′) = σ(y)− y + σ(y′)− y′

= 〈σ, x〉+ 〈σ, x′〉.

This completes the proof of the bilinearity of t.

Proposition 4.57. Let K be the extension of κ obtained by adjoining to κ the coordi-
nates of all points y ∈ A(κ̄) satisfying [m]y ∈ A(κ).

(1) The Kummer pairing induces a nondegenerate pairing

〈 , 〉 : GK/κ ×A(κ)/mA(κ) −→ A[m].

In particular, A(κ)/mA(κ) is finite if and only if K is a finite extension of κ.

(2) The field K is a finite Galois extension of κ with Galois group

GK/κ
∼= (Z/mZ)s+1

for some integer s.

Proof. The kernel of the Kummer pairing on the right consists of those x such that
〈σ, x〉 = 0 for all σ ∈ Gκ̄/κ. This means that σ(y) = y for all σ ∈ Gκ̄/κ, and
hence that y ∈ A(κ) and x = [m]y ∈ mA(κ). Note that the kernel contains mA(κ).
Therefore, the kernel is exactly mA(κ).

Next we observe that the kernel of the Kummer pairing on the left consists of those
σ such that σ(y) = y for all y ∈ A(κ̄) satisfying [m]y ∈ A(κ). From the definition of
K, this is equivalent to saying that σ ∈ Gκ̄/K , which means that the kernel is Gκ̄/K .
Taking the quotient by the right and left kernels give a nondegenerate pairing as stated
in (1).

For the proof of (2), see [98], Corollary C.1.8. �

Take m ≥ 2. Based on Proposition 4.57, we get an injection (see [98]):

A(κ)/mA(κ) �−→ Hom(GK/κ, A[m]) ∼= Hom
(
(Z/mZ)s+1, (Z/mZ)2g

)
.

Clearly,
#Hom

(
(Z/mZ)s+1, (Z/mZ)2g

)
= m2g(s+1).

On the other hand, since A[m] ⊂ A(κ) by assumption, and since #A[m] = m2g , then
the dimension r of group A(κ) over Z satisfies

#A(κ)/mA(κ) = m2g+r,

and hence r ≤ 2gs. This shows the Mordell–Weil theorem:
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Theorem 4.58. Let A be an Abelian variety defined over a number field κ. Then the
group A(κ) of κ-rational points of A is finitely generated.

In the special case that the Abelian variety is a cubic curve in the projective plane,
the theorem is due to Mordell [190] whose original statement is for rational points.
Weil, in his thesis, extended Mordell’s theorem to arbitrary number fields and to
Abelian varieties of higher dimension. Using elementary group theory and the struc-
ture of the kernel of multiplication by m, we may rephrase Theorem 4.58 by saying
that there are points P1, . . . , Pr such that

A(κ) = Ators(κ)⊕ ZP1 ⊕ · · · ⊕ ZPr.

The integer r is called the rank of the Abelian variety A/κ, and A(κ) is the Mordell–
Weil group of A/κ. Note that the torsion subgroup Ators(κ) is a finite Abelian group,
so it can be written as

Ators(κ) ∼= Z/m1Z⊕ · · · ⊕ Z/msZ,

where m1, . . . , ms are integers satisfying mi|mi+1 and s ≤ 2 dim A.



Chapter 5

The abc-conjecture

The abc-conjecture has been an important problem in number theory. This conjec-
ture and its generalized forms for integers are counterparts of Nevanlinna’s third main
theorem and its variations in complex analysis.

5.1 The abc-theorem for function fields

For a non-zero polynomial f in C, let deg(1)(f) denote the number of distinct roots
of f . Then one has Stothers–Mason’s theorem (cf. [165], [166], [167], [268], or [79],
[149], [287]):

Theorem 5.1. Let a(z), b(z), c(z) be relatively prime polynomials in C and not all
constants such that a + b = c. Then

max{deg(a), deg(b), deg(c)} ≤ deg(1)(abc)− 1. (5.1)

Proof. We consider the Wronskian determinant of a and b

W =

∣∣∣∣a b
a′ b′

∣∣∣∣ .
We differentiate a + b = c to get a′ + b′ = c′. It is easy to show that

W =

∣∣∣∣a c
a′ c′

∣∣∣∣ = ∣∣∣∣c b
c′ b′

∣∣∣∣ .
Note that W �= 0, else ab′ − a′b = 0, that is, (b/a)′ = 0, so b is a scalar multiple of a,
contradicting our statement that a and b have no common factor.

Suppose that α is a root of a and that (z − α)l is the highest power of z − α which
divides a(z). Evidently (z − α)l−1 is the highest power of z − α which divides a′(z),
and thus it is the highest power of z−α which divides W(z) = a(z)b′(z)−a′(z)b(z)
since α is not a root of b. Therefore (z − α)l divides W(z)(z − α). Multiplying all
such (z − α)l together, we obtain

a(z) |W(z)
∏

a(α)=0

(z − α).
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Analogous statements for b and c are also true. Since a, b, c have no common roots,
we can combine those statements to read

a(z)b(z)c(z) |W(z)
∏

(abc)(α)=0

(z − α). (5.2)

Using the three different representations of W above, we have

deg(W) ≤

⎧⎨⎩
deg(a) + deg(b)− 1,
deg(a) + deg(c)− 1,
deg(c) + deg(b)− 1.

The degree of
∏

(abc)(α)=0(z−α) is precisely the total number deg(1)(abc) of distinct
roots of abc. Inserting all this into (5.2), we find the inequality (5.1). �

In particular, if

a(z) = (1 + z)2, b(z) = −(1− z)2, c(z) = 4z,

then the inequality in Theorem 5.1 becomes the equality 2 = 2 (cf. [83]). For applica-
tions of Theorem 5.1, see [166]; [201], pp. 183–185.

Let κ be a number field with algebraic closure κ̄ = Q̄. Belyı̌ [9] constructs a
function with the following property:

Theorem 5.2. Let X be an algebraic curve defined over κ and let D ⊂ X(Q̄) be a
finite set of algebraic points of X . Then there exists a morphism f : X −→ P1 defined
over κ such that f(D) ⊆ {0, 1,∞} and f is only ramified over {0, 1,∞}.

Proof. For the proof, we refer the reader to Belyı̌ [9], Serre [238], van Frankenhuysen
[284]. �

Belyı̌ [9] also proves the converse, that is, if f : X −→ P1 is ramified over three
points alone, then X is defined over Q̄.

Let f : X −→ P1 be a morphism of a complete nonsingular curve X to the pro-
jective line. Let ex denote the ramification index of f at x ∈ X . Thus, for any point
a ∈ P1, the total index of the fiber over a is constant,∑

x∈f−1(a)

ex = deg(f).

By Riemann–Hurwitz formula (3.47), writing g for the genus of X ,

2g − 2 = −2 deg(f) +
∑
x∈X

(ex − 1) = −2 deg(f) +
∑
a∈P1

∑
x∈f−1(a)

(ex − 1).
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Counting only the ramification above 0, 1 and∞, we obtain

deg(f) ≤ 2g − 2 + #f−1{0, 1,∞}. (5.3)

This is the abc-theorem for function fields. The function f corresponds to the abc-sum
f + (1 − f) = 1 of height deg(f) and radical #f−1{0, 1,∞}. Equality holds if and
only if f is a Belyı̌ function. In that case, a canonical divisor of X is given by

K = (df/f) = f∗(1)− f−1{0, 1,∞}. (5.4)

5.2 The abc-conjecture for integers

Many results for Diophantine equations in integers are analogous to results for Dio-
phantine equations in polynomials. Lang ([152], p. 196) said: “One of the most fruitful
analogies in mathematics is that between the integers Z and the ring of polynomials
F [t] over a field F .” Given Mason’s wonderfully simple inequality for polynomial so-
lutions to a + b = c (namely Theorem 5.1), one wonders whether there is a similar
result for integers.

The radical of a non-zero integer A is defined to be

r(A) =
∏
p|A

p

i.e. the product of distinct primes dividing A. On the other hand, we note that in
Theorem 5.1 (cf. [201], p. 182 or [83])

deg(1)(f) = deg(rad(f)),

where rad(f) is the radical of a polynomial f on C, which is the product of distinct
irreducible factors of f .

There is a classical analogy between polynomials and integers, that is, prime factors
of an integer are often considered to be an appropriate analogy to irreducible factors
of a polynomial. Under that analogy, deg(1)(f) of a polynomial f corresponds to
log r(A) of an integer A, and in addition, the value log |A| of an integer A is a mea-
sure of how “large” the integer is, while the degree of a polynomial is a measure of
how “large” the polynomial is (cf. [149] or [79]). Thus for polynomials we had an
inequality formulated additively, whereas for integers we formulate the corresponding
inequality multiplicatively.

After being influenced by Stothers–Mason’s theorem (see Theorem 5.1), and based
on considerations of Szpiro and Frey, Oesterlé [209] and Masser [169] formulated the
abc-conjecture for integers as follows:

Conjecture 5.3. Given ε > 0, there exists a number C(ε) having the following prop-
erty. For any nonzero relatively prime integers a, b, c such that a + b = c, we have

max{|a|, |b|, |c|} ≤ C(ε)r (abc)1+ε . (5.5)
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An interesting discussion in [79] illustrates how one is naturally led from Theo-
rem 5.1 to the formulation of the abc-conjecture. In this setting Stewart and Tijdeman
[263] proved that the conjecture would be false without the ε. In other words, it is not
true that

max{|a|, |b|, |c|} ≤ Cr (abc) .

However, we note that the statement

max{|a|, |b|, |c|} ≤ r (abc)2

has in fact been conjectured by several authors.
To prove or disprove the abc-conjecture would be an important contribution to num-

ber theory. For instance, some results that would follow from the abc-conjecture are
in [201], pp. 185–188, [57], [286] (or see [79], [149], [152], [287]).

Although the abc-conjecture seems completely out of reach, there are some results
towards the truth of this conjecture. In 1986, C. L. Stewart and R. Tijdeman [263]
proved

max{|a|, |b|, |c|} < exp
{

Cr(abc)15} ,

where C is an absolute constant. In 1991, C. L. Stewart and Kunrui Yu [264] obtained

max{|a|, |b|, |c|} < exp
{

C(ε)r(abc)2/3+ε
}

.

In 1996, C. L. Stewart and Kunrui Yu [265] further proved

max{|a|, |b|, |c|} < exp
{

C(ε)r(abc)1/3+ε
}

.

The abc-conjecture is unsatisfactory because it does not make precise the constant
C(ε). A. Baker [5] proposed the following more explicit statement:

Conjecture 5.4. There exists an absolute constant K having the following property.
For any nonzero relatively prime integers a, b, c such that a + b = c, the inequality

max{|a|, |b|, |c|} ≤ K
εd(1+ε)

r(abc)1+ε (5.6)

holds for every ε with 0 < ε ≤ 1, where d denotes the number of distinct prime factors
of abc.

Conjecture 5.5 (Erdös and Woods). There exists an absolute constant k > 2 such
that for every positive integers x and y, the conditions

r(x + i) = r(y + i), i = 0, 1, 2, . . . , k − 1

imply x = y.
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This conjecture cannot hold with k = 2 since

75 = 3× 52, 1215 = 35 × 5; 76 = 22 × 19, 1216 = 26 × 19.

However, it is believed that k = 3 is an admissible value. Langevin ([153], [154])
proved that the abc-conjecture implies the Erdös–Woods conjecture with k = 3 except
perhaps a finite number of counter examples. Applying the abc-conjecture with a =
x(x + 2), b = 1, and c = (x + 1)2 leads to

(x + 1)2 ≤ C(ε)r(x(x + 1)(x + 2))1+ε. (5.7)

We suppose that x > y and show that in this case there are only finitely many x for
which the statement of the Erdös–Woods conjecture with k = 3 holds, i.e.,

r(x + i) = r(y + i), i = 0, 1, 2.

As an immediate consequence of the latter condition one finds

x− y = (x + i)− (y + i) ≡ 0 mod r(x + i), i = 0, 1, 2.

Since the greatest common divisor of any two of the three numbers r(x), r(x + 1),
r(x+2) is one or two, it follows that r(x(x+1)(x+2)) divides 2(x−y). This yields
in (5.7)

x2 ≤ C(ε)r(x(x + 1)(x + 2))1+ε ≤ C(ε)(2x)1+ε,

and so

x ≤
(
21+εC(ε)

) 1
1−ε .

Thus x is bounded by some constant.

5.3 Equivalent abc-conjecture

Next we show that the abc-conjecture is equivalent to the following:

Conjecture 5.6. Let A, B be fixed nonzero integers. Take positive integers m, n with

α = 1− 1
m
− 1

n
> 0. (5.8)

Let x, y, z ∈ Z be variables such that x, y are relatively prime and

Ax + By = z �= 0.

Assume that for a prime p (resp. q), p | x (resp. q | y) implies pm | x (resp. qn | y).
Then for any ε > 0 there exists a number C = C(ε, m, n, A, B) such that

max{|x|α, |y|α, |z|α} ≤ Cr(z)1+ε. (5.9)
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Remark. We introduce a notation related to Conjecture 5.6. A positive integer A is
powerful if for every prime p dividing A, p2 also divides A. Every powerful number
can be written as a2b3, where a and b are positive integers. The Erdös–Mollin–Walsh
conjecture asserts that there do not exist three consecutive powerful integers. The abc-
conjecture implies the weaker assertion that the set of triples of consecutive powerful
integers is finite.

Here we first show that Conjecture 5.3 implies Conjecture 5.6. To simplify notation
in dealing with the possible presence of constants C, if a, b are positive functions, we
write

a ! b

to mean that there exists a constant C > 0 such that a ≤ Cb. Thus a ! b means
a = O(b) in the big oh notation. By the abc-conjecture, we get

max{|x|, |y|, |z|} !
{
|x| 1

m |y| 1
n r(z)

}1+ε
.

If, say, |Ax| ≤ |By| then |x| ! |y|. We substitute this estimate for x to get an
inequality entirely in terms of y, namely

|y| !
{
|y|

1
m

+ 1
n r(z)

}1+ε
.

We first bring all powers of y to the left-hand side, and take care of the extra ε, so we
obtain

|y|α ! r(z)1+ε,

and then also
|x|α ! r(z)1+ε

because the situation is symmetric in x and y. Again by the abc-conjecture, we have

|z| !
{
|x| 1

m |y| 1
n r(z)

}1+ε
.

By using the estimate for |xy| coming from the product of the inequalities above we
find

|z|α ! r(z)1+ε.

Conversely, Conjecture 5.3 can be derived from Conjecture 5.6. To do this, we
see that Conjecture 5.6 contains obviously the following generalized Szpiro conjecture
(cf. [149], [287]):

Conjecture 5.7. Take integers x and y with D = 4x3 − 27y2 �= 0 such that the
common factor of x, y is bounded by M . Then for any ε > 0, there exists a constant
C = C(ε, M) satisfying

max{|x|3, y2, |D|} ≤ Cr(D)6+ε. (5.10)
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This is trivial if x, y are relatively prime. Suppose that x, y have some common
factor, say d, bounded by M . Write

x = ud, y = vd

with u, v relatively prime. Then

D = 4d3u3 − 27d2v2.

Now we can apply the inequality (5.9) with A = 4d3, m = 3; B = −27d2, n = 2, and
we find the same inequality (5.10), with the constant depending also on M .

Further, it is well known that the generalized Szpiro conjecture implies the abc-
conjecture (cf. [150], [287]). Here we introduce the proof roughly. Let a + b = c, and
consider the Frey elliptic curve ([67], [68]),

y2 = x(x− a)(x + b).

The discriminant of the right-hand side is the product of the differences of the roots
squared, and so

D = (abc)2.

We make a translation

ξ = x +
b− a

3

to get rid of the x2-term, so that the equation can be rewritten

y2 = ξ3 − γ2ξ − γ3,

where

γ2 =
1
3
(a2 + ab + b2), γ3 =

1
27

(a− b)(2a + b)(a + 2b).

The discriminant does not change because the roots of the polynomial in ξ are transla-
tions of the roots of the polynomial in x. Then

D = 4γ3
2 − 27γ2

3 .

One may avoid the denominator 27 by using the curve

y2 = x(x− 3a)(x + 3b),

so that γ2, γ3 then come out to be integers, and one can apply the generalized Szpiro
conjecture to the discriminant

D = 36(abc)2 = 4γ3
2 − 27γ2

3 ,

and obtain
max

{
3
√
|abc|,

√
|γ2|, 3

√
|γ3|
}
! r(abc)1+ε.
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A simple algebraic manipulation shows that the estimates on γ2, γ3 imply the desired
estimates on |a|, |b|.

The following conjecture by Hall, Szpiro, and Lang–Waldschmidt (cf. [287], [149])
becomes a special case of Conjecture 5.6:

Conjecture 5.8. Let A, B be fixed nonzero integers and take positive integers m and
n satisfying (5.8). Let x, y, z ∈ Z be variables such that x, y are relatively prime and

Axm + Byn = z �= 0.

Then for any ε > 0 there exists a number C = C(ε, m, n, A, B) such that

max{|x|mα, |y|nα, |z|α} ≤ Cr(z)1+ε. (5.11)

In particular, take non-zero integers x, y with z = x3−y2 �= 0. If x, y are relatively
prime, then Conjecture 5.8 implies that there exists a constant C = C(ε) such that

max
{
|x|

1
2 , |y|

1
3

}
≤ C(ε)r(x3 − y2)1+ε, (5.12)

which further yields

|x| 1
2 !

∣∣x3 − y2
∣∣1+ε

. (5.13)

This is just the content of Hall’s conjecture:

Conjecture 5.9 ([88]). There exists a constant C = C(ε) such that

|x3 − y2| > C(ε)|x|
1
2−ε (5.14)

holds for integers x, y with x3 �= y2.

The inequality (5.14) is equivalent to the form (5.13). Danilov [37] has proved that
1/2 is the best possible exponent, who proved that 0 < |x3 − y2| < 0.97|x|1/2 has
infinitely many solutions in integers x, y. Actually, the original conjecture made by M.
Hall Jr. [88] states the following: There exists a constant C such that

|x3 − y2| > C|x|
1
2 (5.15)

holds for integers x, y with x3 �= y2. The final setting of the proofs in the simple
abc context which we gave above had to await Mason and the abc-conjecture a decade
later.

Another special case of Conjecture 5.8 is the following Hall–Lang–Waldschmidt’s
conjecture (cf. [287]):

Conjecture 5.10. For all integers m, n, x, y with xm �= yn,

max{|x|mα, |y|nα} < C(ε) |xm − yn|1+ε , (5.16)

where C(ε) is a constant depending on ε.



312 5 The abc-conjecture

5.4 Generalized abc-conjecture

For a non-zero polynomial f in C, we can write

f(z) = a(z − z1)
n1 · · · (z − zp)

np ,

where a ∈ C∗; z1, . . . , zp are the distinct roots of f , and

deg(f) = n1 + · · · + np.

Related to a positive integer k, we define

deg(k)(f) =

p∑
j=1

min{nj , k}.

Theorem 5.11 (cf. [111]). Let f0, f1, . . . , fn (n ≥ 2) be polynomials in C satisfying

f0 = f1 + · · ·+ fn. (5.17)

Assume that no proper subsum of (5.17) is equal to 0, the fj are not all constant,
and that f0, f1, . . . , fn have no non-constant common divisors. Then for any positive
integer k, there exist two constants xn(k) and yn(k) satisfying

0 < xn(k) ≤ max

{
1,

n− 1
k

}
,

0 < yn(k) ≤ max

{
1,

n(n− 1)

2k

}
,

such that the following inequalities hold:

max
0≤j≤n

{deg(fj)} ≤ xn(k)
n∑

j=0

deg(k)(fj)−
n(n− 1)

2
, (5.18)

max
0≤j≤n

{deg(fj)} ≤ yn(k) deg(k)(f0 · · · fn)− n(n− 1)

2
. (5.19)

In this section, we will make the following general assumptions for integers:

(N1) Let a0, a1, . . . , an (n ≥ 2) be non-zero integers satisfying

a0 = a1 + a2 + · · ·+ an. (5.20)

Assume that no proper subsum of (5.20) is equal to 0.

(N2) Let a0, a1, . . . , an be non-zero integers satisfying gcd(a0, . . . , an) = 1, where
the symbol gcd(a0, . . . , an) denotes the greatest common divisor of a0, . . . , an.
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For a non-zero integer a, write

a = ±pi1
1 · · · p

is
s (5.21)

for distinct primes p1, . . . , ps and (i1, . . . , is) ∈ (Z+)s, and define

rk (a) =
s∏

ν=1

pmin{iν ,k}
ν . (5.22)

Based on the classical analogy between polynomials and integers, we think that the
number deg(k)(f) of a polynomial f corresponds to log rk(a) of an integer a. Based
on Theorem 5.11, we propose the following n-term abc-conjecture for integers (see
Hu and Yang [110]).

Conjecture 5.12. If (N1) and (N2) are true, then for ε > 0, k ∈ Z+, there exists a
number C = C(n, k, ε) satisfying

max
0≤j≤n

{|aj |} ≤ C

(
n∏

i=0

rk (ai)

)xn(k)+ε

, (5.23)

max
0≤j≤n

{|aj |} ≤ Crk (a0a1 · · · an)yn(k)+ε . (5.24)

In [103], [107] (or see [108]), we proposed the conjecture for the case

xn(n− 1) = 1, yn

(
n(n− 1)

2

)
= 1. (5.25)

If n = 2, Conjecture 5.12 corresponds to the well-known abc-conjecture.
We discuss the example studied by J. Browkin and J. Brzeziński [20]. If we choose

a = 2i, where i > n− 2, and b = −1, then we have

a1 + · · · + an = a0,

where

aj+1 = sj(2i − 1)2j+12i(n−2−j) (0 ≤ j ≤ n− 2), an = 1, a0 = 2i(2n−3).

Obviously, it has no proper subsum equal to zero. Since an = 1, hence the greatest
common divisor of all aj is 1. Therefore the conditions in Conjecture 5.12 are satisfied.
Now we have

Mn = max
0≤j≤n

{|aj |} = a0 = 2i(2n−3).
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A positive integer χn ≥ 2n− 3 exists such that

Ln :=

n∏
i=0

rn−1 (ai) = 2n−2
n−2∏
j=0

rn−1

(
sj(2

i − 1)2j+12i(n−2−j)
)

≥ 2(n−2)(n−2)
n−2∏
j=0

rn−1
(
(2i − 1)2j+1) = 2(n−2)(n−2)(2i − 1)χn .

Since there are infinitely many i > n − 2 such that the numbers 2i − 1 are relatively
prime (e.g., all prime i > n − 2), there exists a positive constant C(n) which is
independent of i such that

2i(2n−3)

2(n−2)(n−2)(2i − 1)χn
≤ C(n),

that is, Mn ≤ C(n)Ln. We can also show that for some constant C(n),

Mn ≤ C(n)rn(n−1)
2

(a0a1 · · · an)

Thus for the case (5.25), Conjecture 5.12 holds for such aj .
Next we exhibit a few of conjectures related to Conjecture 5.12. If aj (j = 0, . . . , n)

are nonzero integers such that ai, aj are coprime for i �= j, then

n∏
i=0

rk (ai) = rk (a0a1 · · · an) ≤ r (a0a1 · · · an)k .

Hence Conjecture 5.12 implies immediately the following conjecture due to W. M.
Schmidt [232]:

Conjecture 5.13. If (N1) holds such that ai and aj are coprime for i �= j, then for
ε > 0, there exists a number C = C(n, ε) such that

max
0≤j≤n

{|aj |} ≤ Cr (a0a1 · · · an)n−1+ε . (5.26)

It was indicated by Vojta in [293] that Conjecture 8.24 could derive the following
conjecture:

Conjecture 5.14. If (N2) and (5.20) with n ≥ 2 hold, then for ε > 0, there exists a
number C = C(n, ε) such that

max
0≤j≤n

{|aj |} ≤ Cr (a0a1 · · · an)1+ε (5.27)

hold for all a0, . . . , an as above outside a proper Zariski-closed subset of the hyper-
plane x1 + · · · + xn = x0 in Pn.
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J. Browkin and J. Brzeziński [20] conjectured as follows:

Conjecture 5.15. If (N1) and (N2) are true, then for ε > 0, there exists a number
C = C(n, ε) such that

max
0≤j≤n

{|aj |} ≤ Cr (a0a1 · · · an)2n−3+ε . (5.28)

J. Browkin and J. Brzeziński use the above example to show that the number 2n−3
is a sharp lower bound. Thus the number yn(1) should satisfy

2n− 3 ≤ yn(1) ≤ n(n− 1)

2
. (5.29)

Generally, we suggested the following problem (cf. [111]):

Conjecture 5.16. Assume that (N2) holds and further assume that there exist integers
M and N with M < N such that

B0a0 + · · · + Bnan �= 0, (B0, . . . , Bn) ∈ Z[M, N ]n+1 − {0}.

Take an integer q with q > n ≥ 1 and let a family {[Aj0, . . . , Ajn] | j = 0, . . . , q} of
P(Cn+1) be in general position with Aji ∈ Z[M, N ]. Then for ε > 0, k ∈ Z+, there
exists a number C = C(n, k, q, M, N, ε) satisfying

max
0≤j≤n

{|aj |q−n} ≤ C

(
q∏

j=0

rk (Aj0a0 + · · · + Ajnan)

)xn(k)+ε

, (5.30)

max
0≤j≤n

{|aj |q−n} ≤ Crk

(
q∏

j=0

(Aj0a0 + · · ·+ Ajnan)

)yn(k)+ε

. (5.31)

Conjecture 5.12 corresponds to a special case of Conjecture 5.16 by taking M =
0, N = 1 and q = n + 1.

5.5 Generalized Hall’s conjecture

We make the following assumptions:

(P1) Let f0, f1, . . . , fn (n ≥ 2) be non-zero polynomials in C satisfying

f0 = f1 + f2 + · · · + fn. (5.32)

Assume that no proper subsum of (5.32) is equal to 0, and that the fj are not all
constant.
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(P2) Let f1, f2, . . . , fn (n ≥ 2) be polynomials in C such that they have no common
zeroes, and that the fj are not all constant.

(P3) Let f1, f2, . . . , fn (n ≥ 2) be polynomials in C. Assume that there exist positive
integers dj such that the multiplicity of each root of fj is not less than dj for
j = 1, . . . , n.

Theorem 5.11 implies directly the following fact:

Theorem 5.17. Let f0, f1, . . . , fn be polynomials in C satisfying the conditions (P1),
(P2) and (P3). Then for any positive integer k, we have the following inequality⎧⎨⎩1−

n∑
j=1

kxn(k)

dj

⎫⎬⎭ max
0≤j≤n

deg (fj) ≤ xn(k) deg(k) (f0)−
n(n− 1)

2
. (5.33)

Proof. Note that for j = 1, . . . , n,

deg(k) (fj) ≤ k deg(1) (fj) ≤
k

dj
deg (fj) ≤

k

dj
max

0≤j≤n
deg (fj) .

Hence Theorem 5.17 follows from Theorem 5.11. �

As a consequence, we obtain the following fact (see [109]):

Theorem 5.18. Let f0, f1, . . . , fn be polynomials in C satisfying (P1) and (P2). As-
sume that there exist positive integers dj and polynomials Pj in C such that

fj = P
dj

j , j = 1, . . . , n.

Then for any positive integer k, we have the following inequality⎧⎨⎩1−
n∑

j=1

kxn(k)

dj

⎫⎬⎭ max
0≤j≤n

dj deg (Pj) ≤ xn(k) deg(k) (f0)−
n(n− 1)

2
. (5.34)

Since xn(k) = 1 for the case k = n− 1, the inequality (5.34) implies⎧⎨⎩1−
n∑

j=1

n− 1
dj

⎫⎬⎭ max
0≤j≤n

dj deg (Pj) ≤ (n− 1)

⎧⎨⎩deg(1)

⎛⎝ n∑
j=1

P
dj

j

⎞⎠− n

2

⎫⎬⎭ .

(5.35)
In particular, if f and g are non-zero polynomials in C with f2 − g3 �= 0, and are not
all constant, then (5.35) yields

1
6

max{2 deg(f), 3 deg (g)} ≤ deg(1)
(
f2 − g3) − 1 (5.36)

when f and g have no common zeros, which means the inequality in the following
Davenport’s theorem (or see [11], [268]):
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Theorem 5.19 ([40]). If f and g are non-constant polynomials in C with f2−g3 �= 0,
then

1
2

deg (g) ≤ deg
(
f2 − g3)− 1. (5.37)

The analogue of Theorem 5.19 in number theory is just Hall’s conjecture. The
inequality (5.36) is an analogue of (5.12). For the case

n = 2, d1 = k, d2 = n, (5.38)

and
f1 = f, f2 = λg, (5.39)

where λ is a constant such that λn = −1, the inequality (5.35) yields{
1− 1

k
− 1

n

}
max{k deg (f) , n deg (g)} ≤ deg(1)

(
fk − gn

)
− 1 (5.40)

when f and g have no common zeros, which implies{
1− 1

k
− 1

n

}
max

{
k deg(f), n deg(g)

}
≤ deg

(
fk − gn

)
− 1. (5.41)

This inequality is just an analogue of the Hall–Lang–Waldschmidt’s conjecture (5.16)
for polynomials.

For integers, the conditions (P1), (P2) and (P3) are respectively replaced by:

(N1) Let A1, . . . , An (n ≥ 2) be fixed nonzero integers and let xj (j = 0, 1, . . . , n)
be nonzero integers satisfying

A1x1 + · · · + Anxn = x0. (5.42)

Assume that no proper subsum of (5.42) is equal to 0.

(N2) Let x1, x2, . . . , xn (n ≥ 2) be integers satisfying gcd(x1, . . . , xn) = 1.

(N3) Suppose that there are positive integers dj such that for each j = 1, . . . , n, p | xj

for some prime p implies pdj | xj .

We conjectured that the analogue of Theorem 5.17 in number theory would be the
following problem:

Conjecture 5.20. If (N1), (N2) and (N3) hold such that for some k ∈ Z+

α = 1−
n∑

j=1

kxn(k)

dj
> 0, (5.43)

then for ε > 0, there exists a number C = C(n, k, ε, A1, . . . , An) such that

max
0≤j≤n

{|xj |α} ≤ Crk (x0)
xn(k)+ε . (5.44)
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Conjecture 5.20 is a generalization of Conjecture 5.6. Note that when x0 is fixed,
the equation (5.42) has integer solutions x1, . . . , xn if and only if the fixed nonzero
integers A1, . . . , An satisfy

gcd(A1, . . . , An) | x0.

According to the discussion in Section 5.2, it is easy to show that Conjecture 5.20
follows from Conjecture 5.12.

Conjecture 5.21. Assume that (N1) and (N2) hold and suppose that there are positive
integers dj and integers aj such that

xj = a
dj

j , j = 1, . . . , n.

If (5.43) holds, then for ε > 0, there is a number C = C(n, k, ε, A1, . . . , An) such
that

max
0≤j≤n

{|aj |αdj} ≤ Crk (x0)
xn(k)+ε , (5.45)

where a0 = x0, d0 = 1.

Conjecture 5.21 is a generalization of Conjecture 5.8, and follows easily from Con-
jecture 5.20. Some special cases of Conjecture 5.21 were suggested in [109] and [108].

5.6 The abc-conjecture for number fields

5.6.1 Generalizations of the abc-conjecture

Let κ be a number field and take a positive integer n. Let X be the hyperplane of Pn+1

defined by
ξ0 + ξ1 + · · · + ξn+1 = 0.

To simplify statements, an element [a0, a1, . . . , an+1] ∈ Pn+1 will be called an abc-
point if a0a1 · · · an+1 �= 0, and if

a0 + a1 + · · · + an+1 = 0 (5.46)

such that no proper subsum of (5.46) is equal to 0.
The complementary set of abc-points in X is called abc-exceptional set, denoted by

En
abc, which is just the subset of X defined by∑

i∈I

ξi = 0,

where I is a subset of {0, 1, . . . , n + 1} with at least one, but not more than n + 1,
elements. Thus En

abc is an algebraic subset of X . For example,

E1
abc = {[0, 1,−1], [1, 0,−1], [1,−1, 0]}.
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Take a point
x = [a0, a1, . . . , an+1] ∈ Pn+1(κ).

By Proposition 1.60, we may assume that each ai is integral over Z. Further, we may
suppose that the elements a0, a1, . . . , an+1 are relatively prime. Such (a0, . . . , an+1) ∈
On+2

κ is called a reduced representation of x, which is unique up to integral units. In
fact, if (b0, . . . , bn+1) ∈ On+2

κ is another reduced representation of x, then there exists
λ ∈ κ∗ such that

(b0, . . . , bn+1) = λ(a0, . . . , an+1).

Since a0, a1, . . . , an+1 are relatively prime, there are algebraic integers λ0, . . . , λn+1

satisfying
λ0a0 + · · ·+ λn+1an+1 = 1,

and hence
λ0b0 + · · · + λn+1bn+1 = λ,

which shows that λ is an algebraic integer. Symmetrically, we may prove that λ−1 also
is an algebraic integer. Thus λ is a unit.

Let x ∈ Pn+1(κ) be an abc-point with a reduced representation (a0, . . . , an+1) ∈
On+2

κ and fix an positive integer m. Let X be a model X over Spec Oκ. Denote by
Hi the hyperplane of Pn+1

Hi = {ξi = 0}, 0 ≤ i ≤ n + 1.

Let Ei = Hi|X and let Ēi be the Zariski closure of Ei in X . Then x ∈ X(κ) gives a
section x̄ : SpecOκ −→ X with an extension x̃ : Mκ −→ X . By using the canonical
bijection (4.44), we have

x̃∗Ēi =
∑

v∈M 0
κ

ordv(ai)pv +
∑

v∈M∞
κ

log
1

‖ai‖v
pv.

Thus the truncated valence function

Nm(x, Ei) =
1

[κ : Q]

∑
v∈M 0

κ

min{m, ordv(ai)} logN (pv) (5.47)

of x to multiplicity m is well defined.
Let H be the divisor

H = H0 + H1 + · · · + Hn+1

on Pn+1. Let E = H|X and let Ē be the Zariski closure of E in X . Then we have

x̃∗Ē =
∑

v∈M 0
κ

ordv(a0 · · · an+1)pv +
∑

v∈M∞
κ

log
1

‖a0 · · · an+1‖v
pv .
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Hence the truncated valence function

Nm(x, E) =
1

[κ : Q]

∑
v∈M 0

κ

min{m, ordv(a0 · · · an+1)} logN (pv) (5.48)

of x to multiplicity m is obtained.
Now we can formulate the (n+1)-term abc-conjecture for integers into the uniform

(n + 1)-term abc-conjecture for κ as follows:

Conjecture 5.22. There exists a positive increasing function ψ with ψ(h) = o(h) such
that

h(x) ≤ dκ/Q + xn+1(m)
n+1∑
i=0

Nm(x, Ei) + ψ(h(x)), (5.49)

h(x) ≤ dκ/Q + yn+1(m)Nm(x, E) + ψ(h(x)) (5.50)

hold for every abc-point x ∈ Pn+1(κ).

Originally, we formulated the n-term abc-conjecture for κ = Q with εh(x) + C
instead of ψ(h(x)). These formulations are equivalent, proved C = C(ε) is explicitly
known as a function of ε. Indeed, in that case we determine for every value of h,

ψ(h) = min
ε>0
{εh + C(ε)}.

On the other hand, if ψ(h) = o(h) is known, then for ε > 0 we determine

C(ε) = max
h>0

{ψ(h) − εh}.

In particular, Conjecture 5.22 contains the following uniform abc-conjecture for κ
(cf. [17], [78], [284], [285], [286], [287]):

Conjecture 5.23. There exists a positive increasing function ψ with ψ(h) = o(h) such
that

h(x) ≤ dκ/Q + N(x, E) + ψ(h(x)) (5.51)

holds for every abc-point x ∈ P2(κ).

The function ψ may depend on the number field, however, conjectured that ψ does
not depend on κ (cf. van Frankenhuysen [286]). Computationally, formulation (5.51)
is not the most useful, but one can easily derive a more useful inequality:

h(x) ≤ N (x, E) + ψ(h(x)). (5.52)

Note that ψ(h) = o(h) implies h ≤ 2N for h " 0, and this in turn implies

h(x) ≤ N(x, E) + ψ(2N (x, E)). (5.53)
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This formulation, which is equivalent to Conjecture 5.23, is most useful in applica-
tions.

The truncated valence function depends on the number field. For a field extension
K of κ, if w ∈ MK is one of the valuations extending the valuation v on κ one has

log #Fw(K) = [Fw(K) : Fv(κ)] log #Fv(κ).

Thus, the contribution
∑

w|v log #Fw(K) of the valuations above v to N(x, D) satis-
fies

log #Fv(κ) ≤
∑
w|v

log #Fw(K) ≤ [K : κ] log #Fv(κ), (5.54)

with equality on the right if v is unramified in K. In general, we have the bounds

N (x, E)x∈K ≤ N(x, E)x∈κ ≤ dK/κ + N(x, E)x∈K. (5.55)

5.6.2 Further formulations of the abc-conjecture

Take two integers M and N with 0 ≤ M < N . An element [a0, . . . , an] ∈ Pn (n ≥ 1)
will be called linearly independent over Z[M, N ] if a0 · · · an �= 0, and if

B0a0 + · · · + Bnan �= 0, (B0, . . . , Bn) ∈ Z[M, N ]n+1 − {0}.

Let En[M, N ] denote the points [a0, . . . , an] ∈ Pn satisfying

B0a0 + · · · + Bnan = 0, (B0, . . . , Bn) ∈ Z[M, N ]n+1 − {0}.

Take an integer q with q > n and take a family

Ã =
{
(Aj0, . . . , Ajn) ∈ Z[M, N ]n+1 | 0 ≤ j ≤ q

}
such that

A = {[Aj0, . . . , Ajn] ∈ Pn(Z) | 0 ≤ j ≤ q}
is in general position. Let Dj be the divisor defined by the equation

Aj0ξ0 + · · ·+ Ajnξn = 0

on Pn. Then Conjecture 5.16 can be formulated into the following form over the
number field κ:

Conjecture 5.24. Assume that x ∈ Pn(κ) is linearly independent over Z[M, N ].
There exists a positive increasing function ψ with ψ(h) = o(h) satisfying

(q − n)h(x) ≤ dκ/Q + xn+1(m)

q∑
j=0

Nm(x, Dj) + ψ(h(x)), (5.56)

(q − n)h(x) ≤ dκ/Q + yn+1(m)Nm

(
x,

q∑
j=0

Dj

)
+ ψ(h(x)). (5.57)
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The general abc-conjecture due to P. Vojta [293] can be formulated into the follow-
ing form:

Conjecture 5.25. There exists a proper Zariski-closed subset Z of Pn(κ) such that

(q − n)h(x) ≤ dκ/Q + N

(
x,

q∑
j=0

Dj

)
+ εh(x) + O(1) (5.58)

holds for x ∈ Pn(κ)− Z.

It seems to us that in general, the exceptional set Z in Conjecture 5.25 is larger than
the exceptional set En[M, N ] in Conjecture 5.24.

Take M = 0, N = 1, q = n + 1,

Dj = {ξj = 0}, j = 0, . . . , n;

and
Dn+1 = {ξ0 + · · · + ξn = 0}.

Consider the inclusion ι : Pn −→ Pn+1 defined by

[ξ0, . . . , ξn] �→ [ξ0, . . . , ξn,−ξ0 − · · · − ξn].

Then
ι(Pn) = X = {ξ0 + ξ1 + · · ·+ ξn+1 = 0},

and
Dj = ι∗Hj = Hj |X = Ej , j = 0, 1, . . . , n + 1.

Note that

h([ξ0, . . . , ξn+1]) = h([ξ0, . . . , ξn]) + O(1), [ξ0, . . . , ξn+1] ∈ X

and ι(En[0, 1]) = En
abc. The inequality (5.56) and (5.57) become

h(x) ≤ dκ/Q + xn+1(m)

n+1∑
j=0

Nm(x, Ej) + ψ(h(x)), (5.59)

h(x) ≤ dκ/Q + yn+1(m)Nm

(
x,

n+1∑
j=0

Ej

)
+ ψ(h(x)) (5.60)

for all abc-points x ∈ Pn+1. Hence Conjecture 5.22 is a special case of Conjec-
ture 5.24.

For above special case, the formula (5.58) becomes

h(x) ≤ dκ/Q + N (x, E) + ψ(h(x)) (5.61)
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with x ∈ X(κ) − ι(Z) ⊆ Pn+1(κ). If κ = Q, this is just the logarithmic form of the
general abc-conjecture due to P. Vojta [293].

When n = 1, the set ι(Z) is a finite set in the line X . Taking the constant in O(1)
sufficiently large, then (5.61) with n = 1 holds for all abc-points x ∈ P2(κ). Thus
Conjecture 5.23 follows from (5.61) with n = 1.

5.7 Fermat equations

Fermat’s conjecture, now a theorem proved by Wiles [301], Taylor and Wiles [271],
states that there cannot be non-zero integers x, y, z and an integer d, where d ≥ 3,
such that

xd + yd = zd. (5.62)

Related to the Fermat’s equation (5.62) is Catalan’s equation

xk − yl = 1. (5.63)

In 1844, Eugène Catalan [27] conjectured that this equation had only the trivial solu-
tion

(x, y, k, l) = (3, 2, 2, 3).

About 100 years before Catalan (1814–1894) sent his letter to Crelle, Euler had proven
that 8 and 9 are the only consecutive integers among squares and cubes, that is, the only
solution of the Diophantine equations

x2 − y3 = ±1, x > 0, y > 0.

To prove the Catalan’s conjecture, it obviously suffices to consider the equation

xp − yq = 1, x > 0, y > 0, (5.64)

where p and q are different primes. The case q = 2 was solved in 1850 by V. A.
Lebesgue [155]. Chao Ko [128] proved the case p = 2. In 1976, E. Z. Chein [29]
published a new, very elegant proof.

Next we may assume that p and q are different odd primes. One of the early ob-
servations was that the number of solutions (x, y) to (5.64), for fixed exponents p and
q, is at most finite. This is a consequence of a general theorem about integer points
on a curve, published by C. L. Siegel in 1929. For other results about the number of
solutions, see the introductory section in Tijdeman [274].

By way of multiplication of the equation, rewrite (5.64) as

(x− 1)
xp − 1
x− 1

= yq.
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By considering the identity xp = ((x − 1) + 1)p one easily finds that there are two
possibilities: the greatest common divisor of the two factors on the left hand side is
either 1 or p. When the greatest common divisor equals 1, we obtain the equations

x− 1 = aq,
xp − 1
x− 1

= bq, y = ab,

where a and b are coprime and not divisible by p. In 1960, J. W. S. Cassels [26] showed
that these equations yield a contradiction.

When the greatest common divisor equals p, we obtain the equations

x− 1 = pq−1aq,
xp − 1
x− 1

= pbq, y = pab,

where again a and b are coprime and p does not divide b. Preda Mihăilescu [180],
[181] showed that these equations also yield a contradiction. A deep theorem about
cyclotomic fields plays a crucial role in his proof. For a survey about the proof of
Catalan’s conjecture, see [179], or see [10] for an exposition of Mihăilescu’s proof.

Generally, the following conjecture was made by Pillai [212].

Conjecture 5.26. Given integers A > 0, B > 0, C > 0, the equation

Axk −Byl = C

in integers x > 1, y > 1, k > 1, l > 1 and with (k, l) �= (2, 2) has only a finite
number of solutions.

If k, l were fixed, this would be a special case of an algebraic Diophantine equation,
the superelliptic equation. Pillai’s conjecture can be derived from the abc-conjecture
(see [232]).

It might be natural to combine Fermat’s last theorem with the Catalan problem. The
Fermat–Catalan conjecture claims that there are only finitely many powers xk, yl, zn

satisfying
xk + yl = zn, (5.65)

where x, y, z are coprime integers, and k, l, n are positive integers with

1
k

+
1
l

+
1
n

< 1; (5.66)

the restriction on the exponents excludes certain infinite families of solutions relat-
ing to curves with small genus. A more general application is as follows. Tijdeman
[275] proved that for given non-zero integers A, B, C the generalized Fermat–Catalan
equation

Axk + Byl = Czn (5.67)
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has only finitely many solutions in positive integers x > 1, y > 1, z > 1, k, l, n
subject to gcd(Ax, By, Cz) = 1 and (5.66). On the other hand, Hindry has shown
that for each triple k, l, n with

1
k

+
1
l

+
1
n
≥ 1,

there exist A, B, C such that the above equation has infinitely many solutions x, y, z
with gcd(Ax, By, Cz) = 1. H. Darmon and A. Granville [38] (or cf. [14]) proved the
following result:

Theorem 5.27. Take positive integers k, l, n satisfying (5.66) and let A, B, C ∈ Z−
{0}. There are only finitely many solutions (x, y, z) ∈ Z3 of the generalized Fermat–
Catalan equation (5.67) with gcd(x, y, z) = 1.

We make the following assumptions on integers.

(N1) Let x0, x1, . . . , xn (n ≥ 2) be non-zero integers satisfying the equation

x0 + x1 + · · · + xn = 0. (5.68)

(N2) Take positive integers n and dj (j = 0, 1, . . . , n) with n ≥ 2. Let x0, x1, . . . , xn

be non-zero integers such that for each i ∈ {0, 1, . . . , n}, there is no prime p
satisfying

0 < vp(xi) < di. (5.69)

(N3)

β = 1−
n∑

j=0

n− 1
dj

≥ 0. (5.70)

According to the classic analogy between polynomials and integers, we think that the
analogue of the Borel type theorem in number theory should be the following problem:

Conjecture 5.28. If (N1), (N2) and (5.70) hold, then either there are a finite number
of coprime integers x0, . . . , xn satisfying these properties, or there exists a partition of
indices

{0, 1, . . . , n} = I0 ∪ I1 ∪ · · · ∪ Ik

such that Iα �= ∅ (α = 0, 1, . . . , k), Iα ∩ Iβ = ∅ (α �= β),∑
i∈Iα

xi = 0, α = 0, 1, . . . , k,

xi/xj ∈ {−1, 1} for any i, j ∈ Iα, and each Iα contains at least two indices.

If di = d for i = 0, . . . , n, we think that this conjecture can be strengthened as
follows:
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Conjecture 5.29. If (N1) and (N2) hold for di = d ≥ n2 − 1 (i = 0, . . . , n), then
there exists a partition of indices

{0, 1, . . . , n} = I0 ∪ I1 ∪ · · · ∪ Ik

such that Iα �= ∅ (α = 0, 1, . . . , k), Iα ∩ Iβ = ∅ (α �= β),∑
i∈Iα

xi = 0, α = 0, 1, . . . , k,

and xi/xj ∈ {−1, 1} for any i, j ∈ Iα.

This conjecture yields the following special case:

Conjecture 5.30. Assume that (N1) holds. If there are integers d ≥ n2 − 1, ai = ±1
and yi such that

xi = aiy
d
i , i = 0, 1, . . . , n,

then there exists a partition of indices

{0, 1, . . . , n} = I0 ∪ I1 ∪ · · · ∪ Ik

such that Iα �= ∅ (α = 0, 1, . . . , k), Iα ∩ Iβ = ∅ (α �= β),∑
i∈Iα

aiy
d
i = 0, α = 0, 1, . . . , k,

and yi/yj ∈ {−1, 1} for any i, j ∈ Iα.

Obviously, the Fermat–Wiles theorem is a special case of Conjecture 5.30. Assume
that y0, y1, . . . , yn (n ≥ 2) are non-zero integers satisfying

a0yd
0 + a1yd

1 + · · ·+ anyd
n = 0, (5.71)

where d ≥ n2−1 and ai = ±1 for each i. Further we may assume gcd(y0, y1, . . . , yn)
= 1. If (y0, y1, . . . , yn) is a non-trivial solution of (5.71), that is, no proper subsums of
(5.71) is equal to 0, then Conjecture 5.12 implies that for ε > 0, there exists a number
C = C(n, ε) satisfying

max
0≤j≤n

{|yj|d} ≤ C

(
n∏

i=0

rn−1
(
yd

i

))1+ε

≤ C|y0y1 · · · yn|(n−1)(1+ε)

which implies

max
0≤j≤n

{|yj |}d−n2+1−(n2−1)ε ≤ C(n, ε).
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In particular, taking ε = 1
2(n2−1)

and d ≥ n2, so

d− n2 + 1− (n2 − 1)ε ≥ d

2n2 ,

we deduce from Conjecture 5.12 that

max
0≤j≤n

{|yj|d} ≤ C

(
n,

1
2(n2 − 1)

)2n2

.

We have thus proved that in any non-trivial solution of (5.71) with d ≥ n2, the numbers
|yj|d are all less than some absolute bound depending only n, and so there are no more
than finitely many such solutions. If we had an explicit version of Conjecture 5.12
(that is, with the values of C(n, ε) given), then we could give an explicit bound on
all non-trivial solutions to the equation (5.71) and compute up to that bound to finally
determine whether there are any non-trivial solutions.

Euler had a false intuition when he guessed that the Fermat hypersurface

yd
1 + · · ·+ yd

n = yd
0

would have no non-trivial rational solutions for d = n + 1. Lander and Parkin [138]
found the solution in degree 5:

275 + 845 + 1105 + 1335 = 1445.

Then Elkies [56] found infinitely many solutions in degree 4, including

26824404 + 153656394 + 187967604 = 206156734.



Chapter 6

Roth’s theorem

In this chapter, we introduce simply Roth’s theorem, and show that abc-conjecture im-
plies Roth’s theorem. Further, following Vojta [287], we compare the analogy between
Roth’s theorem and Nevanlinna’s second main theorem in complex analysis.

6.1 Statement of the theorem

In a relatively early version of determining the best approximations of algebraic num-
bers by rational numbers, Liouville’s theorem [159] implies that if α is a real algebraic
number of degree n ≥ 2, the inequality∣∣∣∣α − x

y

∣∣∣∣ <
1
yμ

(6.1)

has only finitely many rational solutions x
y if μ > n. The great Norwegian mathemati-

cian Thue ([272], [273]) showed that (6.1) has only finitely many rational solutions
if μ > 1

2n + 1. Then Siegel [249] in his thesis showed that this is already true if
μ > 2

√
n. A slight improvement to μ >

√
2n was made by Dyson [54]. See also

Gelfond [74], [75]. In 1958, K. F. Roth received a Fields prize for his result:

Theorem 6.1 ([223]). If α is algebraic and ε > 0, there are only finitely many rational
numbers x

y with ∣∣∣∣α− x

y

∣∣∣∣ <
1

y2+ε
.

In 1842, Dirichlet [50] proved that given α ∈ R and N > 1, there exist integers x, y
with 1 ≤ y ≤ N and |αy − x| < 1/N , which means that when α is irrational, there
are infinitely many reduced fractions x/y with∣∣∣∣α− x

y

∣∣∣∣ <
1
y2 .

Hence Dirichlet’s theorem shows that Roth’s result is best possible. An unknown
conjecture (cf. Bryuno [21]; Lang [141]; Richtmyer, Devaney and Metropolis [218])
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is the following: If α is algebraic and ε > 0, there are only finitely many rational
numbers x

y with ∣∣∣∣α − x

y

∣∣∣∣ <
1

y2(log y)1+ε
.

In other words, given ε and α algebraic, the inequality

− log

∣∣∣∣α− x

y

∣∣∣∣ ≤ 2 log y + (1 + ε) log log y

holds for all but a finite number of fractions x/y in lowest form. A theorem due to A.
Khintchine [126] shows that this is true for almost all α.

In 1955, Ridout extended Roth’s theorem to p-adic numbers and LeVeque did so for
approximations by elements from some fixed number field. In 1960, Lang formulated
the following common generalization (cf. [144], [287]). The set of algebraic numbers,
that is, the algebraic closure of κ, is denoted by κ̄.

Theorem 6.2. Let κ be a number field, let S ⊂ Mκ be a finite subset of absolute
values on κ, and assume that each absolute value in S has been extended in some way
to κ̄. Let ε be a positive constant. For each v ∈ S, fix a number av ∈ κ̄. Then there
are only finitely many x ∈ κ such that∏

v∈S

min{1, |‖x − av|‖v} <
1

H∗(x)2+ε
. (6.2)

Rather than deal with the approximation condition (6.2), it is easier to deal with a si-
multaneous set of approximations for all v ∈ S. This idea of reduction to simultaneous
approximation is due to Mahler [161], who was also the first one to study Diophantine
approximation for p-adic absolute values.

Theorem 6.3. Let κ be a number field and let S ⊂ Mκ be a finite subset of absolute
values on κ with each absolute value extended in some way to κ̄. Let ε be a positive
constant. For each v ∈ S, fix a number av ∈ κ̄. For each v ∈ S, suppose a real
number λv ≥ 0 is given such that ∑

v∈S

λv = 1. (6.3)

Then there are only finitely many x ∈ κ satisfying the simultaneous system of inequal-
ities

min{1, |‖x − av|‖v} <
1

H∗(x)(2+ε)λv
(6.4)

for all v ∈ S.

Proposition 6.4. Theorem 6.2 is true if and only if Theorem 6.3 is true.
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Proof. Suppose first that Theorem 6.2 is true. Let λ : S −→ R[0, 1] be a function
as described in Theorem 6.3, and suppose that x ∈ κ satisfies (6.4). Multiplying the
estimate (6.4) over v ∈ S and using the condition (6.3) shows that x satisfies the
inequality (6.2), so Theorem 6.2 tells us that there are only finitely many x’s.

We shall now show that Theorem 6.3 implies Theorem 6.2. Suppose we have a
sequence of solutions x to (6.2), whose height tends to infinity. For such x, write

min{1, |‖x − av|‖v} =
1

H∗(x)(2+ε)ξv(x)

with a real number ξv(x) ≥ 0. Then by hypothesis,∑
v∈S

ξv(x) ≥ 1.

Now select ε′ such that ε > ε′ > 0 and choose a positive integer N such that(
2 + ε

2 + ε′
− 1

)
N > s = #S.

Using induction, and the obvious fact that

[α + β] ≤ [α] + [β] + 1, {α, β} ⊂ R,

we obtain

N + s <
2 + ε

2 + ε′
N ≤

[∑
v∈S

2 + ε

2 + ε′
Nξv(x)

]
+ 1 ≤

∑
v∈S

[
2 + ε

2 + ε′
Nξv(x)

]
+ s,

whence

N ≤
∑
v∈S

[
2 + ε

2 + ε′
Nξv(x)

]
.

Consequently there exist integers iv(x) ≥ 0 such that

iv(x) ≤
[

2 + ε

2 + ε′
Nξv(x)

]
≤ 2 + ε

2 + ε′
Nξv(x)

and
∑
v

iv(x) = N . From this we see that there is only a finite number of possible dis-

tributions of such integers iv(x), and hence, restricting our attention to a subsequence
of our elements x if necessary, we can assume that the iv(x) are the same for all x. We
write them iv. We then put λv = iv/N so that 0 ≤ λv ≤ 1 and

∑
λv = 1. For each x

in our subsequence we have

(2 + ε′)λv ≤ (2 + ε)ξv(x),

and hence these x satisfy the simultaneous system of inequalities

min{1, |‖x − av|‖v} ≤
1

H∗(x)(2+ε′)λv
.

We can therefore apply Theorem 6.3, and have therefore shown what we wanted. �
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Proposition 6.5. If Theorem 6.2 is true for all algebraic integers, then it is true for all
algebraic numbers.

Proof. Let av be an algebraic number for each v ∈ S, and suppose that Theorem 6.2 is
false for them. This means that there are infinitely many x ∈ κ satisfying the inequality
(6.2). We may assume without loss of generality that the av satisfy an equation

dnXn + · · · + d0 = 0

with di ∈ κ (For example, take the product of their irreducible equations over κ).
We can clear denominators, and thus assume that all di lie in Oκ. Multiplying this
equation by dn−1

n , we see that dnav is integral over Oκ for each v.
Let x ∈ κ be a solution to (6.2) with

H∗,κ(x) > H∗,κ(dn)1+6/ε.

It is clear from the definition of the height that

H∗,κ(dnx) ≤ H∗,κ(dn)H∗,κ(x).

Further, ∏
v∈S

‖dn‖v ≤
∏
v∈S

max{1, ‖dn‖v} ≤ H∗,κ(dn).

Hence, we have∏
v∈S

min{1, ‖dnx− dnav‖v} <
H∗,κ(dn)

H∗,κ(x)2+ε
=

H∗,κ(dn)

H∗,κ(x)2+ε/2
· 1

H∗,κ(x)ε/2

≤ H∗,κ(dn)

(H∗,κ(dnx)/H∗,κ(dn))2+ε/2
· 1

(H∗,κ(dn)1+6/ε)ε/2

=
1

H∗,κ(dnx)2+ε/2
.

Thus dnx is a close approximation to dnav in the sense that the inequality (6.2) is true
when x, av, ε are replaced by dnx, dnav, ε/2. Hence the falsity of Theorem 6.2 for av

implies its falsity for the algebraic integers dnav. This proves the proposition. �

6.2 Siegel’s lemma

Consider a system of homogeneous linear equations

ai1x1 + · · · + ainxn = 0, i = 1, . . . , m. (6.5)

If m < n and the coefficients lie in Z, then there is a nontrivial solution with compo-
nents in Z. It is reasonable to believe that if the coefficients are small integers, then
there will also be a solution in small integers. This idea was used by A. Thue [272]
and formalized by Siegel [251], called the first version of Siegel’s lemma:
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Lemma 6.6. Let m < n be positive integers, and let (6.5) be a system of linear
equations with integer coefficients not all zero. Then there is a solution x = (x1, . . . ,
xn) to this system of equations with x1, . . . , xn integers, not all zero, and satisfying

|x|∗ = max
1≤j≤n

|xj| ≤
(

n max
i,j
|aij |
) m

n−m
.

Proof. For any real number r we set

r+ = max{0, r}, r− = max{0,−r},

so that r = r+ − r− and |r| = r+ + r−. We also define linear forms

Li(x) =

n∑
j=1

aijxj ,

and set

L+
i =

n∑
j=1

a+
ij, L−

i =
n∑

j=1

a−
ij, Li = L+

i + L−
i .

Taking B to be an integer and assuming 0 ≤ xi ≤ B, we deduce that Li(x) lies in
the interval R[−BL−

i , BL+
i ]. The number of integer vectors in the box consisting of

these intervals is equal to

#

(
Zm ∩

m∏
i=1

R[−BL−
i , BL+

i ]

)
=

m∏
i=1

(1 + BL−
i + BL+

i ) =
m∏

i=1

(1 + BLi),

while the number of integer vectors x with 0 ≤ xi ≤ B is (B + 1)n. Hence if we
choose B to satisfy

(B + 1)n >
m∏

i=1

(1 + BLi), (6.6)

then the pigeonhole principle provides us with distinct integer vectors y and y′ such
that

Li(y) = Li(y
′), i = 1, . . . , m.

Then the vector x = y − y′ is an integer solution of our linear system satisfying
|x|∗ ≤ B.

To complete the proof of Siegel’s lemma, it remains only to verify that the values

B =
[
(nA)

m
n−m

]
, A = max

i,j
|aij |

satisfy the condition (6.6). Since

B + 1 > (nA)
m

n−m ,
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and hence

(B + 1)n = (B + 1)m(B + 1)n−m > (B + 1)m(nA)m,

we observe that
Li ≤ n max

j
|aij |, 1 ≤ nA,

and hence
m∏

i=1

(1 + BLi) ≤ {(B + 1)nA}m < (B + 1)n.

Thus Siegel’s lemma is proved. �

Now we show the second version of Siegel’s lemma (cf. [98]):

Lemma 6.7. Let κ be a number field with d = [κ : Q], let m, n be positive integers
with dm < n, let (6.5) be a system of linear equations with coefficients in κ not all
zero, and let

A = H∗(a11, . . . , aij , . . . , amn)

be the height of the vector formed by the aij’s. Then there is a solution x = (x1, . . . ,
xn) to this system of equations with x1, . . . , xn integers, not all zero, and satisfying

|x|∗ ≤ (nA)
dm

n−dm .

Proof. Take a family a = {av}v∈Mκ of elements in κ. Let c = {cv} be a multiplicative
Mκ-constant with cv ≥ 1 for all v ∈ Mκ, write

C =
∏

v∈Mκ

cnv
v ,

and set
κ[a; c] = {x ∈ κ | |x− av|v ≤ cv, v ∈ Mκ}.

One claims that

#κ[a; c] ≤
(

1 + 2 d
√

C
)d

. (6.7)

Using the notations in Proposition 2.14 and its remarks, set

κR =
∏

v∈M∞
κ

κv = Rr1 × Cr2 ,

and for α ∈ κ and ε > 0, consider the box

B(α, ε) = {x ∈ κR | |xv − σv(α)| < εcv, v ∈ M∞
κ }.
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We first observe that if α, β ∈ κ[a; c] and if we take ε = 1
2C−1/d, then the intersection

B(α, ε) ∩ B(β, ε) is empty. To verify this, suppose that x sits in both boxes. If v is
Archimedean, then

|α− β|v = |σv(α)− σv(β)| ≤ |xv − σv(α)|+ |xv − σv(β)| < 2εcv;

and if v is non-Archimedean, then

|α− β|v ≤ max{|α − av|v , |β − av|v} ≤ cv.

It follows that ∏
v∈Mκ

|α − β|nv
v < (2ε)dC = 1,

and then the product formula tells us that α = β.
Now the disjointedness of the B(α, ε)’s for α ∈ κ[a; c] implies that

Vol(
⋃

α∈κ[a;c]

B(α, ε)) = #κ[a; c]Vol(B(0, ε)) = #κ[a; c]εdVol(B(0, 1)).

Next, if x ∈ B(α, ε) with α ∈ κ[a; c], then

|xv − σv(av)| ≤ |xv − σv(α)|+ |α− av|v < (1 + ε)cv.

These inequalities define a box with volume equal to (1 + ε)dVol(B(0, 1)); hence

#κ[a; c] ≤
(

1 + ε

ε

)d

=
(

1 + 2 d
√

C
)d

.

This proves the claim.
We now proceed with the proof of Lemma 6.7. Set

δ =
dm

n− dm
, N = [(nA)δ].

Applying the claim with

av =

{
Li

(
N
2 , . . . , N

2

)
, if v ∈ M∞

κ ,

0, otherwise,

cv =

{
nN

2 max |aij |v, if v ∈ M∞
κ ,

max |aij |v, otherwise,

and noting that for integers y = (y1, . . . , yn) with 0 ≤ yi ≤ N

|Li(y)− av|v ≤ cv,
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we then compute the associated constant

C =
∏

v∈Mκ

cnv
v =

(
nN

2

)d ∏
v∈Mκ

max |aij|nv
v ≤

(
nNA

2

)d

,

and conclude that the linear form Li(y) takes at most (1 + nNA)d values, and hence
that L = (L1, . . . , Lm) takes at most (1 + nNA)dm values. But N + 1 > (nA)δ,
which implies that

(N + 1)n = (N + 1)n−dm(N + 1)dm > (nA)dm(N + 1)dm ≥ (1 + nNA)dm.

The pigeonhole principle says that there are distinct n-tuples of integers y and y′

satisfying L(y) = L(y′). Hence

L(y − y′) = 0, |y − y′|∗ ≤ N ≤ (nA)δ

as required. �

6.3 Indices of polynomials

Let κ be any field, let P (X1, . . . , Xn) ∈ κ[X1, . . . , Xn] be a polynomial, and take

α = (α1, . . . , αn) ∈ κn; r = (r1, . . . , rn) ∈ (Z+)n.

The index of P with respect to (α; r), denoted by Ind(P ), is the smallest value

Ind(P ) = min
∂iP (α)�=0

{
i1

r1
+ · · ·+ in

rn

}
.

If P is the zero polynomial, we set the index equal to∞.

Lemma 6.8. Let P, P ′ ∈ κ[X1, . . . , Xn] be polynomials. The index with respect to
(α; r) has the following properties:

(i) Ind(∂iP ) ≥ Ind(P )−
(

i1
r1

+ · · · + in
rn

)
.

(ii) Ind(P + P ′) ≥ min{Ind(P ), Ind(P ′)}.
(iii) Ind(P P ′) = Ind(P ) + Ind(P ′).

Proof. Using the definition of the index, we can choose

j = (j1, . . . , jn) ∈ Zn
+

such that ∂j∂iP (α) �= 0 and such that

Ind(∂iP ) =
j1

r1
+ · · ·+ jn

rn
.
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Since ∂i+jP (α) �= 0, we have

Ind(P ) ≤ i1 + j1

r1
+ · · ·+ in + jn

rn
=

(
i1

r1
+ · · · + in

rn

)
+ Ind(∂iP ),

and so (i) follows.
To prove (ii), we choose

j = (j1, . . . , jn) ∈ Zn
+

such that ∂j(P + P ′)(α) �= 0 and such that

Ind(P + P ′) =
j1

r1
+ · · ·+ jn

rn
.

Then either ∂jP (α) �= 0 or ∂jP
′(α) �= 0 (or both), which implies that

min{Ind(P ), Ind(P ′)} ≤ j1

r1
+ · · · + jn

rn
= Ind(P + P ′).

Finally, using Leibniz’s formula for the derivative of a product, we can write

∂j(P P ′) =
∑

i+i′=j

∂iP ∂i′P
′.

Choose
j = (j1, . . . , jn) ∈ Zn

+

such that ∂j(P P ′)(α) �= 0 and such that

Ind(P P ′) =
j1

r1
+ · · ·+ jn

rn
.

Then there exist

i = (i1, . . . , in) ∈ Zn
+, i′ = (i′1, . . . , i′n) ∈ Zn

+

with i + i′ = j such that ∂iP (α) �= 0 and ∂i′P
′(α) �= 0. Hence

Ind(P ) ≤ i1

r1
+ · · ·+ in

rn
, Ind(P ′) ≤ i′1

r1
+ · · · + i′n

rn
,

and adding these inequalities gives

Ind(P ) + Ind(P ′) ≤ Ind(P P ′).

To get the inequality in the other direction, we look at the set

IP =

{
i = (i1, . . . , in) ∈ Zn

+

∣∣∣∣∣ ∂iP (α) �= 0, Ind(P ) =

n∑
h=1

ih
rh

}
.
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We order IP lexicographically and choose the smallest one, call it ı = (ı1, . . . , ın).
This means that if i ∈ IP − {ı}, then there exists an l ≥ 1 such that

ıh = ih (1 ≤ h < l), ıl < il.

Similarly, we choose ı′ for IP ′ , and we set j = ı + ı′. Then

∂j(P P ′)(α) = ∂ıP (α)∂ı′P
′(α) �= 0,

since all of the other terms will be zero. Therefore

Ind(P P ′) ≤
n∑

h=1

jh

rh
=

n∑
h=1

ıh + ı′h
rh

= Ind(P ) + Ind(P ′).

This is the other inequality, which completes the proof of (iii). �

The average value 1
2 in the next combinatorial lemma will explain the 2 in Roth’s

theorem.

Lemma 6.9. Let r1, . . . , rn be positive integers and fix an 0 < δ < 1. Then there are
at most

(r1 + 1) · · · (rn + 1)e−δ2n/4

n-tuples of integers (i1, . . . , in) in the range

0 ≤ i1 ≤ r1, 0 ≤ i2 ≤ r2, . . . , 0 ≤ in ≤ rn

that satisfy the condition
n∑

h=1

ih
rh

< n

(
1
2
− δ

)
.

Proof. Let I(n, δ) be the set of n-tuples that we are trying to count,

I(n, δ) =

{
i ∈ Z[0, r1]× · · · × Z[0, rn]

∣∣∣∣∣
n∑

h=1

ih
rh

< n

(
1
2
− δ

)}
.

Since et ≥ 1 for all t ≥ 0, then we have

#I(n, δ) =
∑

i∈I(n,δ)

1 ≤
∑

i∈I(n,δ)

exp

(
δ

2

{
n

2
− δn− i1

r1
− · · · − in

rn

})

≤
r1∑

i1=0

· · ·
rn∑

in=0

exp

(
δ

2

{
n

2
− δn− i1

r1
− · · · − in

rn

})
,
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which further yields

#I(n, δ) ≤ exp

(
−δ2n

2

) n∏
h=1

{
rh∑
i=0

exp

(
δ

2

(
1
2
− i

rh

))}
.

When |t| ≤ 1, we use the inequality

et ≤ 1 + t + t2

to estimate one of the inner sums as
r∑

i=0

exp

(
δ

2

(
1
2
− i

r

))
≤

r∑
i=0

{
1 +

δ

2

(
1
2
− i

r

)
+

δ2

4

(
1
2
− i

r

)2
}

= (r + 1)

(
1 +

δ2

48
+

δ2

24r

)
≤ (r + 1)

(
1 +

δ2

16

)
since r ≥ 1. Substituting this estimate in above, we find that

#I(n, δ) ≤ exp

(
−δ2n

2

) n∏
h=1

{
(rh + 1)

(
1 +

δ2

16

)}
.

Note that 1 + t ≤ et for t ≥ 0. Then

#I(n, δ) ≤ exp

(
−δ2n

2

) n∏
h=1

{
(rh + 1) exp

(
δ2

16

)}

= (r1 + 1) · · · (rn + 1) exp

(
−7δ2n

16

)
,

and so the lemma is proved. �

Proposition 6.10. Let κ be a number field with d = [κ : Q], fix a number av ∈ κ for
each v ∈ S, let 1 > δ > 0 be a fixed constant, set m = #S, and let n be an integer
satisfying

eδ2n/4 > 2md. (6.8)

Take r = (r1, . . . , rn) ∈ (Z+)n. Then there exists a polynomial P (X1, . . . , Xn) ∈
Z[X1, . . . , Xn] satisfying the following three conditions:

(1) P has degree at most rh in the variable Xh.

(2) For each v ∈ S, the index of P with respect to ((av, . . . , av); r) satisfies

θv = Ind(P ) ≥ n

(
1
2
− δ

)
. (6.9)
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(3) If setting a = (av)v∈S ∈ κm, the largest coefficient of P satisfies

|P |∗ ≤ {4H∗(1,a)}r1+···+rn . (6.10)

Proof. We write the polynomial P as

P (X1, . . . , Xn) =

r1∑
j1=0

· · ·
rn∑

jn=0

bj1···jnXj1
1 · · ·X

jn
n ,

where the integers bj1···jn are unknowns to be determined. Clearly, the number of
coefficients bj1···jn is

N = (r1 + 1) · · · (rn + 1).

For any n-tuple
i = (i1, . . . , in) ∈ Z[0, r1]× · · · × Z[0, rn],

we have

∂iP (X1, . . . , Xn) =

r1∑
j1=0

· · ·
rn∑

jn=0

bj1···jn

(
j1

i1

)
· · ·
(

jn

in

)
Xj1−i1

1 · · ·Xjn−in
n ,

Evaluating this identity at (av, . . . , av), we find that

∂iP (av, . . . , av) =
∑
j

bj

(
j1

i1

)
· · ·
(

jn

in

)
aj1−i1+···+jn−in

v .

Hence ∂iP (av, . . . , av) = 0 if we choose the bj to satisfy linear equations

∑
j

(
j1

i1

)
· · ·
(

jn

in

)
aj1−i1+···+jn−in

v bj = 0, l = 1, . . . , m. (6.11)

In order to satisfy condition (2), we need ∂iP (av, . . . , av) = 0 for all n-tuple

i = (i1, . . . , in) ∈ Z[0, r1]× · · · × Z[0, rn],

satisfying
i1

r1
+ · · ·+ in

rn
< n

(
1
2
− δ

)
.

According to Lemma 6.9, there are at most Ne−δ2n/4 such n-tuples. Hence we can
find a P that satisfies (2) by choosing the bj to satisfy the system (6.11) of M linear
equations, where

M ≤ mNe−δ2n/4 <
N

2d
.
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Now applying Siegel’s Lemma 6.7, we find that there is a polynomial P satisfying
(1) and (2) whose coefficients bj are bounded by

|P |∗ ≤ (NA)
dM

N−dM ≤ NA,

where

A = H∗
(

. . . ,

(
j1

i1

)
· · ·
(

jn

in

)
aj1−i1+···+jn−in

v , . . .

)
≤ {2H∗(1,a)}r1+···+rn ,

and hence

|P |∗ ≤ (r1 + 1) · · · (rn + 1){2H∗(1,a)}r1+···+rn ≤ {4H∗(1,a)}r1+···+rn ,

which yields the estimate (6.10) in (3). �

6.4 Roth’s lemma

Let P ∈ Q̄[X1, . . . , Xn] be a polynomial with algebraic coefficients and degXh
(P ) ≤

rh. We can choose a decomposition of P in the form

P (X1, . . . , Xn) =

l∑
j=1

ϕj(X1, . . . , Xn−1)ψj(Xn), (6.12)

where ϕj , ψj are polynomials with coefficients in Q̄, with the smallest number of
summands, that is, the number l is smallest. It follows that l ≤ rn + 1.

Lemma 6.11. The polynomials ϕ1, . . . , ϕl appearing in the minimal decomposition
(6.12) of P are linearly independent over Q̄. Similarly, the polynomials ψ1, . . . , ψl

are linearly independent over Q̄.

Proof. Assume, to the contrary, that ϕ1, . . . , ϕl are linearly dependent over Q̄, that is,
there is a nontrivial linear relation

c1ϕ1 + · · ·+ clϕl = 0.

Without loss of generality, we may assume that cl �= 0. Thus

P =
l∑

j=1

ϕjψj =
l−1∑
j=1

ϕjψj −
l−1∑
j=1

cj

cl
ϕjψl =

l−1∑
j=1

ϕj

(
ψj −

cj

cl
ψl

)
,

contradicting the minimality of l. This proves that ϕ1, . . . , ϕl are linearly independent
over Q̄. Similarly, it can be proved that ψ1, . . . , ψl are linearly independent over Q̄. �
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For nonzero multi-indices

iν ∈ (Z+)n−1, ν = 1, . . . , l − 1,

we define the generalized Wronskian determinant of ϕ1, . . . , ϕl by

W(ϕ1, . . . , ϕl) = Wi1···il−1(ϕ1, . . . , ϕl) =

∣∣∣∣∣∣∣∣∣
ϕ1 ϕ2 · · · ϕl

∂i1ϕ1 ∂i1ϕ2 · · · ∂i1ϕl
...

...
. . .

...
∂il−1ϕ1 ∂il−1ϕ2 · · · ∂il−1ϕl

∣∣∣∣∣∣∣∣∣
.

It is a standard theorem that the functions ϕ1, . . . , ϕl are linearly independent over Q̄ if
and only if there exist multi-indices iν with 0 < |iν | ≤ ν such that W(ϕ1, . . . , ϕl) �≡
0. Next we will use the multi-indices satisfying above properties.

In particular, if taking
en = (0, . . . , 0, 1) ∈ Zn,

and noting that

∂jen =
1
j!

∂j

∂Xj
n

, j ∈ Z+,

we obtain the classical Wronskian determinant of ψ1, . . . , ψl

W(ψ1, . . . , ψl) =

∣∣∣∣∣∣∣∣∣
ψ1 ψ2 · · · ψl

∂enψ1 ∂enψ2 · · · ∂enψl
...

...
. . .

...
∂(l−1)en

ψ1 ∂(l−1)en
ψ2 · · · ∂(l−1)en

ψl

∣∣∣∣∣∣∣∣∣
,

up to a multiple {1!2! · · · (l− 1)!}−1. Lemma 6.11 implies that W(ψ1, . . . , ψl) �≡ 0.
We consider the polynomial

P = Wi1···il−1

(
P, ∂enP, . . . , ∂(l−1)en

P
)

.

Note that the differential operators ∂iν involve only X1, . . . , Xn−1. We obtain

P = Wi1···il−1

( l∑
j=1

ϕjψj ,
l∑

j=1

ϕj∂enψj , . . . ,
l∑

j=1

ϕj∂(l−1)en
ψj

)
= ΦΨ,

where
Φ = W(ϕ1, . . . , ϕl), Ψ = W(ψ1, . . . , ψl).

It is obvious that

degXh
(Φ) ≤ lrh (1 ≤ h ≤ n− 1); degXn

(Ψ) ≤ lrn. (6.13)
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We also note that since Φ and Ψ use distinct sets of variables, it is clear from the
definition of height of a polynomial that

h∗(P) = h∗(Φ) + h∗(Ψ). (6.14)

Finally, we state the Roth’s lemma (See [98], Proposition D.6.2):

Lemma 6.12. Let n be a positive integer and let P ∈ Q̄[X1, . . . , Xn] be a polynomial
with algebraic coefficients and degXh

(P ) ≤ rh. Let x = (x1, . . . , xn) be an n-tuple
of algebraic numbers. Fix a real number η > 0 such that

rh+1

rh
≤ η2n−1

, h = 1, . . . , n− 1, (6.15)

and
η2n−1

min
1≤h≤n

{rh log H∗(xh)} ≥ log H∗(P ) + 2nr1. (6.16)

Then the index of P with respect to (x; r) satisfies

Ind(P ) ≤ 2nη.

Proof. If η ≥ 1
2 , the conclusion of Lemma 6.12 is trivial since we always have

Ind(P ) ≤ n. Next we assume that η < 1
2 . Let κ be a number field containing all

the xh’s and the coefficients of P , and set d = [κ : Q].
The proof is by induction on n, the number of variables. We begin with the case

n = 1. Let s be the order of vanishing of P (X1) at X1 = x1, so

P (X1) = (X1 − x1)
sQ(X1), Q(x1) �= 0.

Since the index of P at (x1; r1) is Ind(P ) = s/r1, then Gelfand’s inequality (Lemma
4.22) yields

H∗(x1)
r1Ind(P ) = H∗(x1)

s = H∗(X1 − x1)
s

≤ H∗(X1 − x1)
sH∗(Q) ≤ er1 H∗(P ),

which implies

Ind(P ) ≤ log H∗(P ) + r1

r1 log H∗(x1)
≤ η

by using (6.16). This completes the proof of Roth’s lemma for polynomials of one
variable.

We mow assume that Roth’s lemma is true for polynomials with strictly fewer than n
variables, and we prove it for a polynomial P (X1, . . . , Xn) of n variables with n ≥ 2.
First of all, we claim that

h∗(P) ≤ l {h∗(P ) + 2r1} . (6.17)
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When l = 1, this is trivial since P = P . Next we assume that l ≥ 2. The determinant
P is the sum of l! terms, each of which is a product of l polynomials of degree at most
rh with respect to Xh and satisfying (see (4.17), (4.16))

|P|∗,v ≤ ς2
v,l! max

(j1,...,jl)
|(∂j1enP )(∂i1∂j2enP ) · · · (∂il−1∂jlenP )|∗,v

≤ ς2
v,l!ς

2(l−1)
v,N max

(j1,...,jl)
|∂j1enP |∗,v|∂i1∂j2enP |∗,v · · · |∂il−1∂jlenP |∗,v,

where (j1, . . . , jl) runs over all permutations of {0, 1, . . . , l − 1}, v ∈ Mκ and

N = 2r1+···+rn .

According to the proof of Lemma 4.15, we get

|P|∗,v ≤ ς2
v,l!ς

2(2l−1)
v,N |P |l∗,v, (6.18)

which yields a bound

h∗(P) ≤ lh∗(P ) + (2l − 1)(r1 + · · ·+ rn) log 2 + log l!. (6.19)

The condition (6.15) implies

r1 + · · ·+ rn ≤ (1 + ω + · · ·+ ωn−1)r1 =
1− ωn

1− ω
r1,

where ω = η2n−1
. Since n ≥ 2 and η < 1

2 , we have ω < 1
4 , and hence

1− ωn

1− ω
≤
{

5
4 , if n = 2,
4
3 , if n ≥ 3.

On the other hand,

log l!

l
≤ log l ≤ l − 1 ≤ rn ≤ ωn−1r1.

Thus (6.19) implies
h∗(P) ≤ l {h∗(P ) + cnr1} , (6.20)

where

cn =

{
10
4 log 2 + 1

4 ≈ 1.983, if n = 2,
8
3 log 2 + 1

16 ≈ 1.911, if n ≥ 3,

and so (6.17) follows from (6.20).
Secondly, we claim that if Roth’s lemma is true for polynomials in n − 1 or fewer

variables, then the index of Φ with respect to (x1, . . . , xn−1; r1, . . . , rn−1) and the
index of Ψ with respect to (xn; rn) satisfy

Ind(Φ) ≤ 2l(n− 1)η2, Ind(Ψ) ≤ lη2n−1
, (6.21)
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and hence the index of P with respect to (x; r) satisfies

Ind(P) = Ind(Φ) + Ind(Ψ) ≤ 2l(n− 1)η2 + lη2n−1
. (6.22)

In fact, by applying Roth’s lemma to Φ and Ψ, we can prove the claim. Set

m = n− 1, dh = lrh, θ = η2.

We obtain degXh
(Φ) ≤ dh from (6.13). The condition (6.15) follows from

dh+1

dh
=

rh+1

rh
≤ η2n−1

= θ2m−1
, h = 1, . . . , m− 1.

Next we check condition (6.16):

θ2m−1
dhh∗(xh) = lη2n−1

rhh∗(xh) ≥ l(h∗(P ) + 2nr1)

≥ h∗(P) + 2mlr1 ≥ h∗(Φ) + 2mr1.

By induction we conclude that

Ind(Φ) = Ind(r1,...,rm)(Φ) = lInd(d1,...,dm)(Φ) ≤ 2lmθ = 2l(n− 1)η2.

Similarly, we may apply Roth’s lemma in one variable to Ψ with

m = 1, dn = lrn, ω = η2n−1
.

We have degXn
(Ψ) ≤ dn from (6.13). Note that the condition (6.15) is empty when

n = 1, so we only need to check the condition (6.16):

h∗(Ψ) + 2dn ≤ l(h∗(P ) + 2r1) + 2lrn ≤ l
{

h∗(P ) +
(
2 + 2ωn−1) r1

}
≤ l{h∗(P ) + 2nr1} ≤ η2n−1

lrnh∗(xn) = ωdnh∗(xn).

We apply Roth’s lemma for a polynomial in one variable and conclude that

Ind(Ψ) = Indrn(Ψ) = lInddn(Ψ) ≤ lω = lη2n−1
.

This completes the proof of the claim.
Thirdly, we claim that the following estimate is valid:

Ind(P) ≥ l

2
min{Ind(P ), Ind(P )2} − lrn

rn−1
. (6.23)

In fact, for i ∈ (Z+)n−1, j ∈ Z+ with |i| ≤ l − 1, we observe

Ind(∂(i,j)P ) ≥ Ind(P )− i1

r1
− · · · − in−1

rn−1
− j

rn



6.4 Roth’s lemma 345

from Lemma 6.8 (i). Since r1 ≥ r2 ≥ · · · from (6.15), it follows that

Ind(∂(i,j)P ) ≥ Ind(P )− i1 + · · ·+ in−1

rn−1
− j

rn
≥ Ind(P )− rn

rn−1
− j

rn

since i1 + · · · + in−1 ≤ l − 1 ≤ rn. By (ii) and (iii) of Lemma 6.8, we obtain

Ind(P) ≥ min
(j1,...,jl)

Ind
(
∂j1enP · ∂i1∂j2enP · · · ∂il−1∂jlenP

)
= min

(j1,...,jl)

{
Ind (∂j1enP ) + Ind (∂i1∂j2enP ) + · · · + Ind

(
∂il−1∂jlenP

)}
.

Substituting in the lower bound obtained above, we have

Ind(P) ≥
l−1∑
j=0

max

{
Ind(P )− rn

rn−1
− j

rn
, 0

}

≥
l−1∑
j=0

max

{
Ind(P )− j

rn
, 0

}
− lrn

rn−1
,

which gives the fundamental inequality

l−1∑
j=0

max

{
Ind(P )− j

rn
, 0

}
≤ Ind(P) +

lrn

rn−1
. (6.24)

If Ind(P ) ≥ l−1
rn

, then (6.23) follows immediately from

l−1∑
j=0

max

{
Ind(P )− j

rn
, 0

}
= lInd(P )− (l − 1)l

2rn
≥ l

2
Ind(P ).

Next we study the case Ind(P ) < l−1
rn

, which means

N = [rnInd(P )] ≤ l − 1.

Then

l−1∑
j=0

max

{
Ind(P )− j

rn
, 0

}
=

N∑
j=0

{
Ind(P )− j

rn

}

= (N + 1)Ind(P )− N(N + 1)

2rn
. (6.25)

From the definition of N , we obtain

l−1∑
j=0

max

{
Ind(P )− j

rn
, 0

}
≥ N + 1

2
Ind(P ) ≥ rn

2
Ind(P )2,
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and so (6.23) follows from (6.24) when l ≤ rn. When l > rn, it must be l = rn + 1
since l ≤ rn + 1. Note that

(l− 1)Ind(P )− 1 < N ≤ (l− 1)Ind(P )

and that the quadratic function (6.25) of N arrives the same value at above lower bound
and upper bound for N . We find that

(N + 1)Ind(P )− N(N + 1)

2(l − 1)
≥ 1

2

{
(l− 1)Ind(P )2 + Ind(P )

}
≥ l

2
Ind(P )2

since Ind(P ) < 1. Thus we complete the proof of claim (6.23).
Finally, we finish the proof of Roth’s lemma. Since Ind(P ) ≤ n, we may use (6.23)

to deduce

Ind(P) +
lrn

rn−1
≥ l

2n
Ind(P )2,

while (6.22) implies that

Ind(P) +
lrn

rn−1
≤ 2l(n− 1)η2 + lη2n−1

+
lrn

rn−1

≤ l{2(n− 1)η2 + 2η2n−1} ≤ 2nlη2.

We deduce that Ind(P )2 ≤ 4n2η2, and hence Ind(P ) ≤ 2nη. �

6.5 Proof of Roth’s theorem

It is sufficient to show Theorem 6.3. To do this, we assume that there are infinitely
many solutions to (6.4) and derive a contradiction. Decreasing ε only serves to make
the theorem stronger, so we may assume that 0 < ε < 1. Without loss of generality,
we may assume that all av ∈ κ. Otherwise, let K be some finite extension field of κ
containing all av, let T be the set of places w of K lying over v ∈ S, and for each
w|v let aw be a certain conjugate of av. With proper choices of aw, the left-hand side
of (6.4) will decrease when κ is replaced by K, but the right-hand side will remain
unchanged. Based on Proposition 6.5, we may assume that all av ∈ κ are algebraic
integers. Write a = (. . . , av , . . . ) and set m = #S.

Choose an δ with 0 < δ < ε
22 , set d = [κ : Q], and take an integer n with

eδ2n/4 > 2md. (6.26)

We define
ω = ω(n, δ) = (δ/4)2n−1

,
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which implies

2ω2−n+1
=

δ

2
< δ.

Since by assumption (6.4) has infinitely many solutions in κ, and since κ has only
finitely many elements of bounded height, we can find a solution x1 whose height
satisfies

H∗(x1) ≥ {29H∗(1,a)}12d/ε, log H∗(x1) ≥
n

ω
{log(4H∗(1,a)) + 2}. (6.27)

We then choose successively x2, . . . , xn to be solutions to (6.4), that is,

min{1, ‖xh − av‖v} <
1

H∗,κ(xh)(2+ε)λv
, v ∈ S, (6.28)

such that
H∗,κ(xh+1)

ω ≥ H∗,κ(xh)2, h = 1, . . . , m− 1. (6.29)

The sequence of H∗,κ(xh)’s will be increasing since ω < 1.
Choose an integer r1 satisfying

H∗,κ(x1)
ωr1 ≥ H∗,κ(xn)2, (6.30)

and then define r2, . . . , rn to be the integers

rh =

⌈
r1 log H∗,κ(x1)

log H∗,κ(xh)

⌉
=

⌈
r1 log H∗(x1)

log H∗(xh)

⌉
, h = 2, . . . , n,

where 'r( denotes the ceiling of r, that is, the smallest integer that is greater than or
equal to r. By using r ≤ 'r( ≤ r + 1, we obtain

r1 log H∗,κ(x1) ≤ rh log H∗,κ(xh) ≤ r1 log H∗,κ(x1) + log H∗,κ(xh),

which means

rh log H∗,κ(xh) ≤ r1 log H∗,κ(x1) + log H∗,κ(xn) ≤ (1 + δ)r1 log H∗,κ(x1).

Exponentiating gives

D := min
1≤h≤n

H∗(xh)rh ≤ max
1≤h≤n

H∗(xh)rh ≤ D1+δ. (6.31)

From the choice of the rh’s, we compute

rh+1

rh
≤
(

r1 log H∗(x1)

log H∗(xh+1)
+ 1

)/(
r1 log H∗(x1)

log H∗(xh)

)
=

log H∗(xh)

log H∗(xh+1)
+

log H∗(xh)

r1 log H∗(x1)
≤ ω

2
+

ω

2
= ω.
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Thus by using (6.29) and (6.30), we find

rh+1

rh
≤ ω, h = 1, . . . , n− 1. (6.32)

Since n was chosen to verify (6.26), we can use Proposition 6.10 to produce a
polynomial P (X1, . . . , Xn) with degXh

(P ) ≤ rh satisfying (6.9) and (6.10). Take θ0

satisfying
0 < θ0 < θ = min

v∈S
θv.

Now we claim that if i = (i1, . . . , in) is any n-tuple satisfying

i1

r1
+ · · ·+ in

rn
≤ θ0,

then∏
v∈S

‖∂iP (x1, . . . , xn)‖v ≤ {8H∗(1,a)}d(r1+···+rn)H∗(P )D−(2+ε)(θ−θ0). (6.33)

In fact, we use Lemma 6.8 to compute

Ind(∂iP ) ≥ Ind(P )−
(

i1

r1
+ · · ·+ in

rn

)
≥ θ − θ0.

So if we write the Taylor expansion of ∂iP about (av, . . . , av), then many of the initial
terms will be zero. Thus

∂iP (X1, . . . , Xn) =
∑
j∈I

∂j∂iP (av, . . . , av)(X1 − av)
j1 · · · (Xn − av)

jn ,

where

I =

{
j ∈ Z[0, r1]× · · · × Z[0, rn]

∣∣∣∣ j1

r1
+ · · ·+ jn

rn
≥ θ − θ0

}
.

Hence we obtain

|∂iP (x1, . . . , xn)|v ≤
∑
j∈I

|∂j∂iP (av, . . . , av)|v|x1 − av|j1
v · · · |xn − av|jn

v

≤ (r1 + 1) · · · (rn + 1)max
j
|∂j∂iP (av, . . . , av)|v

×max
j∈I

|x1 − av|j1
v · · · |xn − av|jn

v .

Note that

|∂j∂iP (av, . . . , av)|v ≤ (r1 + 1) · · · (rn + 1)|∂iP |∗,v max{1, |av |v}r1+···+rn

≤ |P |∗,v(4 max{1, |a|∗,v})r1+···+rn .
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We have

|∂iP (x1, . . . , xn)|v ≤ |P |∗,v(8 max{1, |a|∗,v})r1+···+rn

×max
j∈I
{H∗,κ(x1)

j1 · · ·H∗,κ(xn)jn}−(2+ε)λv/nv .

We can estimate this last quantity as follows:

H∗,κ(x1)
j1 · · ·H∗,κ(xn)jn = {H∗,κ(x1)

r1}
j1
r1 · · · {H∗,κ(xn)rn}

jn
rn ≥ Dθ−θ0 .

It follows from above that

|∂iP (x1, . . . , xn)|v ≤
|P |∗,v

D(θ−θ0)(2+ε)λv/nv
(8 max{1, |a|∗,v})r1+···+rn .

Now raising to the nv power, multiplying over all v ∈ S, and using the fact that∑
v∈S λv = 1, we arrive at the desired estimate (6.33).
Further, if setting

x = (x1, . . . , xn), r = (r1, . . . , rn),

we claim that the index of P with respect to (x; r) satisfies

Ind(P ) ≥ nδ. (6.34)

Let i = (i1, . . . , in) be an n-tuple satisfying

i1

r1
+ · · · + in

rn
< nδ.

We want to show that ∂iP (x) = 0. From (6.33), (6.9) and (6.10), we get

∏
v∈S

‖∂iP (x)‖v ≤
{32H∗(1,a)}d(r1+···+rn)

D(2+ε)(n( 1
2−δ)−nδ)

.

On the other hand, from Lemma 4.16 we obtain

H∗,κ(∂iP (x)) ≤ 4d(r1+···+rn)H∗,κ(P )
n∏

h=1

H∗,κ(xh)rh .

Thus by using (6.10) and (6.31), it follows that

H∗,κ(∂iP (x)) ≤ {16H∗(1,a)}d(r1+···+rn)Dn(1+δ).

Now Liouville’s inequality implies that either the derivative ∂iP (x) is zero, or else∏
v∈S

min{1, ‖∂iP (x)‖v} ≥
1

H∗,κ(∂iP (x))
.
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So it suffices to show that our hypotheses contradict that latter. Assuming ∂iP (x) �= 0.
Liouville’s inequality thus yields

Dn{(1+ε/2)(1−4δ)−(1+δ)} ≤ {29H∗(1,a)}d(r1+···+rn).

Since we assumed ε < 1 and δ < ε
22 , we get

(1 + ε/2)(1 − 4δ)− (1 + δ) =
ε

2
− 5δ − 2δε >

ε

6
,

and hence

max
1≤h≤n

H∗(xh)rh ≤ D1+δ ≤ {29H∗(1,a)}6d(r1+···+rn)(1+δ)/(nε).

Noting that
r1 = max

1≤h≤n
rh,

we deduce that

H∗(x1) ≤ {29H∗(1,a)}6d(1+δ)/ε < {29H∗(1,a)}12d/ε,

and obtain the desired contradiction to (6.27), which concludes the proof of claim
(6.34).

Finally, we would like to apply Roth’s Lemma 6.12. We have verified condition
(6.15) with η2n−1

= ω, so it remains to check condition (6.16). By using the fact

log D = min
1≤h≤n

{rh log H∗(xh)} = r1 log H∗(x1),

and applying (6.10), we compute

log |P |∗ + 2nr1

log D
≤ (r1 + · · ·+ rn) log(4H∗(1,a)) + 2nr1

log D

≤ n{log(4H∗(1,a)) + 2}
log H∗(x1)

≤ ω,

where the last inequality follows from the choice of x1 in (6.27). This completes the
verification of all of the conditions necessary to apply Lemma 6.12 with

η = ω2−n+1
=

δ

4
,

so we conclude that the index of P with respect to (x; r) satisfies

Ind(P ) ≤ 2nη =
nδ

2
. (6.35)

We now observe that the lower and upper bounds for the index of P given in (6.34) and
(6.35) contradict each other. This completes the proof of Theorem 6.3 that (6.4) has
only finitely many solutions. Then using the reduction Proposition 6.4, we conclude
that Roth’s Theorem 6.2 is also true.
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6.6 Formulation of Roth’s theorem

6.6.1 A generalization

S. Lang [144] noted that if av, a′
v are two distinct elements of Q̄ for some v, and

if x approximates av, then x stays away from a′
v. As x approaches av, its distance

from a′
v approaches the distance between av and a′

v. Hence it would add no greater
generality to the statement if we took a product over several av for each v. Based on
this observation, we have the following fact:

Theorem 6.13. Let S be a finite subset of Mκ. For each v ∈ S, let Pv(X) be a
polynomial in κ[X] (one variable) and assume that the multiplicity of their roots is at
most r for some integer r > 0. Take ε > 0. Then there are only finitely many x ∈ κ
such that ∏

v∈S

min{1, ‖Pv(x)‖v} <
1

H∗,κ(x)r(2+ε)
. (6.36)

Proof. We may assume that Pv has leading coefficient 1 for each v ∈ S, and say

Pv(X) =

qv∏
j=1

(X − avj)
rvj

is a factorization in Q̄. The expression on the left-hand side of our inequality is greater
or equal to ∏

v∈S

qv∏
j=1

min{1, ‖x − avj‖v}rvj ,

which is itself greater or equal to the expression obtained by replacing rvj by r for all
v and j. Now we are in the situation of Theorem 6.2, taking into account the above
remark following it, the solutions x of the inequality∏

v∈S

qv∏
j=1

min{1, ‖x − avj‖v}r <
1

H∗,κ(x)r(2+ε)
(6.37)

are only finite in number, hence the same is true for the solutions of original inequality.
�

Particularly, take r = 1; qv = q, avj = aj for each v ∈ S; and hence

Pv(X) = P (X) =

q∏
j=1

(X − aj).

The inequality (6.37) implies that all but finitely many x ∈ κ satisfy∑
v∈S

q∑
j=1

log+ 1
|‖x− aj|‖v

≤ (2 + ε)h∗(x) + O(1). (6.38)
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If we assume M∞
κ ⊆ S, the inequality (6.38) can be rewritten into the following

form:
q∑

j=1

m(x, aj) ≤ (2 + ε)h∗(x) + O(1), (6.39)

or equivalently

(q − 2)h(x) ≤
q∑

j=1

N(x, aj) + εh(x) + O(1). (6.40)

6.6.2 Approach infinity

S. Lang [144] observed that there is no reason not to let x approach infinity. For
example, we can change Theorem 6.13 into the following form:

Theorem 6.14. Let κ be a number field, let S ⊂ Mκ be a finite subset of absolute
values on κ, and assume that each absolute value in S has been extended in some way
to κ̄. Let a1, . . . , aq be distinct elements in κ̄. Let ε be a positive constant. Then there
are only finitely many x ∈ κ such that

∏
v∈S

(
min

{
1,

1
‖x‖v

} q∏
j=1

min{1, ‖x − aj‖v}
)

<
1

H∗,κ(x)2+ε
. (6.41)

Proof. We show that this version of the theorem can be reduced to the other by making
a linear transformation

σ(x) =
ax + b

cx + d

such that the transform of x approaches elements at a finite distance for all v ∈ S. It is
trivially checked that if σ is a non-singular transformation with coefficients in κ, then
H∗,κ(σ(x)) is equivalent to H∗,κ(x), i.e., each is less than a constant multiple of the
other.

Now we choose the linear transformation as follows

σ(x) =
ax + 1
x + d

=

{
1
x , if 0 �∈ {a1, . . . , aq},
x+1
x−1 , if 0 ∈ {a1, . . . , aq}.

Then (6.41) is equivalent to

∏
v∈S

(
min

{
1,

∥∥∥∥ x + d

ax + 1

∥∥∥∥
v

} q∏
j=1

min

{
1,

∥∥∥∥ax + 1
x + d

− aj

∥∥∥∥
v

})
<

1
H∗,κ(σ(x))2+ε

.

(6.42)
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Without loss of generality, we only consider the case σ(x) = x−1. Now the inequality
(6.42) becomes

∏
v∈S

(
min {1, ‖x‖v}

q∏
j=1

min

{
1,
‖x− bj‖v
‖bjx‖v

})
<

1
H∗,κ(x)2+ε

(6.43)

since H∗,κ(x−1) = H∗,κ(x), where bj = a−1
j . We claim that for each pair (v, j) with

v ∈ S and j ∈ {1, . . . , q}, there exists a constant cvj ≥ 1 satisfying

min

{
1,
‖x− bj‖v
‖bjx‖v

}
≤ cvj min {1, ‖x − bj‖v} . (6.44)

In fact, for the case v ∈ S −M∞
κ , we have

‖x− bj‖v
‖bjx‖v

≤ cvj‖x− bj‖v

when ‖x‖v ≥ min{1, ‖bj‖v} = c
−1/2
vj , and so (6.44) holds. If ‖x‖v < c

−1/2
vj , then

‖x− bj‖v
‖bjx‖v

=
1
‖x‖v

≥ 1,

and hence (6.44) is trivial since

cvj min {1, ‖x − bj‖v} = cvj min {1, ‖bj‖v} ≥ 1.

If v ∈ S ∩M∞
κ , we have

‖x− bj‖v
‖bjx‖v

≤ cvj‖x− bj‖v

when ‖x‖v ≥ 2−nv min{1, ‖bj‖v} = c
−1/2
vj , and so (6.44) holds. If ‖x‖v < c

−1/2
vj ,

then
‖x− bj‖v
‖bjx‖v

≥ ||bj |v − |x|v|nv

‖bjx‖v
≥ 1

2nv‖x‖v
≥ 1,

and hence (6.44) follows from

cvj min {1, ‖x − bj‖v} ≥ cvj min
{

1, 2−nv‖bj‖v
}
≥ 1.

Therefore, for each v ∈ S we obtain an inequality

min {1, ‖x‖v}
q∏

j=1

min

{
1,
‖x− bj‖v
‖bjx‖v

}
≤ cv

q∏
j=0

min {1, ‖x − bj‖v} , (6.45)

where cv = cv1 · · · cvq, b0 = 0. Hence (6.43) follows from (6.45) and Theorem 6.13.�
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Next we assume M∞
κ ⊆ S. Similar to the arguments of (6.40), we can prove that

all but finitely many x ∈ κ satisfy

(q − 1)h(x) ≤
q∑

j=0

N(x, aj) + εh(x) + O(1), (6.46)

where a0 = ∞. Without loss of generality, we may assume aj ∈ κ for j ≥ 1. By
using the formula (2.17), we find

N(x, aj) =
1

[κ : Q]

∑
v∈Sc(x−aj)

ordv(x− aj) logN (pv) + O(1) (6.47)

for each j = 1, . . . , q, and

N(x,∞) =
1

[κ : Q]

∑
v∈Sc(x−1)

ordv(x
−1) logN (pv) + O(1), (6.48)

where
Sc(y) = {v ∈ Mκ − S | ordv(y) > 0}.

Define

N(x, aj) =
1

[κ : Q]

∑
v∈Sc(x−aj)

logN (pv) (6.49)

and

N(x,∞) =
1

[κ : Q]

∑
v∈Sc(x−1)

logN (pv). (6.50)

It was conjectured that the inequality (6.46) could be strengthened as follows:

Conjecture 6.15. Let a0, a1, . . . , aq be distinct elements in κ̄ ∪ {∞}. Let ε be a posi-
tive constant. All but finitely many x ∈ κ satisfy the inequality

(q − 1)h(x) ≤
q∑

j=0

N (x, aj) + εh(x) + O(1). (6.51)

6.6.3 Ramification term

We consider the following rational function

Q(X) =

q∑
j=1

1
X − aj

.

Set
δv = min

1≤i<j≤q
|ai − aj|v ,
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Evj =

{
x ∈ κ

∣∣ |x− aj |v <
δv

2q

}
.

When i �= j, x ∈ Evj , we have

|x− ai|v ≥ |ai − aj |v − |x− aj |v ≥ δv

(
1− 1

2q

)
≥ δv

2q
.

Since

Q(x) =
1

x− aj

{
1 +
∑
i �=j

x− aj

x− ai

}
,

we find

|Q(x)|v >
1

|x− aj|v

⎧⎨⎩1− (q − 1)

δv
2q

δv

(
1− 1

2q

)
⎫⎬⎭ >

1
2|x− aj|v

,

and so

log+ ‖Q(x‖v > log+ 1
‖x− aj‖v

− nv log 2

≥
q∑

i=1

log+ 1
‖x − ai‖v

− qnv log+ 2q

δv
− nv log 2.

Obviously, this inequality also is true if x �∈ ∪iEvi. Thus we obtain

m(Q(x),∞) ≥
q∑

j=1

m(x, aj)− CS,

where

CS =
1

[κ : Q]

∑
v∈S

(
qnv log+ 2q

δv
+ nv log 2

)
.

On the other hand, for some x′ ∈ κ∗, we have

m(Q(x),∞) ≤ m
(
x′Q(x),∞

)
+ m

(
x′, 0
)

≤ m
(
x′Q(x),∞

)
+ h(x′)−N

(
x′, 0
)

+ O(1).

Note that

h(x′) = m(x′,∞) + N(x′,∞)

≤ m(x− a1,∞) + N(x′,∞) + m

(
x′

x− a1
,∞
)

+ O(1)

= h(x) + N(x′,∞)−N(x,∞) + m

(
x′

x− a1
,∞
)

+ O(1).
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Therefore

m(x,∞) +

q∑
j=1

m(x, aj) ≤ 2h(x)−Nx′(x) + Sx′(x) + O(1), (6.52)

where
Nx′(x) = 2N(x,∞)−N(x′,∞) + N(x′, 0),

Sx′(x) = m

(
x′

x− a1
,∞
)

+ m
(
x′Q(x),∞

)
.

According to the proof of Theorem 6.5, it is easy to show that if (6.52) is true for all
algebraic integers aj , then it is true for all algebraic numbers aj .

Now we choose the element x′ ∈ κ. Without loss of generality, we will assume that
all aj are algebraic integers. Write

(x) = Pt1
1 · · ·P

tl
l h−1, h = Qu1

1 · · ·Q
uh
h Q

uh+1
h+1 · · ·Q

uh+g

h+g ,

where ti, uj are positive integers, and

Qi ∈ Mκ − S (i = 1, . . . , h); Qh+j ∈ S (j = 1, . . . , g).

Similarly, we can write

(x− aj) = h−1p
rmj−1+1

mj−1+1 · · · p
rmj
mj q

snj−1+1

nj−1+1 · · · q
snj
nj ,

where ri, sj are positive integers, m0 = n0 = 0, and

pi ∈ Mκ − S (i = 1, . . . , mq); qj ∈ S (j = 1, . . . , nq).

First of all, we assume that p1, . . . , pmq are distinct. We write

a0 =

mq∏
i=1

pri−1
i ,

and further define ideals di by

pri
i di = a0p1 · · · pmq , i = 1, 2, . . . , mq,

so that di is relatively prime to pi. Since these di in their totality are relatively prime,
there are elements δi ∈ di satisfying

δ1 + δ2 + · · ·+ δmq = 1.

Since di|δi, hence pj |δi (j �= i). Consequently, pi � δi since pi � (1).
We now determine elements αi such that

pri−1
i |αi, pri

i � αi, i = 1, . . . , mq
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which is obviously always possible since for this to happen αi need only be an element
from pri−1

i which does not occur in pri
i . Then the element

x0 = α1δ1 + α2δ2 + · · ·+ αmqδmq

has the property a0 | x0. For each of the prime ideals pi occurs in mq − 1 summands
at least to the power pri

i ; however, it occurs precisely to the power pri−1
i in the i-th

summand; consequently x0 is divisible by precisely the (ri− 1)-th power of pi, but no
higher power.

If p1, . . . , pmq are not distinct, say p1 = p2, but p2, . . . , pmq are distinct, now d2 is
replaced by

pr1
1 pr2

2 d2 = a0p1 · · · pmq

and determine the element α2 such that

pr1+r2−2
1 |α2, pr1+r2−1

1 � α2.

Then the element x0 is replaced by

x0 = α2δ2 + α3δ3 + · · ·+ αmqδmq .

Similarly, if we define
a∞ = Qu1+1

1 · · ·Quh+1
h ,

then we can find an element x∞ such that when Q1, . . . , Qh are distinct, each of the
prime ideals Qi occurs in h − 1 summands at least to the power Qui+2

i ; however, it
occurs precisely to the power Qui+1

i in the i-th summand; consequently x∞ is divisible
by precisely the (ui + 1)-th power of Qi, but no higher power.

Finally, we take x′ ∈ κ∗ satisfying

x′ =
x0

x∞
.

Thus we have

(q − 1)h(x) ≤
q∑

j=0

N (x, aj) + Sx′(x) + O(1), (6.53)

where a0 =∞.

Problem 6.16. Let a0, a1, . . . , aq be distinct elements in κ̄∪{∞}, which define Q(X).
Let ε be a positive constant. Are there x′ ∈ κ associated to all but finitely many x ∈ κ
satisfying the inequality

Sx′(x) ≤ εh(x) + O(1)? (6.54)

We can simply construct x′ on some extension field of κ by using Theorem 2.32,
which means that there exists a number field K ⊇ κ such that for each ideal a in the
ring of integers Oκ of κ, we have
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(I) OKa is a principal ideal;

(II) (OKa) ∩ Oκ = a.

Thus there exist x0, x∞ ∈ OK such that

(x0) = OKa0, (x∞) = OKa∞,

and
(OKa0) ∩ Oκ = a0, (OKa∞) ∩ Oκ = a∞.

Therefore we get x′ = x0/x∞ ∈ K.

6.6.4 Roth’s theorem and abc-conjecture

Conjecture 6.15 implies the abc-conjecture. In fact, taking an abc-point y ∈ P2(κ)
with a reduced representation (a, b, c) ∈ O3

κ and applying (6.51) to x = a/c, we
obtain

h
(a

c

)
≤ N

(a

c
, 0
)

+ N
(a

c
,−1
)

+ N
(a

c
,∞
)

+ εh
(a

c

)
+ O(1). (6.55)

Since a + b + c = 0, and the elements a, b, c are relatively prime, we obtain

N
(a

c
, 0
)

=
1

[κ : Q]

∑
v∈Sc(a)

logN (pv),

N
(a

c
,−1
)

=
1

[κ : Q]

∑
v∈Sc(b)

logN (pv),

N
(a

c
,∞
)

=
1

[κ : Q]

∑
v∈Sc(c)

logN (pv).

Thus (6.55) becomes

h
(a

c

)
≤ N(y, E) + εh

(a

c

)
+ O(1). (6.56)

Similarly, we can obtain

h

(
b

c

)
≤ N(y, E) + εh

(
b

c

)
+ O(1). (6.57)

It is easy to show that

h(y) = max

{
h
(a

c

)
, h

(
b

c

)}
+ O(1).

Combining (6.56) and (6.57), we finally obtain

h (y) ≤ N(y, E) + εh (y) + O(1), (6.58)

and so the abc-conjecture follows.
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Conversely, for x ∈ κ∗, applying the abc-conjecture to y = [x,−1−x, 1] and noting
that

h(y) = h(x) + O(1),

it is easy to find

h (x) ≤ N (x, 0) + N (x,−1) + N(x,∞) + εh (x) + O(1). (6.59)

Hence the inequality in the abc-conjecture is equivalent to (6.59).
Suppose that F (x, y) ∈ Z[x, y] is a homogenous polynomial of degree d with dis-

tinct linear factors over C. Then F (t, 1) is a polynomial of degree ≥ d − 1, without
repeated roots, and

F (x, y) = ydF

(
x

y
, 1

)
.

For any coprime integers x and y, Roth’s theorem yields

|F (x, y)| " |y|d
∏

F (α,1)=0

∣∣∣∣α− x

y

∣∣∣∣" |y|d−2−ε, (6.60)

except at most finitely many rational numbers x
y . This statement is actually equivalent

to Roth’s theorem.
The abc-conjecture implies something that is somewhat stronger than Roth’s theo-

rem: For any coprime integers x and y,

r(F (x, y))" max{|x|, |y|}d−2−ε. (6.61)

Note that by taking
F (x, y) = xy(x + y),

the original abc-conjecture is recovered. Thus the conjecture (6.61) is equivalent to the
abc-conjecture, although it appears far stronger. One sketchy proof of (6.61) following
from the abc-conjecture is referred to [79] (See also [284]).



Chapter 7

Subspace theorems

Schmidt’s subspace theorem is just an analogue of the second main theorem due to
H. Cartan for holomorphic curves into projective spaces. The Shiffman’s conjecture
on hypersurface targets in value distribution theory corresponds to a subspace theorem
for homogeneous polynomial forms in Diophantine approximation.

7.1 p-adic Minkowski’s second theorem

Let κ be a field with a non-Archimedean absolute value | · |. Let K be the perfect ex-
tension of κ with respect to this absolute value. According to Mahler [162], a function
f(x) of the variable point x in Kn is called a general distance function if it has the
properties:

(N1) f(x) ≥ 0;

(N2) f(ax) = |a|f(x) for all a ∈ K, hence f(0) = 0;

(N3) f(x± y) ≤ max{f(x), f(y)};
it is called a special distance function or simply a distance function if instead of (N1)
it satisfies the stronger condition

(N1′) f(x) > 0 for x �= 0.

If r is a positive number, then the set C(r) of all points x with f(x) ≤ r is called a
convex set; if f(x) is a special distance function, then it is called a convex body. It is
clear from the definition of f(x) that a convex set C(r) contains the original 0, and
that with x and y also ax + by belong to it, if a, b ∈ K with |a| ≤ 1, |b| ≤ 1. Further,
if

e1 = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , en = (0, 0, . . . , 1)

are the n unit vectors of the coordinate system, then

x = x1e1 + x2e2 + · · ·+ xnen,

and therefore
f(x) ≤ Γ max

1≤i≤n
|xi| = Γ|x|, (7.1)

where Γ is the positive constant

Γ = max
1≤i≤n

{f(ei)}.
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Proposition 7.1. For a special distance function f(x), there is a positive constant γ,
such that f(x) ≥ γ|x| holds for all points x in Kn.

Next we assume that κ is the field F(z) of all rational functions in an indeterminant
z with coefficients in an arbitrary field F. The special absolute value | · | of κ is defined
by

|x| =
{

0, if x = 0,

ef , if x �= 0 is of order f ,

where the order f of a rational function x in κ is the degree of its numerator minus
the degree of its denominator. Let K be the perfect extension of κ with respect to this
absolute value, i.e., the field of all formal Laurent series

x = afzf + af−1zf−1 + af−2zf−2 + · · ·

with coefficients in F; if af is the non-vanishing coefficient with highest index (� 0),

then |x| = ef . Let Λ be the set of all lattice points in Kn, i.e. that of all points with
coordinates in F[z].

Let f(x) be a special distance function, C(et) the convex body f(x) ≤ et, where t
is an arbitrary integer. It is obvious that the set Λ ∩ C(et) forms a F-module. In the
special case f(x) = |x|, this set has exactly

n0(t) = n(t + 1)

F-independent elements. Hence, by (7.1) and Proposition 7.1, Λ∩C(et) has always a
finite dimension n(t), and this dimension is certainly positive for large t. Obviously,

n0(t + 1) = n0(t) + n. (7.2)

Suppose that t is already so large that et+1 ≥ Γ. Then a lattice point in C(et+1) can
be written as

x = x(0) + zx(1),

where x(0) and x(1) are again lattice points, and the coordinates of x(0) lie in F, i.e.,∣∣x(0)
∣∣ ≤ 1, f

(
x(0)
)
≤ Γ ≤ et+1.

Hence
f
(
zx(1)

)
≤ max

{
f(x), f

(
x(0)
)}
≤ et+1, f

(
x(1)
)
≤ et,

so that x(1) ∈ Λ ∩ C(et). Conversely, if x(1) ∈ Λ ∩ C(et), then

f
(
x
)
≤ max

{
f
(
zx(1)

)
, f
(
x(0)
)}
≤ et+1.

Now the two vectors x(0) and zx(1), where x(0) and x(1) are lattice points and |x(0)| ≤
1, are F-independent, and the x(0) form a F-module of dimension n. Hence

n(t + 1) = n(t) + n. (7.3)
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The two equation (7.2) and (7.3) show that for large t, the function n(t) − n0(t) of
t is independent of t. Hence the limit

V = lim
t→∞ en(t)−n0(t) (7.4)

exists; it is called the volume of the convex body C(1). In particular, if f(x) = |x|,
then V = 1.

Proposition 7.2 ([162]). Let Ω = (ahk)1≤h,k≤n be a matrix with elements in K such
that det(Ω) �= 0. The linear transformation y = Ωx changes f(x) into the new
distance function

g(y) = f(x) = f
(
Ω−1y

)
;

let Cg(e
t) be the corresponding convex body g(y) ≤ et, and Vg the volume of Cg(1).

Then
Vg = |det(Ω)|V.

Proof. We denote by ng(t) the dimension of the F-module Λ ∩ Cg(e
t) of all lattice

points in Cg(e
t), and prove the statement in a number of steps.

1. The elements of Ω lie in F[z], and det(Ω) belongs to F.
The formulae y = Ωx, x = Ω−1y establish a (1, 1)-correspondence between the

elements x of Λ∩C(et) and y of Λ∩Cg(e
t). Obviously, this correspondence changes

every linear relation
α1x

(1) + · · · + αrx
(r) = 0

with coefficients in F into the identical relation in the y′s, and vice versa; therefore F-
independent elements of Λ∩C(et) or Λ∩Cg(e

t) are transformed into F-independent
members of the other module. Hence both modules have the same dimension: n(t) =
ng(t).

2. Ω is a triangle matrix

Ω =

⎛⎜⎜⎜⎝
a11 0 · · · 0
a21 a22 · · · 0

...
...

. . .
...

an1 an2 · · · ann

⎞⎟⎟⎟⎠
with elements in F[z] and determinant det(Ω) = a11a22 · · · ann �= 0.

The equation y = Ωx denotes that for i = 1, . . . , n,

yi = ai1x1 + ai2x2 + · · · + aiixi;

hence every lattice point y can be written as

y = Ωx∗ + y∗,
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where x∗ and y∗ are again lattice points and y∗ = (y∗
1 , . . . , y∗

n) satisfies the inequali-
ties

|y∗
i | < |aii|, i = 1, 2, . . . , n.

Therefore |y∗| ≤ c1, i.e. g(y∗) ≤ c1Γg, where c1 is a positive constant depending
only on Ω, and Γg is the constant in (7.1) belonging to g(y). The set of all vectors y∗

forms a F-module m∗ of dimension d, where

ed = |a11||a22| · · · |ann| = |det(Ω)|.

Let t be so large that et ≥ c1Γg . Then for x∗ ∈ Λ ∩ C(et),

g(y) = f
(
Ω−1y

)
= f

(
x∗ + Ω−1y∗) ≤ max{f(x∗), g(y∗)} ≤ et,

and conversely for y ∈ Λ ∩ Cg(e
t),

f
(
x∗ + Ω−1y∗) = g(y) ≤ et,

that is,
f(x∗) ≤ max{f

(
x∗ + Ω−1y∗) , g(y∗)} ≤ et.

There is therefore a (1, 1)-correspondence between the elements y of Λ ∩ Cg(e
t) and

the pairs (x∗,y∗) of one element x∗ of Λ ∩ C(et) and one element y∗ in m∗. Hence
ng(t) = n(t) + d.

3. The elements of Ω belong to F[z].
The result follows immediately from the two previous steps, since Ω can be written

as Ω = Ω1Ω2, where the two factors are of the classes 1 and 2.
4. The elements of Ω lie in F(z).
Now Ω = ΩaΩ

−1
b , where Ωa and Ωb are of the class 3, so that the statement follows

at once.
5. Ω has elements in K such that

|det(Ω)| = 1, |ahk| ≤ 1 (h, k = 1, 2, . . . , n).

Then the same inequalities hold for the inverse matrix Ω−1, so that for every point x

|Ωx| ≤ |x| = |Ω−1Ωx| ≤ |Ωx|,

and therefore
|x| = |Ωx| = |Ω−1x|.

Now to every lattice point x there is a second lattice point y such that with a suitable
point y∗

Ωx = y + y∗, |y∗| < 1;

then conversely,
Ω−1y = x + x∗, |x∗| < 1,
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and
x∗ = −Ω−1y∗, Ωx∗ = −y∗.

The relation between x and y is therefore a (1, 1)-correspondence which obviously
leaves invariant the property of F-independence. Suppose that et ≥ Γ. Then for
x ∈ Λ ∩ C(et),

f(x∗) < Γ ≤ et,

and therefore

g(y) = f
(
Ω−1y

)
= f(x + x∗) ≤ max{f(x), f(x∗)} ≤ et,

so that y ∈ Λ ∩ Cg(e
t); conversely, if y ∈ Λ ∩ Cg(e

t), then x ∈ Λ ∩ C(et). Hence
ng(t) = n(t).

6. Finally, let Ω have elements in K.
Then it can be split into Ω = Ω4 +Ω∗, where Ω4 is of the class 4, while the elements

of Ω∗ lie in K and have so small values that Ω5 = Ω−1
4 Ω is of the class 5. Then the

result follows at once, since Ω = Ω4Ω5. �

Theorem 7.3 ([162]). To the distance function f(x), there exist n K-independent lat-
tice points

x(j) =
(

x
(j)
1 , . . . , x(j)

n

)
, j = 1, 2, . . . , n,

such that f
(
x(1)
)

= λ1 is the minimum of f(x) in all lattice points x �= 0, f
(
x(2)
)

=

λ2 is the minimum of f(x) in all lattice points x which are K-independent of x(1),
etc., and finally, f

(
x(n)
)

= λn is the minimum of f(x) in all lattice points x which
are K-independent of x(1),x(2), . . . ,x(n−1). The numbers λ1, . . . , λn are called the
n successive minima of f(x). By this construction, the determinant det

(
x

(j)
i

)
lies in

F[z] and does not vanish; further

0 < λ1 ≤ λ2 ≤ · · · ≤ λn, (7.5)∣∣det
(
x

(j)
i

)∣∣ = 1, (7.6)

λ1λ2 · · ·λn =
1
V

; (7.7)

where V is the volume of C(1). Thus, in particular, det
(
x

(j)
i

)
is an element of F, and

may obviously be taken as equal to 1.

Proof. Every point x in Kn can be written as

x = y1x
(1) + · · · + ynx

(n),

where yi ∈ K for each i = 1, . . . , n. Then the coordinates xh of x are linear functions
with determinant det

(
x

(j)
i

)
of the coordinates yh of y = (y1, . . . , yn). We define
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a new distance function g(x) by g(x) = |y|. By Proposition 7.2, the convex body

g(x) ≤ 1 has the volume det
(
x

(j)
i

)
; we determine it in the following way:

If x is a lattice point, then y also has its coordinates yh in F[z]. For since with x

also y is obviously a lattice point, we may assume without loss of generality that

g(x) = |y| < 1, (7.8)

and have to show that no lattice point x �= 0 satisfies this inequality. Let m, where
1 ≤ m ≤ n, be the greatest index for which ym �= 0. Then x,x(1), . . . ,x(m−1) are
F(z)-independent lattice points, and by (7.8)

f(x) ≤ max
{
|y1|f

(
x(1)
)
, . . . , |ym|f

(
x(m)

)}
< λm,

in contradiction to the minimum property of λm. Hence there are exactly n1(t) =
n(t+1) F-independent lattice points such that g(x) ≤ et, viz. all points corresponding
to a basis of F-independent points y with y ≤ et. Therefore∣∣det

(
x

(j)
i

)∣∣ = lim
t→∞ en1(t)−n0(t) = 1.

Set λj = etj for j = 1, . . . , n. Now we use the fact that every point x ∈ Kn can be
written as

x = y1z−t1x(1) + · · ·+ ynz−tnx(n),

where yj ∈ K. Let G(x) be the distance function defined by G(x) = |y|. Since

f
(
z−tjx(j)

)
= 1, j = 1, 2, . . . , n,

obviously f(x) ≤ 1 if G(x) ≤ 1. But the converse is also true: If f(x) ≤ 1, then
G(x) ≤ 1, and therefore evidently

f(x) = G(x) = |y| (7.9)

identically in x.
For suppose that on the contrary for a certain point x ∈ Kn,

f(x) ≤ 1, G(x) > 1.

Then let m with 1 ≤ m ≤ n be the greatest index for which |ym| > 1; hence if m < n

|ym+1| ≤ 1, . . . , |yn| ≤ 1.

Write
yh = zy∗

h + y∗∗
h , h = 1, 2, . . . , n,

where the y∗
h are elements of F[z], the y∗∗

h elements of K, and

y∗
m �= 0, y∗

m+1 = · · · = y∗
n = 0, |y∗∗

i | ≤ 1 (i = 1, . . . , n),
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and put
y∗ = (y∗

1 , . . . , y∗
n), y∗∗ = (y∗∗

1 , . . . , y∗∗
n ),

so that
y = zy∗ + y∗∗.

Obviously, y∗ is a lattice point, y∗∗ a point such that |y∗∗| ≤ 1. Also write

x∗ =

m∑
i=1

y∗
i z−tix(i), x∗∗ =

n∑
i=1

y∗∗
i z−tix(i),

so that
x = zx∗ + x∗∗.

Then from G(x∗∗) = |y∗∗| ≤ 1, one has f(x∗∗) ≤ 1. Hence

f(zx∗) ≤ max{f(x), f(x∗∗)} ≤ 1, f(x∗) < 1,

and f(x0) < λm, where x0 = ztmx∗. This inequality, however, is impossible, since
the m lattice points

x0 =

m∑
i=1

y∗
i ztm−tix(i), x(1), . . . , x(m−1)

are K-independent, so that by the minimum property of λm, f(x0) ≥ λm.
Therefore (7.9) is true, so that by Proposition 7.2

V =

∣∣det
(
x

(j)
i

)∣∣
λ1λ2 · · · λn

=
1

λ1λ2 · · ·λn
,

since the transformation of x into y has the determinant det
(
x

(j)
i

)
z−t1−···−tn . The

equation (7.7) is therefore proved. �

7.2 Adelic Minkowski’s second theorem

7.2.1 Haar measures

Generally, there exists a Haar measure μ = μG on a locally compact group G, i.e. a
measure invariant under group shifts x �→ gx (x, g ∈ G):∫

G
f (gx) dμ(x) =

∫
G

f(x)dμ(x)

for all integrable functions f : G −→ C. This measure is defined uniquely up to a
multiplicative constant.
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Let H be a normal closed subgroup and π : G −→ G/H be the quotient morphism.
By definition, a subset U of G/H is open if and only if π−1(U) is open in G. Note
that π is an open mapping and hence G/H is a locally compact group. Given Haar
measures μG, μH on G and H , there is a unique Haar measure μG/H on G/H such
that ∫

G
f(x)dμG(x) =

∫
G/H

(∫
H

f(xy)dμH(y)

)
dμG/H(π(x)) (7.10)

for all continuous complex functions f with compact support. Moreover, this formula
continues to hold for all f ∈ L1(G, μG) (see [14]).

Example 7.4. (1) If G = R (the additive group), then dμ(x) = dx is the Lebesgue
measure, and d(x + a) = dx, a ∈ R. If G = R∗ (the multiplicative group), then
dμ(x) = dx

x .

(2) If G = C, then dμ(z) = dxdy for z = x +
√
−1y.

(3) If κ/Qp is a finite dimensional extension, then the measure dμ on the additive
group κ is uniquely determined by the number∫

Oκ,p

dμ = μ(Oκ,p) = c > 0.

Example 7.5 (cf. [14]). Let κ be a number field of degree d and take v ∈ M0
κ with

valuation ring Rv in the completion κv, residue field Fv(κ), and local parameter t (i.e.,
t is a generator of the maximal ideal in Rv). We denote by ev , fv the ramification index
and the residue class degree of v over p := char(Fv(κ)). We consider the closed balls

κv[x; ε] := {y ∈ κv | ‖y − x‖v ≤ ε, x ∈ κv}.

Note that we need only consider balls of radius rn (n ∈ Z), where

r = ‖t‖v = p−fv .

By the ultrametric triangle inequality, two balls are either disjoint or one is contained
in the other. Every open subset of κv is a countable disjoint union of such closed balls.
In particular, κv[0; 1] = Rv is the disjoint union of pfv balls κv[x; r]. Thus

μv(κv[x; rn]) := p−nfv = rn

is a σ-additive and translation invariant set function on these balls, and extends unique-
ly to a function on the compact open subsets of κv with the same properties. By
standard arguments of measure theory, μv extends uniquely to a translation invariant
Borel measure. Further, the Haar measure μv on κv satisfies the property

μv(λΩ) = ‖λ‖vμv(Ω) (7.11)

for any λ ∈ κv and any Borel measurable subset Ω of κv. This is trivial for Ω =
κv[0; rn]. By translation invariance, we get (7.11) for any closed ball and by unique-
ness of the extension we get it for all Borel measurable subsets Ω of κv.



368 7 Subspace theorems

7.2.2 Adèle rings

Let κ be an algebraic number field. We then write d = [κ : Q] for the degree of κ over
Q. We denote byOκ the ring of integers of κ. In view of Proposition 2.14, the number
of Archimedean (or infinite) places of κ does not exceed d. Let σ1, . . . , σr1 , . . . , σr1+r2

be the embeddings in Proposition 2.14. Then the tuple

σ = (σ1, . . . , σr1 , . . . , σr1+r2) (7.12)

defines an embedding of κ into Rd, and any embedding of κ into C is one of the
following

σ1, . . . , σr1 , σr1+1, σ̄r1+1, . . . , σr1+r2 , σ̄r1+r2 .

One can verifies that the image Λ = σ(Oκ) ⊂ Rd is a lattice, which is a free Abelian
group generalized by a basis e1, . . . , ed of Rd, and

Dκ/Q = (−4)r2V (Λ)2, (7.13)

where V (Λ) is the volume of the fundamental parallelogram{
d∑

i=1

xiei | 0 ≤ xi ≤ 1, i = 1, . . . , d

}

of the lattice Λ with respect to the ordinary Lebesgue measure on Rd.
For every place v of κ we write κv for the completion of κ at v. If v is a finite place

of κ we write Ov for the maximal compact subring of κv, that is,

Ov = {x ∈ κv | |x|v ≤ 1}.

Since all but a finite number of places of κ are non-Archimedean, one defines

κA =

{
x = (xv) ∈

∏
v∈Mκ

κv | xv ∈ Ov for all but a finite number of v

}
(7.14)

to be the subring of the product
∏

v∈Mκ
κv consisting of all infinite vectors x =

(xv)v∈Mκ , xv ∈ κv such that xv ∈ Ov for all but a finite number of v, which is
called the adèle ring. One gives κA the topology generated by the open subsets of the
type

WS =
∏
v∈S

Wv ×
∏
v �∈S

Ov, (7.15)

where S runs through all finite subsets S ⊂ Mκ containing all infinite places, and Wv

are open subsets in κv. The set WS has compact closure if all the Wv are bounded.
Hence κA is a locally compact topological ring in which κ is embedded diagonally

κ + x �→ (x)v∈Mκ ∈ κA ⊂
∏

v∈Mκ

κv.
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The above construction of κA is called the restricted topological product of the topo-
logical spaces κv with respect to the compact subspaces Ov defined for all but a finite
number of indices v. The convergence of a sequence {xn}∞n=1, xn = (xn,v) ∈ κA to
y = (yv) ∈ κA means that for any ε > 0 and any finite set S ⊂ Mκ containing all
infinite places, there exists N ∈ Z+ such that

(1) xn,v − yv ∈ Ov for each n > N , v �∈ S;

(2) |xn,v − yv|v < ε for each n > N , v ∈ S.

Every principal adèle x, i.e.

x = (. . . , x, x, . . .)v ∈ κ ⊂ κA

can be separated from the rest of κ by a neighborhood of type (7.15) with

S = {v ∈ Mκ | x �∈ Ov}.

Hence κ is discrete in κA. All the properties of κA which we will need can be found
in Weil [298], Chap. IV.

Since the additive group of κA is locally compact we can determine a Haar measure
on κA which is unique up to a multiplicative constant. We do this as follows:

(i) If v|p we let μv denote Haar measure on κv normalized so that

μv(Ov) = N (dv)
− 1

2 ,

where dv is the local different of κ at v.

(ii) If v|∞ and κv = R we let μv = dx denote the ordinary Lebesgue measure on R.

(iii) If v|∞ and κv = C we let μv = 2dxdy denote the ordinary Lebesgue measure
on the complex plane C multiplied by 2.

Now the product measure

μ =
∏
v

μv

is the required Haar measure on κA (to be precise, μ determines a Haar measure on all
open subgroups

∏
v∈S κv×

∏
v �∈S Ov, where S is any finite set of places containing all

infinite places, and the Haar measure on κA is the unique measure which agrees with
the product measure on this family of subgroups).

Recall that we consider κ as a discrete subgroup of κA by means of the usual diag-
onal embedding and we denote by ϕ the canonical homomorphism ϕ : κA −→ κA/κ
of κA onto the compact group κA/κ (cf. [14]). By (7.10), we get a uniquely deter-
mined Haar measure. The Haar measure induced by ϕ on κA/κ will also denoted by
μ. Alternatively, we can define the measure μ on κA/κ by means of a general notion
of fundamental domain: if Γ is a discrete subgroup of a locally compact group G, then
a fundamental domain X for G modulo Γ is a complete set of coset representatives for
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(left) cosets G/Γ, which has some additional measurability properties. By restricting
the Haar measure ν of G onto the subset X , one obtains a uniquely defined measure
on G/Γ, which is denoted by the same letter, and ν(G/Γ) = ν(X).

In order to construct a fundamental domain X for κA/κ, we choose a Z-basis
w1, . . . , wd of the free Abelian group Oκ ⊂ κ of algebraic integers in κ (cf. Theo-
rem 2.18). This is also a basis of the vector space over R

κR = κ⊗ R ∼=
∏
v|∞

κv
∼= Rr1 × Cr2 , (7.16)

and it defines an isomorphism θ : Rd −→ κR by the formula

θ(u1, . . . , ud) =
d∑

i=1

uiwi.

Denote by I the interval 0 ≤ t < 1 in R. Then θ(Id) is a fundamental parallelogram
for the lattice σ(Oκ) in κR. Now take X to be the set

X = θ(Id)×
∏
v�∞

Ov. (7.17)

To prove that X is a fundamental domain, we note that κR + κ is dense in κA. This
statement is known as the approximation theorem and it is a version of the Chinese
remainder theorem. Moreover, κR ×

∏
v Ov is an open subgroup in κA, hence for any

x ∈ κA there exists η ∈ κ such that

x− η ∈ κR ×
∏
v

Ov.

The condition that another element η′ ∈ κ has the same property is equivalent to
saying that η − η′ ∈ Ov for all non-Archimedean places v, that is, η − η′ ∈ Oκ. Thus
by an appropriate choice of η we may assume that the y∞-coordinate of y = x − η
belongs to θ(Id); therefore y∞ = θ(u), u ∈ Id, where u is uniquely determined. This
establishes the statement.

Let us calculate the measure μ(κA/κ). By (7.10), we have

μ(κA/κ) = μ(X).

The form of the fundamental domain X constructed reduces this calculation to the
problem of determining the volume of the fundamental parallelogram θ(Id) in κR.

μ(X) =

(∏
v|∞

μv

)(
θ(Id)

)∏
v�∞

N (dv)
− 1

2 .
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This volume was already found in (7.13), that is,(∏
v|∞

μv

)(
θ(Id)

)
= |Dκ/Q|1/2.

Here we have taken into account that the measure
∏
v|∞

μv on κR differs by a multiple of

2 from the Lebesgue measure on those components v such that κv
∼= C, when

dμv(z) = 2dxdy = |dz ∧ dz̄|, z = x + iy ∈ κv
∼= C.

Therefore we obtain

μ(κA/κ) = |Dκ/Q|1/2
∏
v�∞

N (dv)
− 1

2 .

Note that
|Dκ/Q| =

∏
v�∞

N (dv).

In view of our normalizations we have

μ(κA/κ) = 1. (7.18)

7.2.3 Minkowski’s second theorem

Let κ be a number field of degree d and let

G = G1 ×G2 × · · · ×Gn (7.19)

be a product of locally compact groups in which each factor Gi is either κA or κA/κ.
The Haar measure μ on each factor determines a unique product measure on G. We
write V for this product measure and note that V is then a Haar measure on G. Of
course there are many different groups G that can be formed in this way. However,
there will no confusion if we use V to denote the corresponding Haar measure on each
of them.

Let G be a group of the form (7.19) and suppose that the factor Gi is κA. We define
a homomorphism ϕi on G by

ϕi(g1, . . . , gi, . . . , gn) = (g1, . . . , ϕ(gi), . . . , gn).

If each of the factors G1, G2, . . . , Gi is κA we let Φi denote the homomorphism

Φi = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕi.
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Since each mapping ϕi or Φi is a homomorphism, the Haar measure of a measurable
set X ⊆ G is preserved whenever the homomorphism restricted to X is injective.
Thus we have

V (X) = V (Φi(X))

if X ⊆ G is measurable and Φi restricted to X is an injection (and similarly for ϕi).
Let x = (xv) be an element of κA and let α be a real number. We introduce a scalar

multiplication by defining αx to be the point y = (yv) in κA determined by

yv =

{
αxv, if v|∞,

xv, if v � ∞.

If X ⊆ κn
A then αX ⊆ κn

A is obtained by applying scalar multiplication by α to each
x in X . Clearly we have

V (αX) = |α|dnV (X) (7.20)

for each measurable subset X in κn
A, where |α| is the Euclidean absolute value of the

real number α.
For a finite place v of κ, a κv-lattice in κn

v is an open and compact Ov-submodule
of κn

v .

Proposition 7.6. Let Λv be an Ov-submodule of κn
v . Then Λv is a κv-lattice in κn

v if
and only if Λv is a finitely generated Ov-module which generates κn

v as a κv-vector
space.

Proof. See [14], Proposition C.2.2. �

A κ-lattice in κn is a finitely generatedOκ-submodule of κn which generates κn as
a κ-vector space.

Proposition 7.7. If Λ is a κ-lattice in κn, then the closure Λv of Λ in κn
v is a κv-lattice

in κn
v for any non-Archimedean v ∈ Mκ. Moreover, we have Λv = On

v up to finitely
many v ∈ Mκ. Conversely, if for any non-Archimedean v ∈ Mκ we have a κv-lattice
Λv in κn

v and if Λv = On
v up to finitely many v, then there is a unique κ-lattice Λ in

κn such that Λv is the closure of Λ in κn
v . Moreover, we have

Λ =
⋂

v∈M 0
κ

(κn ∩ Λv).

Proof. See [14], Proposition C.2.6. �

For each infinite place v of κ let Cv be a nonempty, open, convex subset of κn
v , and

set
C∞ =

∏
v|∞

Cv.
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For each finite place v of κ let Cv be a κv-lattice in κn
v . We assume that for almost all

v, Cv = On
v . Thus we obtain an open subset C ⊆ κn

A by defining

C = C∞ ×
∏
v�∞

Cv. (7.21)

Lemma 7.8 ([15], [14]). If C has the form (7.21) and ρ ≥ 1, then for each integer i
with 1 ≤ i ≤ n

V (Φi(ρC)) ≥ ρd(n−i)V (Φi(C)). (7.22)

Proof. First assume that i = n and let y ∈ C. Since 0 ∈ C, it follows from the
convexity of each Cv, v|∞, that

C − y ⊆ ρ(C − y).

Therefore one has
Φn(C − y) ⊆ Φn(ρC − ρy)

and so
V (Φn(C − y)) ≤ V (Φn(ρC − ρy)).

As V is translation invariant and Φn is a homomorphism,

V (Φn(ρC − ρy)) = V (Φn(ρC))

and similarly
V (Φn(C − y)) = V (Φn(C)).

This established (7.22) when i = n.
Next we suppose that 1 ≤ i ≤ n− 1. We may identify κn

A in an obvious way with

κi
A × κn−i

A = {(x,y) | x ∈ κi
A, y ∈ κn−i

A }.

In this identification the first component of (x,y) represents the first i coordinates of
a vector z ∈ κn

A. Then for a fixed vector y ∈ κn−i
A , let C(y) ⊆ κi

A be defined by

C(y) = {x ∈ κi
A | (x,y) ∈ C}.

It follows that
Φi(C(y)) = {ω ∈ (κA/κ)i | (ω,y) ∈ Φi(C)}.

If we replace C by ρC, then

V (Φi(ρC)) =

∫
y∈κn−i

A

∫
ω∈(κA/κ)i

(ω,y)∈Φi(ρC)

dV (ω)dV (y)

=

∫
y∈κn−i

A

V (Φi((ρC)(y)))dV (y).
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We make the change of variable y �→ ρy in the last integral, so that

V (Φi(ρC)) = ρd(n−i)

∫
y∈κn−i

A

V (Φi((ρC)(ρy)))dV (y). (7.23)

Now we observe that

(ρC)(ρy) = {x ∈ κi
A | (x, ρy) ∈ ρC} = ρ(C(y)). (7.24)

Since ρ ≥ 1 we have
V (Φi(ρ(C(y)))) ≥ V (Φi(C(y))) (7.25)

as before using the facts that V is translation invariant, Φi is a homomorphism, and
C(y) ⊆ κi

A. By combining (7.23), (7.24) and (7.25) we obtain

V (Φi(ρC)) ≥ ρd(n−i)

∫
y∈κn−i

A

V (Φi(C(y)))dV (y)

= ρd(n−i)V (Φi(C)).

This completes our proof. �

By using Lemma 7.8, one can prove the Davenport–Estermann theorem (cf. [15],
[14]):

Theorem 7.9. Let C be as above. Suppose that

0 < ρ1 ≤ ρ2 ≤ · · · ≤ ρn < ∞

satisfy the following conditions xj = yj for j = i, i + 1, . . . , n, if x and y are vectors
in ρiC with x− y ∈ κn. Then

(ρ1ρ2 · · · ρn)dV (C) ≤ 1. (7.26)

Proof. For each integer i, 1 ≤ i ≤ n − 1, we apply Lemma 7.8 to the set ρiC with
ρ = ρi+1/ρi. We find that

V (Φi(ρi+1C)) ≥ (ρi+1/ρi)
d(n−i)V (Φi(ρiC)). (7.27)

Next we claim that

ϕi+1 : Φi(ρi+1C) −→ (κA/κ)i+1 × κn−i−1
A (7.28)

is injective. To verify this let x and y be distinct points in Φi(ρi+1C). Then there are
distinct points x′ and y′ in ρi+1C such that Φi(x

′) = x and Φi(y
′) = y. Now the

equation ϕi+1(x) = ϕi+1(y) implies that

xj = yj, j �= i + 1 (7.29)
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and also implies that
Φi+1(x

′) = Φi+1(y
′). (7.30)

But (7.30) shows that x′ − y′ ∈ κn and so by the hypotheses on ρ1, ρ2, . . . , ρn we
must have

x′
j = y′

j, j = i + 1, i + 2, . . . , n.

Since Φi is the identity mapping on the (i + 1)-th coordinate we find that

xj = yj, j = i + 1. (7.31)

Of course (7.29) and (7.31) are inconsistent with the fact that x and y are distinct
points in Φi(ρi+1C). Thus our claim that (7.28) is injective has been established. As
V is a Haar measure this shows that

V (Φi(ρi+1C)) = V (Φi+1(ρi+1C)). (7.32)

By combining (7.27) and (7.32) we have

V (Φi+1(ρi+1C)) ≥ (ρi+1/ρi)
d(n−i)V (Φi(ρiC))

for i = 1, 2, . . . , n− 1. Next we multiply these inequalities together to obtain

V (Φn(ρnC)) ≥ V (Φ1(ρ1C))
n−1∏
i=1

(ρi+1/ρi)
d(n−i).

Finally we note that

V (Φ1(ρ1C)) = V (ρ1C) = ρdn
1 V (C),

since Φ1 = ϕ1 applied to ρ1C is obviously injective, and also

V (Φn(ρnC)) ≤ V ((κA/κ)n) = 1.

Thus we have

1 ≥ ρdn
1 V (C)

n−1∏
i=1

(ρi+1/ρi)
d(n−i),

which is equivalent to (7.26). �

For each infinite place v of κ, we further assume that Cv is symmetric subset of
κn

v . By symmetric we mean that Cv = −Cv . To avoid some minor complications it
will be convenient to assume that each Cv is also bounded. It follows that C is an open
neighborhood of 0 and the closure of C is compact. As κn is a discrete subgroup of κn

A,
it is clear that C ∩ κn is finite. We are now able to define the successive minima for C



376 7 Subspace theorems

with respect to the subgroup κn. We do this as follows. For each integer j, 1 ≤ j ≤ n,
let

λj = min{λ > 0 | λC ∩ κn contains at least j linearly independent vectors}.

It is obvious that
0 < λ1 ≤ λ2 ≤ · · · ≤ λn < ∞. (7.33)

In fact, the set
Λ =

⋂
v�∞

(κn ∩ Cv)

is a κ-lattice, that is, an Oκ-module in κn containing a basis for κn over κ (see [298],
Theorem 2, p. 84). If we write

E∞ =
∏
v|∞

κn
v ,

then Λ can be viewed as the projection of(
E∞ ×

∏
v�∞

Cv

)
∩ κn

into the first factor E∞. Thus Λ is a discrete subgroup of E∞. Since each Cv is open
and bounded for v|∞, it follows that

λC∞ ∩ Λ = {0}

if λ > 0 is sufficiently small and contains n linearly independent vectors if λ is suffi-
ciently large. In this way, we see that the successive minima λj satisfy (7.33). Indeed,
it is clear that the numbers λj may also be defined by

λj = min {λ > 0 | λC∞ ∩ Λ contains j linearly independent vectors} . (7.34)

Now we are ready to prove Minkowski’s second theorem (cf. [15], [14]):

Theorem 7.10. The successive minima λ1, λ2, . . . , λn satisfy the inequality

(λ1λ2 · · · λn)dV (C) ≤ 2dn. (7.35)

Proof. With each successive minima λj we may associate a vector x(j) in κn so that
{x(1),x(2), . . . ,x(n)} are linearly independent over κ and for every j, 1 ≤ j ≤ n, and
λ > λj , we have

{x(1),x(2), . . . ,x(j)} ⊆ (λC) ∩ κn.

Now let A =
(
x

(j)
i

)
be the n × n matrix with j-th row x(j) =

(
x

(j)
1 , . . . , x

(j)
n

)
. It

follows that x �→ xA is an automorphism of κn
A. Since det(A) ∈ κ, the modulus of

this automorphism is 1. That is, the automorphism preserves the Haar measure V . The



7.2 Adelic Minkowski’s second theorem 377

sets CvA−1 have exactly the same properties as Cv. Thus the successive minima for
CA−1 may be defined as before and are clearly equal to the minima λ1, λ2, . . . , λn of
C. Now, however, the vectors associated with the successive minima of CA−1 may be
taken as

e1 = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , en = (0, 0, . . . , 1).

Since C and CA−1 have the same Haar measure, we may assume without loss of gen-
erality that x(j) = ej to begin with.

Next we wish to apply Theorem 7.9 with

ρj =
1
2

λj , j = 1, 2, . . . , n.

We must check that the hypotheses of Theorem 7.9 are satisfied and it clearly suffices
to consider j = 1 and those values of j for which λj−1 < λj . Therefore we suppose
that x and y are distinct points in ρ1C with x−y ∈ κn. Since each Cv, v|∞, is convex
and symmetric we have

x− y ∈ 2ρ1C = λ1C.

Also, each of the vectors e1, . . . , ej−1 and x− y is in (λj − δ)C for some δ > 0 since
λj−1 < λj and C is open. It follows that

{e1, e2, . . . , ej−1,x− y}

cannot be linearly independent over κ. As e1, . . . , ej−1 are obviously linearly inde-
pendent we must have

x− y =

j−1∑
i=1

αiei

with αi ∈ κ (i = 1, 2, . . . , j − 1). In other words,

xi = yi, i = j, j + 1, . . . , n.

We now apply Theorem 7.9 to obtain

(ρ1ρ2 · · · ρn)dV (C) ≤ 1.

Since ρj = 1
2λj , this also proves Theorem 7.10. �

The classical form of Minkowski’s second main theorem includes a lower bound
for the product of the successive minima. This is also true in the context of adèles
provided that we modify our hypotheses on the sets Cv for complex v. Specifically, we
must assume that

Cv = αCv for complex v and all complex numbers α with |α| = 1. (7.36)

For real v we continue to assume that Cv is symmetric in the sense that Cv = −Cv, but
for complex v our previous requirement that Cv be symmetric will now be replaced by
(7.36).
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Theorem 7.11. Let C be as in Theorem 7.10 but with the additional requirement that
(7.36) holds. Then the successive minima λ1, λ2, . . . , λn satisfy the inequality

2dnπnr2

(n!)r1((2n)!)r2 |Dκ/Q|
n
2
≤ (λ1λ2 · · ·λn)dV (C), (7.37)

where r1 is the number of real places, r2 is the number of complex places and Dκ/Q is
the discriminant of κ.

Proof. Let x(1),x(2), . . . ,x(n) and A be as in the proof of Theorem 7.10. For complex
v, the set CvA−1 also satisfies (7.36). Thus we may assume, as before, that x(j) = ej

for 1 ≤ j ≤ n. For each infinite place v we define

C′v =

{
t ∈ κn

v

∣∣∣∣∣
n∑

i=1

λi|ti|v < 1

}
.

Since λej ∈ Cv if λ > λj , it follows easily from the convexity and symmetry of Cv

that C′v ⊆ Cv. If v is complex the condition of symmetry that we require is exactly
(7.36). When we compute the Haar measure of C′v we find that

μn
v (C′v) =

⎧⎨⎩
2n

n!λ1λ2···λn
, if v is real,

(4π)n

(2n)!(λ1λ2···λn)2 , if v is complex.

If v is a finite place, we know that ej ∈ Cv for each j. As Cv is an Ov-module it
follows that On

v ⊆ Cv. Of course the Haar measure of On
v isN (dv)

−n/2.
Let C′ ⊆ κn

A be defined by

C′ =
∏
v|∞

C′v ×
∏
v�∞

On
v .

Then the Haar measure of C′ is given by

V (C′) =
2dnπnr2

(n!)r1((2n)!)r2(λ1λ2 · · ·λn)d

∏
v�∞

N (dv)
−n/2. (7.38)

As C′ ⊆ C we have the inequality V (C′) ≤ V (C). This observation together with
(7.38) and ∏

v�∞
N (dv) = |Dκ/Q|

establish the lower bound (7.37). �
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7.3 Successive minima of a length function

Let κ be a number field and let S be a finite set of places of κ. Denote by Oκ,S the
ring of S-integers of κ, i.e.,

Oκ,S = {z ∈ κ | ‖z‖ρ ≤ 1, ρ �∈ S}. (7.39)

For each v ∈ S, let Lv,1, . . . , Lv,n be n linearly independent linear forms with coeffi-
cients in κ, and let Av,1, . . . , Av,n be positive real numbers with

n∏
i=1

Av,i = 1

for each v ∈ S. Set d = [κ : Q] and define a length function on κn

f(x) =
(∏

v∈S

max
1≤i≤n

Av,i‖Lv,i(x)‖v
) 1

d
. (7.40)

This length function satisfies the following conditions:

(i) f(x) ≥ 0 for all x, and f(x) > 0 for some x;

(ii) f(tx) =
( ∏
v∈S
‖t‖v

) 1
d f(x).

Relative to this length function, following to Vojta [287] one can define the j-th suc-
cessive minima ofOn

κ,S as the smallest real number λj such that f(x) ≤ λj for at leat j
linearly independent points x ∈ On

κ,S . In the above, the words “linearly independent”
mean linearly independent over κ, so that there are n successive minima.

Let x(1), . . . ,x(n) be a basis of κn with S-integral coordinates such that

f
(
x(j)
)

= λj, j = 1, . . . , n.

Since f(x) is not affected when x is multiplied by an S-unit, we may assume the

coordinates of x(j) to be S-integers. Having fixed x(j) =
(
x

(j)
1 , . . . , x

(j)
n

)
, define

λv,j = max
1≤i≤n

Av,i

∥∥Lv,i

(
x(j)
)∥∥

v

so that
λd

j =
∏
v∈S

λv,j. (7.41)

Lemma 7.12 ([287]). Let Lv denote the coefficient matrix of Lv,1, . . . , Lv,n. Then

∏
v∈S

ςv
∥∥ det

(
x

(j)
i

)∥∥
v
≤ (λ1λ2 · · ·λn)d

(∏
v∈S

∥∥ det Lv

∥∥
v

)−1

,
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where

ςv =

⎧⎪⎨⎪⎩
1, if v is non-Archimedean,

1/n!, if v is real,

2n/(2n)!, if v is complex.

Proof. Using (7.41), the inequality can be proved by proving

ςv
∥∥det

(
x

(j)
i

)∥∥
v
≤
∏n

j=1 λv,j

‖det Lv‖v
(7.42)

for each v ∈ S and then taking the product over all v ∈ S.
First assume that v is a real place, and let σ be the associated embedding of κ into

R. Then the points

±
σ
(
x(j)
)

λv,j
, j = 1, . . . , n, (7.43)

lie in the symmetric body

max
1≤i≤n

Av,i |Lv,i(x)| ≤ 1, (7.44)

where Lv,i is regarded as a form over Rn by applying σ to its coefficients. The convex
body spanned by the points (7.43) lies inside the body (7.44). Since the volumes of
these bodies are

2n
∣∣ det

(
σ
(
x

(j)
i

))∣∣
n!
∏

j λv,j
=

2n
∥∥det

(
x

(j)
i

)∥∥
v

n!
∏

j λv,j

and 2n/‖det Lv‖v, respectively, the inequality (7.42) follows immediately.
Next assume that v is complex. When |w| ≤ 1, the points

w
σ
(
x(j)
)√

λv,j

, j = 1, . . . , n,

lie inside the body (7.44). They span a convex body of volume

(2π)n
∥∥det

(
x

(j)
i

)∥∥
v

(2n)!
∏

j λv,j

which lies inside the body (7.44) having a volume πn/‖det Lv‖v . Thus (7.42) holds.
Finally, assume that v is non-Archimedean. Again, this is a volume computation in

κv using the volume of Mahler [162] (Section 7). The equivalent of (7.43) is now,{
a1

σ
(
x(1)
)

tf1
+ · · · + an

σ
(
x(n)
)

tfn

∣∣∣∣∣ aj ∈ Ov, 1 ≤ j ≤ n

}
,
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where t is a uniformizing parameter for κv and fj is an integer for which∥∥tfj
∥∥

v
= λv,j , j = 1, . . . , n.

According to Mahler [162] (Section 8), a linear transformation A changes volumes by
a factor of ‖A‖v ; therefore this body has volume∥∥ det

(
x

(j)
i

)∥∥
v∏

j λv,j
.

It lies inside the body (7.44) which has volume 1/‖det Lv‖v; thus (7.42) holds. �

If v ∈ S is a finite place of κ, define

Cv =

{
x ∈ On

v

∣∣ max
1≤i≤n

Av,i‖Lv,i(x)‖v ≤ 1

}
,

and set Cv = On
v if v �∈ S. For each infinite place v of κ, define

C∞ =

{
x ∈ Rnr1 ×Cnr2

∣∣ ∑
v|∞

max
1≤i≤n

Av,i‖Lσv
v,i(xv)‖v ≤ d

}
,

where Lσv
v,i is the form obtained by applying the injection σv : κ −→ C to the coef-

ficients of Lv,i, xv are the components of x = (. . . ,xv, . . .) which lie in Rn or Cn.
Write

C = C∞ ×
∏
v�∞

Cv.

This defines a convex subset of adelic n-space κn
A; it remains only to compare the two

notions of successive minima and volumes. Let R+ act on κn
A by dilation at the infinite

places; it leaves the finite places alone. The successive minima relative to this action
are

νj = min{ν > 0 | νC ∩ κn contains at least j linearly independent vectors}.

First, we know that C∞ is contained in the star-body{
x ∈ Rnr1 × Cnr2

∣∣ ∏
v|∞

max
1≤i≤n

Av,i‖Lσv
v,i(xv)‖v ≤ 1

}
.

Thus, if x(1), . . . ,x(n) are linearly independent points in κn for which x(j) ∈ νjC,
then the length function satisfies

f
(
x(j)
)
≤ νj, j = 1, . . . , n.
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Thus
λj ≤ νj , j = 1, . . . , n.

Let C(r1, r2, n) be the volume of the solid in Rnr1 × Cnr2 given by{
x ∈ Rnr1 × Cnr2

∣∣∣ ∑
v|∞

max
1≤i≤n

|xv,i|nv ≤ d

}
,

where xv = (xv,1, . . . , xv,n), and nv = 1 if v is real or nv = 2 if v is complex. Then
the volume V (C) in the sense described at Section 7.2 is

V (C) = |Dκ/Q|−n/22nr2C(r1, r2, n)
∏
v∈S

‖det Lv‖−1
v .

Thus Theorem 7.10 implies

(λ1λ2 · · ·λn)d ≤
2n(r1+r2)|Dκ/Q|n/2∏

v∈S ‖det Lv‖v
C(r1, r2, n)

.

Combining this with Lemma 7.12 gives

Theorem 7.13. Let λ1, . . . , λn denote the successive minima of On
κ,S with respect to

the length function (7.40). Then(
1
n!

)r1
(

2n

(2n)!

)r2

≤ (λ1λ2 · · · λn)d∏
v∈S ‖det Lv‖v

≤
2n(r1+r2)|Dκ/Q|n/2

C(r1, r2, n)
.

Davenport’s lemma states:

Lemma 7.14. Assume that the collection of all Lv,i, except for duplicates, lies in gen-
eral position. Let Π(A) denote the star-body with length function (7.40) and let
λ1, . . . , λn be the successive minima of Π(A). Assume that ρ1, . . . , ρn are positive
real numbers with

ρ1 ≥ ρ2 ≥ · · · ≥ ρn; (7.45)

ρ1λ1 ≤ ρ2λ2 ≤ · · · ≤ ρnλn; (7.46)

ρ1ρ2 · · · ρn = 1. (7.47)

Then for each v ∈ S and each 1 ≤ i ≤ n, there exists a real constant ρv,i and
constants c1, c2 depending only on κ, S, such that the successive minima λ̂j of the
length function

f̂(x) =

(∏
v∈S

max
1≤i≤n

ρv,iAv,i‖Lv,i(x)‖v

) 1
d

(7.48)

satisfy
c1ρjλj ≤ λ̂j ≤ c2ρjλj . (7.49)
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Also for each v ∈ S, we have

ρv,1ρv,2 · · · ρv,n = 1 (7.50)

and
max

1≤i≤n
ρv,i = ρnv

1 , (7.51)

where

nv =

⎧⎪⎨⎪⎩
0, if v is non-Archimedean,

1, if v is real,

2, if v is complex.

Proof. For convenience of notation, assume Av,i = 1 for all v and i. Let x(j) be a
vector in On

κ,S such that

f
(
x(j)
)

= λj, j = 1, . . . , n.

Scaling each x(j) by some unit, we may assume that

c3λnv
j ≤ max

1≤i≤n

∥∥∥Lv,i

(
x(j)
)∥∥∥

v
≤ c4λnv

j . (7.52)

The constants c3, c4 depend only on κ and S.
For 1 ≤ j ≤ n, let Ej be the subspace of κn spanned by x(1), . . . ,x(j). For each

v ∈ M∞
κ , the n linear forms Lv,i satisfy a non-trivial linear relation

αv,1Lv,1 + · · ·+ αv,nLv,n = 0

on En−1. Reorder the Lv,i satisfying

‖αv,n‖v = max
1≤i≤n

‖αv,i‖v. (7.53)

Hence when x ∈ En−1,

Lv,n(x) = −
n−1∑
i=1

αv,i

αv,n
Lv,i(x),

and further (7.53) implies

‖Lv,n(x)‖v ≤
n−1∑
i=1

‖Lv,i(x)‖v.

Thus if x ∈ En−1, one obtains

n−1∑
i=1

‖Lv,i(x)‖v ≥
1
2

n∑
i=1

‖Lv,i(x)‖v.
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By induction, reorder the remaining Lv,i so that on Ej ,

j∑
i=1

‖Lv,i(x)‖v ≥
1

2n−j

n∑
i=1

‖Lv,i(x)‖v. (7.54)

Having permuted the Lv,i in this manner, define

ρv,i = ρnv
i , v ∈ S, i = 1, . . . , n.

These choices automatically satisfy (7.50) and (7.51). Now assume x �∈ El for some
l. Then, for some j > l, x �∈ Ej−1 but x ∈ Ej . By using (7.45), then

max
1≤i≤n

ρv,i‖Lv,i(x)‖v ≥ ρv,j max
1≤i≤j

‖Lv,i(x)‖v ≥
ρv,j

j

j∑
i=1

‖Lv,i(x)‖v,

Combining this with (7.54) gives

max
1≤i≤n

ρv,i‖Lv,i(x)‖v ≥
ρv,j

j2n−j

n∑
i=1

‖Lv,i(x)‖v ≥
ρv,j

2n
max

1≤i≤n
‖Lv,i(x)‖v,

which further yields

max
1≤i≤n

ρv,i‖Lv,i(x)‖v ≥
c3

2n
(ρjλj)

nv

by using (7.52). Thus for all x �∈ El,

f̂(x) ≥ c1ρjλj ≥ c1ρlλl.

This proves the first half of (7.49). The second half follows from (7.47) and Theo-
rem 7.13. �

Take non-negative integers a and b with a ≤ b. Let Jb
1,a be the set of all increasing

injective mappings
λ : Z[1, a] −→ Z[1, b].

Let V = κn be the vector space of dimension n over κ. For each v ∈ S, let
αv,1, . . . , αv,n be vectors in the dual space V ∗ of V such that

Lv,i(x) = 〈x, αv,i〉, x ∈ V, i = 1, . . . , n.

Take σ ∈ Jn
1,p and set

Bv,σ = αv,σ(1) ∧ · · · ∧ αv,σ(p),

Av,σ = Av,σ(1)Av,σ(2) · · ·Av,σ(n),

λσ = λσ(1)λσ(2) · · · λσ(n). (7.55)
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The vectors Bv,σ define linear forms

Lv,σ(X) = 〈X, Bv,σ〉

on
∧
p

V , which are linearly independent.

Lemma 7.15. Let det(Lv,i) denote the determinant of the matrix of the coordinates
of the vectors αv,i. Then

det(Lv,σ) = det(Lv,i)
(n−1

p−1).

Proof. See Schmidt [231], Ch. IV, Lemma 6E. �

Lemma 7.16 ([287]). With Lv,σ and Av,σ as above, and X = x(1) ∧ · · · ∧ x(p), one
has

Av,σ‖Lv,σ(X)‖v ≤ ςv

p∏
j=1

max
1≤i≤p

Av,σ(i)

∥∥∥Lv,σ(i)

(
x(j)
)∥∥∥

v
,

where

ςv =

⎧⎪⎨⎪⎩
1, if v is non-Archimedean,

n!, if v is real,

(n!)2, if v is complex.

Proof. Immediate from the definitions. �

Proposition 7.17 ([287]). Order the σ’s so that

λσ1 ≤ · · · ≤ λσN
,

where N =
(
n
p

)
. Let ν1, . . . , νN be the successive minima of the system (Av,σ, Lv,σ).

Then for all j,
λσj ! νj ! λσj . (7.56)

Moreover, σ1 = (1, 2, . . . , p) and σ2 = (1, 2, . . . , p− 1, p + 1).

Proof. Let f be the length function on κn defined by Lv,i and Av,i; let F be the length

function on
∧
p

κn defined by the corresponding Lv,σ and Av,σ . Let Oκ,S denote the
ring of S-integers, and let x(1), . . . ,x(n) be linearly independent vectors in On

κ,S with

f
(
x(j)
)

= λj, j = 1, . . . , n.

Set
X(σ) = x(σ(1)) ∧ · · · ∧ x(σ(p)), σ ∈ Jn

1,p.
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Then

F
(
X(σ)

)
!

p∏
i=1

f
(
x(σ(i))

)
by Lemma 7.16. Since the vectors X(σ) are linearly independent, this gives the right-
hand half of (7.56). The other half follows from Lemma 7.15, Theorem 7.13, and the
fact that

πσλσ = (πiλi)
(n−1

p−1).

The final assertion in this proposition is trivial. �

7.4 Vojta’s estimate

Let κ be a number field and let S be a finite set of places of κ. For each v ∈ S,
let Lv,0, Lv,1, . . . , Lv,n be n + 1 linearly independent linear forms on V = κn+1

with coefficients in κ. Assume that the collection of all Lv,i, except for duplicates,
lies in general position. To each point P ∈ Pn we assign homogeneous coordinates,
obtaining a vector x ∈ On+1

κ,S . Let

H(x) =
∏
v∈S

‖x‖v

denote the height of a vector x ∈ On+1
κ,S .

Theorem 7.18. Let Cv,i be a collection of real constants such that
∑

i Cv,i = 0 for
each v ∈ S. Take ε > 0. Then there exists a finite set T ⊆ V such that if x ∈ On+1

κ,S

is a vector and w1, . . . ,wn ∈ (On+1
κ,S )∗ is a basis for the subspace of V ∗ which is zero

on x, and if

‖Lv,i(wj)‖v ≤ H(x)Cv,i−ε, v ∈ S, 0 ≤ i ≤ n, 1 ≤ j ≤ n,

then x ∈ T .

Proof. If Oκ,S = Z, then this is a consequence of Theorems 9A and 10B of Chapter
VI of Schmidt [231]. The general case can be proved by essentially the same proof,
but we omit the details. See Vojta [287], Theorem 6.4.1. �

Theorem 7.19. Let ε and Lv,i be as above. Let c > 0 be constant. Then there exists
a finite set T ⊆ V such that if x ∈ On+1

κ,S and w1, . . . ,wn ∈ (On+1
κ,S )∗ are as above,

such that

‖Lv,i(wj)‖v ≤ H(x)c, v ∈ S, 0 ≤ i ≤ n, 1 ≤ j ≤ n;
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and if ∏
v∈S

n∏
i=0

max
1≤j≤n

‖Lv,i(wj)‖v ≤ H(x)−ε,

then x ∈ T .

Proof. This follows from Theorem 7.18 by a compactness argument. See Vojta [287],
Theorem 6.4.2. �

Theorem 7.20 ([287]). Let α0, . . . , αq be a set of vectors in V ∗ in general position.
Take ε > 0. Then there exists a finite set T of V such that if x ∈ On+1

κ,S is not a scalar

multiple of some vector in T , then there exists an x′ ∈ On+1
κ,S such that x∧x′ �= 0 and

log
∑
v∈S

‖(x ∧ x′)∠αi‖v
‖x‖v‖〈x, αi〉‖v

≤ ε log H(x)

for all i = 0, . . . , q for which 〈x, αi〉 �= 0. If 〈x, αi〉 = 0 then 〈x′, αi〉 = 0.

Proof. It will suffice to prove the theorem under the assumption that 〈x, αi〉 �= 0 for all
i. Indeed, if 〈x, αi〉 = 0 for some i, then we can reduce to the subspace perpendicular
to αi and use induction on n. We first prove it with a weaker bound,∏

v∈S

‖(x ∧ x′)∠αi‖v
‖x‖v‖〈x, αi〉‖v

≤ H(x)ε. (7.57)

Let T be the set of vectors for which (7.57) does not hold, and assume that the
theorem is false; i.e. T is infinite. The strategy will be to apply the theory of successive

minima to V/〈x〉, realized as V ∧ x ⊆
∧

2
V . If no x′ exists, then an appropriate first

successive minimum is large; we then dualize and apply a few extra arguments to
obtain the situation of Theorem 7.19.

Consider an infinite sequence of x for which no suitable x′ exists. For each v ∈ S,
0 ≤ i ≤ q, and each x in the sequence, order the vectors αi to get αv,i,x so that,

‖〈x, αv,0,x〉‖v ≤ · · · ≤ ‖〈x, αv,q,x〉‖v. (7.58)

Passing to an infinite subsequence, we may assume αv,i do not depend on x. By
assumption, for all x′ ∈ On+1

κ,S with x ∧ x′ �= 0,∏
v∈S

‖(x ∧ x′)∠αv,i‖v
‖x‖v‖〈x, αv,i〉‖v

> H(x)ε

for some indices i depending on v and x′. Applying Lemma 3.8, we have indices
j = j(v,x) such that ∏

v∈S

‖〈x ∧ x′, αv,j ∧ αv,n〉‖v
‖x‖v‖〈x, αv,i〉‖v

" H(x)ε. (7.59)
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On V ∧ x ⊆
∧

2
V , consider the system of successive minima associated to the paral-

lelepiped given by

Lv,i(x ∧ x′) = 〈x ∧ x′, αv,i ∧ αv,n〉, 0 ≤ i < n;

Av,i = 1/‖x‖v‖〈x, αv,i〉‖v, 0 ≤ i < n.

Set d = [κ : Q]. By (7.59), we then have

λd
1 " H(x)ε.

To compute the relative volume of αv,i ∧ αv,n relative to the lattice On+1
κ,S ∧ x, let

x0, . . . , xn be the coordinates of x relative to the standard basis {ei}, assume x0 �= 0.
Then x ∧ e1, . . . ,x ∧ en form a basis for a sublattice of On+1

κ,S ∧ x of index
∏

v∈S

‖x0‖v .

Write
ξi = x ∧ ei, βv,i = αv,n ∧ αv,i−1

for i = 1, . . . , n. The volume V of the αv,i ∧ αv,n relative to this sublattice is

V =
∏
v∈S

‖〈ξ1 ∧ · · · ∧ ξn, βv,1 ∧ · · · ∧ βv,n〉‖−1
v .

By Lemma 3.1, one obtains

V =

{∏
v∈S

‖〈x, αv,n〉‖n−1
v ‖〈x ∧ e1 ∧ · · · ∧ en, αv,0 ∧ · · · ∧ αv,n〉‖v

}−1

.

Thus

V !
{

H(x)n−1
∏
v∈S

‖x0‖v‖det αv,i‖v

}−1

! V.

Therefore, by Theorem 7.13,

(λ1λ2 · · · λn)d ! H(x)n−1
∏
v,i

Av,i ! (λ1λ2 · · · λn)d,

or equivalently,

(λ1λ2 · · ·λn)d ! 1∏
v

∏n
i=0 ‖〈x, αv,i〉‖v

! (λ1λ2 · · ·λn)d.

We now apply Davenport’s lemma with ρi = ρ/λi, choosing ρ so that

ρ1ρ2 · · · ρn = 1.
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This gives constants ρv,i such that the successive minima λ̂j relative to

f̂(x) =

(∏
v∈S

max
0≤i≤n−1

ρv,iAv,i‖〈x ∧ x′, αv,i ∧ αv,n〉‖v

) 1
d

satisfy

λ̂j !
{∏

v∈S

n∏
i=0

‖〈x, αv,i〉‖v

}− 1
nd

! λ̂j .

From (7.51), we also have

ρv,i !
(

λ̂1

λ1

)nv

, v ∈ S, 0 ≤ i < n,

and so

ρv,i !
{

H(x)−ε
∏
v∈S

n∏
i=0

‖〈x, αv,i〉‖−1/n
v

}nv
d

; (7.60)

∏
v∈S

max
0≤i<n

ρv,i ! H(x)−ε
∏
v∈S

n∏
i=0

‖〈x, αv,i〉‖−1/n
v . (7.61)

We now apply Proposition 7.17 to
∧

n−1
(x ∧ V ). This is isomorphic to the dual of

V/〈x〉, i.e. the subspace of V ∗ consisting of those forms vanishing at x. By Proposi-
tion 7.17, the successive minima μ1, . . . , μn satisfy

μj !
{∏

v∈S

n∏
i=0

‖〈x, αv,i〉‖v

}−n−1
nd

! μj .

Thus there exists a basis Ξ1, . . . , Ξn of a full sublattice of the lattice
∧

n−1
(x ∧ On+1

κ,S )
such that, after scaling each Ξi by a unit, vectors

Φv,m = βv,1 ∧ · · · ∧ βv,m−1 ∧ βv,m+1 ∧ · · · ∧ βv,n

satisfy

‖〈Ξj , Φv,m〉‖v !
(

n∏
i=0

‖〈x, αv,i〉‖v

)−n−1
n ∏

0≤i≤n−1
i �=m

ρv,i

Av,i

!
(

n∏
i=0

‖〈x, αv,i〉‖v

)−n−1
n

‖x‖n−1
v

∏
0≤i≤n−1

i �=m

‖〈x, αv,i〉‖vρv,i

! ‖x‖n−2
v ρv,m

‖〈x, αv,m〉‖v

n∏
i=0

‖〈x, αv,i〉‖1/n
v (7.62)
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since
‖x‖v ! ‖〈x, αv,n〉‖v ! ‖x‖v;∏

i

ρv,i = 1, v ∈ S.

We can write Ξj as a finite sum

Ξj =
∑
l∈Ij

(x ∧ ηl1) ∧ · · · ∧ (x ∧ ηl,n−1)

with ηli ∈ On+1
κ,S . By Lemma 3.1, one has

〈Ξj, Φv,m〉 = (−1)n−1〈x, αv,n〉n−2〈x ∧Θj , Ψv,m〉, (7.63)

where
Θj =

∑
l∈Ij

ηl1 ∧ · · · ∧ ηl,n−1 ∈
∧

n−1
On+1

κ,S ,

Ψv,m = αv,0 ∧ · · · ∧ αv,m−1 ∧ αv,m+1 ∧ · · · ∧ αv,n.

Note that x ∧Θj are linearly independent vectors spanning a full sublattice{
α ∈

(
On+1

κ,S

)∗
| 〈x, α〉 = 0

}
.

Combining (7.62) and (7.63) gives

‖〈x ∧Θj , Ψv,m〉‖v !
ρv,m

‖〈x, αv,m〉‖v

n∏
i=0

‖〈x, αv,i〉‖1/n
v ; (7.64)

∏
v∈S

n−1∏
m=0

max
1≤j≤n

‖〈x ∧Θj , Ψv,m〉‖v !
∏
v∈S

‖〈x, αv,n〉‖v. (7.65)

In order to apply Theorem 7.19, we need a bound for ‖〈x ∧Θj , Ψv,n〉‖v. Note that∧
n

V ∗ ∼= V , where {Ψv,0, . . . , Ψv,n} is the dual basis to {αv,0, . . . , αv,n}. Since

Ψv,n ≡ −
1

det(αv,i)

n−1∑
i=0

〈x, αv,i〉
〈x, αv,n〉

Ψv,i (mod x),

with (7.64) this gives

‖〈x ∧Θj , Ψv,n〉‖v !
1

‖〈x, αv,n〉‖v

(
n∏

i=0

‖〈x, αv,i〉‖1/n
v

)
max

0≤i<n
ρv,i. (7.66)
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Further, by (7.61), one has

∏
v∈S

max
1≤j≤n

‖〈x ∧Θj , Ψv,n〉‖v !
{

H(x)ε
∏
v∈S

‖〈x, αv,n〉‖v

}−1

. (7.67)

Combining this with (7.65) gives

∏
v∈S

n∏
m=0

max
1≤j≤n

‖〈x ∧Θj , Ψv,m〉‖v ! H(x)−ε.

Thus the second condition of Theorem 7.19 holds.
To show that the first condition also holds, we first check that if 〈x, αv,i〉 �= 0, then

‖〈x, αv,i〉‖v " ‖x‖v/H(x). (7.68)

We obtain this by a Liouville type argument, as follows. Since x has integral coordi-
nates relative to the standard basis and αv,i is one of finitely many vectors, we have∏

w∈S

‖〈x, αv,i〉‖w " 1;

also, if w �= v, then
‖〈x, αv,i〉‖w ! ‖x‖w.

Dividing these two relations gives (7.68). Combining (7.68) with (7.60) gives

ρv,i !
∏
w∈S

(
H(x)

‖x‖w

) (n+1)nv
nd

= H(x)
(n+1)nv

nd
(#S−1);

with (7.64) and (7.66) this becomes

‖〈x ∧Θj , Ψv,m〉‖v !
‖x‖v
H(x)

‖x‖
n+1

n
v H(x)

(n+1)nv
nd

(#S−1).

This now implies the first condition of Theorem 7.19, provided that

‖x‖v ! H(x).

It is no loss of generality to assume this, because it always holds after multiplying x

by an appropriate unit u, and (7.57) is unaffected by this change.
Thus our infinite sequence of x’s satisfies both conditions of Theorem 7.19, a con-

tradiction. We have show the existence of a vector x′ for almost all x, such that (7.57)
holds. To obtain the theorem from this, multiply x′ by a scalar unit, making all fac-
tors of (7.57) have the same order of magnitude. Then Theorem 7.20 follows (with a
different ε). �
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7.5 Schmidt subspace theorem

Following Vojta [287], we introduce simply Schmidt subspace theorem, and compare
the analogy with Cartan’s second main theorem.

7.5.1 Subspace theorem

Let κ be a number field and let S be a finite subset of Mκ. Let V = Vκ be a vector
space of finite dimension n + 1 > 0 over κ. We state the Schmidt subspace theorem as
follows (W. M. Schmidt [230], J. -H. Evertse and H. P. Schlickewei [61]):

Theorem 7.21. Take ε > 0. Assume that for each ρ ∈ S, the family

{aρ,0, . . . , aρ,n} ⊂ P(V ∗)

is in general position. Then there exists a finite set {b1, . . . , bs} of P(V ∗̄
κ ) such that the

set of solutions x ∈ P(V ) of

∏
ρ∈S

n∏
j=0

|‖x, aρ,j |‖ρ <
1

H(x)n+1+ε

is contained in
⋃

i Ë[bi].

It is possible to obtain quantitative version of the subspace theorem, in which we
control the number of subspaces containing all solutions of height exceeding a certain
bound. In fact, J. -H. Evertse and H. P. Schlickewei [61] have obtained a strong result
of this type.

Take a basis e = (e0, . . . , en) of V . We will identify V ∼= An+1(κ) by the corre-
spondence relation

ξ0e0 + · · ·+ ξnen ∈ V �−→ (ξ0, . . . , ξn) ∈ An+1(κ), ξj ∈ κ.

A point ξ = ξ0e0 + · · ·+ ξnen ∈ V is said to be a S-integral point if ξi ∈ Oκ,S for all
0 ≤ i ≤ n. An algebraic point ξ ∈ Vκ̄ should be integral if its coordinates lie in the
integral closure of Oκ,S in κ̄. Denote by OV,S the set of S-integral points of V , that
is,

OV,S = {ξ ∈ V | ‖ξ‖ρ ≤ 1, ρ �∈ S}. (7.69)

According to the identity V ∼= An+1(κ), we have

OV,S
∼= On+1

κ,S . (7.70)

Similarly, an affine variety Z ⊂ An+1 defined over κ inherits a notion of integral point
from the definition for An+1. The following affine version of the subspace theorem is
worth noting.
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Theorem 7.22. Let κ, S be as before with S containing the set M∞
κ . For ρ ∈ S, i ∈

{0, . . . , n}, take αρ,i ∈ V ∗−{0} such that for each ρ ∈ S, αρ,0, . . . , αρ,n are linearly
independent. Fix ε > 0. Let Q be the set of all ξ ∈ OV,S satisfying∏

ρ∈S

n∏
i=0

‖〈ξ, αρ,i〉‖ρ <
(

max
ρ∈S

‖ξ‖ρ
)−ε

.

Then Q is contained in a finite union of hyperplanes of V .

Theorem 7.22 is due to Schmidt ([230], [231]) for the Archimedean case and
Schlickewei ([227], [228], [229]) in non-Archimedean cases. The following general
form of Subspace Theorem 7.21 will turn out to be equivalent to Theorem 7.22 (see
[232], [287], [103] or Section 7.7):

Theorem 7.23. Let κ, S be as before with S containing the set M∞
κ . Take ε > 0,

q ≥ n. Assume that for each ρ ∈ S, the family

Aρ = {aρ,0, . . . , aρ,q} ⊂ P(V ∗)

is in general position. Then there exists a finite set {b1, . . . , bs} of P(V ∗̄
κ ) such that the

inequality ∑
ρ∈S

q∑
j=0

log
1

|‖x, aρ,j |‖ρ
< (n + 1 + ε)h(x)

holds for all x ∈ P(V )−
⋃

i Ë[bi].

A. J. van der Poorten [281] generalized an idea of Schlickewei [228] to obtain the
following result:

Theorem 7.24. Let κ be a number field and let n ≥ 1 be an integer. Let Γ be a finitely
generated subgroup of κ∗. Then all but finitely many solutions of the equation

u0 + u1 + · · ·+ un = 1, ui ∈ Γ, (7.71)

lie in one of the diagonal hyperplanes HI defined by the equation
∑

i∈I xi = 0, where
I is a subset of {0, 1, . . . , n} with at least two, but no more than n, elements.

The proof is referred to Vojta [287]. Further, Vojta noted that such infinite families
are restricted to finite unions of linear subspaces of dimension ≤ [n/2].

A straightforward calculation will show that Theorem 7.22 implies Roth’s theorem.
In fact, Roth’s theorem can be restated in the following symmetric form.

Theorem 7.25. Let L0(x, y) = αx+βy and L1(x, y) = γx+δy be linearly indepen-
dent linear forms with algebraic coefficients. Then, for every ε > 0, the inequalities

0 < |L0(x, y)L1(x, y)| < max{|x|, |y|}−ε

have only finitely many solutions in integers x, y.
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Proof. Theorem 7.25 implies Roth’s Theorem 6.1, since the inequality in Roth’s The-
orem 6.1 implies

|y| |αy − x| < y−ε.

Essentially this is the same as

|y| |αy − x| < max{|x|, |y|}−ε. (7.72)

Notice that in (7.72) we have on the left hand side the product of the absolute values
of the two linear forms

L0(x, y) = x− αy, L1(x, y) = y.

On the other hand, Roth’s Theorem 6.1 implies Theorem 7.25 by the following argu-
ment. Assume |L1(x, y)| ≥ |L0(x, y)|. We have

|L0(x, y)| " |y|
∣∣∣∣xy +

β

α

∣∣∣∣
and

|L1(x, y)| " |γL0(x, y)− αL1(x, y)| = |αδ − βγ||y| " |y|.

Hence ∣∣∣∣−β

α
− x

y

∣∣∣∣! 1
|y|2 |L0(x, y)L1(x, y)| <

1
|y|2+ε

,

so there can be only finitely many solutions x/y. �

Theorem 6.2 is the special case n = 1 of the Subspace Theorem 7.21. It states that,
given κ and S as above and given algebraic numbers aρ ∈ κ̄ for ρ ∈ S, the inequality∏

ρ∈S

min{1, |‖y − aρ|‖ρ} <
1

H∗(y)2+ε
(7.73)

has only finitely many solution y ∈ κ. Note that, by splitting the solutions of (7.73)
into finitely many subsets according to the places ρ ∈ S for which |‖y − aρ|‖ρ < 1,
we see immediately that (7.73) is equivalent to the statement that the solutions to∏

ρ∈S∗

|‖y − aρ|‖ρ <
1

H∗(y)2+ε
, |‖y − aρ|‖ρ < 1 (ρ ∈ S∗) (7.74)

form a finite set for any subset S∗ of S.
Take ξ = ξ0e0 + ξ1e1 ∈ V such that x = P(ξ) = [1, y] with y = ξ1/ξ0 and take

aρ,i = P(αρ,i) ∈ P(V ∗) (i = 0, 1)

such that
〈ξ, αρ,0〉 = ξ0, 〈ξ, αρ,1〉 = ξ1 − aρξ0.
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Then |αρ,0|ρ = 1, and so

|x, aρ,0|ρ|x, aρ,1|ρ =
|y − aρ|ρ
|αρ,1|ρ

max{1, |y|ρ}−2.

Now if |y − aρ|ρ < 1, we obtain |y| < 1 + |aρ|ρ and max{1, |y|ρ} is bounded above
independently of y. Therefore, if (7.74) holds, we also have∏

ρ∈S∗

|‖x, aρ,0|‖ρ|‖x, aρ,1|‖ρ <
C

H(x)2+ε

for some constant C. Thus by Northcott’s Theorem 4.29, we obtain

C < H(x)ε/2 = H∗(y)ε/2

except for finitely many y ∈ κ. Hence we may apply the Subspace Theorem 7.21 with
n = 1 and ε/2 in place of ε and conclude that the solutions y of (7.74) form a finite
set, and so Theorem 6.2 follows.

7.5.2 Proof of subspace theorem

Let κ be a number field and let S be a finite subset of Mκ containing the set M∞
κ . Let

V = Vκ be a vector space of finite dimension n + 1 > 0 over κ.

Theorem 7.26 ([287]). Let α0, . . . , αq be a set of vectors in V ∗ in general position.
Take ε > 0. Then there exists a finite set T of V with the following property. Assume
that αv,0, . . . , αv,n are distinct elements of {α0, . . . , αq} for each v ∈ S and assume
that Av,i are positive real constants as in Section 7.3. Let λ0, . . . , λn be the successive
minima relative to the length function

f(x) =
(∏

v∈S

max
0≤i≤n

Av,i‖〈x, αv,i〉‖v
) 1

[κ:Q]
. (7.75)

Then either f(x) = λ0 for some x ∈ κT ∩ On+1
κ,S , or λ1 < λ0H(x)ε.

Proof. Let T be as Theorem 7.20. Let x ∈ On+1
κ,S be such that f(x) = λ0. Assume

that x �∈ κT . Then by Theorem 7.20, there exists a vector x′ such that∑
v∈S

‖(x ∧ x′)∠αi‖v
‖x‖v‖〈x, αi〉‖v

≤ H(x)ε (7.76)

if 〈x, αi〉 �= 0, and 〈x′, αi〉 = 0 if 〈x, αi〉 = 0.
Here x′ is only determined modulo x; let us choose one x′ ∈ On+1

κ,S . For each
v ∈ S, permute the vectors αv,i such that

‖〈x, αv,0〉‖v ≤ · · · ≤ ‖〈x, αv,n〉‖v. (7.77)
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It is an elementary fact of number theory that there exists a constant c1, depending
only on κ, such that given constants av ∈ κv for each v ∈ S, there exists a ∈ Oκ,S

such that
‖a− av‖v < c1

for each v ∈ S (cf. Theorem 1.88). Applying this fact with

av =
〈x′, αv,n〉
〈x, αv,n〉

,

we replace x′ with x′ − ax, so that

‖〈x′, αv,n〉‖v < c1‖〈x, αv,n〉‖v. (7.78)

But
‖〈x ∧ x′, αi ∧ αv,n〉‖v ! ‖(x ∧ x′)∠αi‖v .

By (7.76), one obtains

‖(x ∧ x′)∠αi‖v ! H(x)ε‖x‖v‖〈x, αi〉‖v.

Combining this with (7.77), one has

‖〈x ∧ x′, αi ∧ αv,n〉‖v ! H(x)ε‖〈x, αv,n〉‖v‖〈x, αi〉‖v.

Note that

‖〈x′, αi〉〈x, αv,n〉‖v ≤ ‖〈x ∧ x′, αi ∧ αv,n〉‖v + ‖〈x, αi〉〈x′, αv,n〉‖v.

Hence by (7.78),

‖〈x′, αi〉‖v ! (H(x)ε + c1) ‖〈x, αi〉‖v ! H(x)ε‖〈x, αi〉‖v
unless H(x) is small. Enlarging T to eliminate this possibility, one has

f(x′) ! H(x)εf(x).

Thus,
λ1 ! λ0H(x)ε

(with a different ε), as was to be shown. �

Theorem 7.27 ([287]). Let α0, . . . , αq be a set of vectors in V ∗ in general position.
Take ε > 0 and let 0 ≤ p ≤ n − 1. Then there exists a finite set Tp+1 of (p + 1)-
dimensional linear subspaces of V with the following property. Let αv,i, Av,i, and
λ0, . . . , λn be as in Theorem 7.26. Assume that x(0), . . . ,x(n) are linearly independent
vectors in On+1

κ,S satisfying f
(
x(j)
)

= λj . Then either〈
x(0), . . . ,x(p)

〉
∈ Tp+1,

or
λp+1 < H

(
x(0) ∧ · · · ∧ x(p)

)ε
λp.
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Proof. For σ ∈ Jn
p , define Bv,σ and Av,σ as in (7.55). Let ν1, . . . , ν(n+1

p+1)
denote the

successive minima of the associated length function on
∧
p+1

V . By Proposition 7.17 and
Theorem 7.26,

λp+1

λp
! ν2

ν1
< H

(
x(0) ∧ · · · ∧ x(p)

)ε
,

unless x(0)∧· · ·∧x(p) is a scalar multiple of some element of the finite set T ⊆
∧
p+1

V .
Let Tp+1 be the collection of subspaces of V corresponding to decomposable elements
of T . Then the conditions in the theorem hold. �

We will be applying this theorem to the successive minimum problem defined by
the length function (7.75), where αv,i are chosen such that

‖〈x, αv,0〉‖v ≤ · · · ≤ ‖〈x, αv,q〉‖v (7.79)

and

Av,i =
Av

‖〈x, αv,i〉‖v
, (7.80)

where Av is chosen such that
n∏

i=0

Av,i = 1

for all v ∈ S.

Lemma 7.28. Let λ0, . . . , λn be the successive minima of the length function defined
by (7.75), (7.79) and (7.80). Let x(0), . . . ,x(n) be linearly independent lattice points
with f

(
x(j)
)

= λj . Then there exists constants cp, 0 ≤ p ≤ n− 1, such that

h
(
x(0) ∧ · · · ∧ x(p)

)
< cph(x) + O(1),

where the constants cp depend only on κ, n and p, and the constant in O(1) depends
only on κ, n, p and the αi.

Proof. We have

h
(
x(0) ∧ · · · ∧ x(p)

)
≤

p∑
i=0

h
(
x(i)
)

+ O(1)

≤
p∑

i=0

log λi +
p

[κ : Q]
log max

0≤i≤n
Av,i + O(1).

By Theorem 7.13, the first term is negative; it then suffices to show that∑
v∈S

log max Av,i < c′ph(x) + O(1).
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But this follows from the definition of Av,i and the Liouville estimate (7.68)

‖x‖v
H(x)

! ‖〈x, αi〉‖v ! ‖x‖v . �

Proof. [Proof of Theorem 7.23] We start with a sequence of vectors x, and immedi-
ately throw out all x such that 〈x, αi〉 = 0 for any i, or such that x lies in one of the
subspaces in one of the Tp+1. This eliminates only finitely many hyperplanes; we will
show that all remaining vectors satisfy the theorem, i.e.

q∑
j=0

m(x, aj) ≤ (n + 1 + ε)h(x) + O(1),

where x = P(x), aj = P(αj).
For each vector x, let αv,i, Av,i, λi and x(i) be defined as in (7.79), (7.80) and

Lemma 7.28. Let p0 be the smallest integer for which

x ∈
〈
x(0), . . . ,x(p0)

〉
.

Then Theorem 7.27 holds for all p ≥ p0. But by (7.79),

q∑
j=0

m(x, aj) = − 1
[κ : Q]

∑
v∈S

q∑
j=0

log
‖〈x, αv,j〉‖v
‖x‖v

+ O(1);

also

log λp0 ≤ log f(x) =
1

[κ : Q]

∑
v∈S

log Av

=
1

(n + 1)[κ : Q]

∑
v∈S

n∑
i=0

log ‖〈x, αv,i〉‖v

= h(x)− 1
n + 1

q∑
j=0

m(x, aj) + O(1).

Applying Theorem 7.13, we also have

log λn ≥
1

n + 1

q∑
j=0

m(x, aj)− h(x) + O(1).

Thus, summing the results of Theorem 7.27 from p = p0 to n− 1 gives
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q∑
j=0

m(x, aj)− (n + 1)h(x) ≤ n + 1
2

log
λn

λp0

≤ (n + 1)ε

2

n−1∑
p=p0

log H
(
x(0) ∧ · · · ∧ x(p)

)
≤ ε

(
(n + 1)[κ : Q]

2

n−1∑
p=p0

cp

)
h(x) + O(1)

(7.81)

by Lemma 7.28. This concludes the proof (after adjusting ε). �

In particular, Theorem 7.23 has the following form:

Theorem 7.29. Take ε > 0, q ≥ n. Assume that the family {α0, . . . , αq} ⊂ V ∗ is in
general position. Then there exists a finite union Q of hyperplanes of V such that

‖ξ‖q−n−ε
∞ < C

q∏
j=0

‖〈ξ, αj〉‖∞

hold for all ξ ∈ OV,S −Q.

Thus Conjecture 5.16 is the truncated form of Theorem 7.29.

7.6 Cartan’s method

Let κ be a number field and let S be a finite subset of Mκ containing the set M∞
κ .

Let V = Vκ be a vector space of finite dimension n + 1 > 0 over κ. Lemma 4.3
immediately implies the following fact (see [103]):

Lemma 7.30. For x ∈ P(V ), we can choose ξ ∈ OV,S such that x = P(ξ), and the
relative height of x satisfies

max
{

max
ρ∈S

‖ξ‖ρ,
∏
ρ∈S

‖ξ‖ρ
}
≤ cHκ(x) ≤ c

{
max
ρ∈S

‖ξ‖ρ
}#S

,

where c is a constant depending only on S but independent of x.

Take a basis e = (e0, . . . , en) of V . We will identify V ∼= An+1(κ) by the corre-
spondence relation

x0e0 + · · · + xnen ∈ V �−→ x = (x0, . . . , xn) ∈ An+1(κ), xj ∈ κ.
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Take
x(i) =

(
x

(i)
0 , x

(i)
1 , . . . , x(i)

n

)
∈ An+1(κ), i = 1, . . . , n.

We write

W
(
x,x(1), . . . ,x(n)

)
=

∣∣∣∣∣∣∣∣∣
x0 x1 · · · xn

x
(1)
0 x

(1)
1 · · · x

(1)
n

. . . . . . . . . . . . . . . . . . . .

x
(n)
0 x

(n)
1 · · · x

(n)
n

∣∣∣∣∣∣∣∣∣
, (7.82)

and define

S
(
x,x(1), . . . ,x(n)

)
=

W(x,x(1), . . . ,x(n))

x0x1 · · · xn
(7.83)

if xj �= 0 for j = 0, . . . , n.
Let A = {a0, a1, . . . , aq} be a family of points aj ∈ P(V ∗) in general position.

Take αi ∈ V ∗ − {0} with P(αi) = ai. Write

αi = αi0ε0 + · · ·+ αinεn, i = 0, . . . , q,

where ε = (ε0, . . . , εn) is the dual of e. For i = 0, 1, . . . , q, set

Li(x) = 〈x, αi〉 = αi0x0 + αi1x1 + · · ·+ αinxn.

Take ε > 0. Then there exists a finite set T of V with the following property. If
x ∈ On+1

κ,S − κT , then by Theorem 7.20, there exists a vector x′ ∈ On+1
κ,S such that

x ∧ x′ �= 0 and ∑
v∈S

‖(x ∧ x′)∠αi‖v
‖x‖v‖〈x, αi〉‖v

≤ H(x)ε

for all i = 0, . . . , q for which 〈x, αi〉 �= 0, and 〈x′, αi〉 = 0 if 〈x, αi〉 = 0. Here x′

is only determined modulo x, and so, according to the proof of Theorem 7.26, we can
choose one x(1) = x′ − ax ∈ On+1

κ,S for some a ∈ Oκ,S such that x ∧ x(1) �= 0, and

‖〈x(1), αi〉‖v ! H(x)ε‖〈x, αi〉‖v. (7.84)

Based on Theorem 7.20, we make the following hypothesis:

Hypothesis 7.31. Let α0, . . . , αq be a set of vectors in V ∗ in general position. Take
ε > 0. Then there exists a finite set T of V such that if x ∈ On+1

κ,S is not a scalar

multiple of some vector in T , then there exist x(1), . . . ,x(n) ∈ On+1
κ,S such that x ∧

x(1) ∧ · · · ∧ x(n) �= 0 and

log
∑
v∈S

‖(x ∧ x(j))∠αi‖v
‖x‖v‖〈x, αi〉‖v

≤ ε log H(x), j = 1, . . . , n

for all i = 0, . . . , q for which 〈x, αi〉 �= 0.
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Under the Hypothesis 7.31, according to the proof of Theorem 7.26, we can choose
x(j) modulo x satisfying

‖〈x(j), αi〉‖v ! H(x)ε‖〈x, αi〉‖v, 0 ≤ i ≤ q, 1 ≤ j ≤ n. (7.85)

In particular, we have

W = W
(
x,x(1), . . . ,x(n)

)
�= 0.

Let x = P(x) and define

NRam(x) = −
∑
v �∈S

log |‖W|‖v .

It is obvious that NRam(x) ≥ 0. Here we follow the method due to Cartan to prove
Schmidt subspace theorem again.

Theorem 7.32. Take ε > 0, q ≥ n. Let A = {a0, a1, . . . , aq} be a family of points
aj ∈ P(V ∗) in general position. Under the Hypothesis 7.31, there exists a finite set
{b1, . . . , bs} of P(V ∗̄

κ ) such that the inequality

(q − n)h(x) ≤
q∑

i=0

N(x, ai)−NRam(x) + εh(x) + O(1) (7.86)

holds for all x ∈ P(V )−
⋃

i Ë[bi].

Proof. We start with a sequence of vectors x, and immediately throw out all x such
that 〈x, αi〉 = 0 for any i, or such that x lies in the subset κT . This eliminates
only finitely many hyperplanes; we will show that all remaining vectors satisfy the
theorem. We take x ∈ On+1

κ,S such that it is not in the eliminating hyperplanes above

and set x = P(x). Because A is in general position, we have cλ = det
(
αλ(i)j

)
�= 0

for any λ ∈ Jq
n. We abbreviate the determinant

Wλ = W
(

Lλ(x), Lλ

(
x(1)
)
, . . . , Lλ

(
x(n)
))

,

and
Sλ = S

(
Lλ(x), Lλ

(
x(1)
)
, . . . , Lλ

(
x(n)
))

,

where
Lλ = (Lλ(0), . . . , Lλ(n)).

It follows that Wλ = cλW. Lemma 3.12 implies

q∏
j=0

1
|‖x, aj |‖v

≤
(

1
Γv(A )

)q−n

max
λ∈Jq

n

n∏
i=0

1
|‖x, aλ(i)|‖v

.
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Since
n∏

i=0

1
|‖x, aλ(i)|‖v

=

n∏
i=0

|‖x|‖v|‖αλ(i)|‖v
|‖Lλ(i)(x)|‖v

= |‖x|‖n+1
v

|‖Sλ|‖v
|‖cλW|‖v

n∏
i=0

|‖αλ(i)|‖v,

(7.87)
we have

q∏
j=0

1
|‖x, aj |‖v

≤ cv
|‖x|‖n+1

v

|‖W|‖v
max
λ∈Jq

n

|‖Sλ|‖v ,

for some constant cv, which yields

q∑
i=0

m(x, ai) ≤ (n + 1)
∑
v∈S

log |‖x|‖v −
∑
v∈S

log |‖W|‖v

+
∑
v∈S

max
λ∈Jq

n

log |‖Sλ|‖v + O(1). (7.88)

By Lemma 7.30, we obtain∑
v∈S

log |‖x|‖v ≤ h(x) + O(1).

The product formula means∑
v∈S

log |‖W|‖v = −
∑
v �∈S

log |‖W|‖v = NRam(x).

Thus the inequality (7.88) becomes

q∑
i=0

m(x, ai) ≤ (n + 1)h(x)−NRam(x)

+
∑
v∈S

max
λ∈Jq

n

log |‖Sλ|‖v + O(1), (7.89)

where

|Sλ|v =
|Wλ|v

|Lλ(0)(x) · · ·Lλ(n)(x)|v
=

∣∣∣∣∣∑
i∈J n

sign(i)
Lλ(0)(x

(i0))

Lλ(0)(x)
· · ·

Lλ(n)(x
(in))

Lλ(n)(x)

∣∣∣∣∣
v

,

in which J n is the permutation group on Z[0, n] and x(0) = x. Hence the conditions
(7.85) yields easily

‖Sλ‖v ≤ ςnv

v,r2 max
i∈J n

{
‖Lλ(0)(x

(i0))‖v
‖Lλ(0)(x)‖v

· · ·
‖Lλ(n)(x

(in))‖v
‖Lλ(n)(x)‖v

}
! H(x)nε,

where r =
√

(n + 1)!. Thus Theorem 7.32 follows from (7.89) and the first main
theorem (with a different ε). �
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Conjecture 7.33. Take ε > 0, q ≥ n. Let A = {a0, a1, . . . , aq} be a family of points
aj ∈ P(V ∗) in general position. Then there exists a finite set {b1, . . . , bs} of P(V ∗̄

κ )
such that the inequality

(q − n)h(x) ≤
q∑

i=0

Nn(x, ai) + εh(x) + O(1) (7.90)

holds for all x ∈ P(V )−
⋃

i Ë[bi], where

Nn(x, ai) = Nn

(
x, Ë[ai]

)
.

We consider the case n = 1. Now we take V = κ2. Recall that we have the
embeddings

x ∈ κ �−→ [1, x] ∈ P(V ),

a ∈ κ �−→ [−a, 1] ∈ P(V ∗).

We write
x =

x1

x0
, ai = −αi0

αi1

with x0, x1, αi0, αi1 ∈ Oκ, and so

x = (x0, x1) ∈ V, αi = (αi0, αi1) ∈ V ∗

such that
〈x, αi〉 = αi0x0 + αi1x1.

Note that
|x|v|αi|v
|〈x, αi〉|v

=
|(1, x)|v|(−ai, 1)|v

|x− ai|v
=

1
χv(x, ai)

.

Thus the inequality (7.86) means

(q − 1)h(x) ≤
q∑

i=0

N(x, ai)−NRam(x) + εh(x) + O(1),

where NRam(x) is the term NRam([1, x]) in (7.86).

7.7 Subspace theorems on hypersurfaces

Let κ be a number field and let V = Vκ be a normed vector space of dimension
n + 1 > 0 over κ. Let E be a hyperplane on P(Vκ̄). Take a positive integer d. The
dual classification mapping

ϕdE : P(Vκ̄) −→ P(#dVκ̄)
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is just the Veronese mapping, that is,

ϕdE(x) = x�d.

Then the absolute (multiplicative) height of x ∈ P(Vκ̄) for dE is given by

HdE(x) = H(ϕdE(x)) = H
(
x�d
)

= H(x)d,

and the absolute (logarithmic) height of x for dE is given as

hdE(x) = h(ϕdE(x)) = dh(x).

Let S be a finite set of places containing M∞
κ . Take α ∈ #dV ∗ with (α) = dE and

set a = P(α). For x �∈ dE, the proximity function mS(x, dE) is given by

mS(x, dE) = m
(
x�d, a

)
.

Similarly, the valence function is given by

NS(x, dE) = N
(
x�d, a

)
.

Thus the (4.36) yields the following first main theorem:

m
(
x�d, a

)
+ N

(
x�d, a

)
= dh(x) + O(1). (7.91)

7.7.1 Statements of theorems

By using Theorem 7.23, we can obtain directly the following result:

Theorem 7.34. Take ε > 0, q ≥ N =
(n+d

d

)
. Assume that for each ρ ∈ S, a family

{aρ,1, . . . , aρ,q} ⊂ P(#dV ∗)

is in general position. Then there exists a finite set {b1, . . . , bs} of P(#dV ∗̄
κ ) such that

the inequality

∑
ρ∈S

q∑
j=1

log
1

|‖x�d, aρ,j |‖ρ
< d(N + ε)h(x) + O(1)

holds for all x ∈ P(V )−
⋃

i Ëd[bi].

If the families in general position in Theorem 7.34 are replaced by admissible fam-
ilies, then N in the bound of the main inequality of Theorem 7.34 can be replaced by
n + 1, that is, we have the following subspace theorem on hypersurfaces:
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Theorem 7.35 ([112]). Take ε > 0, q ≥ n. Assume that for ρ ∈ S, a family

Aρ = {aρ,0, . . . , aρ,q} ⊂ P(#dV ∗)

is admissible. Then there exist points

bi ∈ P(#di
V ∗

κ̄ ) (1 ≤ di ∈ Z, i = 1, . . . , s < ∞)

such that the inequality

∑
ρ∈S

q∑
j=0

log
1

|‖x�d, aρ,j |‖ρ
< d(n + 1 + ε)h(x) + O(1)

holds for all x ∈ P(V )−
⋃

i Ëdi [bi].

Originally, Theorem 7.35 is a conjecture proposed by Hu and Yang [103] (or see
[108]). It extends the Schmidt’s subspace theorem. We will introduce the proof in
Section 7.7.2 by using methods of P. Corvaja and U. Zannier [35]. Theorem 7.22
implies the following result:

Theorem 7.36. For ρ ∈ S, i ∈ {1, . . . , N}, where N =
(
n+d

d

)
, take αρ,i ∈ #dV ∗ −

{0} such that for each ρ ∈ S, αρ,1, . . . , αρ,N are linearly independent. Then for any
ε > 0 there exists a finite set {b1, . . . , bs} of P(#dV ∗̄

κ ) such that the inequality

∏
ρ∈S

N∏
i=1

1
‖〈ξ�d, αρ,i〉‖ρ

≤
{

max
ρ∈S

‖ξ‖ρ
}ε

holds for all S-integral points ξ ∈ OV,S −
⋃

i Ed[bi].

Related to Theorem 7.36, we have:

Theorem 7.37 ([112]). For ρ ∈ S, i = 0, . . . , n, take αρ,i ∈ #dV ∗ − {0} such that
the system

〈ξ�d, αρ,i〉 = 0, i = 0, . . . , n

has only the trivial solution ξ = 0 in Vκ̄. Then for any ε > 0 there exist points

bi ∈ P(#di
V ∗

κ̄ ) (1 ≤ di ∈ Z, i = 1, . . . , s < ∞)

such that the inequality

∏
ρ∈S

n∏
i=0

1
‖〈ξ�d, αρ,i〉‖ρ

≤
{

max
ρ∈S

‖ξ‖ρ
}ε

holds for all S-integral points ξ ∈ OV,S −
⋃

i Edi [bi].
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Hu and Yang suggested Theorem 7.37 in [103] (or see [108]). Obviously, Theo-
rem 7.35 yields immediately Theorem 7.37 by taking q = n and using Lemma 7.30.
Conversely, Theorem 7.37 implies also Theorem 7.35. In fact, by Lemma 3.17 and
Theorem 7.37, there exist points

bi ∈ P(#di
V ∗

κ̄ ) (1 ≤ di ∈ Z, i = 1, . . . , s < ∞)

such that the inequality

∏
ρ∈S

q∏
j=0

1
|‖x�d, aρ,j |‖ρ

≤
∏
ρ∈S

⎧⎨⎩
(

1
Γρ(Aρ)

)q−n n∏
j=0

1
|‖x�d, aρ,σρ(j)|‖ρ

⎫⎬⎭
≤ c1

(∏
ρ∈S

|‖ξ|‖dρ
)n+1

⎛⎝∏
ρ∈S

n∏
j=0

1
|‖〈ξ�d, αρ,σρ(j)〉|‖ρ

⎞⎠
≤ c1

(∏
ρ∈S

|‖ξ|‖ρ
)d(n+1)(

max
ρ∈S

|‖ξ|‖ρ
)ε

,

holds for all points x = P(ξ) ∈ P(V ) −
⋃

i Ëdi [bi], where c1 is constant, and αρ,j ∈
V ∗ − {0} with aρ,j = P(αρ,j). By Lemma 7.30, there exists a constant c2 such that

∏
ρ∈S

q∏
j=0

1
|‖x�d, aρ,j |‖ρ

≤ c2H(x)d(n+1)+ε,

and hence Theorem 7.35 follows.

7.7.2 Proof of Theorem 7.35

In this section, we prove Theorem 7.35 based on methods of P. Corvaja and U. Zannier
[35]. First of all, we state several lemmas from [35] (or see [224]). We shall use the
lexicographic ordering on the p-tuples ν = (ν(1), . . . , ν(p)) ∈ Zp

+, namely, μ > ν if
and only if for some l ∈ {1, . . . , p} we have μ(k) = ν(k) for k < l and μ(l) > ν(l).

Lemma 7.38. Let A be a commutative ring and let {g1, . . . , gp} be a regular sequence
in A. Suppose that for some y, x1, . . . , xh ∈ A we have an equation

g
ν(1)
1 · · · gν(p)

p y =
h∑

k=1

g
μk(1)
1 · · · gμk(p)

p xk,

where μk > ν for k = 1, . . . , h. Then y ∈ Ip.
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Proof. We prove Lemma 7.38 by induction on p. Since g1 is not a zero divisor in A,
the assertion is trivial for p = 1. Assume that p > 1 and that Lemma 7.38 is true up
to p − 1. Since μk > ν for k = 1, . . . , h, renumbering the indices 1, . . . , h we may
assume that

μk(1)

{
> ν(1), k = 1, . . . , s,

= ν(1), k = s + 1, . . . , h

for some 0 ≤ s ≤ h. Since g1 is not a zero divisor in A we may write

g
ν(2)
2 · · · gν(p)

p y = g1b +

h∑
k=s+1

g
μk(2)
2 · · · gμk(p)

p xk, b ∈ A.

Reducing modulo g1, denoting the reduction with a bar, and working in the ring A/I1,
we have

ḡ
ν(2)
2 · · · ḡν(p)

p ȳ =

h∑
k=s+1

ḡ
μk(2)
2 · · · ḡμk(p)

p x̄k.

Note that (μk(2), . . . , μk(p)) > (ν(2), . . . , ν(p)) for k = s + 1, . . . , h and that
{ḡ2, . . . , ḡp} is a regular sequence in A/I1. We may apply the inductive assumption
with p − 1 in place of p and A/I1 in place of A. Then ȳ lies in the ideal of A/I1

generated by ḡ2, . . . , ḡp, i.e., y ∈ Ip, as required. �

Let κ be a number field and let κ̄ be an algebraic closure of κ. Let V = Vκ̄ be a
normed vector space of dimension n + 1 > 0 over κ̄.

Lemma 7.39. Let β̃1, . . . , β̃p be homogeneous polynomials in κ̄[ξ0, . . . , ξn]. Assume
that they define a subvariety of P(V ) of dimension n − p. Then {β̃1, . . . , β̃p} is a
regular sequence.

Proof. This follows from Hilbert basis theorem and Proposition 1.18. �

Lemma 7.40. Let β̃1, . . . , β̃n be homogeneous polynomials in κ̄[ξ0, . . . , ξn]. Assume
that they define a subvariety of P(V ) of dimension 0. Then, for all large N ,

dim V[N ]/{(β̃1, . . . , β̃n) ∩ V[N ]} = deg(β̃1) · · · deg(β̃n).

Proof. It is a classical fact from the theory of Hilbert polynomials that the dimension
of the quotient in Lemma 7.40 is constant for large N , equal to the degree of the variety
defined by β̃1, . . . , β̃n (see [90], Ch. I.7) which is just the product of the degrees of β̃i

(see [239], Ch. IV). �

Take ρ ∈ S and take a positive integer d. Let Aρ = {aρ,j}qj=0 be a finite admissible
family of points aρ,j ∈ P (#dV ∗

κ ) with q ≥ n. Take αρ,j ∈ #dV ∗
κ−{0}with P(αρ,j) =

aρ,j , and define

α̃ρ,j(ξ) =
〈

ξ�d, αρ,j

〉
, ξ ∈ V, j = 0, 1, . . . , q.
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W.l.o.g., assume |αρ,j |ρ = 1 for j = 0, . . . , q. Lemma 3.17 implies

q∏
j=0

1
‖x�d, aρ,j‖ρ

≤
(

1
Γρ(Aρ)

)q+1−n

max
λ∈Jq

n−1

n−1∏
i=0

1
‖x�d, aρ,λ(i)‖ρ

(7.92)

for x ∈ P(Vκ)−∪q
j=0Ëd[aρ,j ]. P. Corvaja and U. Zannier [35] estimated the terms on

the right-hand side of (7.92) as follows.
Now pick λ ∈ Jq

n−1. Since Aρ is admissible, α̃ρ,λ(0), . . . , α̃ρ,λ(n−1) define a subva-
riety of P(V ) of dimension 0. Take a multi-index ν = (ν(1), . . . , ν(n)) ∈ Zn

+ with
the length

|ν| = ν(1) + · · · + ν(n) ≤ N

d
.

For any γ = (γ(1), . . . , γ(n)) ∈ Zn
+, abbreviate

α̃γ
ρ,λ = α̃

γ(1)
ρ,λ(0) · · · α̃

γ(n)
ρ,λ(n−1)

and define the spaces

VN,ν =
∑
γ≥ν

α̃γ
ρ,λV[N−d|γ|]

with VN,0 = V[N ] and VN,μ ⊂ VN,ν if μ > ν. Thus the VN,ν define a filtration of
V[N ].

Next we consider quotients between consecutive spaces in the filtration. Suppose
that VN,μ follows VN,ν in the filtration:

V[N ] ⊃ · · · ⊃ VN,ν ⊃ VN,μ ⊃ · · · ⊃ {0}. (7.93)

Lemma 7.41. There is an isomorphism

VN,ν/VN,μ
∼= V[N−d|ν|]/{(α̃ρ,λ(0), . . . , α̃ρ,λ(n−1)) ∩ V[N−d|ν|]}.

Proof. A vector space homomorphism ϕ : V[N−d|ν|] −→ VN,ν/VN,μ is defined as

follows: For β̃ ∈ V[N−d|ν|], we define ϕ(β̃) as the class of α̃ν
ρ,λβ̃ modulo VN,μ.

Obviously, ϕ is surjective.
Suppose β̃ ∈ ker(ϕ) = ϕ−1(0), which means that

α̃ν
ρ,λβ̃ ∈

∑
γ>ν

α̃γ
ρ,λV[N−d|γ|].

Thus we may write

α̃ν
ρ,λβ̃ =

∑
γ>ν

α̃γ
ρ,λβ̃γ
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for elements β̃γ ∈ V[N−d|γ|]. Lemma 7.38 implies that β̃ lies in the ideal generated by
α̃ρ,λ(0), . . . , α̃ρ,λ(n−1). Therefore

β̃ =

n−1∑
i=0

η̃iα̃ρ,λ(i),

where η̃i (0 ≤ i ≤ n− 1) are homogeneous with deg(η̃i) = deg(β̃)− d, that is,

η̃i ∈ V[N−d(|ν|+1)], i = 0, . . . , n− 1.

Hence α̃ν
ρ,λβ̃ is a sum of terms in VN,μ, which concludes the proof of the lemma. �

By Lemma 7.40 and Lemma 7.41, there exists an integer N0 depending only on
α̃ρ,λ(0), . . . , α̃ρ,λ(n−1) such that

Δν := dimVN,ν/VN,μ

{
= dn, if d|ν| < N −N0,

≤ dim V[N0], others.
(7.94)

Now we choose inductively a suitable basis of V[N ] in the following way. We start
with the last nonzero VN,μ in the filtration (7.93) and pick any basis of it. Suppose
μ > ν are consecutive n-tuples such that d|ν|, d|μ| ≤ N . It follows directly from the
definition that we may pick representatives α̃ν

ρ,λβ̃ ∈ VN,ν of elements in the quotient

space VN,ν/VN,μ, where β̃ ∈ V[N−d|ν|]. We extend the previously constructed basis
in VN,μ by adding these representatives. In particular, we have obtained a basis for
VN,ν and our inductive procedure may go on unless VN,ν = V[N ], in which case we

stop. In this way, we obtain a basis {ψ̃1, . . . , ψ̃M} of V[N ], where M = dim V[N ].

For a fixed k ∈ {1, . . . , M}, assume that ψ̃k is constructed with respect to
VN,ν/VN,μ. We may write

ψ̃k = α̃ν
ρ,λβ̃, β̃ ∈ V[N−d|ν|].

Then we have a bound

‖ψ̃k(ξ)‖ρ = ‖α̃ν
ρ,λ(ξ)‖ρ‖β̃(ξ)‖ρ

≤ c′‖α̃ν
ρ,λ(ξ)‖ρ‖ξ‖N−d|ν|

ρ ,

where c′ is a positive constant depending only on ψ̃k, not on ξ. Observe that there
are precisely Δν such functions ψ̃k in our basis. Hence, taking the product over all
functions in the basis, and then taking logarithms, we get

log
M∏

k=1

‖ψ̃k(ξ)‖ρ ≤
n−1∑
i=0

∑
ν

Δνν(i + 1) log ‖α̃ρ,λ(i)(ξ)‖ρ

+

(∑
ν

Δν(N − d|ν|)
)

log ‖ξ‖ρ + c, (7.95)
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where c is a positive constant depending only on ψ̃k, not on ξ. Here ν in the summa-
tions is taken over the n-tuples in the filtration (7.93) with |ν| ≤ N/d.

Note that

M = dim V[N ] =

(
n + N

N

)
=

Nn

n!
+ O

(
Nn−1) , (7.96)

T∑
t=0

#Jn−1,t = #Jn,T =

(
n + T

T

)
, T ∈ Z+,

and that, since the sum below is independent of j, we have that, for any positive integer
T and for every 0 ≤ j ≤ n,∑

ν∈Jn,T

ν(j) =
1

n + 1

∑
ν∈Jn,T

n∑
j=0

ν(j) =
1

n + 1

∑
λ∈Jn,T

T

=
T

n + 1

(
n + T

T

)
=

(
n + T

T − 1

)
=

T n+1

(n + 1)!
+ O (T n) . (7.97)

Then, for N divisible by d and for every 0 ≤ i ≤ n − 1, (7.94) and (7.97) with
T = N/d yield∑

ν

Δνν(i + 1) = dn
∑

ν

ν(i + 1) + K1 = dn

(
n + T

T − 1

)
+ K1, (7.98)

where
K1 =

∑
T−N0/d≤|ν|≤T

(Δν − dn)ν(i + 1) = O (T n) .

Therefore, we obtain ∑
ν

Δνν(i + 1) =
Nn+1

d(n + 1)!
+ O (Nn) .

Further we have∑
ν

Δν |ν| =
n−1∑
i=0

∑
ν

Δνν(i + 1) = ndn

(
n + T

T − 1

)
+ nK1, (7.99)

and hence ∑
ν

Δν |ν| =
nNn+1

d(n + 1)!
+ O (Nn) .

On the other hand, we have∑
ν

ΔνT =
∑

ν

dnT + K2 = dnT

(
n + T

T

)
+ K2, (7.100)
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where
K2 =

∑
T−N0/d≤|ν|≤T

(Δν − dn)T = O (T n) .

Hence ∑
ν

Δν(T − |ν|) = dn

(
n + T

T − 1

)
+ K2 − nK1. (7.101)

Therefore, by (7.95), (7.98) and (7.101), we have

log

M∏
k=1

‖ψ̃k(ξ)‖ρ ≤
{

dn

(
n + T

T − 1

)
+ K1

}
log

n−1∏
i=0

‖α̃ρ,λ(i)(ξ)‖ρ

+

{
dn

(
n + T

T − 1

)
+ K2 − nK1

}
d log ‖ξ‖ρ + c

≤ K

{
log

n−1∏
i=0

‖α̃ρ,λ(i)(ξ)‖ρ + d log ‖ξ‖ρ

}
+ c, (7.102)

where K = K(d, n, N) is a positive constant such that

K =
Nn+1

d(n + 1)!

(
1 + O

(
1
N

))
. (7.103)

Let φ̃1, . . . , φ̃M be a fixed basis of V[N ] such that when ξ ∈ V − {0},

Ξ = (φ̃1(ξ), . . . , φ̃M (ξ)) ∈ κ̄M − {0}.

Then ψ̃k can be expressed as a linear form Lk in φ̃1, . . . , φ̃M so that ψ̃k(ξ) = Lk(Ξ).
The linear forms L1, . . . , LM are linearly independent. By (7.102), we obtain

log
M∏

k=1

‖Lk(Ξ)‖ρ ≤ K

{
log

n−1∏
i=0

‖α̃ρ,λ(i)(ξ)‖ρ + d log ‖ξ‖ρ

}
+ c

= K

{
log

n−1∏
i=0

‖α̃ρ,λ(i)(ξ)‖ρ
‖ξ‖dρ

+ (n + 1)d log ‖ξ‖ρ

}
+ c,

which implies

log

n−1∏
i=0

‖ξ‖dρ
‖α̃ρ,λ(i)(ξ)‖ρ

≤ 1
K

{
log

M∏
k=1

1
‖Lk(Ξ)‖ρ

+ c

}
+(n + 1)d log ‖ξ‖ρ, (7.104)

or, equivalently

n−1∏
i=0

‖ξ‖dρ
‖α̃ρ,λ(i)(ξ)‖ρ

≤
{

ec
M∏

k=1

1
‖Lk(Ξ)‖ρ

} 1
K

‖ξ‖(n+1)d
ρ . (7.105)
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Fix ε > 0. By Theorem 7.22, for all λ ∈ Jq
n−1, the set Q of all Ξ ∈ OV[N ],S satisfying

∏
ρ∈S

N∏
k=1

‖Lk(Ξ)‖ρ <
{

max
ρ∈S

‖Ξ‖ρ
}−ε

is contained in a finite union of hyperplanes of V[N ]. Note that Q is just a finite union
of hypersurfaces of degree N in V , say,

Q =
r⋃

j=1

EN [bj ], bj ∈ P (#N V ∗) ,

and that there is a positive constant c̃ such that

‖Ξ‖ρ ≤ c̃‖ξ‖Nρ , ρ ∈ S.

Then we have∏
ρ∈S

n−1∏
i=0

‖ξ‖dρ
‖α̃ρ,λ(i)(ξ)‖ρ

≤
{

ec
(

max
ρ∈S

c̃‖ξ‖Nρ
)ε
} 1

K
(∏

ρ∈S

‖ξ‖ρ
)(n+1)d

,

where

ξ �∈
⋃
ρ∈S

q⋃
j=0

Ed[aρ,j ] ∪Q.

If we choose N large enough such that

d | N, N0 + 2d ≤ N ≤ K,

then Lemma 7.30 implies that there is a constant c depending only on S but indepen-
dent of ξ such that ∏

ρ∈S

n−1∏
i=0

|‖ξ|‖dρ
|‖α̃ρ,λ(i)(ξ)|‖ρ

≤ cH(ξ)(n+1+ε)d. (7.106)

Therefore Theorem 7.35 follows from (7.92) and (7.106).
Remark on (7.106). If we take λ ∈ Jq

n, Lemma 3.16 means that there exists an index
i0 ∈ {0, 1, . . . , n} such that

‖x�d, aρ,λ(i0)‖ρ ≥ Γρ(Aρ), x = P(ξ).

W.l.o.g., we may assume i0 = n. Thus from (7.105), according to the arguments
leading up to (7.106) we can obtain∏

ρ∈S

n∏
i=0

1
‖α̃ρ,λ(i)(ξ)‖ρ

≤ c
(

max
ρ∈S

‖ξ‖ρ
)ε

. (7.107)

Hence the above method yields also a proof of Theorem 7.37.
Now we exhibit the original subspace theorem of P. Corvaja and U. Zannier [35] as

follows:



7.7 Subspace theorems on hypersurfaces 413

Theorem 7.42. For ρ ∈ S, let fiρ, i = 1, . . . , n−1, be polynomials in k[X1, . . . , Xn]
of degrees δiρ > 0. Put

δρ = max
i

δiρ, μ = min
ρ∈S

n−1∑
i=1

δiρ

δρ
.

Fix ε > 0 and consider the Zariski closureH in Pn of the set of solutions x ∈ On
κ,S of

∏
ρ∈S

n−1∏
i=1

|‖fiρ(x)|‖
1

δρ
ρ ≤ H([1, x])μ−n−ε. (7.108)

Suppose that, for ρ ∈ S, X0 and the f iρ, i = 1, . . . , n−1, define a variety of dimension
0. Then dimH ≤ n− 1.

Here for a polynomial h ∈ k[X1, . . . , Xn], we denote by h the homogenized poly-
nomial in k[X0, . . . , Xn]; namely, h is the unique homogeneous polynomial in k[X0,
. . . , Xn], of the same degree as h and such that h(1, X1, . . . , Xn) = h(X1, . . . , Xn).
For the special cases

δiρ = d, 1 ≤ i < n, ρ ∈ S,

by setting
f0ρ(X0, X1, . . . , Xn) = Xd

0 , ρ ∈ S,

and applying the above argument to f iρ (0 ≤ i ≤ n − 1) replacing α̃ρ,λ(0), . . . ,
α̃ρ,λ(n−1), the proof of Theorem 7.42 follows.

Let X ⊂ PN be a projective subvariety of dimension n defined over κ. Assume that
1 ≤ n < N . Further, let cρi (ρ ∈ S, i = 0, . . . , N) be nonnegative reals. Faltings and
Wüstholz [65] proved that the set of solutions of the following system of inequalities

log

(
‖xi‖ρ
‖x‖ρ

)
≤ −cρih(x), ρ ∈ S, i = 0, . . . , N, x = [x0, . . . , xN ] ∈ X(κ)

(7.109)
is contained in the union of finitely many proper subvarieties of X if the expectation
of a particular probability distribution is large than 1. Ferretti [66] showed that this
latter condition is equivalent to

1
(n + 1) deg(X)

∑
ρ∈S

eX(cρ) > 1, (7.110)

where cρ = (cρ0, . . . , cρN ) and eX(cρ) is the Chow weight of X with respect to cρ. If
X is a linear variety, then the result of Faltings and Wüstholz is equivalent to Schmidt’s
Subspace Theorem. Whereas Schmidt’s proof of his subspace theorem is based on
techniques from Diophantine approximation and geometry of numbers, Faltings and
Wüstholz developed a totally different method, based on Faltings’ product theorem.
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Using the method of Faltings and Wüstholz, Ferretti obtained a quantitative version of
their result, an equivalent version of which reads as follows. Assume that

1
(n + 1) deg(X)

∑
ρ∈S

eX(cρ) > 1 + δ (7.111)

with δ > 0. Then there are explicitly computable constants c1, c2, c3 depending on N ,
n, δ, κ, S and some geometry invariants of X such that the set of solutions of (7.109)
with h(x) ≥ c1(1 + h(X)) lies in the union of at most c2 proper subvarieties of X ,
each of degree ≤ c3. Evertse and Ferretti [60] proved another quantitative version of
the result of Faltings and Wüstholz, in which the constant c1, c2, c3 depends only N ,
n, δ and the degree of X . In particular, if the mapping ξ �−→ [fρ0(ξ), . . . , fρn(ξ)] is a
finite morphism from Pn to Pn for each ρ ∈ S, then a version of Theorem 7.37 can be
deduced from the result of Evertse and Ferretti.



Chapter 8

Vojta’s conjectures

P. Vojta proposed the general conjecture in number theory by comparing the second
main theorem in Carlson–Griffiths–King’s theory. This conjecture is closely related to
several important results and problems in Diophantine geometry.

8.1 Mordellic varieties

In 1909, A. Thue [272] proved the following result: Take m ∈ Z and let

f(x, y) = a0xd + a1xd−1y + · · ·+ adyd

with ai ∈ Z be a form of degree d ≥ 3 which is irreducible over Q. Then the Dio-
phantine equation

f(x, y) = m (8.1)

has only finitely many integer solutions (x, y). A simple proof by using Roth’s theorem
is referred to Schmidt [232]. An equation of the type (8.1) will be called a Thue
equation.

Theorem 8.1. Let P (x) be a polynomial of degree n ≥ 2 over a number field κ such
that its discriminant is not identically zero. Let S be a finite subset of Mκ, containing
all of the Archimedean absolute values. Then a superelliptic equation

yd = P (x) (8.2)

with d ≥ 2 and (d, n) �= (2, 2) has only finitely many solutions x, y ∈ Oκ,S .

The special case of an elliptic equation, that is, d = 2, n = 3, was done by Mordell
[189], [190]. The general case is due to Siegel [250]. A proof can be found in [232].
Further, Siegel [251] proved that the number of integer points (x, y) of any irreducible
curve of genus > 0 is finite. The same conclusion holds for the affine curve C if
#(M −C) > 2, where M is a projective closure of C.

Mordell [190] had originally conjectured that on a curve of genus greater than one
there are only finitely many rational points, which was first proved by Faltings [63]
in 1983. Faltings’ proof in 1983 used a variety of advanced techniques from modern
algebraic geometry. Vojta [291] then came up with an entirely new proof of Faltings’
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theorem using ideas whose origins lie in the classical theory of Diophantine approx-
imation. However, in order to obtain the precise estimates needed for the delicate
arguments involved, he made use of Arakelov arithmetic intersection theory and the
deep and technical Riemann–Roch theorem for arithmetic threefolds proven by Gillet
and Soulé. Faltings [64] then simplified Vojta’s proof by eliminating the use of the
Gillet–Soulé theorem and proving a “product lemma”. Bombieri [13] has combined
Faltings’ generalization with Vojta’s original proof and with other simplifications of
his own to give a comparatively elementary proof of the original Mordell conjecture.

We describe an inequality due to Vojta and show how it leads, via an elementary
geometric argument, to a proof of Mordell conjecture. Let M be a smooth projective
curve of genus g ≥ 2 defined over a number field κ. Let Θ be the theta divisor on the
Jacobian variety Jac(M) of M , which is ample. Recall that

|x| =
√

ĥΘ(x)

is the norm on Jac(M) associated to the canonical height ĥΘ relative to Θ defined by
(4.74) and that

〈x, y〉 =
1
2

(
|x + y|2 − |x|2 − |y|2

)
is the bilinear form on Jac(M), which extends to a Euclidean inner product on the
vector space Jac(M)⊗ R by Proposition 4.54.

We will assume that M(κ) is nonempty. Thus we may choose a rational point in
M(κ) and use it to fix an embedding M �→ Jac(M) defined over κ. Having done this,
we can talk about the norm |z| and inner product 〈z, w〉 for points z, w ∈ M(κ̄). We
are now ready for Vojta’s inequality (cf. [289], [13]):

Theorem 8.2. With notation as above, there are constants c1 = c1(M) and c2 = c2(g)
such that if z, w ∈ M(κ̄) are two points satisfying |z| ≥ c1 and |w| ≥ c2|z|, then

〈z, w〉 ≤ 3
4
|z||w|.

Now we state and prove the following more general Mordell–Faltings theorem:

Theorem 8.3. If M is an irreducible algebraic curve of genus greater than one and κ
is a number field of finite degree over Q, then the set M(κ) of κ-rational points on M
is a finite set.

Proof. Set A = Jac(M). First we observe that the kernel of the mapping A(κ) �→
A(κ)⊗R is the torsion subgroup Ators(κ), which is finite by Theorem 4.58. So in order
to prove that M(κ) is finite, it suffices to show that the image of M(κ) in A(κ)⊗R is
finite. By abuse of notation, we will identify M(κ) with its image.



8.1 Mordellic varieties 417

The bilinear form 〈, 〉 makes A(κ) ⊗ R into a finite-dimensional Euclidean space,
and hence for any two points x, y ∈ A(κ)⊗R, we can define the angle θ(x, y) between
x and y in the usual way:

cos θ(x, y) =
〈x, y〉
|x||y| , 0 ≤ θ(x, y) ≤ π.

For any point x0 and any angle θ0, we consider the cone with interior angle 2θ0 whose
central axis is the ray from 0 through x0:

Γx0,θ0 = {x ∈ A(κ)⊗ R | θ(x, x0) < θ0}.

We are going to use Vojta’s inequality to show that if θ0 is small enough, then every
cone Γx0,θ0 intersects M(κ) in only finitely many points. To see this, suppose that we
have a cone satisfying

#{Γx0,θ0 ∩M(κ)} =∞.

Since A(κ), and a fortiori M(κ), contains only finitely many points of bounded norm,
we can find a z ∈ Γx0,θ0 ∩ M(κ) with |z| ≥ c1, and then we can find a w ∈
Γx0,θ0 ∩M(κ) with |w| ≥ c2|z|. Here c1 and c2 are the constants appearing in Vojta’s
inequality. Then Vojta’s inequality tells us that

〈z, w〉 ≤ 3
4
|z||w|,

or equivalently,

cos θ(z, w) ≤ 3
4

,

which implies

θ(z, w) ≥ arccos
3
4

>
π

6
.

But by assumption, both z and w are in the cone Γx0,θ0 , hence the angle between
them is less than 2θ0. Thus we have shown that

2θ0 > θ(z, w) >
π

6
.

This is equivalent to the statement that Γx0,π/12∩M(κ) is finite for every x0 ∈ A(κ)⊗
R.

In order to complete the proof that M(κ) is finite, we now need merely observe that
it is possible to cover A(κ)⊗ R by finitely many cones of the form Γx0,π/12. If this is
not immediately obvious, consider the intersection of such cones with the unit sphere

S = {x ∈ A(κ)⊗ R | |x| = 1} ⊂ A(κ)⊗R.

Clearly,
S =

⋃
x∈S

{Γx,π/12 ∩ S},
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since x ∈ Γx,π/12. Further, each set Γx,π/12 ∩ S is an open subset of S, and we know
that S is compact, from which it follows that S is covered by finitely many Γx,π/12∩S.
Since the Γ’s are cones, we conclude that the same finite set of Γ’s will cover A(κ)⊗R.
This completes the proof of Theorem 8.3. �

Elkies [57] (or see [98]) showed that using an explicit version of the abc-conjecture
(that is, with a value assigned to C(ε) in (5.5) for each ε), one can deduce an explicit
version of Mordell–Faltings theorem.

Theorem 8.4. Let κ be a number field, let M be a smooth curve of genus g over κ,
and assume that M(κ) is not empty. Then there exist constants a and b, which depend
on M/κ and on the height, such that

n(r, M(κ)) ∼

⎧⎪⎨⎪⎩
aebr, if g = 0 (a, b > 0),

arb, if g = 1 (a > 0, b ≥ 0),

a, if g ≥ 2.

Proof. It follows from Theorem 4.31, Theorem 4.37 and Theorem 8.3. �

Conjecture 8.5. The statement #M(κ) < ∞ for every algebraic number field κ is
equivalent to g > 1, where g is the genus of X .

See Shafarevich [240].
Let M be a variety defined over an algebraically closed field of characteristic 0. We

shall say that M is Mordellic if M(κ) is finite for every finitely generated field κ over
Q. In this context, it is natural to define a variety M to be pseudo Mordellic if there
exists a proper Zariski closed subset Y of M such that M − Y is Mordellic. Since
the counterpart of algebraic curves of genus > 1 in higher dimensional spaces are
Kobayashi hyperbolic varieties, accordingly the analogue of Mordell–Faltings theorem
is just the Lang’s conjecture (cf. [142], [147], [150]):

Conjecture 8.6. A projective variety is hyperbolic if and only if it is Mordellic.

The following problem is referred to Shiffman [241].

Conjecture 8.7. Let M be a projective algebraic variety that contains no rational or
elliptic curves. Then there are no holomorphic curves in M .

Let M be a projective variety. According to Lang [147], [150], the algebraic spe-
cial set Spalg(M) is defined to be the Zariski closure of the union of all images of
nonconstant rational mappings A −→ M , where A is an Abelian variety or P1. Thus
Spalg(M) = ∅ if and only if every rational mapping of an Abelian variety or P1 into
M is constant. In the case of subvarieties of Abelian varieties, a clear description of
this special set is well known, that is, the Ueno–Kawamata fibrations in a subvariety of
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an Abelian variety constitute the special set (see Lang [150]). A variety M is said to
be algebraically hyperbolic if Spalg(M) = ∅. Then one says that M is pseudo alge-
braically hyperbolic if Spalg(M) is a proper subset. Ballico [6] proved that a generic
hypersurface of large degree in Pn(C) is algebraically hyperbolic.

Conjecture 8.8 ([147], [150]). (i) Spalg(M) = Sphol(M).

(ii) The complements of the special sets are Mordellic.

(iii) A projective variety M is Mordellic if and only if the special sets are empty.

Recall that the holomorphic special set Sphol(M) is the Zariski closure of the union
of all image of non-constant holomorphic mappings f : C −→ M . Observe that the
claim (i) would give an algebraic characterization of hyperbolicity. The fundamen-
tal Diophantine condition conjecturally satisfied by pseudo canonical varieties is the
following problem:

Conjecture 8.9. Let M be a pseudo canonical variety defined over a number field κ.
Then M(κ) is not Zariski dense in M .

Bombieri posed Conjecture 8.9 for pseudo canonical surfaces, and Lang (indepen-
dently) formulated the general conjecture in its refined form of the exceptional Zariski
closed subset. Conjecture 8.8 allows us to state the final form of the Bombieri-Lang
conjecture.

Conjecture 8.10 ([147], [150]). The following conditions are equivalent for a projec-
tive variety M .

(1) M is pseudo canonical;

(2) Spalg(M) is a proper subset;

(3) M is pseudo Mordellic. The Zariski closed subset Y can be taken to be Spalg(M).

In the case of Abelian varieties, there is the following Lang’s conjecture over finitely
generated fields (cf. Lang [139], [150]):

Conjecture 8.11. Let M be a subvariety of an Abelian variety over a field κ finitely
generated over Q. Then M contains a finite number of translations of Abelian subva-
rieties which contain all but a finite number of points of M(κ).

The following especially important case from Lang [140] has now been proved by
Faltings [64]:

Theorem 8.12. Let M be a subvariety of an Abelian variety, and suppose that M
does not contain any translation of an Abelian subvariety of dimension ≥ 1. Then M
is Mordellic.
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Hilbert’s tenth problem asks whether there is a general algorithm to determine, given
any polynomial in several variables, whether there exists a zero with all coordinates
in Z. It was solved in the negative by Yu. Matiyasevich [171] in 1970; for a general
reference, see [172]. J. Richard Büchi attempted to prove a similar statement in which
there may be any (finite) number of polynomials, but they must be quadratic and of a
certain form:

n∑
j=1

aijx
2
j = bi, i = 1, . . . , m

with {aij , bi} ⊂ Z, {m, n} ⊂ Z+. Büchi was able to show that a negative resolution
of this question would follow from the following “n-squares problem”:

Conjecture 8.13. For large enough n, the only integer solutions of the system of equa-
tions

x2
k + x2

k−2 = 2x2
k−1 + 2, k = 2, . . . , n− 1 (8.3)

satisfy ±xk = ±xk−1 + 1.

Let M be the projective variety in Pn(C) defined by the equations

x2
k + x2

k−2 = 2x2
k−1 + 2x2, k = 2, . . . , n− 1

in the homogeneous coordinates [x, x0, . . . , xn−1]. Vojta [295] observed that for n ≥ 6
the variety M is a pseudo canonical surface, and then showed:

Theorem 8.14. (i) For n ≥ 8, the only curves on M of geometric genus 0 and 1 are
the “trivial” lines

±xk = ±x0 + kx, k = 0, . . . , n− 1.

(ii) Let n ≥ 8 be an integer and let f : C −→ M be a non-constant holomorphic
curve. Then the image of f lies in one of the “trivial” lines.

The statement (i) of Theorem 8.14 has a consequence that if Conjecture 8.9 is true
then Büchi’s problem has a positive answer. Statement (ii) shows that the analogue of
Büchi’s problem for holomorphic functions has a positive answer.

8.2 Main conjecture

Let κ be a number field and let S ⊂ Mκ be a finite set containing all Archimedean
places. P. Vojta [287] observed that some conditions of the second main theorem in
Carlson–Griffiths–King’s theory may be relaxed somewhat, and then translated it into
the following main conjecture in number theory.
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Conjecture 8.15. Let X be a nonsingular complete variety over κ. Let K be the
canonical divisor of X , and let D be a normal crossings divisor on X . If ε > 0,
and if E is a pseudo ample divisor, then there exists a proper Zariski closed subset
Z = Z(X, D, κ, E, ε, S) such that for all x ∈ X(κ)− Z,

m(x, D) + hK(x) ≤ εhE(x) + O(1). (8.4)

The requirement in Conjecture 8.15 that D have only normal crossings is necessary,
since it is easy to produce counterexamples if this condition is dropped. The above
inequality is called Vojta’s height inequality.

Example 8.16. Each hyperplane E of Pn(κ̄) is very ample with

dimL(E) = n + 1,

and hence the dual classification mapping ϕ is the identity. Thus hE(x) = h(x), and
hence

hK(x) = −(n + 1)h(x)

since K = −(n+1)E. Let D =
∑

i Ë[ai] be a sum of hyperplanes in general position.
Then the conjecture reduces to∑

i

m(x, ai) < (n + 1 + ε)h(x)

which follows from Schmidt’s subspace theorem.

Let V = Vκ be a vector space of finite dimension n+1 > 0 over κ. Conjecture 8.15
contains the following special case:

Conjecture 8.17. Take ai ∈ P(#dV ∗̄
κ ) such that

∑
i Ëd[ai] has normal crossings.

Then for ε > 0 there exists a proper Zariski closed subset Z such that for all x ∈
P(V )− Z, ∑

i

m
(

x�d, ai

)
≤ (n + 1 + ε) h(x).

We propose the following conjecture:

Conjecture 8.18. Take a positive real number ε > 0 and integers q ≥ n ≥ r ≥ 1.
Assume that for ρ ∈ S, a family

Aρ = {aρ,0, . . . , aρ,q} ⊂ P(#dV ∗)

is admissible. Then the set of points of P(V )−
⋃

Ëd[aρ,j ] satisfying

∑
ρ∈S

q∑
j=0

log
1

|‖x�d, aρ,j |‖ρ
≥ d(2n− r + 1 + ε)h(x) + O(1)

is contained in a finite union of subvarieties of dimension ≤ r − 1 of P(Vκ̄).
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In [103] (or see [108]), we proposed this conjecture for the case r = 1.
P. Vojta [294] proved that Conjecture 5.3 of Masser and Oesterlé would be derived

from a weakening of Conjecture 8.15.
Conjecture 8.15 implies the Bombieri–Lang Conjecture 8.9. Recall that a variety X

is said to be pseudo canonical if its canonical bundle KX is pseudo ample. Indeed, if
X is such a variety, we may assume X nonsingular since both the notion of pseudo
canonicity and non-denseness in the Zariski topology are birational invariants. Then
Conjecture 8.15 with D = 0 implies that

hK ≤ εhE + O(1) (8.5)

on an open dense set. But taking E = K and ε < 1 implies that hK is bounded, which
is a contradiction unless X(κ) is contained in a Zariski closed subset of X , that is,
X(κ) is degenerate.

Conjecture 8.15 also implies the Mordell conjecture since curves are pseudo canon-
ical if and only if their genus is at least two, and degeneracy on curves reduces to
finiteness. In fact, Conjecture 8.15 is known for curves.

Theorem 8.19. Let X be a nonsingular projective curve defined over an algebraic
number field κ. Let K be the canonical divisor of X , and let D be an effective divisor
on X . If ε > 0, then there exists a finite subset Z = Z(X, D, κ, ε, S) such that for all
x ∈ X(κ)− Z,

m(x, D) + hK(x) ≤ εh(x) + O(1). (8.6)

Proof. It is nothing if X(κ) is empty, so we may assume that X(κ) is non-empty. If
the genus of X is zero, then Theorem 3.72 means that the curve X is isomorphic over
κ to P1 if and only if it possesses a κ-rational point. Thus the canonical divisor K has
degree −2, hK(x) = −2h(x), and hence (8.6) becomes

q∑
j=1

m(x, aj)− 2h(x) ≤ εh(x) + O(1)

for D =
q∑

j=1
aj . Theorem 8.19 follows from Roth’s theorem.

Now assume that the genus of X is ≥ 1. In 1929 C. L. Siegel applied his theorem
on the approximation of algebraic numbers by algebraic numbers from a fixed number
field to the situation of algebraic curves. His result, as extended by Mahler, can be
reinterpreted as follows. If D is an effective divisor on X (of genus ≥ 1) defined over
κ̄, then, for any ε > 0, we have

m(x, D) < εh(x)

for almost all x ∈ X(κ) (i.e. finitely many exceptional). When X is of genus 1,
its canonical divisor is trivial, and hence Theorem 8.19 follows from Siegel–Mahler’s
theorem.
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In the case that the genus of X is greater than or equal to two, we note that the
canonical divisor K is positive. Thus if taking D = ∅, then (8.6) becomes

hK(x) ≤ εh(x) + O(1)

According to the arguments above, this is equivalent to the statement that X(κ) is
finite. Therefore, Theorem 8.19 follows from Siegel–Mahler’s theorem and Faltings’
theorem. �

In [290], Vojta has given a direct proof of his height inequality for curves. This
gives a unified proof of Faltings’s, Roth’s, and Siegel’s theorems.

Let A denote an Abelian variety and let D be an ample divisor on A. Lang [140]
conjectured that A has only finitely many (S, D)-integralizable points. Vojta [287]
showed that the Lang’s conjecture follows from the main conjecture.

Qualitatively, Conjecture 8.15 also has the following simple consequence.

Conjecture 8.20. Let X be a nonsingular projective variety defined over a number
field κ. Let K be the canonical divisor of X , and D a normal crossings divisor on X .
Suppose that K + D is pseudo ample. Then X −D is pseudo Mordellic.

Related to Conjecture 8.20, A. Levin [158] proposed main Siegel-type conjecture as
follows:

Conjecture 8.21. Let X be a projective variety defined over a number field κ. Let
D = D1 + · · · + Dq be a divisor on X with the Di’s effective Cartier divisors for all
i. Suppose that at most m Di’s meet at a point, so that the intersection of any m + 1
distinct Di’s is empty. Suppose that dim Di ≥ n0 > 0 for all i. If q > m + m

n0
then

there does not exist a Zariski-dense set of κ-rational (S, D)-integralizable points on
X .

Siegel’s theorem [251] is the case m = n0 = dim X = 1 of Conjecture 8.21, or see
[34] for a new proof of Siegel’s theorem. When X is a surface, m ≤ 2, and the Di’s
have no irreducible components in common, A. Levin [158] proved Conjecture 8.21.
At the extreme of n0, there is the following special case.

Conjecture 8.22. Let X be a projective variety defined over a number field κ. Let
D = D1 + · · · + Dq be a divisor on X with the Di’s effective Cartier divisors for all
i. Suppose that at most m Di’s meet at a point. If Di is pseudo ample for all i and
q > m + m

dim X then X −D is pseudo Mordellic.

We recall the following theorem, which is a consequence of Mori theory (cf. [191],
Lemma 1.7).

Theorem 8.23. Let N be a nonsingular complex projective variety of dimension n
with the canonical divisor K. If D1, . . . , Dn+2 are ample divisors on N , then K +
D1 + · · · + Dn+2 is ample.
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When q > 2m dim X , A. Levin [158] proved Conjecture 8.22 based on a formu-
lation of Corvaja–Zannier theorems in [34] and [36]. Further, A. Levin [158] proved
that X −D is Mordellic if Di is ample for all i. By using Theorem 8.23, when X is
nonsingular, the Di’s are ample, and D = D1 + · · · + Dq has normal crossings, we
see that Conjecture 8.22 is a consequence of Conjecture 8.20.

8.3 General conjecture

Let κ be a number field and let S be a finite subset of Mκ containing the Archimedean
places. By abuse of notation, let

d(x) = dκ(x) := dκ(x)/κ,

dS(x) = dκ,S(x) := dκ(x)/κ,S

if x is a closed point of a variety. P. Vojta ([287], [293]) proposed the following general
conjecture with ramification:

Conjecture 8.24. Let X be a complete nonsingular variety over κ, let K be the canon-
ical divisor of X , let D be a normal crossings divisor on X , let E be a pseudo ample
divisor on X , let ε > 0, and let r ∈ Z+. Then there exists a proper Zariski closed
subset Z = Z(r, X, D, κ, E, ε, S) such that

m(x, D) + hK(x) ≤ d(x) + εhE(x) + O(1) (8.7)

for all x ∈ X(κ̄)− Z with [κ(x) : κ] ≤ r.

Under the assumptions of Conjecture 8.24, noting that the first main theorem

m(x, D) + N(x, D) = hD(x) + O(1),

then (8.7) is equivalent to

hD(x) + hK(x) ≤ d(x) + N(x, D) + εhE(x) + O(1). (8.8)

P. Vojta [293] further asked whether N(x, D) could be replaced by the truncated va-
lence function:

Conjecture 8.25. Conjecture 8.24 holds with (8.7) replaced by

hD(x) + hK(x) ≤ d(x) + N(x, D) + εhE(x) + O(1). (8.9)

We always have the inequality

N(x, D) ≤ N(x, D),

so Conjecture 8.25 is obviously stronger than Conjecture 8.24.
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P. Vojta [293] explained that the inequality (8.9) generalizes that of the abc-con-
jecture of Masser and Oesterlé. Under the assumptions of Conjecture 5.3, the triple
(a, b, c) determine a point

x = [a, b,−c] ∈ P2,

which lies on the line
X : ξ0 + ξ1 + ξ2 = 0.

Since (a, b, c) = 1, the height of this point is

h(x) = log
√

a2 + b2 + c2.

The relative primeness condition also implies that the curve on P2
Z corresponding to x

meets the divisor H0 = (ξ0 = 0) at a prime p if and only if p|a. Similarly, it meets the
divisors H1 = (ξ1 = 0) and H2 = (ξ2 = 0) at p if and only if p|b and p|c, respectively.
Let H be the divisor

H = H0 + H1 + H2

on P2 and set D = H|X . For S = {∞}, κ = Q, one has

N(x, D) =
∑
p|abc

log p.

Thus (5.5) can be written

h(x) ≤ (1 + ε)N(x, D) + O(1)

or (with a different ε)

h(x) ≤ N (x, D) + εh(x) + O(1) (8.10)

for all abc-points x ∈ P2.
Note that D consists of three distinct points, and that

K ∼ −2E, K + D ∼ E,

where [E] is the restriction of hyperplane line bundle of P2 on X . Hence

hD(x) + hK(x) = hK+D(x) + O(1) = hE(x) + O(1).

Since hE(x) = h(x), then (8.10) becomes

hD(x) + hK(x) ≤ N(x, D) + εhE(x) + O(1),

which coincides with (8.9) since we are dealing with rational points and therefore
d(x) = 0 for all x.

In this case, we hope that the exceptional set Z in Conjecture 8.25 is same with the
abc-exceptional set Eabc.

Next one shows that Conjecture 8.25 also follows from Conjecture 8.24. We start
with several lemmas (cf. [293]).
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Lemma 8.26. Let π : X ′ −→ X be a generically finite morphism of smooth vari-
eties, and let D and D′ be normal crossings divisors on X and X ′, respectively, such
that supp D′ = (π∗D)red. Let K and K ′ be the canonical divisors on X and X ′,
respectively. Then

K ′ + D′ ≥ π∗(K + D)

relative to the cone of the canonical divisors with h0 > 0. Moreover,

[K ′ + D′]⊗ π∗[K + D]∨

has a global section vanishing only on the support of D′ or where π ramifies.

Proof. We have a natural mapping

π∗Ω1
X [log D] −→ Ω1

X′ [log D′]

which is an isomorphism at generic points of X ′; hence taking the maximal exterior
power gives an injection of line bundles π∗[K + D] −→ [K ′ + D′]. See [117],
§ 11.4a. �

Consequently, one may use Chow’s lemma and resolution of singularities to find a
smooth projective variety X ′ and a proper birational morphism π : X ′ −→ X such
that D′ := (π∗D)red has normal crossings; the lemma then shows that

hK′+D′ ≥ hK+D ◦ π + O(1)

outside of a proper Zariski-closed subset. Since

supp D′ = π−1(supp D),

we have
N(x, D′) = N(π(x), D) + O(1), x ∈ X ′(κ̄);

hence Conjecture 8.25 for X ′ and D′ implies the same conjecture for X and D. Thus
we may assume that X is projective.

Note that if D and D1 are effective divisors such that D +D1 has normal crossings,
then Conjecture 8.25 for D + D1 implies that the conjecture holds also for D. Indeed,

N(x, D + D1)−N (x, D) ≤ N(x, D1) ≤ N(x, D1) ≤ hD1(x) + O(1),

so (8.9) with D replaced by D + D1 implies the original (8.9). Thus, we may assume
that D is very ample.

Lemma 8.27. Take e ∈ Z+ and let D1 be an effective divisor such that D1 ∼ D
and D + D1 has normal crossings. Then there is a smooth variety X1 and a proper
generically finite morphism π1 : X1 −→ X such that the support of the ramification
divisor of π1 is equal to π−1

1 (supp(D + D1)), all components of π∗
1(D + D1) have

multiplicity ≥ e unless they lie over D ∩D1, (π∗
1(D + D1))red has normal crossings,

and κ̄(X1) = κ̄(X)( e
√

f) for some f ∈ κ̄(X)∗.
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Proof. Take f ∈ κ̄(X)∗ such that (f) = D − D1. Let π0 : X0 −→ X be the
normalization of X in the field κ̄(X)( e

√
f), let π : X1 −→ X0 be a desingularization

of X0 such that (π∗(π∗
0(D + D1)))red has normal crossings, and let π1 = π0 ◦ π. We

may assume that π1 is étale outside of π−1
0 (supp D). If x �∈ D ∩ D1, then there is

an open neighborhood U of x such that D|U = (f) and D1|U = 0, or D|U = 0 and
D1|U = (1/f). Then π∗

0(D + D1) over U is e times the principal divisor ( e
√

f) or
(1/ e
√

f). Therefore all components of π∗
1(D + D1) meeting π−1

1 (U) have multiplicity
divisible by e. �

Lemma 8.28. There exists a normal crossings divisor D∗ on X such that

(i) D∗ −D is effective;

(ii) for all e ∈ Z+ there exists a smooth variety X ′ and a proper generically finite
morphism π : X ′ −→ X such that (π∗D)red has normal crossings and all com-
ponents of π∗D have multiplicity ≥ e (or zero);

(iii) π : X ′ −→ X is unramified outside of π−1(supp D); and

(iv) κ̄(X ′) = κ̄(X)( e
√

f1, . . . , e
√

fn) for some f1, . . . , fn ∈ κ̄(X)∗.

Proof. Let n = dim X , and let D1, . . . , Dn be effective divisor on X such that Di ∼
D for all i,

D∗ := D + D1 + · · ·+ Dn

has normal crossings, and

D ∩D1 ∩ · · · ∩Dn = ∅.

Such divisors exist by Bertini’s theorem.
Take e ∈ Z+. For i = 1, . . . , n, let πi : Xi −→ X be as in Lemma 8.27, applied

to the divisors Di ∼ D. Let π : X ′ −→ X be a desingularization of the normaliza-
tion of X in the compositum κ̄(X1) · · · κ̄(Xn) such that (π∗D)red has normal cross-
ings and X ′ dominates X1, . . . , Xn. We may also assume that π is étale outside of
π−1(supp D). Take a component E of π∗D. There exists some i such that

π(E) ⊆ D ∪Di, π(E) � D ∩Di;

then the image of E in Xi is contained in a component of π−1(D+D1) of multiplicity
≥ e. �

After replacing D with D∗, we have the following situation: D has normal cross-
ings, X ′ is smooth, D′ := (π∗D)red has normal crossings, all components of π∗D
have multiplicity ≥ e, and π : X ′ −→ X is unramified outside of D′.

Lemma 8.29. Take models X and X ′ for X and X ′, respectively, for which the divi-
sors D and D′ extend to effective divisors on X and X ′, respectively, and π extends to
a morphism π : X ′ −→ X . Let S be the set of places of κ containing



428 8 Vojta’s conjectures

(1) all Archimedean places;

(2) all places lying over e;

(3) all places of bad reduction for X and X ′;

(4) all places where D and D′ have vertical components; and

(5) all places where π is ramified outside the support of D′.
Take r ∈ Z+. For points x ∈ X(κ̄) − supp D of degree ≤ r over κ and points
x′ ∈ π−1(x), we have

d(x′)− d(x) + N(x′, D′) ≤ N (x, D) +
1
e

hD(x) + O(1), (8.11)

where the constant in O(1) depends only on X , D, e, X ′, π, r, and S.

Proof. By (4.61), one has

d(x′)− d(x) = dS(x′)− dS(x) + O(1). (8.12)

Let K = κ(x) and K ′ = κ(x′). For places w′ ∈ MK′ lying over places w ∈ MK , let
eK′/K(w′) denote the ramification index of w′ over w. By (4.62), one then has

dS(x′)− dS(x) =
∑

w′∈MK′−S

eK′/K(w′)− 1

[K ′ : Q]
logN (pw′).

If the closure in X ′ of x′ does not meet D′ at w′, then K ′ is unramified over K at w′;
if it does meet, then eK′/K(w′) ≤ e because K ′ is generated over K by e-th roots of
elements of K (by condition (iii) in Lemma 8.28). Thus

dS(x′)− dS(x) ≤ (e− 1)N (x′, D′).

Combining this with (8.12) then gives

d(x′)− d(x) ≤ (e− 1)N(x′, D′) + O(1). (8.13)

On the other hand,

N(x, D)−N(x′, D′) ≥ (e− 1)N(x′, D′)

since all components of π∗D have multiplicity ≥ e. Also

N(x′, D′)−N(x′, D′) ≤ N(x′, D′) ≤ 1
e

N(x, D) ≤ 1
e

hD(x) + O(1).

Combining these two inequalities then gives

N(x, D)−N(x′, D′) +
1
e

hD(x) ≥ (e− 1)N (x′, D′) + O(1).

Combining this with (8.13) then gives (8.11). �
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Finally, we prove that Conjecture 8.24 implies Conjecture 8.25. By Kodaira’s
lemma, we may assume (after adjusting ε) that E is ample. Then

hD ≤ chE + O(1) (8.14)

for some constant c depending only X , D, and E. Take e ∈ Z+ with e ≥ c/ε, and
let X ′ be a generically finite cover of X as in Lemma 8.28. Let D and D′ be as
discussed following that lemma, and enlarge S so that the conditions of Lemma 8.29
hold. This will ultimately give an inequality (8.9) relative to this larger set S, which
trivially implies the same inequality for the original S. Points x ∈ X(κ̄)− supp D of
bounded degree lift to points x′ ∈ X ′(κ̄), also of bounded degree. We now show that
Conjecture 8.24 applied to x′ and D′ implies Conjecture 8.25 for D and X . By the
former conjecture (using (8.8)), we have

hD′(x′) + hK′(x′) ≤ d(x′) + N(x′, D′) + ε′hE′(x′) + O(1), (8.15)

provided x′ �∈ Z ′, where Z ′ is a proper Zariski-closed subset (depending also on ε′

and E′); here E′ is a pseudo ample divisor on X ′. We want to show that (8.15) implies
Conjecture 8.25; i.e., (8.9).

By Lemma 8.26, [K ′ + D′]⊗ π∗[K + D]∨ has a global section vanishing nowhere
on X ′ − supp D′; hence, by functoriality of heights and positivity of heights relative
to effective divisors,

hD+K(x) ≤ hD′+K′(x′) + O(1) (8.16)

for all x ∈ X ′(κ̄)−D′.
By Lemma 8.29,

d(x′) + N(x′, D′) ≤ d(x) + N (x, D) +
1
e

hD(x) + O(1). (8.17)

Let E′ = π∗E; this is pseudo ample on X ′; also choose ε′ > 0 such that ε′ < ε− c/e.
By (8.14), we then have

1
e

hD(x) + ε′hE′(x′) ≤ εhE(x) + O(1). (8.18)

Thus, (8.16)–(8.18), combined with (8.15), imply that (8.9) holds if x lies outside the
proper Zariski-closed subset Z := π(Z ′).

8.4 Vojta’s (1, 1)-form conjecture

Vojta compares the discriminant term as follows:

Theorem 8.30. Let π : X −→ W be a generically finite separable surjective mor-
phism of complete nonsingular varieties over a number field κ, with ramification di-
visor R. Let S be a finite set of absolute values. Then for all P ∈ X(κ̄) − R, we
have

d(P )− d(π(P )) ≤ N(P, R) + O(1).
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Vojta’s Theorem 8.30 is a generalization to the ramified case of a classical theorem
of Chevalley–Weil.

P. Vojta in [287] showed that Conjecture 5.3 of Masser and Oesterlé is an easy
consequence of Conjecture 8.24, and in [294] noted that Conjecture 8.15 is possi-
bly weaker than Conjecture 8.24. Conversely, van Frankenhuysen [286] proved that
the abc-conjecture implies Vojta’s general conjecture for curves, i.e. when X is one-
dimensional. Lang [150] conjectures that Vojta’s general conjecture is best possible
for any curve of nonzero genus over a number field.

A. Levin [158] gave the following conjectural upper bound on the logarithmic dis-
criminant in terms of heights.

Conjecture 8.31. Let X be a nonsingular projective variety of dimension n defined
over a number field κ with canonical divisor K. Let E be a pseudo ample divisor on
X . Let r be a positive integer and let ε > 0. Then there exists a proper Zariski closed
subset Z such that

d(x) ≤ hK(x) + (2[κ(x) : κ] + n− 1 + ε)hE(x) + O(1) (8.19)

for all x ∈ X(κ̄)− Z with [κ(x) : κ] ≤ r.

If E is ample, A. Levin [158] conjectured that the set Z in Conjecture 8.31 is empty.
It is a result of Silverman [255] that Conjecture 8.31 is true for X = Pn with ε = 0
and r = ∞, i.e., the inequality holds for all x ∈ X(κ̄). For curve, Conjecture 8.31
is true by a result of Song and Tucker [260] (cf. Eq. 2.0.3). They proved the stronger
statement.

Theorem 8.32. Let X be a nonsingular projective curve defined over a number field κ
with canonical divisor K. Let E be an ample divisor on X . Let r be a positive integer
and let ε > 0. Then

d(x) ≤ da(x) ≤ hK(x) + (2[κ(x) : κ] + ε)hE(x) + O(1) (8.20)

for all x ∈ X(κ̄) with [κ(x) : κ] ≤ r.

In the inequality (8.20), da(x) is the arithmetic discriminant of x. For the definition
and properties, see Vojta [288]. Related to the arithmetic discriminant, Vojta [290]
proved the following generalization of Falting’s theorem on rational points on curves.

Theorem 8.33. Let X be a nonsingular projective curve defined over a number field
κ with canonical divisor K. Let D be an effective divisor on X with no multiple
components and E ample divisor on X . Let r be a positive integer and let ε > 0. Then
the following inequality

m(x, D) + hK(x) ≤ da(x) + εhE(x) + O(1) (8.21)

holds for all x ∈ X(κ̄)−D with [κ(x) : κ] ≤ r.
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Generalizing the main Siegel-type conjecture, A. Levin [158] further proposed gen-
eral Siegel-type conjecture as follows:

Conjecture 8.34. Let X be a projective variety defined over a number field κ. Let
D = D1 + · · · + Dq be a divisor on X with the Di’s effective Cartier divisors for
all i. Suppose that at most m Di’s meet at a point. Suppose that dim Di ≥ n0 > 0
for all i. Let d be a positive integer. If q > m + m(2d−1)

n0
then there does not exist a

Zariski-dense set of (S, D)-integralizable points on X of degree d over κ.

According to the definition, the degree of a set R ⊂ X(κ̄) over κ is defined to be

degκ R = sup
x∈R

[κ(x) : κ].

Based on Conjecture 8.31, A. Levin [158] shows that Vojta’s general conjecture im-
plies general Siegel-type conjecture if Di is ample for all i and D has normal crossings.
Theorem 8.32 and Theorem 8.33 imply that Levin’s general Siegel-type conjecture is
true for curves.

In [287], Vojta also proposed the following (1, 1)-form conjecture:

Conjecture 8.35. Let X be a complete nonsingular variety over a number field κ
contained in C and let D be a normal crossings divisor on X . Let ω be a positive
(1, 1)-form on X − D whose holomorphic sectional curvatures are bounded from
above by −c < 0, i.e. for any nonconstant holomorphic mapping f : U −→ X
(U ⊆ C is an open subset), one has

Ric(f∗ω) ≥ cf∗ω.

Also assume that ω ≥ c1(L, ρ) for some metric ρ on a line bundle L on X . Let E be a
pseudo ample divisor on X . Let S be a finite set of absolute values. Let I be a set of
(S, D)-integralizable points of bounded degree over κ. Let ε > 0. Then for all points
P ∈ I we have

hL(P ) ≤ 1
c

d(P ) + εhE(P ) + O(1).

Vojta [287] applies the (1, 1)-form conjecture to deduce several number theoretic
applications in which he proves that Conjecture 8.35 implies a conjecture of Shafare-
vich on the finiteness of curves with good reduction, proved by Faltings [62], [63].

We [111] suggested the following problem:

Conjecture 8.36. Let X be a complete nonsingular variety over a number field κ. Let
D be a divisor on X satisfying |mK − D| �= ∅ for a positive integer m. Let E be
a pseudo ample divisor on X . Let ε > 0. Then there exists a proper Zariski closed
subset Z such that for all points P ∈ X(κ)− Z we have

hD(P ) ≤ md(P ) + εhE(P ) + O(1). (8.22)
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Recall that |mK −D| is the complete linear system of mK −D in which K is a
canonical divisor of X . Conjecture 8.36 could be derived by Conjecture 8.24 simply.
In fact, since |mK−D| contains at least one effective divisor, say, D′, which is linearly
equivalent to mK −D, we have

mhK − hD = hD′ + O(1) ≥ −O(1).

Thus (8.22) follows from (8.7) by taking D = 0.

8.5 abc-conjecture implies Vojta’s height inequality

Let X be a curve over a number field κ, and let D be a finite set of algebraic points of
X , defined over κ. Let f : X −→ P1 be a Belyı̆ function for D (see Theorem 5.2).
The divisors

D0 = f∗(0), D1 = f∗(1), D∞ = f∗(∞)

have a decomposition over κ into irreducible divisors

D0 = e1P1 + · · ·+ eiPi,

D1 = ei+1Pi+1 + · · · + ejPj,

D∞ = ej+1Pj+1 + · · ·+ ekPk.

According to (5.4), the canonical divisor of X is given by

K = f∗(1)− f−1{0, 1,∞} = D1 −
k∑

ν=1

Pν .

Let x be a point of X(κ̄), defined over K = κ(x), such that f(x) �= 0, 1,∞. We
apply the abc-conjecture to the point y = [f(x), 1− f(x), 1] to deduce that the height
of x is bounded. Note that

h(y) = hD1(x).

We estimate the radical of y. We can construct a projective scheme π : X −→
SpecOK , and obtain a section

x̃ : MK −→ X .

We can define the closure of D to be its Zariski closure D̄ in X . Let w �∈ S (i.e. w
does not restrict to a multiple of a valuation in S), so that w is non-Archimedean. The
prime w contributes

1
[K : Q]

logN (pw)
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to the radical N(y, E) in Conjecture 5.23 if and only if w(f(x)) < 0, w(1−f(x)) < 0
or w(f(x)) > 0. In other words, w contributes to the radical only if degw x̃∗D̄0,
degw x̃∗D̄1 or degw x̃∗D̄∞ is positive. Since

degw x̃∗D̄0 =
i∑

μ=1

eμ degw x̃∗P̄μ,

and similarly for D1 and D∞, it follows that

degw x̃∗P̄l > 0

for some l ∈ {1, . . . , k}. Since degw x̃∗P̄μ is a multiple of logN (pw) for every μ, the
contribution rK,w of w to the radical of y is bounded by

rK,w ≤
1

[K : Q]

k∑
μ=1

degw x̃∗P̄μ.

Write

hK,w =

{
1

[K:Q] logN (pw), if w ∈ M0
K ,

0, if w ∈ M∞
K .

For w ∈ S, we obtain the stronger bound

rK,w ≤
1

[K : Q]

k∑
μ=1

degw x̃∗P̄μ −
1

[K : Q]
degw x̃∗D̄ + hK,w

since
degw x̃∗D̄ =

∑
μ

degw x̃∗P̄μ,

where the summation is restricted to those Pμ that are components of D. Note that this
also holds for the Archimedean places. Adding these contributions, we find

N(y, E) ≤
k∑

μ=1

hPμ(x)−mS(x, D) +
∑
w∈S

hK,w.

By the abc-conjecture with type ψ and (5.54), we obtain

hD1(x) ≤
k∑

μ=1

hPμ(x)−mS(x, D) +
∑
w∈S

hK,w + dK/Q + ψ(h(y)).

By (5.4), we have

hK(x) = hD1(x)−
k∑

μ=1

hPμ(x).

Thus we obtain Vojta’s height inequality, with εhD0(x)+C replaced by ψ(h(f(x)))+∑
w∈S hK,w. For more details, see [286].



Chapter 9

L-functions

Gauss conjectured that the counting function π(x) of prime numbers p ≤ x satisfies
the asymptotic formula π(x) ∼ x/ log x. Riemann outlined how Gauss’s conjecture
could be proved by using the Riemann’s ζ-function ζ(s). Riemann’s ideas led to the
first proof of Gauss’s conjecture, the celebrated prime number theorem. Similar cases
occur for Dirichlet L-functions, which were used to prove the Dirichlet’s prime number
theorem. Thus it is nature to hope that distribution problems of algebraic numbers are
closely related to valued-properties of some L-functions. In this chapter, we will give
an elementary introduction along this direction.

9.1 Dirichlet series

9.1.1 Abscissa of convergence

By a Dirichlet series we mean a series of the form

∞∑
n=1

an

ns
, (9.1)

where the coefficients an are any given numbers, and s is a complex variable. The
series may converge for all values of s (e.g. an = 1/n!), or for no values of s (e.g.
an = n!). If the Dirichlet series is convergent, we will denote its sum by L(s).

Theorem 9.1. If the Dirichlet series (9.1) is convergent for s = s0, then it is uni-
formly convergent throughout the angular region in the complex plane C defined by
the inequality

| arg(s− s0)| ≤
π

2
− ε

where ε is any positive number less than π
2 .

Proof. See E. C. Titchmarsh [276], Theorem 9.11. �

In particular, if the Dirichlet series (9.1) is convergent for s = s0, then it is con-
vergent for s ∈ C, provided that Re(s) > Re(s0). Thus there exists a real number
σ0 such that the series is convergent for Re(s) > σ0, divergent for Re(s) < σ0. The
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number σ0 is called the abscissa of convergence of the series, which is given by the
formula (cf. [276], 9.14)

σ0 = lim sup
n→∞

log |An|
log n

,

where

An =

{
an+1 + an+2 + · · · , if

∑
an is convergent,

a1 + a2 + · · · + an, if
∑

an is divergent.

Theorem 9.2. If σ0 is the abscissa of convergence of the Dirichlet series (9.1), the
sum L(s) is a holomorphic function of s for Re(s) > σ0. In particular, if an ≥ 0 for
all n, then s = σ0 is a singularity of L(s).

Proof. The first part follows from Theorem 9.1. For the second part, see E. C. Titch-
marsh [276], 9.2. �

In the above notation, we have the following result:

Lemma 9.3. Assume that there exists a constant c such that

lim
n→∞

a1 + · · · + an

n
= c.

Then, if s approaches 1 (from s > 1),

lim
s→1

(s− 1)
∞∑

n=1

an

ns
= c.

Proof. For a proof, see Hecke [95], Lemma (c) in Section 42. �

The following Phragmen–Lindelöf principle (cf. [24], [276], [151], [186]) can be
used to obtain estimates on L-functions in vertical strips from ones on their edges:

Theorem 9.4. Let f(s) be meromorphic in a strip

Ω = {s ∈ C | a ≤ Re(s) ≤ b}, {a, b} ⊂ R.

Suppose that there exists some ρ > 0 such that f(s) satisfies the inequality

f(s) = O
(
e|s|

ρ)
on Ω for |Im(s)| large and obeys the estimate

f(σ + it) = O
(
|t|M

)
, σ ∈ {a, b}, |t| → ∞

for some positive integer M . Then

f(σ + it) = O
(
|t|M

)
, a ≤ σ ≤ b, |t| → ∞.
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An entire function f(s) is said to be of finite order if there is a positive number ρ
such that, as |s| → ∞,

f(s) = O
(
e|s|

ρ)
.

The lower bound λ of numbers ρ for which this is true is called the order of f(s). If
f(0) is not zero, and if z1, z2, . . . are the zero of f(s), then the series

∑
n |zn|−α is

convergent if α > λ. The lower bound of positive numbers α for which
∑

n |zn|−α

is convergent is called the exponent of convergence of the zeros, and is denoted by
λ1. It is obvious that λ1 ≤ λ, which is a part result of the following Hadamard’s
factorization theorem (cf. [123], [276]):

Theorem 9.5. If f(s) is an entire function of order λ, with zeros z1, z2, . . . (f(0) �= 0),
then the exponent λ1 of convergence of the zeros zn is finite such that λ1 ≤ λ,

f(s) = eP (s)
∏
n

(
1− s

zn

)
e

s
zn

+ 1
2

“
s

zn

”2
+···+ 1

p

“
s

zn

”p

,

where p ≥ 0 is the smallest integer satisfying∑
n

1
|zn|p+1 < +∞,

P (s) is a polynomial with deg(P ) ≤ λ, and we have λ = max{deg(P ), λ1}. More-
over if, for arbitrary c > 0, there exists a sequence rm →∞ such that

max
|s|=rm

|f(s)| > ecrρ
m , m = 1, 2, . . . ,

then ρ = λ1, and the series
∑
n
|sn|−λ1 diverges.

9.1.2 Riemann’s ζ-function

The Riemann’s ζ-function is a special example defined by the Dirichlet series

ζ(s) =
∞∑

n=1

1
ns

, s ∈ C. (9.2)

The series is convergent, and the function analytic, for Re(s) > 1. In 1737, Euler [59]
discovered the product representation

ζ(s) =
∏
p

(
1− 1

ps

)−1

, Re(s) > 1, (9.3)

where p runs though all prime numbers. The Euler’s product gives a first glance on the
intimate connection between the zeta-function and the distribution of prime numbers.
A first immediate consequence is Euler’s proof of the infinitude of the primes.
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By using the substitutions x �→ πn2x, s �→ s/2 in the well-known Γ-function

Γ(s) =

∫ ∞

0
e−xxs dx

x
,

it gives
ΓR(s)

ns
=

∫ ∞

0
e−πn2xx

s
2
dx

x
,

where
ΓR(s) = π− s

2 Γ
(s

2

)
.

Then Riemann proved that the completed zeta function

Λ(s) = ΓR(s)ζ(s) = π− s
2 Γ
(s

2

)
ζ(s)

has the integral representation

Λ(s) =

∫ ∞

0

{
θ(ix)− 1

2

}
x

s
2
dx

x
, (9.4)

where θ(ix) is given by the classical Jacobi’s theta series

θ(z) =
1
2

∑
n∈Z

eπin2z =
1
2

+

∞∑
n=1

eπin2z.

The series converges absolutely and uniformly in {z ∈ C | Im(z) ≥ ε} for every
ε > 0. It therefore represents an analytic function on the upper half-plane

H = {z ∈ C | Im(z) > 0},

and satisfies the transformation formula

θ

(
−1

z

)
=
(z

i

) 1
2

θ(z).

The proof of the functional equation for Λ(s) is based on the following general
Mellin principle (cf. [202], Chapter VII, Theorem 1.4). If f : R+ −→ C is a continu-
ous function, one defines the Mellin transform by

Λf (s) =

∫ ∞

0
{f(x)− f(∞)}xs dx

x
,

provided the limit
f(∞) = lim

x→∞ f(x)

and the integral exist. Conversely, f can be obtained by the Mellin inverse transform

f(x)− f(∞) =
1

2πi

∫
Re(s)=σ

Λf (s)x−sds

by the general theory of the Fourier transform.
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Theorem 9.6. Let f, g : R+ −→ C be continuous functions such that for x →∞

f(x) = a0 + O
(
e−cxα)

, g(x) = b0 + O
(
e−cxα)

(9.5)

with positive constants c, α. If they satisfy the equation

f

(
1
x

)
= Cxkg(x) (9.6)

for some real number k > 0 and some complex number C �= 0, then one has

(a) The integrals Λf (s) and Λg(s) converge absolutely and uniformly if s varies in
an arbitrary compact region contained in D = {s ∈ C | Re(s) > k}. They are
therefore holomorphic functions on D, and admit holomorphic continuations to
C− {0, k}.

(b) They have no pole at s = 0 and s = k if a0 = 0, resp. b0 = 0, otherwise have
simple poles at these points with residues

Res
s=0

Λf (s) = −a0, Res
s=k

Λf (s) = Cb0,

Res
s=0

Λg(s) = −b0, Res
s=k

Λg(s) =
a0

C
.

(c) They satisfy the functional equation

Λf (s) = CΛg(k − s).

Proof. If s varies over a compact subset of C, then the function e−cxα
xσ+1 (σ =

Re(s)) is bounded for x ≥ 1 by a constant which is independent of σ. Hence the
condition (9.5) gives the estimates∣∣(h(x)− h(∞))xs−1

∣∣ = O
(
e−cxα

xσ−1) = O

(
1
x2

)
, h ∈ {f, g},

for all x ≥ 1, which means that the integrals∫ ∞

1
(h(x)− h(∞))xs−1dx (h ∈ {f, g})

converge absolutely and uniformly for s in the compact subset.
When Re(s) > k, the substitution x �→ 1/x and the equation (9.6) give∫ 1

0
(f(x)− a0)x

s−1dx = C

∫ ∞

1
(g(x)− b0)x

k−s−1dx− a0

s
− Cb0

k − s
.

By the above arguments, it converges absolutely and uniformly for Re(s) > k. We
therefore obtain

Λf (s) = F (s)− a0

s
− Cb0

k − s
, Re(s) > k,
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where

F (s) =

∫ ∞

1

{
(f(x)− a0)x

s + C(g(x)− b0)x
k−s
} dx

x
.

Swapping f and g and noting that

g

(
1
x

)
= C−1xkf(x),

we similarly have

Λg(s) = G(s)− b0

s
− C−1a0

k − s
, Re(s) > k,

where

G(s) =

∫ ∞

1

{
(g(x)− b0)x

s + C−1(f(x)− a0)x
k−s
} dx

x
.

The integrals F (s) and G(s) converge absolutely and locally uniformly on C. Thus
they represent holomorphic functions satisfying obviously the equation

F (s) = CG(k − s).

Therefore Λf (s) and Λg(s) have been continued to all of C − {0, k} and we have the
functional equation in (c). This finishes the proof of the theorem. �

Applied the Mellin principle to the following case

f(x) = g(x) = θ(ix), Λf (s) = Λ(2s),

then Λ(2s) has a holomorphic continuation to C − {0, 1/2} and simple poles at s =
0, 1/2 with residues−1/2 and 1/2, respectively, and it satisfies the functional equation

Λ(2s) = Λ(1− 2s).

Accordingly, the Riemann’s ζ-function admits a meromorphic continuation onto the
entire complex plane. The continuation is holomorphic with the exclusion of a simple
pole at s = 1 with residue 1, and satisfies the following functional equation:

Λ(s) = Λ(1− s), (9.7)

or equivalently

ζ(1− s) = 2(2π)−s cos
(πs

2

)
Γ(s)ζ(s). (9.8)

It is usual to use the entire function

ξ(s) =
s

2
(s− 1)π− s

2 Γ
(s

2

)
ζ(s)
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which satisfies the functional equation

ξ(s) = ξ(1− s). (9.9)

The Bernoulli polynomials Bn(t) are defined by

zetz

ez − 1
=

∞∑
n=0

Bn(t)
zn

n!
. (9.10)

We can find easily the formula

Bn(t) =
n∑

k=0

(
n

k

)
Bk(0)tn−k, n = 0, 1, 2, . . . , (9.11)

in which

B0(0) = 1, B1(0) = −1
2

, B2n+1(0) = 0 (n = 1, 2, . . .).

The Bernoulli numbers Bn are defined by

Bn = (−1)n−1B2n(0), n = 1, 2, . . . . (9.12)

The first Bernoulli numbers are

B1 =
1
6

, B2 =
1

30
, B3 =

1
42

, B4 =
1

30
,

B5 =
5

66
, B6 =

691
2730

, B7 =
7
6

, B8 =
3617
510

.

Theorem 9.7. For every integer n > 0 one has

ζ(1− n) =
(−1)n−1

n
Bn(0).

Proof. Since the equation (9.10) can be rewritten into the form

ze(1+t)z

ez − 1
=

∞∑
n=0

(−1)nBn(−t)
zn

n!
,

one obtains
zez

ez − 1
=

∞∑
n=0

(−1)nBn(0)
zn

n!
.

Then the theorem follows from [202], Chapter VII, Theorem 1.8. �
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Further, applying the functional equation, it follows that

ζ(2n) =
(2π)2n

2(2n)!
Bn, n ≥ 1. (9.13)

From the convergence of the product (9.3) one deduces that ζ(s) has no zeros for
Re(s) > 1. The Γ-function Γ(s) is nowhere 0 and has simple poles at s = 0,−1,
−2, . . . . The functional equation therefore shows that the only zeros of ζ(s) in the
domain Re(s) < 0 are the poles of Γ(s/2). These are called the trivial zeros of ζ(s).
Other zeros lie in the critical strip 0 ≤ Re(s) ≤ 1. G. H. Hardy proved that there are
an infinity of zeros on Re(s) = 1

2 .

Conjecture 9.8 (Riemann Hypothesis). The non-trivial zeros of ζ(s) lie on the line
Re(s) = 1

2 .

Let ρn be the nontrivial zeros in the critical strip 0 ≤ Re(s) ≤ 1 and let sν be the
zeros of ζ(s) on the half-line Re(s) = 1

2 , Im(s) > 0. Assume that ρn, sν are or-
dered with respect to increasing absolute values of their imaginary parts. Hadamard’s
factorization theorem yields (cf. [111])

ξ(s) =
1
2

e−(1+ γ
2 − 1

2 log(4π))s
∞∏

n=1

(
1− s

ρn

)
e

s
ρn , (9.14)

where γ is Euler’s constant

γ = lim
n→∞

(
1 +

1
2

+ · · ·+ 1
n
− log n

)
. (9.15)

It follow
ζ(ρn) = ζ(1− ρn) = ζ(ρ̄n) = ζ(1− ρ̄n) = 0

from the functional equation (9.9), in addition with the identity

ζ(s̄) = ζ(s),

that is, ρ̄n, 1 − ρn, 1 − ρ̄n are zeros of ζ(s) too. In other words, non-trivial zeros of
ζ(s) are distributed symmetrically with respect to the real axis and to the vertical line
Re(s) = 1

2 .

Theorem 9.9 ([111]). The Riemann hypothesis holds if and only if the zeros sν of ζ(s)
on the half-line Re(s) = 1

2 , Im(s) > 0 satisfy

∞∑
ν=1

1
|sν |2

= 1 +
γ

2
− 1

2
log(4π). (9.16)
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Proof. Write

b = 1 +
γ

2
− 1

2
log(4π) = 0.023 · · · .

Differentiating logarithmically the Hadamard’s factorization (9.14) and the functional
equation (9.9) respectively, we obtain

b = −ξ′(0)

ξ(0)
=

ξ′(1)

ξ(1)
= −b +

∞∑
n=1

(
1

1− ρn
+

1
ρn

)
. (9.17)

Since 1− ρn, ρ̄n are zeros of ζ(s), we have

∞∑
n=1

(
1
ρ̄n

+
1

ρn

)
=

∞∑
n=1

(
1

1− ρn
+

1
ρn

)
= 2b, (9.18)

which implies
∞∑

ν=1

1
|sν |2

+
∑

Re(ρn)�=1/2

Re(ρn)

|ρn|2
= b,

and so Theorem 9.9 follows easily. �

In 1791, Gauss [73] conjectured that the counting function π(x) of prime numbers
p ≤ x satisfies the asymptotic formula

π(x) ∼ x

log x
. (9.19)

Riemann [219] outlined how Gauss’s conjecture (9.19) could be proved by using the
function ζ(s). Riemann’s ideas led to the first proof of Gauss’s conjecture, the cel-
ebrated prime number theorem, by J. Hadamard [86] and C. J. de la Vallée-Poussin
[280] (independently) in 1896. A very brief sketch is to work with the logarithmic
derivative of ζ(s) which is given by

ζ ′(s)
ζ(s)

= −
∞∑

n=1

Λ(n)

ns
, Re(s) > 1, (9.20)

where the von Mangoldt Λ-function is defined by

Λ(n) =

{
log p, if n = pk, p prime, k ∈ Z+,

0, otherwise.
(9.21)

A lot of information concerning the prime counting function π(x) can be recovered
from information about the Chebyshev’s function:

ψ(x) =
∑
n≤x

Λ(n) =
∑
p≤x

log p + O
(√

x log x
)

. (9.22)
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Partial summation gives

π(x) ∼ ψ(x)

log x
. (9.23)

We can express ψ(x) in terms of the zeta-function by using the Perron formula, which
leads to the exact explicit formula

ψ(x) = x−
∑

ρ

xρ

ρ
− 1

2
log

(
1− 1

x2

)
− log(2π), (9.24)

where ρ are the non-trivial zeros of ζ(s), and so the prime number theorem follows.

9.1.3 Dirichlet’s characters

For a positive integer r, we will use the Euler’s ϕ-function

ϕ(r) = #{j ∈ Z | 0 ≤ j < r, (j, r) = 1}.

The Euler’s theorem shows
aϕ(r) ≡ 1 mod r

for all integer a ∈ Z with (a, r) = 1.
First of all, we consider the case r = 2α for a positive integer α. If n is any odd

number, there exist integers γ and γ0 satisfying

n ≡ (−1)γ5γ0 mod 2α,

in which γ, γ0 are called the indexes of n modulo 2α. If one set

c =

{
1, if α = 1,

2, if α ≥ 2

and

c0 =

{
1, if α = 1,

2α−2, if α ≥ 2,

one can choose γ, γ0 such that 0 ≤ γ < c, 0 ≤ γ0 < c0. Let ζ (resp. ζ0) be any c-th
(resp. c0-th) root of unit. A Dirichlet character modulo 2α is defined by

χ(n) = χ(n; 2α) =

{
ζγζγ0

0 , if (n, 2α) = 1,

0, if (n, 2α) > 1.

If ζ = ζ0 = 1, the Dirichlet character modulo 2α is called trivial or principal, denoted
by χ0(n; 2α).
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Take a prime p > 2 and consider the case r = pα for a positive integer α. Then
there exists a minimal positive integer g such that (g, p) = 1, and

gϕ(r) ≡ 1 mod r, gs �≡ 1 mod r

if 1 ≤ s < ϕ(r). Further, if n ∈ Z with (n, r) = 1, there exists an integer γ1 with
0 ≤ γ1 < ϕ(r) such that

n ≡ gγ1 mod r.

Let ζ1 be any ϕ(r)-th root of unit. A Dirichlet character modulo pα is defined by

χ(n) = χ(n; pα) =

{
ζγ1

1 , if (n, pα) = 1,

0, if (n, pα) > 1.

If ζ1 = 1, the Dirichlet character modulo pα is called trivial or principal, denoted by
χ0(n; pα).

Let r be a positive integer. We can write

r = pα1
1 · · · pαg

g ,

where p1, . . . , pg are distinct primes, and αi are positive integers. The Dirichlet char-
acters modulo r are defined by

χ(n) = χ(n; r) =

g∏
i=1

χ(n; pαi
i ).

In particular, the Dirichlet characters modulo r

χ0(n) = χ0(n; r) =

g∏
i=1

χ0(n; pαi
i )

is called trivial or principal. The Dirichlet characters modulo r form a group with the
identity χ0. When read mod 1, we denote it by χ0 = 1. It is also called the principal
character mod 1.

A Dirichlet character χ modulo r is called nonprimitive if there exist a proper factor
r∗ ( �= r) of r and a Dirichlet character χ∗ modulo r∗ such that

χ(n) = χ∗(n), (n, r) = 1. (9.25)

If there exists no such χ∗, then χ is called a primitive character. Each nonprimitive
character χ modulo r is induced by a primitive character χ∗, that is, there exists a
primitive character χ∗ modulo r∗ satisfying (9.25) such that r∗ is the smallest possible
with r∗|r, r∗ �= r, which is called the conductor of χ.
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For n ∈ Z, the Gauss sum τ(χ, n) associated to the Dirichlet character χ modulo r
is defined to be the complex number

τ(χ, n) =

r−1∑
m=0

χ(m)e2πimn/r. (9.26)

For n = 1, we write

τ(χ) = τ(χ, 1) =
r−1∑
m=0

χ(m)e2πim/r. (9.27)

Here we list some basic properties of Dirichlet characters χ modulo r:

(1) There are just ϕ(r) distinct Dirichlet characters modulo r.

(2) χ(m) = χ(n) if m ≡ n mod r, χ(n) = 0 if (n, r) > 1, and χ(n) �= 0 if
(n, r) = 1.

(3) χ is completely multiplicative, i. e., χ(nm) = χ(n)χ(m) for any n, m ∈ Z,
particularly, χ(1) = 1.

(4)
1

ϕ(r)

r−1∑
n=0

χ(n) =

{
1, if χ = χ0,

0, if χ �= χ0.

(5) Given an integer n.

1
ϕ(r)

∑
χ

χ(n) =

{
1, if n ≡ 1 mod r,

0, if n �≡ 1 mod r,

where χ runs on ϕ(r) distinct Dirichlet characters modulo r.

(6) If χ is a primitive Dirichlet character modulo r, then

τ(χ, n) = τ (χ)χ(n)

with |τ(χ)| =
√

r.

The property (3) means χ(−1)2 = 1, that is, χ(−1) = ±1. If χ(−1) = 1 (resp.
χ(−1) = −1), the character χ is called even (resp. odd). A main result in elementary
number theory shows that the properties (2) and (3) are characteristic of Dirichlet
characters modulo r.

Theorem 9.10. A function ψ : Z −→ C is a Dirichlet character modulo r if and only
if ψ satisfy the following conditions:

(i) ψ(n) = 0 if (n, r) > 1;

(ii) ψ is not identically zero;

(iii) ψ(mn) = ψ(m)ψ(n);

(iv) ψ(m) = ψ(n) if m ≡ n mod r.
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9.1.4 Dirichlet’s L-functions

Related to a Dirichlet character χ modulo r, one has the Dirichlet’s L-function:

L(χ, s) =
∞∑

n=1

χ(n)

ns
, Re(s) > 1.

The series L(χ, s) converges absolutely and uniformly in the region Re(s) ≥ 1 + ε,
for any ε > 0. It therefore represents an holomorphic function on the half-plane
Re(s) > 1. In particular, for the principal character χ = 1, we get back the Riemann
zeta function ζ(s).

The analog of Euler’s formula

L(χ, s) =
∏
p

(
1− χ(p)

ps

)−1

, Re(s) > 1,

is valid. If χ mod r is induced by a primitive character χ∗ mod r∗, then

L(χ, s) = L(χ∗, s)
∏
p|r

(
1− χ∗(p)

ps

)
. (9.28)

In particular, one has

L(χ0, s) = ζ(s)
∏
p|r

(
1− 1

ps

)
.

When σ = Re(s) > 1, one has

1
|L(χ, s)| =

∣∣∣∣∣∏
p

(
1− χ(p)

ps

)∣∣∣∣∣ ≤∏
p

(
1 +

1
pσ

)

≤
∞∑

n=1

1
nσ

< 1 +

∫ ∞

1

dx

xσ
= 1 +

1
σ − 1

,

that is,

|L(χ, s)| >
σ − 1

σ
.

Hence L(χ, s) �= 0 if Re(s) > 1.
If χ �= χ0, Re(s) > 1, by using Abel’s transformation, one obtain

N∑
n=1

χ(n)

ns
= 1 +

S(N)− 1
N s

+ s

∫ N

1
{S(x)− 1}x−s−1dx,

where
S(x) =

∑
n≤x

χ(n).
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Let N → +∞, and so one get

L(χ, s) = s

∫ ∞

1
S(x)x−s−1dx. (9.29)

Note that
|S(x)| ≤ ϕ(r).

Therefore the integral in (9.29) converges at the half-plane Re(s) > 0, and hence
defines a holomorphic function. In particular, one obtains the estimate

|L(χ, s)| ≤ 2|s|ϕ(r), Re(s) ≥ 1
2

. (9.30)

Like the Riemann zeta-function, Dirichlet L-series also admit an analytic continua-
tion to the whole complex plane (with a pole at s = 1 in the case χ = χ0), and they
satisfy a functional equation which relates the arguments s to the argument 1− s. We
have to distinguish between even and odd Dirichlet characters χ mod r. We define the
exponent δ = δχ ∈ {0, 1} of χ by

δ =
1
2
{1− χ(−1)} ,

which means

δ =

{
0, if χ(−1) = 1,

1, if χ(−1) = −1.

Then the function

Λχ(s) =
( r

π

) s+δ
2

Γ

(
s + δ

2

)
L(χ, s) (9.31)

admits the integral representation (cf. [202])

Λχ(s) =

∫ ∞

0

{
θ(χ, iy)− 1

2
χ(0)

}
y

s+δ
2

dy

y
(9.32)

with χ(0) = 1, if χ is the trivial character 1, and χ(0) = 0 otherwise, where

θ(χ, z) =
1
2

χ(0) +

∞∑
n=1

χ(n)nδe
πin2z

r . (9.33)

The theta aeries satisfies the transformation formula

θ

(
χ,−1

z

)
=

τ(χ)

iδ
√

r

(z

i

)δ+ 1
2

θ(χ̄, z), (9.34)

where χ̄ is the complex conjugate character to χ, i.e., its inverse, and τ(χ) is the Gauss
sum

τ(χ) =
r−1∑
n=0

χ(n)e
2πin

r

with |τ(χ)| =
√

r (see [202], Chapter VII, Proposition 2.7).
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To study the analytic continuation and functional equation for L(χ, s), we may
restrict ourselves to the case of a primitive character modulo r. For χ is always induced
by a primitive character χ∗ modulo r∗, where r∗ is the conductor of χ, and we clearly
have the relation (9.28), so that the analytic continuation and functional equation of
L(χ, s) follows from the one for L(χ∗, s). We may further exclude the case r = 1,
this being the case of the Riemann zeta function which was settled in Section 9.1.2.

Assume that χ is a nontrivial primitive character modulo r with r > 1. Then
Λχ(s) admits an analytic continuation to the whole complex plane C and satisfies
the functional equation

Λχ(s) =
τ(χ)

iδ
√

r
Λχ̄(1− s). (9.35)

The proof of (9.35) is the same as for the original proof of the functional equation due
to Riemann and is based on Mellin principle or Poisson summation formula (cf. [41],
[202]).

The equation (9.35) translates into

L(χ̄, 1− s) =
iδ
√

r

τ(χ)

(π

r

) 1
2−s Γ

(
s+δ

2

)
Γ
(

1−s+δ
2

)L(χ, s). (9.36)

Legendre’s duplication formula yields

Γ
(s

2

)
Γ

(
s + 1

2

)
=

2
√

π

2s
Γ(s).

Substituting 1−s
2 into the formula

Γ(s)Γ(1− s) =
π

sin πs
,

one has

Γ

(
1− s

2

)
Γ

(
s + 1

2

)
=

π

cos(πs/2)
.

After taking the quotient, one get

Γ
(

s
2

)
Γ
(

1−s
2

) =
2

2s
√

π
Γ(s) cos

πs

2
.

Therefore, for the case δ = 0 (χ(−1) = 1), the equation (9.36) becomes

L(χ̄, 1− s) =
2

τ(χ)

(
2π

r

)−s

cos
(πs

2

)
Γ(s)L(χ, s). (9.37)

However, for the case δ = 1 (χ(−1) = −1), we have

Γ
(

s+1
2

)
Γ
(

1−s+1
2

) =
2
√

πΓ(s)

2sΓ
(

s
2

)
Γ
(
1− s

2

) =
2

2s
√

π
Γ(s) sin

(πs

2

)
,
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and hence the equation (9.36) becomes

L(χ̄, 1− s) =
2i

τ(χ)

(
2π

r

)−s

sin
(πs

2

)
Γ(s)L(χ, s). (9.38)

Two formulae (9.37) and (9.38) can be unified into the form:

L(χ̄, 1− s) =
2

iδτ(χ)

(
2π

r

)−s

cos

(
π(s + δ)

2

)
Γ(s)L(χ, s). (9.39)

9.1.5 Zeros of Dirichlet’s L-functions

The following facts are well known: If χ is a complex character modulo r, s = σ + it,
then L(χ, s) has no zeros in the region

Re(s) = σ ≥ 1− c

log r(|t|+ 2)
.

If χ is a real character modulo r, s = σ + it, then L(χ, s) has no zeros in the region

Re(s) = σ ≥ 1− c

log r(|t|+ 2)
, |t| > 0.

Further, if χ is a real primitive character modulo r, Siegel’s theorem claims that for
any ε > 0, there exists a constant c = c(ε) > 0 such that a real zero β of L(χ, s) must
satisfy

β ≤ 1− c

rε
.

For a nontrivial primitive Dirichlet character χ modulo r, the Bernoulli polynomials
Bn,χ(t) associated to χ are defined by

ϕχ(z, t) =
r∑

k=1

χ(k)
ze(r−k+t)z

erz − 1
=

∞∑
n=0

Bn,χ(t)
zn

n!
, (9.40)

or equivalently

ϕχ(−z,−t) =

r∑
k=1

χ(k)
ze(k+t)z

erz − 1
=

∞∑
n=0

(−1)nBn,χ(−t)
zn

n!
.

It is easy to show that

Bn,χ(t) =
n∑

k=0

(
n

k

)
Bk,χ(0)tn−k, (9.41)

and

Bn,χ(t + r) −Bn,χ(t) = n

r∑
k=1

χ(k)(t + r − k)n−1, n ≥ 0.
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Write

ϕχ(z) = ϕχ(z, 0) =
r∑

k=1

χ(k)
ze(r−k)z

erz − 1
.

Since

ϕχ(−z) =

r∑
k=1

χ(−1)χ(r − k)
zekz

erz − 1
= χ(−1)ϕχ(z),

we find
(−1)nBn,χ(0) = χ(−1)Bn,χ(0),

so that Bn,χ(0) = 0 if n �≡ δ mod 2.

Theorem 9.11 (cf. [202]). For any integer n ≥ 1, one has

L(χ, 1− n) =
(−1)n−1

n
Bn,χ(0).

The theorem immediately gives

L(χ, 1 − n) = 0, n �≡ δ mod 2,

provided that χ is not the principal character χ = 1. From the functional equation
(9.35) and the fact that L(χ, n) �= 0, we deduce for n ≥ 1 that

L(χ, 1− n) =
(−1)n−1

n
Bn,χ(0) �= 0, n ≡ δ mod 2.

In particular, it follows that

L(χ, 0) = B1,χ(0) =

⎧⎨⎩0, if χ(−1) = 1,
r∑

k=1

(
1
2 −

k
r

)
χ(k), if χ(−1) = −1.

The functional equation (9.35) also gives for n ≥ 1 that

L(χ, n) = (−1)n+1+ n−δ
2

τ(χ)

2iδ

(
2π

r

)n Bn,χ̄(0)

n!
, n ≡ δ mod 2.

Based on above facts, if χ is a nontrivial primitive character modulo r, then L(χ, s)
has no zeros in the region Re(s) ≥ 1. The functional equation (9.35) shows that Λχ(s)
has no zeros in the union of region Re(s) ≥ 1 and Re(s) ≤ 0. Hence when δ = 0,
that is, χ(−1) = 1, L(χ, s) has only the trivial simple zeros in the region Re(s) ≤ 0

s = 0,−2,−4, . . . ,−2m − δ, . . . ;

when δ = 1, that is, χ(−1) = −1, L(χ, s) has only the trivial simple zeros in the
region Re(s) ≤ 0

s = −1,−3,−5, . . . ,−2m− δ, . . . ;

in which m is a non-negative integer. Thus the zeros of Λχ(s) are all non-trivial zeros
of L(χ, s) in the critical strip 0 < Re(s) < 1.
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Theorem 9.12. If χ is a nontrivial primitive character modulo r, then Λχ(s) is an
entire function of order 1, and has infinitely many zeros ρn satisfying the conditions:
0 < Re(ρn) < 1, the series

∑∞
n=1 |ρn|−1 diverges, the series

∑∞
n=1 |ρn|−1−ε con-

verges for any ε > 0, and Hadamard’s factorization

Λχ(s) = ea−bs
∞∏

n=1

(
1− s

ρn

)
e

s
ρn (9.42)

holds, where a = a(χ), b = b(χ) are constants.

Proof. If σ = Re(s) ≥ 1
2 , then (9.30) means

|L(χ, s)| ≤ 2|s|ϕ(r) < 2r|s|,

which further implies

|Λχ(s)| ≤ 2r|s|
( r

π

)σ+δ
2

∣∣∣∣Γ(s + δ

2

)∣∣∣∣! r
σ
2 + 3

2 ec|s|| log |s||.

From the functional equation (9.35), this estimate also holds when σ = Re(s) < 1
2 .

Since
log Γ(s) ∼ s log s, s → +∞,

it follows that Λχ(s) is an entire function of order 1. Further, by using Hadamard’s
Factorization Theorem 9.5 it is not difficult to show that the exponent of convergence
of the zeros of Λχ(s) is equal to the order 1 such that the series

∞∑
n=1

|ρn|−1

diverges. �

The generalized Riemann hypothesis states that if L(χ, s) = 0, then either s is a
non-positive integer (a “trivial zero”) or Re(s) = 1

2 . It had been shown, for a suffi-
ciently small constant c > 0, that if L(χ, s) = 0 with

Re(s) > 1− c

log r
,

then s is real, χ is a quadratic real character, and there is at most one such value of r
between R and R2 for any sufficiently large R. Such zeros are known as Siegel zeros.
In 1995, Granville and Stark proved, assuming the abc-conjecture, that L(χ, s) has no
Siegel zeros for all χ (mod r) with r ≡ 3 (mod 4).

By using the symbols in Theorem 9.12, it follows

L(χ, ρn) = L(χ̄, 1 − ρn) = L(χ̄, ρ̄n) = L(χ, 1− ρ̄n) = 0
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from the functional equation (9.35), that is, 1 − ρ̄n are zeros of L(χ, s) too. In other
words, non-trivial zeros of L(χ, s) are symmetric for the line Re(s) = 1

2 . Let sν be
the zeros of L(χ, s) on the critical line Re(s) = 1

2 and assume that ρn, sν are ordered
with respect to increasing absolute values of their imaginary parts.

Theorem 9.13. Under the notations of Theorem 9.12, we have Re(b) > 0. Moreover,
the generalized Riemann hypothesis holds if and only if the zeros sν of L(χ, s) on the
critical line Re(s) = 1

2 satisfy

∑
ν

1
|sν |2

= 2Re(b). (9.43)

Proof. Differentiating logarithmically the Hadamard’s factorization (9.42) and the
functional equation (9.35) respectively, we obtain

b = −
Λ′

χ(0)

Λχ(0)
=

Λ′̄
χ(1)

Λχ̄(1)
= −b̄ +

∞∑
n=1

(
1

1− ρ̄n
+

1
ρ̄n

)
. (9.44)

Since 1− ρ̄n are zeros of L(χ, s), we have

∞∑
n=1

(
1
ρn

+
1
ρ̄n

)
=

∞∑
n=1

(
1

1− ρ̄n
+

1
ρ̄n

)
= 2Re(b). (9.45)

Theorem 9.12 shows

∞∑
n=1

(
1
ρn

+
1
ρ̄n

)
=

∞∑
n=1

2Re(ρn)

|ρn|2
> 0,

and hence Re(b) > 0 follows from (9.45).
Further, we rewrite the equation (9.45) into the form∑

ν

1
|sν |2

+
∑

Re(ρn)�=1/2

2Re(ρn)

|ρn|2
= 2Re(b),

which yields easily the second part of conclusions in Theorem 9.13. �

Dirichlet L-functions were constructed by Dirichlet [49] to tackle the problem of
the distribution of primes in arithmetic progressions.

Theorem 9.14 (Dirichlet’s prime number theorem). Every arithmetic progression

a, a± r, a± 2r, a± 3r, . . . ,

i.e., every class a mod r, contains infinitely many prime numbers, where gcd(a, r) = 1.
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Proof. Let χ be a Dirichlet character mod r. One finds

log L(χ, s) = −
∑

p

log
{

1− χ(p)p−s
}

=
∑

p

∞∑
n=1

χ(pn)

npns
=
∑

p

χ(p)

ps
+ gχ(s)

for Re(s) > 1, where gχ(s) is holomorphic for Re(s) > 1
2 . Multiplying by χ(a−1)

and summing over all characters mod r, it yields

∑
χ

χ(a−1) log L(χ, s) =
∑
χ

∑
p

χ(a−1p)

ps
+ g(s)

=
r∑

k=1

∑
χ

χ(a−1k)
∑

p≡k(r)

1
ps

+ g(s)

=
∑

p≡a(r)

ϕ(r)

ps
+ g(s),

where note that ∑
χ

χ(a−1k) =

{
0, if a �= k,

ϕ(r), if a = k.

When we pass to the limit s → 1 (s > 1 real), log L(χ, s) stays bounded for χ �= χ0

because L(χ, 1) �= 0, whereas

log L(χ0, s) =
∑
p|r

log{1− p−s}+ log ζ(s)→∞

because ζ(s) has a pole at s = 1. Therefore, the left-hand side of the above equation
tends to ∞, and since g(s) is holomorphic at s = 1, we find

lim
s→1

∑
p≡a(r)

ϕ(r)

ps
= ∞.

Thus the sum cannot consist of only finitely many terms, and the theorem is proved.�

Further, let π(x; a mod r) denote the number of primes p ≤ x in the residue class
a mod r. Using similar techniques as for ζ(s), then for a coprime with r,

π(x; a mod r) ∼ π(x)

ϕ(r)
. (9.46)

This shows that the primes are uniformly distributed in the prime residue classes.
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9.2 The Dedekind zeta-function

9.2.1 The ζ-functions of number fields

The Riemann’s ζ-function

ζ(s) =
∞∑

n=1

1
ns

is associated with the field Q of rational numbers, and generalizes in the following
way to an arbitrary number field κ of degree n = [κ : Q].

Definition 9.15. The Dedekind’s ζ-function of the number field κ is defined by the
series

ζκ(s) =
∑

a

1
N (a)s

,

where a varies over the integral ideals of κ, and N (a) denotes the absolute norm of a.

The unique factorization of ideals, along with the norm computations, imply that
there exist only a finite number aκ(n) of integral ideals with norm n. Now, moreover,
for two rational integers m, n with gcd(m, n) = 1

aκ(mn) = aκ(m)aκ(n). (9.47)

In fact, from two integral ideals a and b with N (a) = m, N (b) = n, an ideal c = ab

arises with N (c) = mn. Conversely, if c is an integral ideal with N (c) = mn, we set

(c, m) = a, (c, n) = b, (9.48)

and so it follows by multiplication that

ab = (c2, cm, cn, mn) = c
(
c, m, n,

mn

c

)
= c.

By passage to the conjugate, we obtain from (9.48) thatN (a) is coprime to n andN (b)
is coprime to m, while the product N (a)N (b) = mn. Consequently, N (a) = m,
N (b) = n, and c is thus decomposed into two factors whose norms are m and n
respectively. The assertion (9.47) follows from this.

We can write the ζ-function of κ as follows

ζκ(s) =
∞∑

n=1

aκ(n)

ns
.

By Theorem 2.37 and Theorem 9.2, we find that the abscissa of convergence of ζκ(s)
is 1, and so it follows that:
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Proposition 9.16. The series ζκ(s) converges absolutely and uniformly in the region
Re(s) ≥ 1 + ε for every ε > 0, and one has

ζκ(s) =
∏
p

1
1−N (p)−s

, (9.49)

where p runs through the prime ideals of κ.

The product in (9.49) converges since
∑

p 1/N (p)s converges as the constituent of
the series for ζκ(s). For each prime ideal p of κ, we obtain a convergent series

1
1−N (p)−s

= 1 +
1

N (p)s
+

1
N (p2)s

+ · · · . (9.50)

If we multiply these expressions in a purely formal way for all p, then we obtain∏
p

1
1−N (p)−s

= 1 + · · · + 1
N (pa1

1 pa2
2 · · · p

ar
r )s

+ · · · , (9.51)

where each product of powers of prime ideals appears exactly once in the norm sym-
bol. However, by the fundamental theorem of ideal theory, we obtain each integral
ideal of κ exactly once in this form, that is, all terms of the convergent series ζκ(s)
appear exactly once. Since the series (9.50) converges absolutely for Re(s) > 1 for
each prime ideal p of κ and the product (9.51) converges for Re(s) > 1, the equality
(9.49) follows from the formal agreement of the terms of the series.

The holomorphic function ζκ(s) in the domain Re(s) > 1 admits a meromorphic
continuation onto the entire complex plane. According to Erich Hecke (1887–1947),
or see the arguments in [202], there exist two continuous functions f, g : R+ −→ C
such that for x →∞

f(x) =
2r1+r2−1

w
hR + O

(
e−cxα)

, g(x) =
2r1+r2−1

w
hR + O

(
e−cxα)

with positive constants c, α, where r1 (resp. r2) is the number of real (resp. complex)
places of κ, h is the class number of κ, R is the regulator of κ, and w denotes the
number of roots of unity in κ, which are related by the formula

f

(
1
x

)
= x

1
2 g(x),

such that the Mellin transform

Λκ(2s) =

∫ ∞

0
{f(x) − f(∞)}xs dx

x

holds, where
Λκ(s) = |Dκ/Q|s/2ΓR(s)r1ΓC(s)r2ζκ(s)
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in which the function ΓC(s) is defined by

ΓC(s) = 2(2π)−sΓ(s).

Hence Λκ(s) admits an analytic continuation to C− {0, 1} and satisfies functional
equation (cf. [164], [202]):

Λκ(s) = Λκ(1− s). (9.52)

It has simple poles at s = 0 and s = 1 with residues

−2r1+r2

w
hR,

2r1+r2

w
hR,

respectively. It is convenient to use the entire function

ξκ(s) =
s

2
(s− 1)|Dκ/Q|s/2ΓR(s)r1ΓC(s)r2ζκ(s)

which satisfies the functional equation

ξκ(s) = ξκ(1− s). (9.53)

Therefore ζκ(s) admits a holomorphic continuation with the exclusion of a simple
pole at s = 1, and satisfies the following functional equation

ζκ(1− s) = |Dκ/Q|s−
1
2

(
cos

πs

2

)r1+r2
(
sin

πs

2

)r2
ΓC(s)nζκ(s). (9.54)

It follows that ζκ(1−m) = 0 for odd m > 1. If the number field κ is totally real, then
we have ζκ(1−m) �= 0 for even m > 1. If the number field κ is not totally real, then
we have ζκ(1−m) = 0 for all m = 2, 3, 4, . . . .

By Theorem 2.37 and Lemma 9.3, we have the following fact:

Theorem 9.17. There exists a positive number κ, defined by (2.29), such that

lim
s→1

(s− 1)ζκ(s) = κ.

9.2.2 Selberg class

Many authors have introduced classes of Dirichlet series to find common patterns in
their value distribution. However, the most successful class seems to be the class
introduced by Selberg [235]. The Selberg class S consists of Dirichlet series

L(s) =
∞∑

n=1

a(n)

ns

satisfying the following hypotheses:
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(1) Ramanujan hypothesis. a(n) = O(nε) for any ε > 0, where the implicit constant
may depend on ε.

(2) Analytic continuation. There exists a non-negative integer k such that (s−1)kL(s)
is an entire function of finite order.

(3) Functional equation. L(s) satisfies a functional equation of type

ΛL(s) = ωΛL(1− s̄), (9.55)

where

ΛL(s) = QsL(s)

f∏
j=1

Γ(λjs + μj)

with positive real numbers Q, λj and complex numbers μj , ω with Re(μj) ≥ 0
and |ω| = 1.

(4) Euler product. L(s) has a product representation

L(s) =
∏
p

Lp(s),

where

Lp(s) = exp

( ∞∑
n=1

b(pn)

pns

)
with suitable coefficients b(pn) satisfying b(pn) = O(pnθ) for some θ < 1

2 .

The Ramanujan hypothesis implies the absolute convergence of the Dirichlet series
L(s) in the half-plane Re(s) > 1, and uniform convergence in every compact subset.
Thus L(s) is analytic for Re(s) > 1. The Euler product hypothesis implies that the
coefficients a(n) are multiplicative, that is, a(1) �= 0 and

a(mn) = a(m)a(n)

for all coprime integers m, n, and that each Euler factor has the Dirichlet series repre-
sentation

Lp(s) =

∞∑
n=0

a(pn)

pns

absolutely convergent for Re(s) > 0. Comparing two representations of Lp(s), we
can obtain a(p) = b(p). Moreover, it turns out that each Euler factor is non-vanishing
for Re(s) > θ.

The degree of L ∈ S is defined by

dL = 2
f∑

j=1

λj .
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The constant function 1 is the only element of S of degree zero. Recently, Kaczorowski
and Perelli [122] proved that all functions L ∈ S with degree 0 < dL < 5

3 have degree
equal to one. It is conjectured that all L ∈ S have integral degree (cf. [262]).

By the work of Kaczorowski and Perelli [121], it is known that the functions of
degree one in the Selberg class are the Riemann zeta-function and shifts L(χ, s + iϕ)
of Dirichlet L-functions attached to primitive character χ with ϕ ∈ R. Examples of
degree two are L-functions associated with holomorphic newforms. Other examples
in the Selberg class are Dedekind zeta-functions to number fields κ; their degrees are
equal to the degrees [κ : Q] of the field extensions κ/Q.

In view of the Euler product representation, it is obvious that each element L(s) ∈ S
does not vanish in the half-plane of absolute convergence Re(s) > 1. The zeros of
L(s) located at the poles of Γ-factors appearing in the functional equation are called
trivial, which all lie in Re(s) ≤ 0. All other zeros are said to be non-trivial.

Conjecture 9.18 (Grand Riemann Hypothesis). If L ∈ S , then L(s) �= 0 for Re(s) >
1
2 .

If NL(T ) counts the number of zeros of L(s) ∈ S in the rectangle 0 ≤ Re(s) ≤
1, |Im(s)| ≤ T (according to multiplicities), by standard contour integration one
(cf. [262]) can show

NL(T ) =
dLT

π
log

T

e
+

T

π
log(λQ2) + O(log T ), (9.56)

where

λ =

f∏
j=1

λ
2λj

j .

Ye [303] computed the Nevanlinna functions for the Riemann zeta-function. Following
Ye [303], Steuding [262] proved that if L(s) satisfies axioms (1)–(3) with a(1) = 1,
the Nevanlinna characteristic function T (r, L) satisfies the asymptotic formula

T (r, L) =
dL

π
r log r + O(r), (9.57)

and hence when dl �= 0, L(s) is of order one, that is,

lim sup
r→∞

log T (r, L)

log r
= 1.

Similar to Theorem 9.12 and Theorem 9.13, we can prove the following result:

Theorem 9.19. For a number field κ, ξκ(s) is an entire function of order 1, and
has infinitely many zeros ρn satisfying the conditions: 0 ≤ Re(ρn) ≤ 1, the se-
ries

∑∞
n=1 |ρn|−1 diverges, the series

∑∞
n=1 |ρn|−1−ε converges for any ε > 0, and
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Hadamard’s factorization

ξκ(s) =
2r1+r2−1

w
hRe−bs

∞∏
n=1

(
1− s

ρn

)
e

s
ρn (9.58)

holds, where b is a positive constant. Moreover, the Grand Riemann Hypothesis for
ζκ(s) holds if and only if the zeros sν of ζκ(s) on the critical line Re(s) = 1

2 satisfy∑
ν

1
|sν |2

= 2b. (9.59)

9.3 Special linear groups

9.3.1 General linear groups

For any commutative ring A, the general linear group GL(2, A) is defined to be the
set of matrices

γ =

(
a b
c d

)
such that

det(γ) = ad− bc ∈ A∗.

The special linear group SL(2, A) is defined to be the subgroup of GL(2, A) consisting
of matrices of determinant 1.

Set C̄ = C ∪ {∞} which is isomorphic to P1(C), and take

γ =

(
a b
c d

)
∈ GL(2, R), z ∈ C̄.

We define

γ(z) =

{
az+b
cz+d , if z ∈ C,
a
c , if z =∞,

(9.60)

and hence γ(−d/c) = ∞, where we think γ(∞) = ∞ if c = 0. These mappings
z �→ γ(z) are called fractional linear transformations of the Riemann sphere C̄. It is
easy to check that (9.60) defines a group action on the set C̄, in other words:

γ1(γ2(z)) = (γ1γ2)(z), {γ1, γ2} ⊂ GL(2, R); z ∈ C̄.

Take a subgroup Γ of GL(2, R). For an element z of C̄ we put

Γz = {γ ∈ Γ | γ(z) = z},

and call it the stabilizer of z. It is obvious that for any element γ of Γ,

Γγ(z) = γ−1Γzγ.
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An element z of C̄ is called a fixed point of γ ∈ Γ if γ(z) = z. This is equivalent to
saying γ ∈ Γz .

We consider the fractional linear transformation (9.60) again. Note that

Im(γ(z)) =
det(γ)

|cz + d|2 Im(z), γ =

(
a b
c d

)
∈ GL(2, R).

In particular, for the case det(γ) > 0, then Im(z) > 0 implies that Im(γ(z)) > 0. Let
H ⊂ C denote the upper half plane

H = {τ ∈ C | Im(τ) > 0}.

We put
GL+(2, R) = {γ ∈ GL(2, R) | det(γ) > 0}.

Thus, GL+(2, R) acts on the set H by the transformations (9.60).
We classify elements of GL+(2, R) by the following way. A non-scalar element γ

of GL+(2, R) is called elliptic, parabolic or hyperbolic, when it satisfies

trace(γ)2 < 4 det(γ), trace(γ)2 = 4 det(γ), trace(γ)2 > 4 det(γ),

respectively. The following simple fact explains the geometrical meaning of the clas-
sification.

Theorem 9.20. A non-scalar element γ of GL+(2, R) is characterized by its fixed
points on C̄ as follows:

(1) γ is elliptic if and only if γ has the fixed points z and z̄ with z ∈ H;

(2) γ is parabolic if and only if γ has a unique fixed point on ∈ R ∪ {∞};
(3) γ is hyperbolic if and only if γ has two distinct fixed points on ∈ R ∪ {∞}.

Set
H = H ∪ R ∪ {∞}.

When z ∈ H is a fixed point of an elliptic, parabolic or hyperbolic element of a
subgroup Γ of GL+(2, R), we say that z is an elliptic point, a parabolic point or a
hyperbolic point of Γ, respectively. We also call a parabolic point of Γ a cusp of Γ.

Proposition 9.21. Let Γ be a discrete subgroup of SL(2, R). If x ∈ R∪{∞} is a cusp
of Γ, then

Γx ⊂ {γ ∈ SL(2, R)x | γ is parabolic or scalar},
and

Γx/(Γ ∩ {±1}) ∼= Z.

Moreover for γ ∈ SL(2, R) such that γ(∞) = x, we have

γ−1Γxγ · {±1} =

{
±
(

1 h
0 1

)m ∣∣∣∣ m ∈ Z
}

for some h > 0, where 1 is the unit in Γ.
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Proof. See [186], Theorem 1.5.4. �

9.3.2 Modular groups

The subgroup of SL(2, R) consisting of matrices with integer entries is, by definition,
SL(2, Z). It is called the modular group or, more precisely, the elliptic modular group.
Let N be a positive integer. One defines subgroups of SL(2, Z) as follows:

Γ0(N) =

{(
a b
c d

)
∈ SL(2, Z)

∣∣∣∣ c ≡ 0 (modN)

}
, (9.61)

Γ1(N) =

{
γ ∈ SL(2, Z)

∣∣∣∣ γ ≡
(

1 b
0 1

)
(modN)

}
, (9.62)

and

Γ(N) =

{
γ ∈ SL(2, Z)

∣∣∣∣ γ ≡
(

1 0
0 1

)
(modN)

}
. (9.63)

We note
Γ(1) = Γ1(1) = Γ0(1) = SL(2, Z),

and
Γ(N) ⊂ Γ1(N) ⊂ Γ0(N) ⊂ SL(2, Z).

Further if M |N , then

Γ(N) ⊂ Γ(M), Γ1(N) ⊂ Γ1(M), Γ0(N) ⊂ Γ0(M).

We call Γ(N) a principal congruence modular group, and Γ1(N) and Γ0(N) modular
group of Hecke type. We call N the level of Γ(N), Γ1(N) and Γ0(N). More generally,
for some integer N ≥ 1, a congruence subgroup of lebel N of SL(2, Z) is defined to
be a subgroup Γ of SL(2, Z) which contains Γ(N).

If Γ is a subgroup of SL(2, Z), we say that two points τ, τ ′ ∈ H are Γ-equivalent if
there exists γ ∈ Γ such that τ ′ = γ(τ), and denote this relation between τ and τ ′ by

τ = τ ′ mod Γ. (9.64)

Let B be a region in H. We say that B is a fundamental region for Γ if every τ ∈ H
is Γ-equivalent to a point in B, but no two distinct points τ1, τ2 in B are Γ-equivalent.
The most famous example of a fundamental region for SL(2, Z) is as follows

B =

{
x + iy ∈ H

∣∣∣∣ x2 + y2 ≥ 1, −1
2
≤ x <

1
2

}
− l,

where

l =

{
x + iy ∈ H

∣∣∣∣ x2 + y2 = 1, 0 < x <
1
2

}
.
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We identify Q ∪ {∞} with P1(Q). Here one should think of the points [x, 1] ∈
P1(Q) as forming the usual copy of Q in C; and the point [1, 0] ∈ P1(Q) as a point at
infinity. Notice that SL(2, Z) acts on P1(Q) in the usual manner,(

a b
c d

)
: [x, y] �−→ [ax + by, cx + dy].

Define
H∗ = H ∪ P1(Q).

That is, we add to H a point at infinity (which should be visualized for up the positive
imaginary axis; for this reason we sometimes denote it i∞) and also all of the rational
numbers on the real axis. These points P1(Q) are called cusps of SL(2, Z). It is easy
to see that SL(2, Z) permutes the cusps transitively. If Γ is a subgroup of SL(2, Z),
then Γ permutes the cusps, but in general not transitively. That is, there is usually
more than one Γ-equivalence class among the cusps P1(Q). A Γ-equivalence class of
cusps is also called a cusp of Γ. We may choose any convenient representative of the
equivalence class to denote the cusp.

We extend the usual topology on H to the set H∗ as follows. First, a fundamental
system of open neighborhoods of∞ is

U∞ = {τ ∈ H | Im(τ) > r} ∪ {∞}

for any r > 0. Note that if we map H to the punctured open unit disc by sending

τ �→ z = e2πiτ , (9.65)

and if we agree to take the point ∞ ∈ H∗ to the origin under this mapping, then U∞
is the the inverse image of the open disc of radius e−2πr centered at the origin, and we
have defined our topology on H ∪ {∞} so as to make the mapping (9.65) continuous.

Near a cusp x ∈ Q ⊂ H∗ by writing x = a/c in which a, c are coprime, we define
a fundamental system of open neighborhoods by completing a, c to a matrix

γ =

(
a b
c d

)
∈ SL(2, Z)

by finding solution b and d to the equation ad − bc = 1, and using γ to transport the
U∞ to discs in H∗ which are tangent to the real axis at x = γ(∞). According to this
topology, a sequence τj approaches x means that γ−1(τj) approaches i∞, i.e., that
Im(γ−1(τj)) approaches infinity in the usual sense.

We may use (9.65) to define an analytic structure on H∗. Near ∞, we say that a
function f of period 1 on H is meromorphic at ∞ if it can be expressed as a power
series in the variable z having at most finitely many negative terms, i.e., f has a Fourier
expansion of the form

f(τ ) =
∑
n≥m

cnzn =
∑
n≥m

cne2πinτ (9.66)
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for some integer m ∈ Z. We say that f is holomorphic at∞ if m = 0; and we say that
f vanishes (or has a zero) at∞ if f is holomorphic at∞ with c0 = 0. More generally,
if f has period N , then we use the mapping

τ �→ z1/N = e2πiτ/N (9.67)

to map H ∪ {∞} to the open unit disc. We then say that f is meromorphic (holomor-
phic; vanishes) at∞ if we can express f as a series in z1/N

f(τ) =
∑
n≥μ

anzn/N (9.68)

for some integer μ ∈ Z (respectively, for μ = 0; for μ = 1). Similarly, we can define
analytic structure near any cusp (see Section 9.4).

Let B̄ denote the fundamental region B with SL(2, Z)-equivalent boundary points
identified and with the cusp ∞ thrown in. Thus, the points of B̄ are in one-to-one
correspondence with SL(2, Z)-equivalence classes in H∗, and so we have the identifi-
cation:

B̄ = H∗/SL(2, Z).

We take the topology on B̄ which comes from the topology on H∗. That is, by a small
disc around an interior point of B we mean a disc in the usual sense; by a small disc
around ∞ we mean all points lying above the line Im(τ) = r, where r is large; by
a small disc around a boundary point − 1

2 + iy we mean the half-disc contained in B

together with the half-disc of the same radius around 1
2 + iy which is contained in B;

and so on. Thus, B̄ has an analytic structure coming from the usual structure on H,
except at ∞, where it comes from the usual structure at 0 after the change of variable
(9.65). If Γ is a congruence subgroup of SL(2, Z), then Γ acts on H∗, and we can
form the quotient space H∗/Γ, which has a natural structure as a Riemann surface (see
Shimura [245], Sections 1.3 and 1.5).

We may view 1/N as a point of order N on the torus C/[1, τ ]. Let ZN be the cyclic
group generated by 1/N . Then we may consider the pair (C/[1, τ ], ZN ) as consisting
of a torus and a cyclic subgroup of order N . One has the following parametriza-
tions:

(f1) The association τ �→ (C/[1, τ ], 1/N) gives a bijection between H/Γ1(N) and
isomorphism classes of toruses together with a point of order N .

(f2) The association τ �→ (C/[1, τ ], ZN ) gives a bijection between H/Γ0(N) and
isomorphism classes of toruses together with a cyclic subgroup of order N .

Furthermore, there exist affine curves Y1(N) and Y0(N), defined over Q, such that

Y1(N)(C) ≈ H/Γ1(N), Y0(N)(C) ≈ H/Γ0(N)

and such that Y1(N) parametrizes isomorphism classes of pairs (E, P ) algebraically,
where E is an elliptic curve and P is a point of order N , in the following sense. If κ is
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a field containing Q, then a point of Y1(N)(κ) corresponds to such a pair (E, P ) with
E defined over κ and P rational over κ. Similarly, Y0(N) parametrizes pairs (E, Z),
where E is defined over κ and Z is invariant under the Galois group Gκ/Q. The affine
curve Y1(N) can be compactified by adjointing the points which lie above j = ∞. Its
completion, denoted by X1(N), is a smooth projective curve which contains Y1(N)
as a dense Zariski open subset. Similarly, we have the completion X0(N) of Y0(N).
Thus one obtains the holomorphic isomorphisms

X1(N)(C) ≈ H∗/Γ1(N), X0(N)(C) ≈ H∗/Γ0(N).

See Shimura [245], or Silverman [256].

9.4 Modular functions

9.4.1 Automorphic forms

Let M be a complex manifold, let M(M) be the set of meromorphic functions on
M , let A(M) be the set of holomorphic functions on M , let A∗(M) be the elements
in A(M) vanishing nowhere, and let Aut(M) be the group of automorphisms on M ,
where the group operation is composition, and where an automorphism on M means
a biholomorphic self-mapping on M .

Definition 9.22. Let M be a complex manifold and let Γ be a discrete subgroup of
Aut(M). A meromorphic function f ∈ M(M) is called a (multiplicative) automor-
phic function for Γ if each γ ∈ Γ determines an element jγ ∈ A∗(M) such that

f(γ(z)) = jγ(z)f(z), z ∈ M.

In particular, f is called a multiplicative function if all jγ are constants, an automorphic
function if jγ = 1 for each γ ∈ Γ, and called an automorphic form of weight k if

jγ(z) = Jγ(z)−k, γ ∈ Γ,

where Jγ is the Jacobian determinant of γ.

We have interesting to a discrete subgroup Γ of SL(2, R) acting on H, called usually
a Fuchsian group. Take

γ =

(
a b
c d

)
∈ Γ : τ �−→ γ(τ) =

aτ + b

cτ + d

and define

fγ,k(τ) :=

{
dγ(τ)

dτ

}k/2

f(γ(τ )).
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Note that the Jacobian determinant Jγ of γ is just

dγ(τ)

dτ
=

1
(cτ + d)2 .

By the definition, an automorphic form f of weight k for Γ satisfies

fγ,2k(τ) = f(τ ), τ ∈ H,

or equivalently

(cτ + d)−2k f

(
aτ + b

cτ + d

)
= f(τ), τ ∈ H. (9.69)

We denote by Mk(Γ) the set of all automorphic forms of weight k/2 for Γ. Then
Mk(Γ) is a vector space over C, and generates a graded ring

M(Γ) =

∞∑
k=−∞

Mk(Γ).

The following properties are trivial

Mk(Γ) ⊂Mk(Γ
′), if Γ ⊃ Γ′;

Mk(Γ) = {0}, if k is odd and − 1 ∈ Γ;

Mk(Γ)Ml(Γ) ⊂ Mk+l(Γ),

where 1 means the unit of Γ.
Suppose that k is even and that x is a cusp of Γ. Let γ be an element of SL(2, R)

such that γ(∞) = x. Since fγ,k ∈ Mk(γ
−1Γγ) for f ∈ Mk(Γ), by using Proposi-

tion 9.21, there exists h > 0 satisfying

fγ,k(τ + h) = fγ,k(τ).

Therefore there exists a meromorphic function g on the domain

D = {z ∈ C | 0 < |z| < 1}

such that
fγ,k(τ) = g

(
e2πiτ/h

)
, τ ∈ H,

which yields the Laurent expansion

fγ,k(τ ) =

∞∑
n=μ

cne2πinτ/h

with μ ∈ Z∪ {−∞} on {τ ∈ H | Im(τ) > R} for a sufficiently large R. The series is
convergent absolutely and uniformly on any compact subset of {τ ∈ H | Im(τ) > R},
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and so also are on any compact subset of H if f is holomorphic on H. By definition, an
element f of Mk(Γ) is meromorphic, is holomorphic, or has a zero at x, if the above
function g is meromorphic (μ �= −∞), is holomorphic (μ ≥ 0), or has a zero (μ ≥ 1)
at 0, respectively. The above definitions are independent of the choice of γ.

When k is odd and −1 �∈ Γ, we say that f is meromorphic, is holomorphic, or has
a zero at x when f2 is meromorphic, is holomorphic, or has a zero at x, respectively.

For a Fuchsian group Γ, we put

Mk(Γ) = {f ∈ Mk(Γ) | f is meromorphic at all cusps of Γ};
Hk(Γ) = {f ∈ Mk(Γ) | f is holomorphic both on H and at all cusps of Γ};
Sk(Γ) = {f ∈ Mk(Γ) | f is holomorphic on H and has a zero at each cusp of Γ},

which are vector spaces over C, and generate graded rings

M (Γ) =
∑

k

Mk(Γ), H(Γ) =
∑

k

Hk(Γ), S(Γ) =
∑

k

Sk(Γ).

Theorem 9.23. Let f ∈ Mk(Γ) be holomorphic on H. If there exists a positive num-
ber ν such that

f(τ ) = O
(
Im(τ)−ν

)
, Im(τ)→ 0

uniformly with respect to Re(τ), then f ∈ Hk(Γ). Moreover, if we can take ν so that
ν < k, then f ∈ Sk(Γ).

Proof. See [186], Theorem 2.1.4. �

Theorem 9.24. Take f ∈ Mk(Γ). Then f ∈ Sk(Γ) if and only if f(τ )Im(τ )k/2 is
bounded on H.

Proof. See [186], Theorem 2.1.5. �

9.4.2 Weierstrass ℘ function

Take ω1, ω2 ∈ C such that they are linearly independent over R, that is, ωi �= 0,
ω2/ω1 �∈ R. Let Λ be the discrete subgroup of C generated by ω1 and ω2:

Λ = [ω1, ω2] = {mω1 + nω2 |m, n ∈ Z},

which is called a lattice over Z. Here we simply introduce meromorphic functions
on the quotient space C/Λ; or equivalently, meromorphic functions on C which are
periodic with respect to the lattice Λ. An elliptic function (relative to the lattice Λ) is
a meromorphic function f on C which satisfies

f(z + ω) = f(z), z ∈ C, ω ∈ Λ.
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The set of all such functions is clearly the fieldM(C/Λ).
The Eisenstein series of weight 2k (for Λ) is the series

G2k = G2k(Λ) =
∑

ω∈Λ−{0}
ω−2k,

which is absolutely convergent for all k > 1. The Weierstrass ℘ function (relative to
Λ) is defined by the series

℘(z) = ℘(z, Λ) =
1
z2 +

∑
ω∈Λ−{0}

(
1

(z − ω)2 −
1

ω2

)
,

which converges absolutely and uniformly on every compact subset of C−Λ. It defines
an even elliptic function on C having a double pole with residue 0 at each lattice point
and no other poles.

Theorem 9.25. Every elliptic function is a rational combination of ℘ and ℘′, i.e.,

M(C/Λ) = C(℘, ℘′).

Proof. Siegel [252], Chapter 1, Section 14, Theorem 6, or Silverman [256]. �

It is standard notation to set

g2 = g2(Λ) = 60G4, g3 = g3(Λ) = 140G6. (9.70)

A basic theorem (cf. [252]) in elliptic function theory shows that g3
2 − 27g2

3 �= 0, and
the inverse function of the elliptic integral of the first kind in the Weierstrass normal
form

z =

∫ w

∞

dζ√
4ζ3 − g2ζ − g3

formed with these g2, g3 coincides with the Weierstrass ℘ function which also is unique
even meromorphic function in C satisfying the differential equation

(℘′)2 = 4℘3 − g2℘− g3. (9.71)

Conversely, one has the following uniformization theorem:

Theorem 9.26. Let A, B ∈ C satisfy A3 − 27B2 �= 0. Then there exists a unique
lattice Λ ⊂ C such that g2(Λ) = A and g3(Λ) = B.

Proof. See Apostol [1], Theorem 2.9; Robert [220], I.3.13; Shimura [245], Section
4.2; Serre [237], VII Proposition 5, or Siegel [252], Chapter 1, Sections 11–13. �
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9.4.3 Elliptic modular functions

We here use the following form of Theorem 3.76 over C (cf. [253], [80]):

Theorem 9.27. Every algebraic curve of genus 1 defined over C can be transformed
birationally into a cubic curve E of the special form

y2 = 4x3 −Ax−B (9.72)

with constants A, B satisfying Δ = A3 − 27B2 �= 0. Two such cubic curves are
birationally equivalent if and only if they agree on the invariant

j =
1728A3

A3 − 27B2 . (9.73)

If this is the case, then the two curves go over into each other under an affine transfor-
mation of the form x �→ u2x, y �→ u3y, with constant u �= 0.

Next we study the curve E/C defined by (9.72). According to Theorem 9.26, there
exists a unique lattice Λ = [ω1, ω2] ⊂ C such that g2(Λ) = A and g3(Λ) = B. Hence
we can rewrite the equation (9.72) into the following form:

y2 = 4x3 − g2x− g3 (9.74)

with a solution of functions x = ℘, y = ℘′. The Riemann surface E(C) of the elliptic
curve E is isomorphic to a complex torus, that is, a quotient C/Λ by using a mapping

[℘, ℘′, 1] : C/Λ −→ E(C) ⊂ P2(C).

By possibly reversing the order of ω1 and ω2, we can assume that the imaginary part
of the ratio τ = ω2/ω1 is positive. By (9.70), the quantity

j = j(Λ) =
1728g3

2

g3
2 − 27g2

3

associated with the algebraic curve (9.74) depends solely on the period lattice and is
homogeneous of degree 0 in ω1, ω2, that is, it is the same if we replace ω1, ω2 by
cω1, cω2 for any complex number c �= 0. Thus we have j(cΛ) = j(Λ), and we may
define j(τ) = j(Λ). But C/Λ is a complex torus of dimension 1, and the above
arguments show that j is the single invariant for isomorphism classes of such toruses.
It follows that j = j(τ), considered in the upper half plane H, is a holomorphic
function of τ alone which has the invariance property

j(γ(τ)) = j(τ), τ ∈ H

for γ ∈ SL(2, Z). Note that the transformation

τ �→ τ ′ = γ(τ) =
aτ + b

cτ + d
, {a, b, c, d} ⊂ Z, ad− bc = 1 (9.75)
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maps H into itself. In particular, we have

j(τ + 1) = j(τ), τ ∈ H.

Hence j(τ) is an automorphic function for SL(2, Z) defined on H.
In view of Theorem 9.27, the function j(τ) has the important property of separating

every two points of H by its values if these points are not equivalent with respect to
the modular group, that is,

j(τ ) �= j(τ ′), τ �= τ ′ mod SL(2, Z),

which gives a holomorphic isomorphism (cf. [237])

j : H/SL(2, Z) −→ C.

One can show that the j-function then defines a holomorphic isomorphism

j : H∗/SL(2, Z) −→ P1(C).

See Shimura [245], Sections 1.3, 1.4 and 1.5 for details.
More generally, we consider an automorphic function f(τ) of one complex variable

τ , which is meromorphic in H∗ and which is invariant under the modular group. More
precisely, the condition on the behavior at infinity states that there exists a Laurent
expansion

f(τ) =
∑
n≥m

cnzn

which converges for sufficiently small values of |z| and contains only finitely many
negative powers of z. Here the variable z = e2πiτ , m ∈ Z. Every function satisfying
all these conditions is called a modular function or, more precisely, an elliptic modular
function.

The function j(τ) is an elliptic modular function, called the modular invariant, with
(cf. [1], Theorem 1.18, 1.19, 1.20, or [237], VII Proposition 4, 5, 8)

j(τ) =
1
z

+ 744 +
∞∑

n=1

c(n)zn, c(n) ∈ Z, (9.76)

where

c(1) = 196884, c(2) = 21493760.

The expansion (9.76) can be easily derived from (9.94) and (9.101) below.
The elliptic modular functions obviously form a field which consists precisely of

the rational functions of j(τ ) (see [252], [253], [254], [256]).
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9.4.4 Hecke’s theorem

Lemma 9.28. Let f be a holomorphic function on H such that f has a Fourier expan-
sion

f(τ) =

∞∑
n=0

cne2πinτ ,

which converges absolutely and uniformly on any compact subset of H. Further there
exists ν > 0 such that

f(τ) = O
(
Im(τ)−ν

)
, Im(τ)→ 0

uniformly on Re(τ). Then we have

cn = O(nν). (9.77)

Proof. Note that

|cn| =
∣∣∣∣∫ 1

0
f(x + iy)e−2πin(x+iy)dx

∣∣∣∣ = O
(
y−νe2πny

)
.

In particular, taking y = 2/n, we obtain the estimate (9.77). �

This fact is referred to Corollary 2.1.6 and (4.3.8) in [186]. Conversely, one has the
following result (cf. [186], Lemma 4.3.3):

Lemma 9.29. For a sequence {cn}∞n=0 of complex numbers, put

f(τ) =
∞∑

n=0

cne2πinτ , τ ∈ H.

If cn = O(nν) with some ν > 0, then the right-hand side is convergent absolutely and
uniformly on any compact subset of H, and f is holomorphic on H. Moreover,

f(τ) = O
(
Im(τ )−ν−1) , Im(τ)→ 0,

f(τ)− c0 = O
(
e−2πIm(τ)

)
, Im(τ) →∞

uniformly on Re(τ).

Proof. By using the Euler–Gauss formula on Γ-function

Γ(z) = lim
n→∞

nzn!

z(z + 1) · · · (z + n)
, Re(z) > 0,

we have for ν > 0

lim
n→∞

nν

(−1)n
(−ν−1

n

) = Γ(ν + 1).
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Hence there exists a constant C > 0 such that

|cn| ≤ C(−1)n

(
−ν − 1

n

)
, n ≥ 0.

Put τ = x + iy, then

∞∑
n=0

|cn|
∣∣e2πinτ

∣∣ ≤ C
∞∑

n=0

(−1)n

(
−ν − 1

n

)
e−2πny

= C
(
1− e−2πy

)−ν−1
. (9.78)

This implies that f is convergent absolutely and uniformly on any compact subset of
H. Since

1− e−2πy = O(y), y → 0,

one has
|f(x + iy)| = O

(
y−ν−1) .

Moreover (9.78) implies that f(τ) is bounded when y →∞. Note that the function

g(τ ) =
∞∑

n=0

cn+1e2πinτ

also satisfies the assumption, and so it is bounded on a neighborhood of∞. Therefore
one obtains

f(τ)− c0 = e2πiτg(τ) = O
(
e−2πy

)
, y →∞,

and hence the lemma is proved. �

For a holomorphic function

f(τ ) =
∞∑

n=0

cne2πinτ

on H satisfying the conditions in Lemma 9.28, we put

L(f, s) =
∞∑

n=1

cn

ns
. (9.79)

Since (9.77) holds, then the Dirichlet series L(f, s) converges absolutely and uni-
formly on any compact subset of Re(s) > ν + 1, so that it is holomorphic on Re(s) >
ν + 1. We call L(f, s) the Dirichlet series associated with f . For N > 0, we put

Λf (s) = Λf,N (s) =

(
2π√
N

)−s

Γ(s)L(f, s). (9.80)

Now we can prove the Hecke’s theorem (cf. [186], Theorem 4.3.5):
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Theorem 9.30. Take two holomorphic functions

f(τ) =

∞∑
n=0

cne2πinτ , g(τ) =

∞∑
n=0

dne2πinτ

on H satisfying the conditions in Lemma 9.28. For positive numbers k and N , the
following conditions (i) and (ii) are equivalent.

(i) The functions f and g satisfy an equation

g(τ ) =
(
− i
√

Nτ
)−k

f

(
− 1

Nτ

)
.

(ii) Both Λf,N (s) and Λg,N (s) can be analytically continued to the whole complex
plane C, satisfy the functional equation

Λf,N (s) = Λg,N (k − s),

and

Λf,N (s) +
c0

s
+

d0

k − s
(9.81)

is holomorphic on C and bounded on any vertical strip.

Proof. (i)⇒(ii): Note that for Re(s) > ν + 1,

Λf (s) =
∞∑

n=1

cn

(
2πn√

N

)−s ∫ ∞

0
e−xxs−1dx

=
∞∑

n=1

∫ ∞

0
cne−2πnx/

√
Nxs−1dx

=

∫ ∞

0

( ∞∑
n=1

cne−2πnx/
√

N

)
xs−1dx,

since there there exists ν > 0 satisfying

cn = O(nν), dn = O(nν),

so that ∞∑
n=1

|cn|e−2πnx/
√

N (x > 0)

and ∞∑
n=1

|cn|
∫ ∞

0
e−2πnx/

√
Nxσ−1dx (σ > ν + 1)
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are convergent. Thus we obtain

Λf (s) =

∫ ∞

0

{
f
(

ix/
√

N
)
− c0

}
xs dx

x
.

By Lemma 9.29, when x tends to∞, we have

f(ix)− c0 = O
(
e−2πx

)
, g(ix)− d0 = O

(
e−2πx

)
,

and hence Theorem 9.6 yields the conclusion (ii) based on the condition (i).
(ii)⇒(i): By using Mellin inverse transform, we can obtain the formula

e−x =
1

2πi

∫
Re(s)=σ

Γ(s)x−sds (σ > 0),

which means

f(ix) = c0 +
1

2πi

∞∑
n=1

cn

∫
Re(s)=σ

Γ(s)(2πnx)−sds (9.82)

for any σ > 0. If α > ν + 1, then the series L(f, s) is uniformly convergent and
bounded on Re(s) = α, so that by Stirling’s estimate

Γ(σ + it) ∼
√

2πtσ−
1
2 e−π|t|/2 (|t| → ∞)

uniformly on any vertical strip a ≤ σ ≤ b, Λf (s) is absolutely integrable on Re(s) =
α. Therefore, for the case σ = α we can exchange the order of summation and
integration in (9.82) to get

f(ix) = c0 +
1

2πi

∫
Re(s)=α

Λf (s)(
√

Nx)−sds. (9.83)

Furthermore we assume that α > max{k, ν + 1}. Since L(f, s) is bounded on
Re(s) = α, for any μ > 0 we see

|Λf (s)| = O
(
|Im(s)|−μ

)
, |Im(s)| → ∞ (9.84)

on Re(s) = α by Stirling’s estimate. Next take β < 0 so that k−β > ν +1. A similar
argument implies that for any μ > 0,

|Λf (s)| = |Λg(k − s)| = O
(
|Im(s)|−μ

)
, |Im(s)| → ∞

on Re(s) = β. Since the function (9.81) is bounded on the region

Ω = {s ∈ C | β ≤ Re(s) ≤ α},

Theorem 9.4 implies that for any μ > 0, (9.84) holds uniformly on the region Ω.
Further, since Λf (s)

(√
Nx
)−s

has simple poles at s = 0 and s = k with the residue
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−c0 and d0
(√

Nx
)−k

, respectively, we can change the integral path Re(s) = α in
(9.83) to Re(s) = β and obtain

f(ix) =
1

2πi

∫
Re(s)=β

Λf (s)(
√

Nx)−sds + d0
(√

Nx
)−k

.

By the functional equation,

f(ix) = d0
(√

Nx
)−k

+
1

2πi

∫
Re(s)=β

Λg(k − s)(
√

Nx)−sds

= d0
(√

Nx
)−k

+
1

2πi

∫
Re(s)=k−β

Λg(s)(
√

Nx)s−kds

=
(√

Nx
)−k

g

(
i

Nx

)
,

which yields

f(τ) =
(
− i
√

Nτ
)−k

g

(
− 1

Nτ

)
,

since f(τ) and g(τ) are holomorphic on H, and so the case (i) follows. �

For a positive integer N , we put

γN =

(
0 −1
N 0

)
. (9.85)

Then

fγN ,k(τ ) =

{
dγN (τ)

dτ

}k/2

f(γN (τ)) =
(√

Nτ
)−k

f

(
− 1

Nτ

)
.

We can restate the above theorem as follows:

Theorem 9.31. Take two holomorphic functions

f(τ) =
∞∑

n=0

cne2πinτ , g(τ) =
∞∑

n=0

dne2πinτ

on H satisfying the conditions in Lemma 9.28. For positive numbers k and N , the
following conditions (i) and (ii) are equivalent.

(i) The functions f and g satisfy an equation

fγN ,k(τ) = g(τ).
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(ii) Both Λf,N (s) and Λg,N (s) can be analytically continued to the whole complex
plane C, satisfy the functional equation

Λf,N (s) = ikΛg,N (k − s),

and

Λf,N (s) +
c0

s
+

ikd0

k − s

is holomorphic on C and bounded on any vertical strip.

9.5 Modular forms

9.5.1 Modular forms for SL(2, Z)

Let k be an integer. An automorphic form f ∈M(H) of weight k
2 for SL(2, Z) is said

to be a modular function of weight k for SL(2, Z) if f also is meromorphic at infinity.
Recall that f being meromorphic at infinity means a Fourier expansion of the form

f(τ) =
∑
n≥m

cnzn =
∑
n≥m

cne2πinτ (9.86)

for some integer m ∈ Z. If, in addition, f is actually holomorphic on H and at infinity
(i.e., m = 0), then f is called a modular form of weight k for SL(2, Z). If we further
have c0 = 0, i.e., the modular form vanishes at infinity, then f is called a cusp form of
weight k for SL(2, Z). See [143], [186], [210].

Take

γ =

(
a b
c d

)
∈ SL(2, Z) : τ �−→ γ(τ) =

aτ + b

cτ + d
.

Note that the Jacobian determinant Jγ of γ is just

dγ

dτ
=

1
(cτ + d)2 .

By the definition, a modular function f of weight k for SL(2, Z) satisfies

fγ,k(τ) = f(τ), τ ∈ H, (9.87)

where

fγ,k(τ) = (cτ + d)−k f

(
aτ + b

cτ + d

)
. (9.88)

In particular, for the elements

γ =

(
1 1
0 1

)
, γ =

(
0 −1
1 0

)
, (9.89)
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then (9.87) gives respectively

f(τ + 1) = f(τ); (9.90)

f

(
−1

τ

)
= τkf(τ). (9.91)

If k is odd, there are no nonzero modular functions of weight k for SL(2, Z). We see
this by substituting

γ =

(
−1 0
0 −1

)
in (9.87). The sets of modular functions, forms, and cusp forms of weight k are com-
plex vector spaces. The complex vector space of all modular (resp. cusp) forms of
weight k with respect to SL(2, Z) is denoted by Hk(SL(2, Z)) (resp. Sk(SL(2, Z))).
Since SL(2, Z) is generated by two elements (9.89), we can easily characterize an
element f of Hk(SL(2, Z)) by the functional equation of L(f, s) and obtain

Theorem 9.32. Let k ≥ 2 be an even integer. Let f be a holomorphic function on H
satisfying the conditions in Lemma 9.28. Then f ∈ Hk(SL(2, Z)) if and only if

Λf (s) = (2π)−sΓ(s)L(f, s)

can be analytically continued to the whole s-plane,

Λf (s) +
c0

s
+

(−1)k/2c0

k − s
(9.92)

is holomorphic on H and bounded on any vertical strip, and satisfies the functional
equation

Λf (s) = (−1)k/2Λf (k − s). (9.93)

Let k be an even integer with k ≥ 4. The Eisenstein series Gk(τ ) = Gk(Λ) of
weight k for the lattice Λ = [1, τ ] is a modular form of weight k for SL(2, Z). Its
Fourier series is given by

Gk(τ) = 2ζ(k) + 2
(2πi)k

(k − 1)!

∞∑
n=1

σk−1(n)e2πinτ , (9.94)

where σk−1(n) is the divisor function

σk−1(n) =
∑
d|n

dk−1.

See [1], Theorem 1.18, 1.19, 1.20, or [237], VII Proposition 4, 5, 8.
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It is obvious that Gk(τ) is holomorphic on H, and that

Gk(τ + 1) = Gk(τ).

We easily check that

τ−kGk

(
−1

τ

)
= Gk(τ )

by the definition of Gk(τ ), and so Gk(τ) ∈ Hk(SL(2, Z)). Further, the space
Hk(SL(2, Z)) has a basis (cf. [186], Theorem 4.1.8)

{G4(τ)mG6(τ)n | 4m + 6n = k; m, n ≥ 0},

which yields immediately

dimHk(SL(2, Z)) =

{
[k/12], if k ≡ 2 mod 12,

[k/12]+1, if k �≡ 2 mod 12.
(9.95)

Using the Fourier coefficients of (9.94), we put

Lk(s) =

∞∑
n=1

σk−1(n)

ns
. (9.96)

Then one has
Lk(s) = ζ(s)ζ(s− k + 1), (9.97)

and therefore, Lk(s) is convergent on Re(s) > k, and has an Euler product

Lk(s) =
∏
p

{(
1− p−s

)(
1− pk−1−s

)}−1
.

The analytic continuity and the functional equation of ζ(s) induce those of Lk(s).
Related to the definition of G2k(τ), here one introduces the following function

E(τ, s) =
1

2ζ(2s)

∑
(m,n)∈Z2−{0}

ys

|m + nτ |2s
, τ = x + iy ∈ H. (9.98)

This series converges absolutely and uniformly in any compact subset of the region
Re(s) > 1. Selberg [234] proved that E(τ, s) has a meromorphic continuation to the
whole complex s-plane and satisfies the functional equation

E(τ, s) =
ξ(2s− 1)

ξ(2s)
E(τ, 1− s). (9.99)

For an even integer k ≥ 2, we have (cf. [186], Corollary 4.1.4)

dimSk(SL(2, Z)) =

⎧⎪⎨⎪⎩
0, if k = 2;

[k/12]−1, if k ≡ 2 mod 12, k > 2,

[k/12], if k �≡ 2 mod 12.

(9.100)
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The discriminant function Δ(τ) is a classic cusp form of weight 12 for SL(2, Z). Its
Taylor expansion in z = e2πiτ assumes the form

Δ(τ) = (2π)12z
∞∏

n=1

(1− zn)24 = (2π)12
∞∑

n=1

τ(n)zn (9.101)

with τ(n) ∈ Z (see [1], Theorem 1.18, 1.19, 1.20, or [237], VII Proposition 4, 5, 8).
The integer-valued function n �→ τ(n) is called the Ramanujan τ -function. Its first
few values are

τ(1) = 1, τ(2) = −24, τ(3) = 252, τ(4) = −1472.

Ramanujan [213] conjectured that the coefficients τ(n) are multiplicative, that is,

τ(mn) = τ (m)τ(n) for m, n relatively prime;

and satisfy the estimate
|τ(p)| ≤ 2p11/2

for every prime number p. The multiplicativity was proved by Mordell [188], in par-
ticular by the beautiful formula

τ(m)τ(n) =
∑

d| gcd(m,n)

d11τ
(mn

d2

)
.

The estimate was shown by Deligne [44].
Ramanujan also conjectured that the Hecke’s L-series associated to Δ has an Euler

product:

L(Δ, s) =

∞∑
n=1

τ(n)

ns
=
∏
p

(
1− τ(p)

ps
+

1
p2s−11

)−1

. (9.102)

This was proved by Mordell [188]. Further L(Δ, s) satisfies the functional equation

ΛΔ(s) = ΛΔ(12− s), (9.103)

where
ΛΔ(s) = (2π)−sΓ(s)L(Δ, s). (9.104)

9.5.2 Modular forms for congruence subgroups

Let f be a meromorphic function on H, and let Γ ⊂ SL(2, Z) be a congruence sub-
group of level N , i.e., Γ ⊇ Γ(N). Take k ∈ Z. We call f a modular function of weight
k for Γ if

fγ,k(τ) = f(τ), τ ∈ H (9.105)
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for all γ ∈ Γ, and if
fγ,k(τ) =

∑
n≥μ

an(γ)e2πinτ/N (9.106)

for some integer μ = μ(γ) ∈ Z and for all γ ∈ SL(2, Z). We call such an f a modular
form of weight k for Γ if it is holomorphic on H and if we have μ = 0 in (9.106). We
call a modular form a cusp form if in addition a0(γ) = 0 in (9.106). See [133], [164].

Thus a modular function is allowed to have poles, a modular form must be holomor-
phic at all points including the cusps, and a cusp form must vanish at all cusps. The
complex vector space of all modular (resp. cusp) forms of weight k with respect to Γ
is denoted by Hk(Γ) (resp. Sk(Γ)). A basic fact from the theory of modular forms is
that the space of modular forms are finite dimensional. Also, one has

Hk(Γ)Hl(Γ) ⊂ Hk+l(Γ).

The direct sum
H(Γ) =

⊕
k≥0
Hk(Γ)

turns out to be a graded algebra over C with a finite number of generators.
Any cusp x ∈ Q ∪ {∞} can be written in the form x = γ(∞) for some

γ =

(
a b
c d

)
∈ SL(2, Z)

by writing x = a/c for two coprime integers a, c, and finding solution b and d to the
equation ad− bc = 1. The behavior of fγ,k near∞ is a reflection of the behavior of f
near x. Thus, the condition (9.106) is really a set of conditions, one corresponding to
each cusp x of Γ.

In particular, the condition (9.105) means

f(τ + N) = f(τ), τ ∈ H,

that is, f has period N . Further, if Γ ⊇ Γ1(N), then f has period 1. It is easy to show
that (9.106) then implies the expression:

f(τ) =
∑
n≥m

cne2πinτ ,

where cn = anN (I) in which I is the unit matrix of SL(2, Z), m = μ/N if N | μ, and
m = [μ/N ] + 1 if N � μ.

Let Γ ⊂ SL(2, Z) be a congruence subgroup of level N . Then Γ ⊇ Γ(N) means

Hk(Γ) ⊆ Hk(Γ(N)).

Therefore the investigation of Hk(Γ) is reduced to that ofHk(Γ(N)). Note that

λ−1
N Γ(N)λN =

{(
a b
c d

)
∈ SL(2, Z)

∣∣∣∣ c ≡ 0(mod N2), a ≡ d ≡ 1(mod N)

}
,

(9.107)
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where

λN =

(
N 0
0 1

)
,

that is,
Γ1
(
N2) ⊂ λ−1

N Γ(N)λN .

Hence, if f ∈ Hk(Γ(N)),

f(Nτ ) = N−k/2fλN ,k(τ ) ∈ Hk(Γ1(N
2)).

Therefore the study of modular forms with respect to congruence subgroups is reduced
to that of Hk(Γ1(N)).

9.5.3 Hecke operator

The study of modular forms is facilitated by the existence of certain linear operators.
For each integer m ≥ 1, we define the Hecke operator Tm on modular forms of weight
k for SL(2, Z) by the formula

Tm(f)(τ) = mk−1
∑

ad=m

1
dk

d−1∑
b=0

f

(
aτ + b

d

)
. (9.108)

For a more intrinsic definition, see Apostol [1], Section 6.8; Serre [237], VII, Section
5.1; or Shimura [245], Ch. 3.

The Hecke operator satisfies the following basic properties:

(g1) If f is a modular form (respectively cusp form) of weight k for SL(2, Z), then
Tn(f) is also.

(g2) For all integers m and n, TmTn = TnTm.

(g3) If m and n are relatively prime, then Tmn = TmTn.

See Apostol [1], Theorem 6.11 and 6.13; Serre [237], VII, Section 5.1 and 5.3.
Let f be a modular form of weight k for SL(2, Z) which can be expressed by a

Fourier expansion of the form

f(τ) =
∞∑

n=0

cnzn, τ ∈ H, (9.109)

where z = e2πiτ . One defines two operators Vm and Um as follows:

Vm(f)(τ) =
∞∑

n=0

cnzmn = f(mτ); (9.110)

Um(f)(τ) =

∞∑
n=0

cmnzn =
1
m

m−1∑
i=0

f

(
τ + i

m

)
. (9.111)
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From (9.108), we obtain easily the formula:

Tm =
∑
d|m

dk−1Um/d ◦ Vd. (9.112)

We note that

f

(
aτ + b

d

)
=

∞∑
n=0

cne2πin(aτ+b)/d.

Then by (9.108) and the equality

d−1∑
b=0

e2πinb/d =

{
d, if d|n,

0, if d � n,

we get

Tm(f)(τ) =
∞∑

n=0

( ∑
d|gcd(m,n)

dk−1cmn/d2

)
zn. (9.113)

Most of the most important examples of modular forms turn out to be eigenvectors,
called eigenforms here, for the action of all of the Tm on the given space of modular
forms. If f ∈ Hk(SL(2, Z)) is such an eigenform for all of the operators Tm with
eigenvalues λm:

Tmf = λmf, m = 1, 2, . . . .

Using (9.113) with n = 1, we find the coefficient of the first power of z in Tmf is cm.
Since Tmf = λmf , then this coefficient is also equal to λmc1. Thus we obtain

cm = λmc1, m = 1, 2, . . . .

In addition, c1 �= 0 unless k = 0 and f is a constant. If we compare the constant terms
in Tmf = λmf and use (9.113) with n = 0, we have

λmc0 =
∑
d|m

dk−1c0.

If c0 �= 0, the eigenform c−1
0 f is called normalized. Now we find

λm =
∑
d|m

dk−1 = σk−1(m).

The Hecke operators defined above also act on the space of modular forms relative
to congruence subgroups. We explain this case for the congruence subgroup Γ1(N).
Let χ be a Dirichlet character modulo N . We define a character χ of Γ0(N) by

χ(γ) = χ(d), γ =

(
a b
c d

)
∈ Γ0(N). (9.114)
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The complex vector space Hk(Γ1(N)) of all modular forms of weight k with respect
to Γ1(N) has the decomposition (cf. [133], Proposition 28 in Chapter III):

Hk(Γ1(N)) =
⊕
χ
Hk(N, χ),

where the sum is over all Dirichlet characters modulo N , and

Hk(N, χ) = {f ∈ Hk(Γ1(N)) | fγ,k = χ(γ)f, γ ∈ Γ0(N)} .

In particular, if χ = 1 is the trivial character, then

Hk(N, 1) = Hk(Γ0(N)).

The Hecke operators Tm defined on Hk(N, χ) can be gave by (cf. [133], Proposition
38 in Chapter III):

Tm =
∑
d|m

χ(d)dk−1Um/d ◦ Vd, (9.115)

which means

Tm(f)(τ) =
∞∑

n=0

( ∑
d|gcd(m,n)

χ(d)dk−1cmn/d2

)
zn (9.116)

for each

f(τ) =
∞∑

n=0

cnzn ∈ Hk(N, χ), z = e2πiτ .

Proposition 9.33. Let Γ be a congruence subgroup of SL(2, Z), say Γ ⊃ Γ(N) and
let f be a modular form of weight k for Γ. Then for each integer n ≥ 1 relatively
prime to N , the function Tn(f) is again a modular form of weight k for Γ. Further, if
f is a cusp form, then so is Tn(f).

Proof. See Shimura [245], Proposition 3.37. �

We also introduce the notation Sk(N, χ) to denote the subspace of cusp forms:

Sk(N, χ) = Hk(N, χ) ∩ Sk(Γ1(N)).

One then has the following decomposition

Sk(Γ1(N)) =
⊕

χ mod N
Sk(N, χ).

For a modular form f ∈ Hk(N, χ), the Petersson inner product of f with g ∈
Sk(N, χ) is defined by the formula

〈g, f〉N =

∫
H/Γ0(N)

g(τ)f(τ)yk−2dxdy,
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where τ = x+iy, H/Γ0(N) is a fixed fundamental region for H modulo Γ0(N). Then
one has the following orthogonal decomposition

Hk(N, χ) = Sk(N, χ)⊕ Ek(N, χ),

where Ek(N, χ) is the subspace of Eisenstein series.
A basis of Sk(N, χ) consisting of eigenforms for Hecke operators can be found

using the Petersson inner product. One verifies that the operators Tm on Sk(N, χ) are
normal with respect to this inner product for gcd(m, N) = 1. Moreover, the operators
are χ-Hermitian: for all f, g ∈ Sk(N, χ), the following equation holds:

〈g, Tm(f)〉N = χ(m)〈Tm(g), f〉N . (9.117)

By a general theorem of linear algebra on families of commuting normal operators,
there is an orthogonal basis of Sk(N, χ) consisting of eigenforms of all Tm with
gcd(m, N) = 1 (cf. [133], Proposition 51 in Chapter III). A basis with this property is
called a Hecke basis.

9.5.4 Hecke’s L-series

The growth condition (9.77) is quite natural since for any ε > 0, we have

cn =

{
O
(
nk−1+ε

)
, if f ∈ Hk(N, χ),

O
(
n

k−1
2 +ε

)
, if f ∈ Sk(N, χ).

(9.118)

These estimates use some fine arithmetical properties of the coefficients cn. Espe-
cially, the estimate for the coefficients of cusp forms is famous which was known as
the Petersson–Ramanujan conjecture before being proved by Deligne (cf. [44]) using
Grothendieck’s étale l-adic cohomology.

Since any element f ofHk(N, χ) satisfies the conditions in Lemma 9.28, we obtain
the following fact:

Theorem 9.34. For any element f ∈ Hk(N, χ), the function

Λf,N (s) =

(
2π√
N

)−s

Γ(s)L(f, s)

is holomorphic on C and satisfies the functional equation

Λf,N (s) = ikΛfγN ,k,N(k − s).

The situation for Sk(Γ1(N)) is much clear. A cusp form of weight k for Γ1(N) is
also called a cusp form of weight k and level N , which is a holomorphic function f on
H such that by using Theorem 9.24,
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(h1) fγ,k(τ) = f(τ ) for all τ ∈ H and all γ ∈ Γ1(N);

(h2) f(τ)Im(τ)k/2 is bounded on H.

The space Sk(Γ1(N)) of cusp forms of weight k and level N is a finite-dimensional
complex vector space. Take f ∈ Sk(Γ1(N)). Recall that f has a Taylor expansion in
e2πiτ :

f(τ) =

∞∑
n=1

cne2πinτ ,

which converges absolutely and uniformly on any compact subset of H, and the
Hecke’s L-series of f is defined to be

L(f, s) =

∞∑
n=1

cn

ns
.

As a direct application of Lemma 9.28, it follows that

cn = O
(
n

k
2
)
.

If f is an eigenform such that it does not come from a space of lower level and is
normalized to have c1 = 1, then f is called a newform.

If f is a newform, it turns out that cn are multiplicative. Hence, in the half-plane of
absolute convergence, there is an Euler product representation

L(f, s) =
∏
p|N

(
1− cp

ps

)−1∏
p�N

(
1− cp

ps
+

1
p2s−k+1

)−1

. (9.119)

Further, if k is even, Hecke [94], respectively, Atkin and Lehner [3] proved that L(f, s)
has an analytic continuation to an entire function and satisfies the functional equation

Λf,N (s) = ω(−1)k/2Λf,N (k − s), (9.120)

where ω = ±1.

9.5.5 Modular representations

For any prime p over p, we let Dp and Ip denote respectively the decomposition and
inertia groups of p. Thus

Dp = {σ | σ(p) = p},

and Ip is the kernel of the reduction mapping Dp −→ GFp/Fp
. This reduction mapping

is surjective, and we let Frobp denote an element of Dp that maps to the Frobenius
α �→ αp. It is well defined up to an element of Ip (and up to conjugation).

Let λ be a place of the algebraic closure of Q in C above a rational prime � and
let Qλ denote the algebraic closure of Q� thought of as a Q algebra via λ. If f ∈



9.6 Hasse–Weil L-functions 485

Sk(Γ1(N)) is an eigenform, then there is a unique continuous irreducible representa-
tion

ρf,λ : GQ/Q −→ GL(2, Qλ)

such that for any prime p � N�, ρf,λ is unramified at p and

trρf,λ(Frobp) = ap(f).

The existence of ρf,λ is due to Shimura [245] if k = 2, to Deligne [43] if k > 2 and
to Deligne and Serre [45] if k = 1. Its irreducibility is due to Ribet [216] if k > 1 and
to Deligne and Serre [45] if k = 1. Moreover ρf,λ is potentially semi-stable at � in the
sense of Fontaine.

Let ρ : GQ/Q −→ GL(2, Q�) be a continuous representation which is unramified
outside finitely many primes and for which the restriction of ρ to a decomposition
group at � is potentially semi-stable in the sense of Fontaine. It is known by work of
Carayol and others that the following two conditions are equivalent:

(i1) ρ ∼ ρf,λ for some eigenform f and some place λ|�;

(i2) ρ ∼ ρf,λ for some eigenform f of level N(ρ) and weight k(ρ) and some place
λ|�.

In (i2), N(ρ) and k(ρ) are respectively the conductor and the weight of ρ. When these
equivalent conditions are met we call ρ modular.

9.6 Hasse–Weil L-functions

We assume that E is an elliptic curve over Q defined by (3.58), that is,

y2 = x3 + ax + b

where a, b ∈ Z. By (3.59), since A = −4a and B = −4b satisfies

A3 − 27B2 = −16(4a3 + 27b2) = Δ �= 0,

the uniformization theorem shows that there exists a unique lattice Λ ⊂ C such that

g2 = g2(Λ) = −4a, g3 = g3(Λ) = −4b.

Hence the equation (3.58) has non-constant meromorphic solutions x = ℘, y = 1
2 ℘′.

Let κ be a number field. According to the Mordell–Weil’s theorem, we can write

E(κ) = Zr ⊕ Etors(κ),

where the torsion subgroup Etors(κ) is finite and the rank r of E(κ) is a non-negative
integer. A deep theorem of Mazur [174], [175] states which finite groups can occur as
torsion subgroups of elliptic curves:
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Theorem 9.35. If E is an elliptic curve, then Etors(Q) is one of the following 15
groups:

(A1) Z/nZ, with 1 ≤ n ≤ 10 or n = 12,

(A2) Z/2mZ× Z/2Z, with 1 ≤ m ≤ 4.

Each of the groups in Theorem 9.35 occurs infinitely often as the torsion subgroup
of an elliptic curve over Q. For an example of each possible group, see exercise 8.12
in Silverman [256]. For arbitrary number fields, there is the following result of Manin
[163]:

Theorem 9.36. Let κ be a number field and p ∈ Z a prime. There is a constant
N = N(κ, p) so that for all elliptic curves E/κ, the p-primary component of E(κ)
has order dividing pN .

For those torsion subgroups which are allowed in Mazur’s Theorem 9.35, it is a
classical result that the elliptic curves E/κ having the specified torsion subgroup all
lie in a 1-parameter family. See exercise 8.13a, b in Silverman [256]. A complete list
is given in Kubert [137]. Taken together, Theorem 9.35 and Theorem 9.36 provide the
best evidence to date for the following longstanding conjecture (cf. Silverman [256]):

Conjecture 9.37. Let κ be a number field. There is a constant N depending on κ so
that for all elliptic curves E/κ,

|Etors(κ)| ≤ N.

The rank of E(Q) is called the rank of E and is written rank(E). The rank of the
Mordell–Weil group is much more mysterious and much more difficult to compute.
There are infinitely many elliptic curves E over Q with rank(E) = 0 (see [256],
Corollary 6.2.1), but there are many elliptic curves E such that rank(E) ≥ 1 (see
[225]). The following conjecture is referred to Lang [149], Silverman [256], or Hindry
and Silverman [98]:

Conjecture 9.38. There exist elliptic curves E over Q whose Mordell–Weil rank
rank(E) is arbitrarily large.

Fix an elliptic curve E defined by (3.58) over Q. For every prime number p not
dividing Δ = −16(4a3 + 27b2), we can reduce a and b modulo p and view E as an
elliptic curve over the finite field Fp. For every prime number p not dividing Δ let

Np = #E(Fp) = 1 + #{0 ≤ x, y ≤ p− 1 | y2 ≡ x3 + ax + b (mod p)},

and set
ap = 1 + p−Np.
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H. Hasse proved the following remarkable result (cf. [91], [92], [93]):

−2
√

p < ap < 2
√

p. (9.121)

For a review of the elementary methods, see [261]. Define the Hasse–Weil L-function
of E by

L(E, s) =
∏
p�Δ

(
1− ap

ps
+

1
p2s−1

)−1∏
p|Δ

lp(E, s)−1 =

∞∑
n=1

an

ns
, (9.122)

where lp(E, s) is of the form

lp(E, s) = 1− ap

ps

for some well-defined integer ap = 1,−1, or 0 (cf. [150], p. 97; [256], p. 240; [270],
p. 196), which is defined as follows:

ap =

⎧⎪⎨⎪⎩
1, if E has split multiplicative reduction over Q at p,

−1, if E has non-split multiplicative reduction over Q at p,

0, if E has additive reduction over Q at p.

The coefficients an are constructed easily from ap for prime p. It follows from (9.121)
that L(E, s) converges absolutely and uniformly on compact subsets of the complex
half-plane {s ∈ C | Re(s) > 3/2}.

Let N(E) be the conductor of the elliptic curve E

N(E) =
∏
p

pf(p) =
∏
p|Δ

pf(p),

in which f(p) is 0 if p � Δ and ≥ 1 if p|Δ (see [150], p. 97; [256], p. 361; [270],
p. 196), called the exponent of the conductor of E at p . In particular, f(p) = 1 if E
has a multiplicative reduction over Q at p; f(p) = 2 if E has an additive reduction
over Q at p with p ≥ 5. If E has an additive reduction over Q at p = 2 or 3, the
definition of f(p) is more complicated, but in any case we always have f(2) ≤ 8 and
f(3) ≤ 5.

Let ρE,� denote the representation of GQ/Q on the �-adic Tate module of E(Q). The
following conditions are equivalent (cf. [16]):

(B1) The L-function L(E, s) of E equals the L-function L(f, s) for some eigenform
f .

(B2) The L-function L(E, s) of E equals the L-function L(f, s) for some eigenform
f of weight 2 and level N(E).

(B3) For some prime �, the representation ρE,� is modular.
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(B4) For all primes �, the representation ρE,� is modular.

(B5) There is a non-constant holomorphic mapping X1(N)(C) −→ E(C) for some
positive integer N .

(B6) There is a non-constant morphism X1(N(E)) −→ E which is defined over Q.

The implications (B2) ⇒ (B1), (B4) ⇒ (B3) and (B6) ⇒ (B5) are tautological. The
implication (B1) ⇒ (B4) follows from the characterization of L(E, s) in terms of
ρE,�. The implications (B3) ⇒ (B2) follows from a theorem of Carayol [23]. The
implications (B2)⇒ (B6) follows from a construction of Shimura [245] and a theorem
of Faltings [63]. The implications (B5)⇒ (B3) follows from Mazur [176]. When these
equivalent conditions are satisfied we call E modular.

Theorem 9.39. If E is an elliptic curve over Q, then E is modular.

It has become a standard conjecture that all elliptic curves over Q are modular.
Taniyama made a suggestion along the line (B1) as one of a series of problems col-
lected at the Tokyo-Nikko conference in September 1955. However his formulation
did not make clear whether the function f defined by coefficients of L(E, s) should
be a cusp form or some more general automorphic form. He also suggested that con-
structions as in (B5) and (B6) might help attack this problem at least for some elliptic
curves. In private conversations with a number of mathematicians (including Weil) in
the early 1960’s, Shimura suggested that assertions along the lines of (B5) and (B6)
might be true (see Shimura [246] and Weil [299]). However, it only became widely
known through its publication in a paper of Weil [297] in 1967, in which Weil gave
conceptual evidence for the conjecture. That assertion (B1) is true for CM elliptic
curves follows at once from work of Hecke and Deuring. Shimura [244] went on to
check the assertion (B5) for these curves. The Shimura–Taniyama–Weil conjecture
(Theorem 9.39) was finally proved by Breuil, Conrad, Diamond, and Taylor [16] by
extending work of Wiles [301], Taylor and Wiles [271].

In 1985, Frey [67] made the remarkable observation that the Shimura–Taniyama–
Weil conjecture should imply Fermat’s last theorem. The precise mechanism relating
the two was formulated by Serre as the ε-conjecture and this was then proved by Ribet
in the summer of 1986, which enabled Ribet to show that the conjecture only for
semistable elliptic curves implies Fermat’s last theorem (see [217], [150]). However,
one still needed to know that the curve in question would have to be modular, and this
is accomplished by Wiles [301], Taylor and Wiles [271] via studying associated Galois
representations of elliptic curves.

Theorem 9.39 implies the following long-standing conjecture of Hasse and Weil
(cf. Silverman [256]): L(E, s) has an analytic continuation to all of C and satisfies a
functional equation

ΛE(s) = wEΛE(2− s), (9.123)
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where wE = ±1, called the sign of the functional equation, and

ΛE(s) =

(
2π√
N(E)

)−s

Γ(s)L(E, s). (9.124)

By using this fact, one can prove that the series (9.122) for L(E, s) actually converges
for Re(s) > 5

6 , and in particular in a neighborhood of s = 1. See [28] and [197].
Goldfeld [76] proved that if there exist constants C ∈ R+ and r ∈ R such that∏

p≤x,p�Δ

Np

p
� C(log x)r,

then r = ord
s=1

L(E, s), the order of vanishing of L(E, s) at s = 1, and

lim
s→1

L(E, s)

(s− 1)r
=
√

2erγC−1
∏
p|Δ

lp(E, 1)−1,

where γ is Euler’s constant. In particular, if r = 0 then

L(E, 1) =
√

2

(∏
p�Δ

Np

p
×
∏
p|Δ

lp(E, 1)

)−1

.

We may ask for the behavior of L(E, s) near some special value of s, for example
s = 1. The famous conjecture of Birch and Swinnerton-Dyer gives an answer. we first
set some notation. The real period of E is the integral

ΩE =
∣∣∣ ∫

E(R)
ω
∣∣∣,

where ω is the invariant differential for E/Q.
For each prime p, let E0(Qp) denote the subgroup of E(Qp) that reduces to the

identity component of the Néron model of E, and let cp be the index of E0(Qp) in
E(Qp). In particular, cp = 1 for primes of good reduction, so cp = 1 for all but
finitely many primes.

Note that E(Q)/Etors(Q) is a lattice in R ⊗ E(Q). By using the pairing 〈, 〉 asso-
ciated to the canonical height on E, we can define the elliptic regulator of E/Q, de-
noted RE/Q, being the volume of the lattice E(Q)/Etors(Q). In other words, choose
P1, . . . , Pr to generate E(Q)/Etors(Q). Then

RE/Q =
√

det(〈Pi, Pj〉).

If r = 1, we set RE/Q = 1.
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Conjecture 9.40 (Birch and Swinnerton–Dyer [12]). (1) L(E, s) has a zero of order
equal to the rank of E(Q) at s = 1, that is,

rank(E) = ord
s=1

L(E, s).

(2) Let r = rank(E). Then with notation as above,

lim
s→1

L(E, s)

(s− 1)r
=

#X(E/Q)RE/Q

(#Etors(Q))2 ΩE

∏
p

cp.

The following theorem, a combination of work of Kolyvagin [135], [136], Gross
and Zagier [82], Coates and Wiles [32], and others, is the best result to date in the
direction of the Birch and Swinnerton-Dyer conjecture.

Theorem 9.41. (C1) ord
s=1

L(E, s) = 0 =⇒ rank(E) = 0,

(C2) ord
s=1

L(E, s) = 1 =⇒ rank(E) = 1,

(C3) rank(E) ≥ 1 =⇒ ord
s=1

L(E, s) ≥ 1.

The sign wE in the functional equation (9.123) for L(E, s) determines the parity of
the integer ords=1 L(E, s), that is, ords=1 L(E, s) is even when wE = 1, and is odd
when wE = −1. Thus the following parity conjecture is a consequence of the Birch
and Swinnerton–Dyer conjecture.

Conjecture 9.42. The integer rank(E) is even when wE = 1, and is odd when wE =
−1.

There may be many parametrization ϕ : X0(N(E)) −→ E. An interesting question
is to find one of the ones of smallest degree, or at least to determine its degree. The
following modular parametrization conjecture is referred to Hindry and Silverman
[98]:

Conjecture 9.43. There is an absolute constant d such that for all elliptic curves
E/Q, there is a finite covering ϕ : X0(N(E)) −→ E such that deg(ϕ) ≤ N(E)d.

9.7 L-functions of varieties

Let κ be a number field and set d = [κ : Q]. Let X be a projective variety defined over
κ and let D be an ample divisor on X . For a positive integer n, set

an(X(κ), D) = # {x ∈ X(κ) | n− 1 < HD(x) ≤ n} ,
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and consider a Dirichlet series

∞∑
n=1

an(X(κ), D)

ns
. (9.125)

Let σ0 be the abscissa of convergence of (9.125) if it exists. We define the L-function
of X(κ)

L(X(κ), s) =

∞∑
n=1

an(X(κ), D)n1−σ0

ns
, (9.126)

which is holomorphic in the half plane Re(s) > 1.
If #X(κ) < ∞, then there are only finite many of non-zero terms in (9.125), and

so it defines an entire function on C.
Next we consider the case #X(κ) = ∞. Without loss of generality, we assume

that D is very ample. Then we have the associated dual classification mapping ϕD :
X −→ P(V ∗), where V = L(D). The absolute (multiplicative) height of x ∈ X for
D is defined by HD(x) = H(ϕD(x)). Take a field extension K of κ if it is necessary
such that ϕD(X(κ)) ⊆ PN (K), where N = dim V − 1. Thus

An = a1(X(κ), D) + · · ·+ an(X(κ), D) ≤ n
(
log n, PN (K)

)
.

By Theorem 4.31, we know that the abscissa of convergence of (9.125) satisfies

0 ≤ σ0 = lim sup
n→∞

log |An|
log n

≤ (N + 1)[K : Q],

and so Theorem 9.2 means that the Dirichlet series (9.125) defines a holomorphic
function of s for Re(s) > σ0 such that s = σ0 is its singular point.

Assume that X is contained in PN . Then a point x ∈ X(κ) has some projective co-
ordinates [ξ0, . . . , ξN ] ∈ PN (κ) with ξi ∈ Oκ for each i = 0, . . . , N , and so determine
some ideals (ξ0, . . . , ξN ) of Oκ. Write

IX(κ) =
⋃

x∈X(κ)

Ix,

where
Ix = {(ξ0, . . . , ξN ) | [ξ0, . . . , ξN ] = x, ξi ∈ Oκ, 0 ≤ i ≤ N},

and let ĪX(κ) be the set consisting of all distinct ideals in IX(κ). For each function
λ : ĪX(κ) −→ Z, we obtain a series

∑
a∈ĪX(κ)

λ(a)

N (a)s
.
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In particular, the series ∑
a∈ĪX(κ)

1
N (a)s

defines a holomorphic function in the domain Re(s) > 1.
On the other hand, for each x ∈ X(κ) there exists an ideal ax ∈ Ix such that

N (ax) = min
a∈Ix

N (a).

Thus for each function ψ : X(κ) −→ Z, we obtain a series

∑
x∈X(κ)

ψ(x)

N (ax)s
.

In particular, the series ∑
x∈X(κ)

1
N (ax)s

defines a holomorphic function in the domain Re(s) > 1.

9.7.1 L-functions of PN

We consider the case X = PN and take D = H being the hyperplane in PN . Then

an(PN (κ), H) = #
{

x ∈ PN (κ) | n− 1 < H(x) ≤ n
}

.

Note that

An = a1(P
N (κ), H) + · · ·+ an(PN (κ), H) = n

(
log n, PN (κ)

)
.

By Theorem 4.31, we obtain the abscissa of convergence

σ0 = lim sup
n→∞

log |An|
log n

= d(N + 1),

and so Theorem 9.2 means that the Dirichlet series (9.125) defines a holomorphic
function of s for Re(s) > d(N + 1) such that s = d(N + 1) is its singular point.

We define the L-function of PN (κ)

L(PN (κ), s) =
∞∑

n=1

an(PN (κ), H)n1−d(N+1)

ns

which is holomorphic in the half plane Re(s) > 1.
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9.7.2 L-functions of Abelian varieties

Let A be an Abelian variety and let HD be the height on A relative an ample divisor
D ∈ Div(A). Note that

An = a1(A(κ), D) + · · ·+ an(A(κ), D) = n (log n, A(κ)) .

By Theorem 4.37, we obtain the abscissa of convergence

σ0 = lim sup
n→∞

log |An|
log n

= 0,

and so Theorem 9.2 means that the Dirichlet series (9.125) defines a holomorphic
function of s for Re(s) > 0 such that s = 0 is its singular point.

We define the L-function of A(κ)

L(A(κ), s) =

∞∑
n=1

an(A(κ), D)n

ns

which is holomorphic in the half plane Re(s) > 1.





Bibliography

[1] Apostol, T., Modular functions and Dirichlet series in number theory, Springer-Verlag,
1976.

[2] Atiyah, M. F. and Macdonald, I. G., Introduction to commutative algebra, Addison-
Wesley, 1969.

[3] Atkin, A. O. L. and Lehner, J., Hecke operators on Γ0(m), Math. Ann. 185 (1970),
134–160.

[4] Baily, W. and Borel, A., Compactification of arithmetic quotients of bounded symmetric
domains, Ann. of Math. 84 (1966), 442–528.

[5] Baker, A., Logarithmic forms and the abc-conjecture, Number Theory: Diophantine,
Computational and Algebraic Aspects, 37–44. Györy, Kálmán et al (eds), Proceedings
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[179] Metsänkylä, T., Catalan’s conjecture: another old Diophantine problem solved, Bull.
Amer. Math. Soc. 41 (1) (2004), 43–57.
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