de Gruyter Expositions in Mathematics 45

Editors

V. P. Maslov, Academy of Sciences, Moscow
W. D. Neumann, Columbia University, New York
R. O.Wells, Jr., International University, Bremen






Distribution Theory
of Algebraic Numbers

by

Pei-Chu Hu and Chung-Chun Yang

W

DE

G
Walter de Gruyter - Berlin - New York




Authors

Pei-Chu Hu Chung-Chun Yang

Department of Mathematics Department of Mathematics

Shandong University The Hong Kong University of Science and Technology
Shandong Hong Kong

China China

E-Mail: pchu@sdu.edu.cn E-Mail: mayang@ust.hk

Mathematics Subject Classification 2000: 11-02, 11Jxx, 11J68, 11J97, 11Mxx, 11Rxx

Key words: Number theory, Diophantine approximation, field extensions, algebraic numbers, alge-
braic geometry, height functions, abc-conjecture, Roth’s theorem, subspace theorems, Vojta’s con-
jectures, L-functions

Printed on acid-free paper which falls within the guidelines
of the ANSI to ensure permanence and durability.

ISSN 0938-6572
ISBN 978-3-11-020536-7

Bibliographic information published by the Deutsche Nationalbibliothek

The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available in the Internet at http://dnb.d-nb.de.

© Copyright 2008 by Walter de Gruyter GmbH & Co. KG, 10785 Berlin, Germany.
All rights reserved, including those of translation into foreign languages. No part of this book may
be reproduced or transmitted in any form or by any means, electronic or mechanical, including
photocopy, recording, or any information storage or retrieval system, without permission in writing
from the publisher.

Typeset using the authors’ LaTeX files: Florian Platzek, Berlin.
Printing and binding: Hubert & Co. GmbH & Co. KG, Goéttingen.
Cover design: Thomas Bonnie, Hamburg.



Preface

More recently, it has been found that there are profound relations between Nevan-
linna theory and Diophantine approximation. C. F. Osgood first noticed a similarity
between the number 2 in the Nevanlinna’s defect relation and the number 2 in Roth’s
theorem. S. Lang pointed to the existence of a structure to the error term in Nevan-
linna’s second main theorem, conjectured what could be essentially the best possible
form of this error term in general based on his conjecture on the error term in Roth’s
theorem. P. M. Wong used a method of Ahlfors to prove Lang’s conjecture in one
dimensional case. As for higher dimension, this problem was studied by S. Lang and
W. Cherry, A. Hinkkanen, and was finally completed by Z. Ye. Lately, P. Vojta gave a
much deeper analysis of the situation, and compared the theory of heights in number
theory with the characteristic functions of Nevanlinna theory. In his dictionary, the
second main theorem due to H. Cartan corresponds to the Schmidt’s subspace theo-
rem. Further, he proposed the general conjecture in number theory by comparing the
second main theorem in Carlson—Griffiths—King’s theory. Along this route, the Shiff-
man’s conjecture on hypersurface targets in value distribution theory corresponds to a
subspace theorem for homogeneous polynomial forms in Diophantine approximation.
Vojta’s (1, 1)-form conjecture is an analogue of an inequality of characteristic func-
tions of holomorphic curves for line bundles. Being influenced by Mason’s theorem,
Oesterlé and Masser formulated the abc-conjecture. The generalized abc-conjectures
for integers are counterparts of Nevanlinna’s third main theorem and its variations in
value distribution theory, and so on.

In this book, we will introduce the analogues of Nevanlinna theory in Diophantine
approximation, which are named “distribution theory of algebraic numbers” corre-
sponded to another name “value distribution theory” of Nevanlinna theory. In other
words, we will introduce some qualitative and quantitative relations of algebraic num-
bers distributed in spaces. The book consists of nine chapters: In Chapter 1, we intro-
duce some basic notations, terminologies and propositions on groups, ideals in rings,
fields, field extensions, valuations and absolute values, which are often used in this
book. In particular, we hope to explain clearly the corresponding relation between
prime ideals and places in Dedekind domains. It will help us to understand well some
contents related to absolute values, say, product formula and its derivatives.

Some foundational properties of algebraic numbers will be discussed in Chapter 2,
which contains factorizations and norms of ideals, product formula and discriminants
on number fields, and Minkowski’s geometry of numbers.

In Chapter 3, we introduce basic notations and facts in algebraic geometry. This is
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the part of spaces carrying algebraic numbers in this book. First of all, we discuss care-
fully operations, norms and some properties in projective spaces which play important
role in this book, and then we introduce varieties, divisors, linear systems, algebraic
curves, sheaves, vector bundles, schemes and Kobayashi hyperbolicity.

We will discuss height functions in Chapter 4. This is the part of quantitative tools
studying distribution of algebraic numbers in this book. Height functions share many
general character with Nevanlinna’s order functions, say, they all satisfy first main
theorem of Nevanlinna type, which establishes an important connection among height,
proximity and valence (or counting by some authors) functions. This chapter also
contains some introduction on Weil functions, Aralelov theory and canonical heights
over Abelian varieties.

In Chapter 5, we introduce the abc-conjecture and its generalizations in detail. To
understand these conjectures well, we also introduce their analogues for polynomials.

In Chapter 6, we discuss the Roth’s theorem and its generations. The Roth’s theorem
is corresponding to Nevanlinna’s second main theorem on meromorphic functions on
C. In order to make reader convenience, we also introduce its proof and connection
with the abc-conjecture.

In Chapter 7, we introduce the Schmidt subspace theorem and its generalization.
Schmidt subspace theorem is corresponding to Cartan’s second main theorem in value
distribution of holomorphic curves into complex projective spaces. We also give a
subspace theorem on hypersurfaces which is regarded as an analogue of Shiffman
conjecture (proved by Hu and Yang for non-Archimedean cases and Ru for complex
cases) in value distribution.

In Chapter 8, we introduce Mordell-Faltings theorem, Bombieri—Lang’s conjecture
related to pseudo canonical varieties, and Vojta’s conjectures on height inequalities.

In Chapter 9, we introduce a few of L-functions. Hopefully, the methods proving
prime number theorem by using the Riemann zeta-function and Dirichlet L-functions
can be applied to study similar problems of other L-functions derived from number
fields, modular forms, geometric analysis and so on.

Each chapter of this book is self-contained and this book is appended with a com-
prehensive and up-dated list of references. The book will provide not just some new
research results and directions but challenging open problems in studying Diophantine
approximation. One of the aims of this book is to make timely surveys on these new
results and their related developments; some of which are newly obtained by the au-
thors and have not been published yet. It is hoped that the publication of this book will
stimulate, among the peers, further the researches on Diophantine approximation and
their applications.

We gratefully acknowledge the supports of the related research and writing of the
present book from Natural Science Fund of China (NSFC) and Research Grant Council
of Hong Kong during the past years.

Pei-Chu Hu
Chung-Chun Yang
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Chapter 1

Field extensions

In this chapter, we will introduce some basic notations, terminologies and theorems
about fields and algebraic geometry, which will be used in this book.

1.1 Groups

We denote the fields of complex, real, and rational numbers by C, R, and Q, respec-
tively, and let Z be the ring of integers. If  is a set, we write

' ={(21,...,7) | Ti € K} = K X -+ X K (n times).
If k is partially ordered, denote

k(s,r)={zer|s<z<r}, k(s,r]={zeckls<x<r},
kKls,r)={zer|s<z<r}, kls,rl={rer|s<ax<r}

ki = k[0,00), KT =kK(0,00).

For example, Z[s, r] means the set of integers 7 satisfying s < i < r, RT is the set of
positive real numbers, and so on.

1.1.1 Abelian groups

Let G be an Abelian group with a rule of composition by multiplication. If the group
contains infinitely many different elements it is called an infinite group; otherwise it is
called a finite group of order h, where h is the number of its elements. Now in case
G is a finite group of order h, then the order NV of a subgroup H is also finite and
then the number of different cosets g H for each g € G is also finite, say = j. Since
each element of GG occurs in exactly one coset and exactly IV different elements are
contained in each coset, we have h = j N, and thus we have shown

Proposition 1.1. In a finite group of order h, the order N of each subgroup is a divisor
of h.
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The quotient h/N = j is called the index of the subgroup relative to G. In case G is
an infinite group, then the order of H as well as the number of different cosets can be
infinite and at least one of these cases must obviously occur. Furthermore, the number
of different cosets in a group GG determined by a subgroup H of G is called the index
of H in GG whether this index is finite or not.

If G is a finite group of order h, all powers of an element g with a positive exponent
always form a subgroup of G. These powers cannot all be different. From ¢ = ¢" it
follows that g”*~" = 1 (unit of ). Hence a certain power of g with exponent different
from zero is always = 1, say g' = 1. These [ are identical with all multiples of an
integer ¢ (> 0). This exponent ¢, uniquely determined by g, is called the order of
g. Consequently among the powers of g there are only ¢ different ones, say, ¢° =
1,g',...,g"", and by the above these form a subgroup of G of order . Moreover
from Proposition 1.1 we obtain

Theorem 1.2. The order a of each element of a finite group G is a divisor of the order
h of G and hence g® = 1 for each element g € G.

Now we state the fundamental theorem of Abelian groups which gives us full infor-
mation about the structure of the finite Abelian group (cf. [95]).

Theorem 1.3. In each Abelian group G of order h (> 1) there are certain elements
Wi, ..., wy with orders hy, ..., hy respectively (h; > 1) such that each element of G
is obtained in exactly one way in the form

kn

ki, k>
wz ...wn7

v = w)
where the integers k; each run through a complete system of residue mod h; indepen-
dently of one another. Moreover the h; = p' are prime powers and h = hihy - - - hy,.

The n elements of this kind are called a basis of G. To prove next theorem, we need
a fact from number theory. A system S of integers is a module if it contains at least
one number different from 0 and if among with m and n, m+n and m —n also always
belong to S. A general theorem about modules states that the numbers in a module S
are identical with the multiples of certain number d. The number d is determined by S
up to the factor +1.

Theorem 1.4. If an infinite Abelian group G has a finite basis, then each subgroup of
G also has a finite basis.

Proof. Let wy,ws,...,w, be a basis of G where wy,...,w,, are the elements of
infinite order and w41, . . . , wy, are those of order Ay, ..., hyp—n. We consider the set
I of exponents (ki, ..., k,) of all products of powers

ki kn

v:wl ...wn
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which belong to a subgroup H of GG, where, in addition, the last k1, ..., k, are to
run through all numbers, not just the numbers which are distinct mod h;, as long as the
product belongs to H. By the group property of H, however, we obviously have that
for exponents (ki,...,ky) and (k|,..., k] ) in I, the exponents (k| + k1, ..., kn+k},)
and (k; — k|, ..., k, — ki) also correspond to elements v in H. In particular, we keep
in mind the elements

v=wfwtwk (1<i<n) (1.1)
belonging to H for a definite ¢, thus for which k; = --- = k;_; = 0. There are such

elements, since if all £; = 0 the unit element of H is obtained. The totality of possible
first exponents k; in (1.1) forms a module of integers, as long as we do not always
have k; = 0. However, all numbers of this module are identical with the multiples of a
certain integer; consequently, if we do not always have k; = 0, there is an element v;
in A with one such 7;; # 0,

v = witwiy™ -
such that k; in (1.1) is a multiple of this r;;. From the v; with this 7;; (possibly infinite
in number), we pick out a definite one for each¢ = 1,...,n, where we set v; = 1 and
ri; = 01in case we always have k; = 0 for this ¢ in (1.1).

We show that each element in H is representable as a product of these elements
Vl,...,Up. Letv = wfl -+ -wkn be an element of H. By the preceding discussion, k;
is a multiple of r11, k1 = ji7r11, and hence

y / ! !

v, 7' = Wy ws® - - - wﬁ” (1.2)
is a product only of powers of w», ..., w,, which also belongs to H by the group
property. If we should have r;; = 0 and v; = 1, then we should take 7; = 0. Likewise,
in (1.2), k:é must be a multiple of 7, in case this element is # 0, k:é = jo7r22. Moreover
if 7y = O then ké must be = 0 and we take j, = 0. In any case then vv]_j'vz_jz is an
element of H and representable as product of powers only of ws, ..., w, etc. until we
arrive at the unit element and obtain a representation

1, jn
v=uv'vy vl
The vy, ..., v, are of infinite order if they are = 1, the other v’s are of finite order.
The products of powers of the v, 41, ..., v, form a finite Abelian group and can
hence be represented by a basis uy, . .., 1y, by Theorem 1.3. We assert that vy, . .., vy,
uf, ..., uq form a basis for H if we omit the elements v; = 1. First, each element can
be represented by the vy, ..., v,, hence also by the vy, ..., vy, u1, ..., uq. Now if
b
VIRl = (1.3)
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is a representation of the unit element where a; = 0 is assumed for v; = 1 (i.e.,
r;; = 0), then by substitution of the w; in place of the v; and wu;, it follows that
airyy = 0; hence either a; = 0 or 711 = 0. However, in the latter case we also
have a; = 0 as a consequence of our convention. Likewise a; = 0,...,a, = 0.
Furthermore, since the u; form a basis of the finite group, then in (1.3) each b; must
be a multiple of the order of u;. Now since each element is represented the same
number of times by the v; as by the u;, hence the same number of times as the unit
element, these elements actually form a basis for H as was to be proved. ]

Those infinite Abelian groups in which no element of finite order except the unit 1
appears are of chief interest. We call such groups forsion-free groups, the others mixed
groups. Along with a torsion-free group G, each subgroup of G is also torsion-free.
In particular, let H be a subgroup of G of finite index. Then a certain power of each
element of G with exponent different from zero must always belong to H. For if g is
an element of (7, then the cosets

gH, ¢*H, ..., ¢"H, ...

are not all distinct, since the index is assumed to be finite. Thus for some n, ¢"H =
g™ H, thatis, ¢g"~"™ € H with n — m # 0. Hence in the proof of Theorem 1.4 applied
to G and H, the case r;; = 0, v; = 1 can obviously never occur, since, in fact, a system
of values k; # 0, kjy1 = --- = k, = 0 always exists, so that v; = wfl € H. From
this we have immediately

Theorem 1.5. If G is a torsion-free Abelian group with finite basis wy, . .., w,, then
every subgroup H of G with finite index has a basis vy, . .. , v, of the form

n
_ | | Tij
V; = ’LU]- 5
i=i

withry; 0 fori=1,2,...,n.

It is not difficult to show that the index of H in G is just j = |r{1722 - - rnn| (see
[95], Theorem 36).

Theorem 1.6. If a torsion-free Abelian group G has a finite basis of n elements w,
.., Wy, then n is the maximal number of independent elements of G, independent of
the choice of basis.

Proof. Since the wy, ..., w, are independent in any case, there are n independent ele-
ments in GG and thus we need only show that n + 1 elements in G are not independent.
In fact, between n + 1 arbitrary elements

v; = witws? - wpt (i=1,2,...,n+1),
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there is the relation

T 132... Tn41 .
vy'v, v = 1,

if we choose the n + 1 integers x; so that they satisfy the n linear homogeneous

equations
n+1

Zaijxi:O (]: 1,2,...,71).

i=1

As is known this is always possible since the coefficients a;; are integers. |
Theorem 1.7. From a basis wy, ..., w, of a torsion-free Abelian group G one can
obtain all systems of bases wy, ..., w), of G in the form

n

where the system of the exponents are arbitrary integers a;; with determinant 1.

Proof. Note that the w] always form a basis. To see this we need only show that the
w; can be represented through the w;. The equation
E T E A . 1T jn

wy = w, ’ w, < W

is satisfied if the integers x;;, are chosen so that the n equations

i 0, ifi#k,
QijTjk = iy
e 1, ifi=k

hold. Since the determinant of the (integral) coefficients is = =1 and the right side is
also integral, the z;;, are uniquely determined integers.
Secondly, if n elements

! _ A -
wl—”w ,i1=1,2,...,n

form a basis, then w; must be represented through the w;,

i1 1b; b .
— Jl j2 Jjn —
wj =w, " wy” - wp”, g =1,2,...,m,

if the w; are substituted for the w/, then the n? equations

z”: ; 0, ifi#k,
b —

L ORI =k
j=1
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are obtained, by the basis property of the w;. The determinant of this array is thus
= 1; on the other hand, however, by the multiplication theorem of determinant theory,
the determinant is equal to the product of the two determinant det(a;;) and det(b;y,).
Hence each of these integers must divide 1, and therefore each integer is itself = +1;
thus det(a;;) = £1. O

By Theorem 1.7 and the remark after Theorem 1.5, we obtain

Theorem 1.8. If G is a torsion-free Abelian group with a finite basis wy, . .. , wy, then
every subgroup H of G with finite index j has a basis vy, . .., v,, and the determinant
det(ai;) in the n equations

n
_ @ij g
v,—ij ,1=1,2,...,n
j=1

is always equal to j in absolute value.

Theorem 1.9. If G is a group with a finite basis wy, . .. ,wy, then a subgroup H is of
finite index if and only if a power of each element of G belongs to H.

Proof. 1f the h;-th power (h; > 0) of w; belongs to H and if we set
h=hihy hy,

then wlh also belongs to H and consequently the h-th power of each element likewise
belongs to H. Hence each element of G differs from some

wi'wy? - wpt (0 <z < h)

by a factor in H; therefore there are at most A" different cosets, represented by the
above elements. Thus the index of H is finite.
Conversely, in the case of a finite index the infinitely many cosets

gH, ng, g3H, e
cannot all be distinct for each g € G, thus a power of g must belong to H. O
LetT' = (T, 4, <) be a totally ordered Abelian additive group. This means that the
order relation < on I satisfies:
(1) a < Gimplies o+ v < G+~ forany o, 3,v € T
(2) Foreacha, € T'eithera < for < a.

Special cases occur when I' is a subgroup of R. This happens if and only if the
Archimedean property holds:

3) If a > 0, for every 3 € I there exists a natural number n such that na > .
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Lemma 1.10. If T is a totally ordered Abelian additive group satisfying the Archime-
dean property, then it is order-isomorphic to a subgroup of the ordered additive group

R.

Proof. See P. Ribenboim [215], Lemma 1 on page 60. O

1.1.2 Galois cohomology

Let GG be a (finite or topological) group acting on another Abelian group A (endowed
with the discrete topology). Denote the action of G on A by

GxA— A, (0,a) — o(a).
By the definition, we have the relations
(07)(a) = o(r(a)), 1(a) =a

foro,7 € G, a € A, where 1 is the unit of G.
The cohomology groups of GG with coefficients in A are defined with the help of the
complex of cochains. Consider the following Abelian groups:

C%G,A) = A,
and forn > 1,
C"(G,A) ={f:G" — A| f is continuous},
where the continuity of f € C"(G, A) means that the function f(oy,...,0,) depends

only on a coset of o; modulo some open subgroup of GG. More precisely, if f,g :
G — A are two continuous mappings, we define their sum by the rule

(f+9)(01,--- ,Un) = f(o-la"'ao-n) +g(0'la--- 307L)'
It is clear from the commutativity of A that f + g is again an element of C™ (G, A), so
it forms a group.
We define a homomorphism d,, : C™(G, A) — C™"*1(G, A) by the formula
(dnf)(0'17~~~70'n+1) = O'](f(O'z,... aU7L+])) + (_l)n—Hf(O'la--- 307L)

n
+Z(*])if(017---anO'i+17---a0'n+l)
i—1

such that d,,+1 o d,, = 0. The group

Z"(G, A) = Ker(d,,)
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is called the group of n-cocycles, and the group
B"(G,A) =Im(d,,—)

is called the group of n-coboundaries. The property d,, | o d,, = 0 implies that
B"(G,A) C Z"(G, A).

The n-th cohomology group of G acting on A is then defined by

H™"(G,A)=Z"(G,A)/B"(G, A).
If n = 0, the 0-th cohomology group of G is the group
HYG,A)={acAlo(a)=aforalloc € G}

of elements of A that is fixed by every element of G. For n = 1, we find that a
continuous mapping f : G — Ais a l-cocycle if and only if for all o, 7 € G one has

flor) = f(o) +a(f(7)).
Obviously, we have
B'(G, A) = Im(do) = {doa | a € A},
where, by the definition,
(dpa)(o) =o(a) —a, o€ G.

Two 1-cocycles f, g from G to A are said to be cohomologous if there exists ana € A
such that each o € G satisfies

g9(o) = f(o) = o(a) —a.

This is an equivalence relation, and 1-th cohomology group H'(G, A) of G acting on
A is just the set of cohomology classes of 1-cocycles.

Let A’ be other Abelian group on which G acts and let ¢ : A — A’ be a G-
homomorphism, that is, a homomorphism that commutes with the action of G. Then
 induces a natural homomorphism

@*:Hl(GvA) —>H1(G7A,)

defined by . ([f]) = [ o f] forany [f] € H'(G, A).
Let ® : G’ — G be a homomorphism. Then G’ acts on A via ®, and this induces
a natural homomorphism

d*: HY(G, A) — H'(G', A)

defined by ®*([f]) = [f o ®] forany [f] € H'(G, A).
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1.2 Rings and ideals

1.2.1 Ideals

For later discussions, we will need some notions of rings. When we speak of a ring, we
shall always mean a commutative ring with a multiplicative identity element (denoted
by 1). Elements x,y of a ring A are said to be zero divisors it x # 0, y # 0, and
xy = 0. We define a ring to be entire (or domain, or integral domain) if 1 # 0, and
if there are no zero divisors in the ring. A unit in A is an element x which divides 1,
i.e., an element x such that xy = 1 for some y € A. The element y is then uniquely
determined by z, and is written z~!. The units in A form a (multiplicative) Abelian
group. A field is a domain in which every non-zero element is a unit.

Let A be a domain. Then A has a quotient field or field of fractions r, which is a
field containing A as a subring, and any element in x may be written (not necessarily
uniquely) as a ratio of two elements of A. If a,b € A with ab # 0, we say that a
divides b and write a/|b if there exists ¢ € A such that b = ac. We say thatd € A — {0}
is a greatest common divisor of a and b if d|a, d|b, and if any element e € A — {0}
which divides both a and b also divides d.

An element z in a ring A is irreducible if for any factorization x = ab, a,b € A,
either a or b is a unit. A domain A is a unique factorization domain (or factorial) if
every non-zero element in A can be factored uniquely, up to units and the ordering of
the factors, into a product of irreducible elements.

Anideal a of aring A is a subset of A which is an additive subgroup and is such that
Aa C a, thatis, if vy € aforall x € A and y € a. The quotient group A/a inherits a
uniquely defined multiplication from A which makes it into a ring, called the quotient
ring (or residue-class ring). The elements of A/a are the cosets of a in A, and the
mapping p : A — A/a which maps each z € A to its coset 2 + a is a surjective ring
homomorphism.

If f: A — Bis any ring homomorphism, the kernel of f (= f~'(0)) is an ideal
a, and the image of f (= f(A))is asubring C' of B; and f induces a ring isomorphism
Ala=C.

We shall sometimes use the notation = y (mod a); this means that x — y € «a.

The set of multiples of a particular element a € A, or equivalently, the set of ele-
ments divisible by a, forms an ideal called the principal ideal generated by a, denoted
by (a) or Aa. x is a unit if and only if () = A = (1). The zero ideal (0) is usually
denoted by 0.

We say that the an ideal a of a ring A is proper if a # A. A proper ideal p in A is
said to be prime if xy € p for z,y € A means x € p or y € p. It is easy to show that
x € A — {0} is irreducible if the principal ideal () is prime. A proper ideal q in A is
said to be primary if zy € q for z,y € A means x € q or y™ € q for some n > 0. By
a chain of prime ideals of the ring A we mean a finite strictly increasing sequence

Po Cp1 C - Chns
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the length of the chain is n. The height of a prime ideal p in A is the supremum of all
integers n such that there exists a chain po C p; C --- C p, = p of distinct prime
ideals. We define the dimension (or Krull dimension) of A to be the supremum of
the lengths of all chains of prime ideals in A; it is an integer > 0, or 400 (assuming
A # 0). Anideal m in A is maximal if m # (1) and if there is no ideal a such that
m C a C (1) (strict inclusions). Equivalently:

p is prime if and only if A/p is an integral domain;
m is maximal if and only if A/m is a field.

Hence a maximal ideal is prime. A standard application of Zorn’s lemma shows that
every ring A # 0 has at least one maximal ideal.

Proposition 1.11. The following conditions on a ring A are equivalent:

(i) The set of non-units in A forms an ideal m.

(i) A has a unique maximal ideal m which contains every proper ideal of A.

Proof. (i)=-(ii). Every ideal # (1) consists of non-units, hence is contained in m.
Thus m is the only maximal ideal of A.

(ii)=-(i). Take z € A — m. If x is not a unit, the principal ideal (z) is not (1). Then
there exists a maximal ideal m’ of A containing (). Since m is unique, it follows
m’ = m, and so () C m. This is a contradiction. Hence = must be a unit, that is, m
consists of all non-units in A. O

A ring satisfying the conditions of Proposition 1.11 is called a local ring. The field
A/m is called the residue field of A.

Let A be any ring. A multiplicatively closed subset of A is a subset .S of A such that
1 €5,0¢ SandS is closed under multiplication: in other words S is a subsemigroup
of the multiplicative semigroup of A. Let S be a multiplicatively closed subset of A
and define an equivalence relation on the set A x S by calling two pairs (a, s) and (b, t)
equivalent if at = bs. It is an exercise to show that this is an equivalence relation. Let
a/s denote the equivalence class containing the pair (a, s). Write

S7'A={a/s|ac Asec S}

We put a ring structure on S~! A by defining addition and multiplication of these frac-
tions a/s in the same way as in elementary algebra: that is,

st

a n b_at+bs a b _ab
s t st st

The ring S~! A is called the ring of fractions of A with respect to S. If A is an integral
domain and S = A — {0}, then S~! A is the field of fractions of A.
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Let p be a prime ideal of a ring A. Then S = A — p is multiplicatively closed (in
fact A — p is multiplicatively closed if and only if p is prime). We write A, for S~ 4
in this case, and so we obtain the ring of fractions of A with respectto A — p

Apy={a/blac Abe A—p}.

The set
m={a/be Ay |acpbe A—p}

form an ideal in Ay. If ¢/d ¢ m, then ¢ ¢ p, hence ¢/d is a unit in A. It follows that
if ais anideal in A, and a ¢ m, then a contains a unit and is therefore the whole ring.
Hence m is the only maximal ideal in Ay; in other words, A is a local ring. The ring
Ay is called localization of A at .

If a, b are ideals in a ring A, their sum a + b is the set of all z + y where z € a
and y € b. It is the smallest ideal containing a and b. The intersection of any family
{a;}icr of ideals is an ideal. The product of two ideals a, b in A is the ideal ab
generated by all products 7y, where 7 € aand y € b. We set a’ = (1), a' = a and
for each positive rational integer m we set a™*! = a™a so that a?*? = aPa? as with
ordinary powers. It follows directly from this definition that multiplication of ideals is
commutative and associative

ab =ba, a(bc) = (ab)c.
Also there is the distributive law
a(b+c¢) = ab + ac.
Two ideals a, b in a ring A are said to be coprime if a + b = (1). Thus for coprime

ideals we have a N b = ab. Clearly two ideals a, b are coprime if and only if there
existx € aandy € bsuchthatx +y = 1.

Proposition 1.12. Let A be a ring and ay, ..., a, ideals of A. If a;, a; are coprime
whenever i # j, then [[ a; = Na,.

Proof. By induction on n, the case n = 2 is dealt with above. Suppose n > 2 and the
result true for ay,...,a,_;, and let

Since a; + a, = (1) (1 <i < n — 1), we have equations

ri+y =1 (2, €y, yi € ay),
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and therefore
n—I

n—1
Hxi = H(l —y;) =1 (mod ay,).
i=1

i=1

Hence a,, + b = (1) and so

n n
Hai:ban:bﬁan:ﬂai. O
i=1 i=1

Theorem 1.13 (Chinese Remainder Theorem). Let A be a ring with identity and ay,
..., 0y a set of ideals in A such that a; + a; = A for i # j. Let A = (\a;. Then the
diagonal mapping

zr— (x+ap,...,z+a,)

induces an isomorphism of rings
A=Al & - & Alay,.
If a, b are ideals in a ring A, their ideal quotient is
(a:b)={x e A|zbCa},
which is an ideal such that a C (a : b), and
(a:b)b Ca. (1.4)

If the equality in (1.4) holds, we also write a/b in place of (a : b). In particular, (0 : b)
is called the annihilator of b and is also denoted by Ann(b): it is the setof all z € A
such that zb = 0. Also (A : b) is called the generalized inverse of b. Further, if
(A:b)b = A, we also write b~! or 1/b in place of (A : b) and call b invertible.

An element x of A is Nilpotent if 2™ = 0 for some n > 0. The set Nil(A) of all
Nilpotent elements in A, called the nilradical of A, is an ideal, and

Ared = A/NII(A)

has no Nilpotent element # 0. Also Nil(A) is the intersection of all prime ideals of A.
The Jacobson radical Jac(A) of A is defined to be the intersection of all the maximal
ideals of A. It can be characterized as follows: x € Jac(A) if and only if 1 — zy is a
unit in A for all y € A.

If a is any ideal of A, the radical of a is defined to be the ideal

Va={z € A|z" € aforsomer > 0}.

Proposition 1.14. Let a, b be ideals in a ring A such that \/a, /b are coprime. Then
a, b are coprime.
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Proof. 1t is easy to show

VaTh=yVa i ve=vi=()
and hence a + b = (1). O

A ring is called Noetherian if every ideal in the ring is finitely generated. Fields are
Noetherian rings. A basic fact is the following Hilbert basis theorem:

Theorem 1.15. If A is a Noetherian ring, then the ring A[ X1, ..., X,] of polynomials
in n variables over A is a Noetherian ring.

Proof. See Fulton [71], Atiyah—-Macdonald [2], Theorem 7.5 or Lang [146], Section
6.2. O

Theorem 1.16 (Krull’s Hauptidealsatz). Let A be a Noetherian ring, and let [ € A
be an element which is neither a zero divisor nor a unit. Then every minimal prime
ideal p containing f has height 1.

Proof. Atiyah—-Macdonald [2], p. 122. |

Proposition 1.17. A Noetherian integral domain A is a unique factorization domain
if and only if every prime ideal of height 1 is principal.

Proof. Matsumura [173], p. 141. O
A sequence z, ..., x, of elements of a ring A is called a regular sequence for A if
x1 is not a zero divisor in A, and for all ¢ = 2, ..., r, x; is not a zero divisor in the ring

A/(.Z'l, . ,(Ei_l), where

(1‘],... ,171‘,]) = {a]x] + a1 Ti— | a; c A}
is the ideal generated by z, ..., x;_. If A is alocal ring with maximal ideal m, then
the depth of A is the maximum length of a regular sequence xy,...,x, for A with

all z; € m. We say that a local Noetherian ring A is Cohen—Macaulay if depthA =
dim A. Now we list some properties of Cohen—Macaulay rings.

Proposition 1.18. Let A be a local Noetherian ring with maximal ideal m.
(@) If A is regular, that is, dim, m/m? = dim A, where k = A/m is the residue
class field, then it is Cohen—Macaulay.

(b) If Ais Cohen—Macaulay, then any localization Ay, of A at a prime ideal p is also
Cohen—Macaulay.

(¢) If A is Cohen-Macaulay, then a set of elements x1,...,x, € m forms a regular
sequence for A if and only if dim A/(xy,...,z,) =dim A —r.
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(d) If A is Cohen—Macaulay, and xy,...,x, € m is a regular sequence for A, then
A/(xy,...,x,) is also Cohen—-Macaulay.
(e) If A is Cohen—Macaulay, and x1, . ..,x, € m is a regular sequence, let ¢ be the

ideal (1, ..., x,). Then the natural mapping (A/x)[t1, ... t:] — ©n>0r™/t" ",
defined by sending t; +— x;, is an isomorphism. In other words, t/x* is a free A x-
module of rank r, and for each n > 1, the natural mapping S™(x/x?) — /"
is an isomorphism, where S™ denotes the n-th symmetric power.

Proof. Matsumura [173]: (a) p. 121; (b) p. 104; (c) p. 105; (d) p. 104; (e) p. 110 or
Hartshorne [90], Theorem 8.21A. O

Proposition 1.19. Let 3 be the set of submodules of a module M, ordered by the
relation C. The following conditions on ¥ are equivalent:

(I) Every increasing sequence My C M, C --- in X is stationary (i.e., there exists n
such that M, = My = ---).

(IT) Every non-empty subset of 3. has a maximal element.

Proof. (1) = (II). If (II) is false, there is a non-empty subset A of ¥ with no max-
imal element, and we can construct inductively a non-terminating strictly increasing
sequence in A.

(II) = (I). The set { M, };>1 has a maximal element, say M,,. |

The condition (I) is called the ascending chain condition, and (II) the maximal
condition. A module M satisfying either of these equivalent conditions is said to
be Noetherian.

Proposition 1.20. M is a Noetherian A-module if and only if every submodule of M
is finitely generated.

Proof. Suppose that M is Noetherian. Let N be a submodule of M, and let > be
the set of all finitely generated submodules of V. Since 0 € %, then ¥ is not empty
and therefore has a maximal element, say Ny. If Nog # N, consider the submodule
Ny + Az, where x € N, x € Ny; this is finitely generated and strictly contains Ny, so
we have a contradiction. Hence N = N and therefore N is finitely generated.

Next assume that every submodule of M is finitely generated. Let My C M, C - --
be an ascending chain of submodules of M. Then N = |J;2, M; is a submodule of
M, hence is finitely generated, say by wy, ..., w,. Say w; € My, and let

n = max n;;
1<i<r

then each w; € M,,, hence M,, = N and therefore the chain is stationary. O

An ideal a is said to be irreducible if a = b N ¢ means eithera = bora = ¢.
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Proposition 1.21. In a Noetherian ring A every ideal is a finite intersection of irre-
ducible ideals.

Proof. Suppose not; then the set of ideals in A for which the proposition is false is not
empty, hence has a maximal element a. Since a is not irreducible, we have a = b N ¢
where a C b and a C ¢. Hence each of b, ¢ is a finite intersection of irreducible ideals
and therefore so is a: contradiction. a

Proposition 1.22. In a Noetherian ring A every irreducible ideal is primary.

Proof. By passing to the quotient ring, it is enough to show that if the zero ideal is
irreducible then it is primary. Let xy = 0 with  # 0, and consider the chain of ideals

Ann(z) € Ann(z?) C -
By the ascending chain condition, this chain is stationary, i.e., we have
Ann(z") = Ann(z" ™) = ...

for some n. It follows that (z™) N (y) = 0; forif a € (y) then ax = 0, and if @ € (2™)
then a = bz", hence bz™*! = 0, hence b € Ann(2""!) = Ann(z"™), hence bz™ = 0;
that is, a = 0. Since (0) is irreducible and (y) # 0 we must therefore have 2™ = 0,
and this shows that (0) is primary. O

A primary decomposition of an ideal a in A is an expression of a as a finite inter-
section of primary ideals, say

a=(a (1.5)
=1

We shall say that a is decomposable if it has a primary decomposition. If moreover the
\/@ are all distinct, and we have

(Na;Za (1<i<n)

J#i
the primary decomposition (1.5) is said to be minimal. It is easy to show that any
primary decomposition can be reduced to a minimal one. If the primary decomposi-

tion (1.5) is minimal, the minimal elements of the set {\/q_l s+ y1/qn } are called the
minimal prime ideals belonging to a.

Proposition 1.23. Let a be a decomposable ideal with a minimal primary decompo-
sition (1.5). Then the primary components q; corresponding to minimal prime ideals
belonging to a are uniquely determined by a.

Proof. See M. F. Atiyah and I. G. Macdonald [2], Chapter 4. O



16 1 Field extensions

From Proposition 1.21 and Proposition 1.22 we have at once:
Theorem 1.24. In a Noetherian ring A every ideal has a primary decomposition.

Theorem 1.25. Let A be a Noetherian domain of dimension 1. Then every non-zero
ideal a in A can be uniquely expressed as a product of primary ideals whose radicals
are all distinct.

Proof. Since A is Noetherian, a has a minimal primary decomposition (1.5) by The-
orem 1.24. Since dim A = 1 and A is an integral domain, each non-zero prime
ideal of A is maximal, hence the prime ideals /q; are distinct maximal ideals (since
Vi 2 g; 2 a # 0), and are therefore pairwise coprime. Hence by Proposition 1.14,
the g; are pairwise coprime and therefore by Proposition 1.12 we have

a:ﬂqi:Hqi~

i=1 i=1

Conversely, if a = [] q;, the same argument shows that a = (] g;; this is a minimal
primary decomposition of a, in which each g; is an minimal primary component (i.e.,
the primary component ¢; corresponding to a minimal prime ideal belonging to a), and
is therefore unique by Proposition 1.23. o

1.2.2 Completion of topological groups

We simply introduce the completion of a topological Abelian group under a fixed
topology. Let G be a topological Abelian group (written additively): thus G is both a
topological space and an Abelian group, and the two structures on GG are compatible
in the sense that the mappings

GxG—G, (x,y)—zxz+y

and
G— G, z+— —x

are continuous. If {0} is closed in G, then the diagonal is closed in G x G (being the
inverse image of {0} under the mapping (x, y) — z—y) and so G is Hausdorff. If a is a
fixed element of G, the translation 7, defined by T;, () = x+a is a homeomorphism of
G onto G (for Ty, is continuous, and its inverse is 7", ); hence if U is any neighborhood
of 0 in G, then U + a is a neighborhood of a in GG, and conversely every neighborhood
of a appears in this form. Thus the topology of G is uniquely determined by the
neighborhoods of 0 in G. Obviously, GG is Hausdorff if and only if the intersection of
all neighborhoods of 0 in G is equal to 0.

Assume for simplicity that 0 € G has a countable fundamental system of neigh-
borhoods. Then the completion G of G may be defined in the usual way by means
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of Cauchy sequences. A Cauchy sequence in G is defined to be a sequence {x,} of
elements of G such that, for any neighborhood U of 0, there exists an integer N (U)
with the property that x,,, — z,, € U for all m,n > N(U). Two Cauchy sequences
{z,} and {y, } are equivalent if x,, — y, — 0 in G. The set of all equivalence classes
of Cauchy sequences is denoted by G. If {z,,} and {1, } are Cauchy sequences, so is
{n+yn}, and its class in G depends only on the classes of {x,} and {y,, }. Hence we
have an addition in G with respect to which G is an Abelian group. For each = € G,
the class of the constant sequence {x} is an element ¢(z) of G, and ¢ : G — G is a
homomorphism of Abelian groups. Note that

Ker(¢) = U,

where U runs through all neighborhoods of 0 in G, and so ¢ is injective if and only if
G is Hausdorff. If ¢ : G — G is an isomorphism, we shall say that G is complete.

Now we restrict ourselves to the special kind of topologies occurring in commutative
algebra, namely we assume that 0 € G has a fundamental system of neighborhoods
consisting of subgroups. Thus we have a sequence of subgroups

G=G2G 122G, 2+

and U C @ is a neighborhood of 0 if and only if it contains some G,. A typical
example is the p-adic topology on Z, in which G,, = p"Z. For topologies given
by sequences of subgroups there is an alternative purely algebraic definition of the
completion. Suppose {x,,} is a Cauchy sequence in . Then the image of x,, in
G/G,, is ultimately constant, equal say to &,. If we pass from n + 1 to n it is clear that
&nt1 — &y, under the projection

Ont1: G/Gpy1 — G/G,,.
Thus a Cauchy sequence {z,, } in G defines a coherent sequence {&,, } in the sense that

9n+l(§n+l) =&, n>0.

Moreover it is clear that Cauchy sequences which are equivalent to {x,,} define the
same sequence {&, }. Finally, given any coherent sequence {&,}, we can construct a
Cauchy sequence {x,,} giving rise to it by taking x,, to be any element in the coset &,
(so that x| — z, € G,). Thus G can equally well be defined as the set of coherent
sequences {,, } with the obvious group structure.

We have now arrived at a special case of inverse limits. More generally, consider
any sequence of groups {A,,} and homomorphism

Oniy1 - An—H — Ap.

We call this an inverse system, and the group of all coherent sequences {a,} (i.e.,
an € Ay and 0,41 (an+1) = ay) is called the inverse limit of the system. It is usually
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written liLﬂAn- If the homomorphisms 6,, are always surjective, the inverse system
{A,} is called a surjective system. With this notation we have

G 2 lim G/Gh.

The most important class of examples of topological groups of the kind we are
considering are given by taking

G=A, Gp=ad",

where a is an ideal in a ring A. The topology so defined on A is called the a-adic
topology, or just the a-fopology. Since the a” are ideals, it is not hard to check that
with this topology A is a topological ring, i.e. that the ring operations are continuous.
The topology is Hausdorff if and only if (] a” = (0). The completion A of A is again
a topological ring; ¢ : A — A is a continuous ring homomorphism, whose kernel is

Na™.
Similarly, if M is any A-module, we define

M = lim M/a" M,

and call it the a-adic completion of M. It has a nature structure of A-module.

Proposition 1.26. If A is a Noetherian ring, a an ideal of A, A its a-adic completion,
then

(1) a = Aqg; a" = a" = Aa"; A/a" = A/a";

< > a”/a”“ o~ ﬁ”/ﬁ”“;

(3) & is contained in the Jacobson radical of A;

(4) A is Noetherian;

(5) If Ais a Noetherian domain, a # (1), then () a" = 0;
(6)

If A is a Noetherian local ring, a its maximal ideal, then A is a local ring with
maximal ideal a; the a-topology of A is Hausdorf{f;

(7) If M is a finitely generated A-module, then M>~M®yA.

Proof. See M. F. Atiyah and 1. G. Macdonald [2], Chapter 10. a

1.2.3 Fractional ideals

Let A be an integral domain, x its field of fractions. An A-submodule g of  is to be
called a fractional ideal of A if wg C A for some w # 0 in A. If g is an A-submodule
of k, we also define the generalized inverse of g

(A:g)={aer|agC A}
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Every ideal g of A is a fractional ideal (take w = 1). If we wish to emphasize that the
fractional ideal g is actually contained in A, we say g is an integral ideal. Any element
« € K generates a fractional ideal, denoted by («) or «A, and called principal.

Every finitely generated A-submodule g of x is a fractional ideal. For if g is gener-
ated by 31, ..., 0, € K, we can write

Q.
ﬁi: ,’L:1,2,...,T,
w

where «; and w are in A, and then wg C A. Conversely, if A is Noetherian, every
fractional ideal g is finitely generated, for it of the form w™'a for some integral ideal
a.

Let J 4 denote the set of nonzero fractional ideals of A. If g and h are A-submodules
of k, their product gh is the collection of all sums ) g;h; with g; € gand h; € . Then
it is easy to see that J4 is a commutative semigroup.

An A-submodule g of « is called invertible if there exists a A-submodule h of x
such that gh = A. The module § is then unique and equal to (A : g) for we have

hC(A:g)=(A:g)ghC Aph=b.

If g is invertible, it follows that g is finitely generated, and therefore a fractional ideal:
for since g(A : g) = A, there exist 5; € gandv; € (A : g) (1 < i <r) such that

Bivi + By + oo+ Bryr = 1,

and hence for any o € g we have

r

a="> (via)B,

i=1

with each v;a € A, so that g is generated by [y, .. ., 5. Clearly every non-zero prin-
cipal factional ideal (c) is invertible, its inverse being (a~'). The invertible ideals
form a group with respect to multiplication, whose identity element is A = (1). In-
vertibility is a local property, that is, a fractional ideal g is invertible if and only if g is
finitely generated and, for each prime ideal p, g, is invertible, equivalently, g is finitely
generated and, for each maximal ideal m, gy, is invertible.

1.2.4 Relative differentials

Here we review the algebraic theory of E. Kihler differentials. Let A be a ring (com-
mutative with identity as always), let B be an A-algebra, and let M be a B-module.
An A-derivation of B into M is a mapping d : B — M such that d is additive,

d(zy) = xdy + ydx, {z,y} C B,
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and da = 0 for all a € A. We define the module of relative differential forms of B over
Ato be a B-module 2, 4, together with an A-derivationd : B — (g4, which sat-
isfies the following universal property: for any B-module M, and for any A-derivation
d : B — M, there exists a unique B-module homomorphism f : Qp /A — M such
that d’ = f o d. The elements in Q5 /A are called Kdhler differentials.

Clearly one way to construct such a module 2,4 is to take the free B-module F'
generated by the symbols {dz | z € B}, and to divide out by the submodule generated
by all expressions of the form (1) d(x+y)—dx—dy for x,y € B, (2) d(xy)—xdy—ydzx
for x,y € B, and (3) da for a € A. The derivation d : B — (1,4 is defined by
sending z to dz. Thus we see that 2,4 exists. It follows from the definition that the
pair (Qp A d) is unique up to unique isomorphism. As a corollary of this construction,
we see that (g 4 is generated as a B-module by {dx | z € B}.

Concretely, we may consider the homomorphism

m:B®aB— B, x®@y— zy,
whose kernel we denote by 7. Then
Qpja=1/T" =1®pgp B (1.6)
is a B ® B-module, and hence in particular also a B-module, via the embedding
B—B®B, z—z®]l.

If we put
dxzm@l—l@mmod[z,

then we obtain an A-derivation

One can show that d is universal among all A-derivation of B with values in B-
modules. Hence (2p/4 is a module of relative differential forms of B over A, and
its elements are the linear combinations . y;dz;.

If A’ is any commutative A-algebra and B’ = B ®4 A’, then it is easy to see that

QB’/A':QB/A®AA/' (17)
Furthermore, if .S is a multiplicative system in B, then
stlB/A = SilgB/A.

Thus the module of relative differential forms is preserved under completion and lo-
calization.

Let A — B — (C be rings and homomorphisms. Then there is a nature exact
sequence of C-modules

Qpa®pC — Qc/a — Qo — 0, (1.8)

called first exact sequence.
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1.3 Integral elements and valuations

1.3.1 Integral elements

Let B be aring and A a subring of B (so that | € A). An element « of B is said to be
integral over A if it satisfies a monic equation over A:

A" +ta '+ +a, =0, (1.9)
where a; € A fori = 1,...,n. Clearly every element of A is integral over A.

Proposition 1.27. The following are equivalent:

(1) « € Bisintegral over A;

(2) Alq] is a finitely generated A-module;

(3) Ala] is contained in a subring C' of B such that C is a finitely generated A-
module;

(4) There exists a faithful A[o]-module M (that is, Ann(M) = 0) which is finitely
generated as an A-module.

Proof. (1)=-(2). From (1.9) we have

an+T _ 7alan+r71 L anxr

for all » > 0; hence, by induction, all positive powers of « lie in the A-module gener-
atedby 1,c,...,a" . Hence A[a] is generated (as an A-module) by 1, ..., a" !

(2)=(3). Take C = A[a].

(3)=(4). Take M = C, which is a faithful A[«]-module since yC' = 0 implies
y-1=0.

(4)=(1). We consider an A[a]-module endomorphism ¢ of M defined by ¢(x) =
ax for x € M. Obviously, (M) = aM C M since M is an A[a]-module. We claim
that ¢ satisfies an equation of the form

" +ard" '+ +a, =0,

where the a; are in A. Let zy, ..., xz, be a set of generators of M. Then each ¢(x;) €
M, so that we have
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where d;; is the Kronecker delta. By multiplying on the left by the adjoint of the
matrix (0;;¢ — aj;) it follows that det(d;;¢ — a;;) annihilates each x;, hence is the
zero endomorphism of M. Expanding out the determinant, we have an equation of the
required form. Since M is faithful, we obtain an equation of the form (1.9). O

Proposition 1.28. Ler «; (1 < i < n) be elements of B, each integral over A. Then
the ring Alav, . .., o) is a finitely generated A-module.

Proof. In fact, by induction on n, the case n = 1 is part of Proposition 1.27. Assume
n > 1,let A, = Alay,...,a,]; then by the inductive hypothesis A,,_; is a finitely
generated A-module. By the case n = 1, A, = A,_1[a,] is a finitely generated
A, _i-module since «, is integral over A,_;. Hence A, is finitely generated as an
A-module. |

In particular, the set A of elements of B which are integral over A is a subring of B
containing A, since, if o, 3 € A, then A[a, (] is a finitely generated A-module by the
above fact, and hence « + (3 and o3 are integral over A, by (3) of Proposition 1.27.
The ring A is called the integral closure of Ain B. If A = A, that is, every element of
B integral over A lies in A, then A is said to be integrally closed in B. If A = B, the
ring B is said to be integral over A.

Further, if A C B C (' are rings and if B is integral over A, and C' is integral over
B, then C' is integral over A (transitivity of integral dependence). In fact, if « € C,
then we have an equation

Q" + b b, =0 (b € B).

The ring B’ = Alby,...,b,] is a finitely generated A-module, and B’[a] is a finitely
generated B’-module since « is integral over B’. Hence B’[q] is a finitely generated
A-module, and therefore « is integral over A by (3) of Proposition 1.27. Moreover, a
prime ideal p of B is maximal if and only if p N A is maximal in A.

An integral domain A is called integrally closed if it is integrally closed in its field of
fractions. Integral closure is a local property, that is, an integral domain A is integrally
closed if and only if A, is integrally closed, for each prime ideal p, equivalently, A,
is integrally closed, for each maximal ideal m. An integral element ¢ over A is called
a unit of A if 1/e is also an integral element over A. An integral element o over A is
said to be divisible by an integral element 3 (# 0) over A, if o/ is integral over A;
in symbols we write 3|c. We say that d € A — {0} is a greatest common divisor of «
and 3 if d|a, d|S, and if any element e of A — {0} which divides both « and (3 also
divides d.

Let A be an integrally closed Noetherian domain. We call an ideal a of A divisible
by an ideal ¢ or ¢ a factor (divisor) of a if ¢ # (0) and there is an ideal b such that
a = bc. In symbols we write c|a. The connection between divisibility of elements
and of ideals is made by the following fact: The principal ideal («) is divisible by the
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principal ideal (3) # (0) if and only if the element « is divisible by the element £.
This follows since

(Oé) = (ﬁ)(’}/l,---,’%«) = (5717“'7/877")

a=> ABvi=B8Y N

with algebraic integers \;; hence [3|c.. Conversely, if 3|a, then for some algebraic
integer y, & = (37, and we also have («) = (5)(7) and (8)](«).

In all statements which concern the divisibility of an principal ideal (o), we replace
the ideal by the element cv. Thus « is divisible by a means that («) is divisible by a.
The statement (3|« has meaning, it actually agrees with (3)|(«).

The unit ideal (1) consists of integral elements of the field of fractions. If an ideal
contains the element 1, then it contains all algebraic integers, and is thus = (1). For
each ideal a # (0),

implies

a=a(l), ala, (1)]a, a|(0).

Each ideal a has the trivial factors a and (1).

1.3.2 Valuation rings

An integral domain A with its field of fractions « is called a valuation ring of & if it
has the property that for any 2 € x we have z € A or 2! € A (or both). Obviously,
if A is a valuation ring of  such that there exists a ring B with A C B C &, then B is
a valuation ring of k.

Proposition 1.29. Let A be a valuation ring of k. Then A is a local ring, and inte-
grally closed in k.

Proof. Let m be the set of non-units of A, so that x € m if and only if x = 0 or
7' ¢ A. Ifa € Aand 2 € m we have az € m, for otherwise (ax)~' € A and
therefore x~! = a(axz)~! € A. Next let 2,y be non-zero elements of m. Then either
vy '€ Aora7ly € A Ifay ' € Ajthenaz +y = (1 + 2y~ )y € Am C m,
and similarly if 7'y € A. Hence m is an ideal and therefore A is a local ring by
Proposition 1.11.

Let a € k be integral over A. Then we have, say,

Q" +ad” '+ ta,=0
with the a; € A. If o € A there is nothing to prove. If not, then a~! € A, hence
a=—(a) + a4+ analfn) € A.

This is a contradiction. Hence we always have « € A, that is, A is integrally closed.O
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Generally, if A is a subring of a field «, then the integral closure A of A in & is the
intersection of all the valuation rings of x which contain A.

Definition 1.30. A valuation on a field  is a function v from « into R U {400} satis-
fying:

(1) v(z) = +ooif and only if z = 0.

2) v(zy) =v(z)+v(y) forall z,y € k.

3) v(x+y) > min{v(z),v(y)} forall z,y € k.

Set ks = k — {0}. A valuation v is said to be trivial if

{O, T € Ry,
v(z) =
400, x=0.

Two valuations v and v’ are equivalent if and only if there is a positive real constant \
such that v’ (z) = Av(x) for all z € x. The equivalence class of a non-trivial valuation
v on K, denoted usually by [v] or simply by its representatives, say v, will be called a
prime (divisor) or place of k. Let M 2 denote the set of places of k.

Example 1.31. Let p € Z" be a prime number. For z = a/b € Q, with a,b € Z,
there exist integers ord,(x), a’,b" such that

a/
T = pordp(a:)g’ pj(a’b'.
Further, set ord,(0) = +o0o. The function ord, : Q — Z U {400} is a valuation on
Q, called the p-adic valuation on Q.

If v is a valuation on a field x, the subset
Oro={r €k |v(x) >0}

is a subring of k, called the valuation ring of v, which has « as field of quotients;
because if 2 € K, © & Oy, then v(x) < 0so v(z~') > 0 since v(1) = 0, and so
x = 1/y, where y = 27! € A. Let us note that O, ,, = r exactly when v is the trivial
valuation. It is easy to show that two valuations v’, v of x have the same valuation ring
Oy = Oy if and only if v/, v are equivalent. In view of this fact, the study of the
rings of valuations is equivalent to that of the equivalence classes of valuations.

Now, we may formulate the main theorem on valuation rings:

Theorem 1.32. Let A be a domain, k its field of quotients, and U the group of units
of A. Then the following statements are equivalent:

(i) A = O, for a nontrivial valuation v of k.

(ii) A is a maximal proper subring of k.



1.3 Integral elements and valuations 25

(iii) The following properties are satisfied:

(ii.1) Ifx €k, 2 & A thenz™' € A
(ii.2) Ifx € A, 27! € A, if y € ks, there exists an integer n > 0 such that
™ e Ay.

(iv) k4 /U is a totally ordered Archimedean group.

Proof. (i)=-(ii) Since A is the valuation ring of a nontrivial valuation v of k, we have
A # k. Let B be a subring of « such that A C B C k, A # B. We will prove that
B = k. Take z € B with x ¢ A. Then v(z) < 0, and so v(z~!) > 0. If y € k., there
exists an integer n > 0 such that

no(z™") > o(y™),

and hence v(y) > v(x™), which means
ye Ax" C AB C B.

(i1)=-(iii) First of all, we show (iii.1). Let x € K, z & A, and let us assume that
x~! ¢ A. It follows that A[x~'] = & from the maximality of the subring A. Hence
we may write

r=ag+az” + Faz "

with a; € A, and therefore
2" = apax™ + a1z 4 -+ ay.

Similarly, for every j > 1 we may express "7/ as a linear combination of the el-
ements 1,x,...,2" with coefficients in A. Thus k = Alz] is a finitely generated
A-module. Since « is the field of quotients of A and k # A, this is not possible,
because « is not a fractional ideal.

To prove (iii.2), let z € A, 2= € A, then k = A[z~!] by the maximality of A. If

Y € Ky, then y~! may be written as
y '=a+az '+ +az"
with a; € A, thus y~! = az™" with

a=apz" +az" '+ 4a, €A

and so x" = ay € Ay.

(iii)=-(iv) First of all, we define a relation on k. /U as follows: zU < yU when
Az D Ay. This is an order relation on k. /U compatible with multiplication: if 2U <
yU, for every z € A, we have zU - 2U < yU - zU.

If 2,y € ke and 2U £ yU, then Az B Ay, so yz~! ¢ A. By (iii.1), zy~! € A so
yU < aU. This shows that k., /U is a totally ordered multiplication group.
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IfU <a2U,U # U, thatis,z € A,z ¢ U,sox"' ¢ A. If yU € ks /U, by (iii.2)
there exists an integer n > 0 such that ™ € Ay, and therefore yU < 2"U = (2U)".
This proves that k. /U satisfies the Archimedean property.

(iv)=(i) By Lemma 1.10, x../U is order-isomorphic to a subgroup I" of the ordered
additive group R. We define a mapping v : kK — T'U {400} as follows: v(0) = +oo0;
if © € Ky, let & € I correspond to 2U € k.. /U, then we put v(z) = &.

We now verify that v is a valuation of . If £&,n € T correspond respectively to zU,
yU, then & + n corresponds to xyU = zU - yU; thus

v(zy) = v(z) +v(y).
Similarly, if £ = v(z) < v(y) = 7, then zU < yU, that is, Az O Ay, hence
Az O A(zx + vy), therefore
v(z +y) > v(z) = min{v(z),v(y)}.

To conclude the proof, we just note that x € A if and only if U < zU, that is
0 < w(x), so A is the valuation ring of v. O

If v is a non-trivial valuation on a field x, then O, , is maximal among subrings of
x different from x (or see [33], Corollary 7.3 in Chapter 1). Elements of O, ,, are the
valuation integers or v-integers. Obviously, O, ,, is a valuation ring of the field . By
Proposition 1.29, O, ,, is a local ring, and its maximal ideal m is the set

m=m,, ={z € x|v(r)> 0}
which is called the valuation ideal of v. The field
Fy(k) = Okp/m

is called the residue class field of v. The characteristic of IF,,(x) is named the residue
characteristic of . Further, if p = [v] is the place of x determined by the valuation v,
then

Orp = Opo, Fy(r) = Fy(x)

are independent of the choice of the representative v in p.

Example 1.33. If we consider the p-adic valuation v = ord,, of Q, the residue class
field IF,(Q) is the field IF,, with p elements.

In fact, we have
7 C Oq, mqgy,NZ=Zp.

Let ¢ : Og,, — F,(Q) be the canonical mapping, and let ¢ be its restriction to Z.
Then the kernel of g is mg , N Z = Zp, and so

¢o(Z) =Z]Zp = Fyp.
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It is enough to show that po(Z) = ¢(Oq), that is, given a/b € Og,,, there exists
n € Z such that a/b — n € mg,. Now, since p does not divide b, there exist integers
r, s such that rp + sb = 1. Take n = as. Then

b
pon=5(1-2) = c g,

1.3.3 Discrete valuation rings

Let v be a valuation on a field x. The image of x, by v is a subgroup of the additive
group R called the valuation group of v. The valuation of x is said to be discrete
(resp., dense) if its valuation group is a discrete (resp., dense) subgroup of R. For the
trivial valuation, the valuation group consists of 0 alone. If v is a non-trivial valuation,
its valuation group I" either has a least positive element A or I" has no least positive
element. For the former, I' = A\Z. For the latter, I" is clearly dense in R. For a discrete
valuation we can always find an equivalent one with precise valuation group Z; such a
valuation is said to be normalized or an order function on k.

An integral domain A is a discrete valuation ring if there is an order function of its
field of fractions  such that A is the valuation ring Oy, orq. If two elements z,y € A
have the same value, that is, ord(z) = ord(y), then ord(zy~') = 0 and therefore
u = xy~'is a unitin A. Hence (z) = (y). If a # 0 is an ideal in A, there is a least
integer n such that ord(x) = n for some x € a. It follows that a contains every y € A
with ord(y) > n, and therefore the only ideals # 0 in A are the ideals

m, = {y € A|ord(y) > n}.
These form a single chain
m-—mj;Omp Omsz> - -,

and therefore A is Noetherian. Moreover, since ord : k., — Z is surjective, there
exists ¢ € m such that ord(¢) = 1, and then

m, = ("), n> 1.

Hence m is the only non-zero prime ideal of A, and A is thus a Noetherian local
domain of dimension one in which every non-zero ideal is a power of the maximal
ideal. In fact many of these properties are characteristic of discrete valuation rings.

Proposition 1.34. Let A be a Noetherian local domain of dimension one, m its maxi-
mal ideal, F = A/m its residue field. Then the following conditions are equivalent:

(@) A is adiscrete valuation ring;
(IX) A is integrally closed;
(III) m is a principal ideal;
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(IV) dimpm/m? = 1;
(V) Every non-zero ideal is a power of m;

(VI) There exists t € A such that every non-zero ideal is of the form (t"), n a non-
negative integer.

Proof. See M. F. Atiyah and 1. G. Macdonald [2], Proposition 9.2. a

An element ¢ as in Proposition 1.34 is called a uniformizing parameter for A; any
other uniformizing parameter is of the form ut, v a unit in A. Let s be the quotient
field of A. Then any non-zero element z € x has a uniquely expression z = ut”, u a
unit in A, n € Z. The exponent n = ord(z) is called the order of z.

Proposition 1.35. Let A be a Noetherian domain of dimension one. Then the follow-
ing are equivalent:

(av) A s integrally closed;
(B) Every primary ideal in A is a prime power;
() Everylocal ring A, (p # 0) is a discrete valuation ring.

Proof. (o)) < (7). Since A is integrally closed if and only if Ay is integrally closed,
for each prime ideal p, then it follows from Proposition 1.34.
(B) < (7). See M. F. Atiyah and I. G. Macdonald [2], Theorem 9.3. O

A Noetherian domain of dimension one satisfying the conditions of Proposition 1.35
is called a Dedekind domain. The first result is that in such a domain we have a unique
factorization theorem for ideals:

Theorem 1.36. Let A be an integral domain. Then A is a Dedekind domain if and
only if every non-zero ideal of A has a unique factorization as a product of prime
ideals.

Proof. Theorem 1.25 and Proposition 1.35, or see [215], Section 10.2, Theorem 2. O

Proposition 1.37. Let A be a local domain. Then A is a discrete valuation ring if and
only if every non-zero fractional ideal of A is invertible.

Proof. Assume that A is a discrete valuation ring. Let ¢ be a generator of the maximal
ideal m of A, and let g # 0 be a fractional ideal. Then there exists w € A such
that wg C A: thus wg is an integral ideal, say (t"), and therefore g = (t"~!), where
I =v(w).

Conversely, every non-zero fractional ideal of A is invertible and therefore finitely
generated, so that A is Noetherian. By Proposition 1.34, it is therefore enough to prove
that every non-zero ideal is a power of m. Suppose this is false. Let 3 be the set of
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non-zero ideals which are not powers of m, and let m be a maximal element of 3.
Then m # m, hence m C m, and so

m'mcm 'm=4

is a proper integral ideal, and m~'m O m. If m~'m = m, then m = mm and
therefore m = 0 by a Nakayama’s lemma, hence m~'m D m, and hence m—!mis a

power of m (by the maximality of m). Hence m is a power of m: contradiction. O

Proposition 1.38. Let A be an integral domain. Then A is a Dedekind domain if and
only if every non-zero fractional ideal of A is invertible.

Proof. Let A be a Dedekind domain and let g # (0) be a fractional ideal. Since A is
Noetherian, g is finitely generated. For each prime ideal p, gy, is a fractional ideal # 0
of the discrete valuation ring Ay, hence is invertible by Proposition 1.37. Hence g is
invertible by the local property of invertibility.

Conversely, every non-zero integral ideal of A is invertible, hence finitely generated,
and so A is Noetherian. We shall show that each Ay, (p # 0) is a discrete valuation
ring. For this it is enough to show that each integral ideal # 0 in A, is invertible, and
then use Proposition 1.37. Let a # 0 be an integral ideal in Ay, and let b = a N A.
Then b is invertible, hence a = by, is invertible by Proposition 1.37. a

Theorem 1.39. Any non-zero fractional ideal g of a Dedekind domain A can be
uniquely expressed as a product

aj,.a ”
g=py'p’ by
with p1, ..., p, distinct prime ideals and ay, . . . , a, positive or negative integers.

Proof. Since wg C A for some w € A — {0}, each of the ideals wg and wA in A has
a factorization as a product of prime ideals with nonnegative exponents as

wa=[[pl, wA=]]a7,

with p; and q; maximal ideals of A in which the exponents b; and c; positive integers
(cf. Theorem 1.36). It follows that

[Ip} =wg=(wA)g (Hq )

We have just proved that ideals of A are invertible, so it follows that

g=Iel[]a;

which is a factorization of g.
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To establish the uniqueness of the factorization, suppose

o=[Te" 110" = ITw* [T

where all p;, q;, t;, and s; are maximal ideals of A and the numbers b;, c;, d, e; are
positive integers. We may assume further that all the p; and q; are distinct as are all
the t; and s;. Since ideals of A are invertible, we may clear the negative exponents by

multiplication to get
[Tt [T - I T

Each side is an ideal of A and we already know the uniqueness of the expression of an
ideal of A as a product of maximal ideals by Theorem 1.36. It follows, after suitable
renumbering, that

b _ .dg Cj __ e
Pt =17, 4, =5

which yields the uniqueness of the factorization for g. o

Thus if A is a Dedekind domain, the non-zero fractional ideals of A form a group
with respect to multiplication. This group is called the group of ideals of A; we denote
it by J4. In this terminology Theorem 1.39 says that J4 is a free Abelian group,
generated by the non-zero prime ideals of A.

Let A be a Dedekind domain, « its field of fractions. We consider the homomor-
phism

0 ke — Ja, Y(a) = ().

The image (k) of ¥ is the group of principal fractional ideals. The quotient
T4 =T4/9(ks)

can be made into an Abelian group, called ideal class group of A (or k). For each
element a € J 4, the equivalence class [a] of all ideals equivalent to a is called an ideal
class. Here two elements a, b of J4 are said to be equivalent, in symbols a ~ b, if
they differ only by a factor which is a principal ideal, that is, if there is a (integral or
fractional) principal ideal (w) # (0) such that a = wb. In particular, all principal
ideals (# 0) are equivalent to each other. They form the principal class, which is the
unit element in I 4. The kernel Ker(¢) of ¥ is the set of all & € k. such that («) = (1),
so that it is the group of units of A. We have an exact sequence

1 — Ker(d) — #y 5 T4 — Iy — 1. (1.10)

A family of valuations S on a field x is said to satisfy the strong approximation
property if the following conditions hold:

(1) each valuation in S is discrete;

(2) forany = € k., v(z) = 0 except at most for finitely many valuations v € S
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(3) givenv,v’ € Sand N > 0, there exists z € x such thatv(z—1) > N,v'(z) > N
and w(x) > 0 for all w # v,v" in S.

Theorem 1.40. If A is a Dedekind domain with field of fractions k, then A can be
defined as the intersection of valuation rings for a family S of non-trivial inequivalent
valuations on k with the strong approximation property.

Proof. 1f the different maximal ideals of A are p;, p», ..., then we have
[[piica

for any o; > 0, with equality if and only if o; = O for all 7. Thus the p; generate
a free Abelian group Jy say. If some integral ideal is not in Jy, then because A is
Noetherian we can find an ideal a which is maximal among ideals not in Jy. We have
a C p; C A for some maximal ideal p;, hence a C ap;] C A. By the maximality
of a it follows that ap;” '€ Jpandso a = ap;lpi € Jp, which is a contradiction.
Thus J contains every integral ideal and hence every principal ideal, for if u = ab™!,
then aA,bA € Jy, hence also uA = (aA)(bA)~!. If g is any fractional ideal, then
there exists w € A — {0} such that wg C A, and hence f = wg € Jo; therefore
g= fw_l € Jo and this shows that Jy includes all fractional ideals.

Given a € K., the principal ideal a A is a fractional ideal and so we have a represen-
tation

ad = [[pord@. (1.11)

For each maximal ideal p, the function ordy(a) is a discrete valuation on x, where
we think ordy(0) = 4o00. Let S be the set of equivalence classes defined by these
valuations. We have just see that (1) holds and (2) follows because in (1.11) almost all
the ordy(a) vanish. To prove (3), take distinct maximal ideals p, q. Thenp +q = A,
hence (p + )V = A for any N > 0, and so

A:(p+q)2Ngp2N+p2N71q+.”+q2NgpN+qN.

It follows that we can write 1 = a + b, where a € p", b € ¢~ and a,b € A. Thus a
satisfies
ordy(a) > N, ordq(l —a) > N, a € A,

and so (3) holds. O

For every nonzero prime ideal p of A, the mapping ord, defined in (1.11) is called
the p-adic valuation. In fact, Theorem 1.40 exhibits a characterization of Dedekind
domains by means of valuations:

Proposition 1.41. Let A be an integral domain. Then A is a Dedekind domain if and
only if A satisfies the conditions:
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(a) there exists a family S of discrete normalized valuations of the field of quotients k
of A such that
A=) Oxu;

veS

(b) forevery x € Ky, the set {v € S | v(x) # 0} is finite;

(¢) every nonzero prime ideal of A is maximal.
Proof. See [215], Section 10.2, Theorem 2. O

By using Proposition 1.41, one can prove that if A is a Dedekind domain with the
field x of quotients of A, the following sets of rings coincide:

Q= {0y, | visdiscrete such that A C O, },
Q' = {4, |p #0, p prime ideal},

and
Q" = {0, | visanontrivial valuation of  such that A C O, , },

see [215], Section 10.1, (B).

Proposition 1.42. Let A be an integrally closed Noetherian domain. Then

A= ) A,

ht p=1
where the intersection is taken over all prime ideals of height 1.

Proof. See Matsumura [173], Theorem 38, p. 124. O

1.4 Polynomials

For further investigation we need the symmetric polynomial theorem from algebra,
which we formulate as follows:

Theorem 1.43. Let xy, ..., x, be n independent variables and let o1, . .. , o, be their
n elementary symmetric polynomials which are the coefficients of the polynomial in x:

(x =) (x—xp) = 2" — 12" F 022" 24 (=)0,

Then every symmetric polynomial S(xy,...,2,) in xy,...,2, can be represented
uniquely as a polynomial G of oy, ..., 0p:

S(x1y..yxn) =Go(xr, .oy &n), .oy on(Tr, .o x)).

The coefficients of G can be calculated from those of S entirely by the operations of
addition, subtraction, and multiplication.
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If the theorem is applied twice in succession, then we obtain: If y,...,y,, are
m additional independent variables and py, ..., p,, are their elementary symmetric
polynomials, and if S(x1,...,Zn; Y1, .., Ym) is a polynomial of the n+m arguments
which remains unchanged under each permutation of the x among themselves and
under each permutation of the y among themselves, then S can be represented as a
polynomial G of the oy, ...,0p, and py, ..., pm:

Sy T Yty Ym) = G(O1, oo, Tny Pl e Pm)-

The coefficients of G can be calculated from those of S entirely by the operations of
addition, subtraction, and multiplication.

The most important fact concerning polynomials over a field « is stated in the fol-
lowing theorem:

Theorem 1.44. Two nonzero polynomials f\(x) and f>(x) over k have a uniquely
determined greatest common divisor d(x), that is, there is a polynomial d(x) with
leading coefficient 1, such that d(z)|fi(z), d(z)|f2(z), and every polynomial which
divides f\(x) and f>(z), also divides d(z). Moreover, d(x) can be represented in the
form

d(x) = g1(z) fi(z) + g2(7) (), (1.12)

where g\ (x) and g2(z) are polynomials over k, and thus d(z) is also a polynomial
over K.

Proof. Among the polynomials
P(z) = wi(z) fi(z) + ua(2) f2(2),

where u (x) and uy () run through all polynomials over x, we consider such a poly-
nomial with leading coefficient 1 whose degree is as small as possible. Let d(z) be
such a polynomial and suppose that (1.12) holds. If d(z) is of degree 0, then it is = 1
and hence it divides f|(z) and f>(z). But even if it is of higher degree, it must divide
fi1(z), for let the remainder r(x) of fi(x) mod d(x) be determined

f] :qd+r7

that is,
r=fi—qgd=fi—qlgfi +9f) =0—-q9)fi — a9 f.

Thus this () also has the form P(z), while its degree (as a remainder mod d(z)) is
less than the degree of d(x). Consequently it cannot have coefficients different from
0, hence it is 0. Thus d(z)| fi(x); similarly we also have d(x)| f2(z).

However, by (1.12) each common divisor of fi(z) and f>(z) divides d(x). If a poly-
nomial dp(x) has the property stated in the first part of the theorem, then d(x)|do(x)
holds as well as dy(z)|d(x), consequently d(x) and dy(x) differ by only a constant
factor; since their leading coefficients are 1, do(z) = d(x). O
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We write (fi(z), f2(z)) = d(x) and call f;(x) and f,(x) relatively prime if d = 1.
We have immediately from Theorem 1.44:

Theorem 1.45. If a polynomial f(x), irreducible over k, has a common zero x = «
with a polynomial g(x) over k, then f(x) is a divisor of g(x) and hence all zeros of

f(x) are zeros of g(x).

Theorem 1.46. Let p be a prime. If for two rational integral polynomials f(x) and
g(x)
f(@)g(x) = 0 (mod p),

then either f(xz) = 0 (mod p) or g(x) = 0 (mod p) or both.

Proof. Suppose the theorem is false, i.e., neither f(z) nor g(z) is = 0 (mod p). Then
let all terms of f () and g(z) which are divisible by p be omitted and two nonvanishing
polynomials f(x), g(z) are obtained, all of whose coefficients are not divisible by p,
while at the same time

f(x) (mod p),

g(x) (mod p),

f(x)
g()

it follows that
f(x)g(z) =0 (mod p).

The highest-degree term in f(x)g(z) must be = 0 (mod p) on the one hand, on the
other hand however it is equal to the product of the highest terms of f(x) and g(z).
Since p is a prime and all terms of f(z) and g(x) are not divisible by p, such product
of such terms is also not divisible by p. Consequently the hypothesis is false, and the
theorem is proved. |

A rational integral polynomial is called primitive if its coefficients are relatively
prime. Then Theorem 1.46 obviously allows the following formulation:

Theorem 1.47 (Theorem of Gauss). The product of two primitive polynomials is
again a primitive polynomial.

We will need Hilbert’s Nullstellensatz:

Theorem 1.48. Take polynomials P, ..., P, and P in K[Xy,...,X,,], where K is
an algebraically closed field. If P vanishes at all the common zeros of Py,..., P,
then there exist polynomials Q1, . .., Q, in K[Xy, ..., X,,] such that

PSZQ1P1+"'+QTPT

holds for some natural number s.
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Proof. Van der Waerden [282] or Lang [152] or Atiyah—-Macdonald [2], p. 85 or
Zariski—Samuel [307], vol. 2, p. 164. O

Let v be a valuation of a field k. The first result concerns the extension of the
valuation v of « to a valuation w of x(z). Given a polynomial

f(x) =apna" + - + a1z + ag € K[z],

we usually write

deg(f) =n
when a,, # 0, and define
w(f) = min v(a;). (1.13)

It is clear that this reduces to v on x, and moreover satisfies

w(f +g) = min{w(f), w(g)};

further, the argument used to prove Gauss’ lemma shows that

w(fg) = w(f) +w(g),

cf. Lemma 4.17. Hence we obtain a valuation w on [z]; it extends in a unique way to
a valuation on (x), still denoted w, by the rule

w(L) =t - vt 19l (114)

The valuation thus defined is called the Gaussian extension or canonical extension of
v to k(x); its value group is the same as that of v. A polynomial f € k[x] is said to
be primitive (with respect to v) if w(f) = 0. Obviously, a product of two primitive
polynomials is again primitive. This is the analogue of Theorem 1.47.

Consider the canonical homomorphism

a€Ogyr—a€Fy(k)=04,/m.

For a polynomial

1

fz) =apnx" + ap_12"" + -+ ap € Oy plx],

we will write
f(@) = apa" + an 2" 4+ ag € Fy(r)[a],

which is said to be obtained from f by reduction modulo m. Any g € Oy ,[x] such
that g = f is called a lifting of f.

The field « is called Henselian for v when it satisfies the property: if f € O, ,[z] is
a primitive polynomial, if v, n € F,(k)[x] are relatively prime polynomials such that
~ is nonconstant and f = 7, then there exist polynomials ¢, h € Oy v[x] such that

g=1, h=n, deg(g) = deg(v), f = gh.
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Proposition 1.49. A field r is Henselian for a valuation v if and only if the following
property holds: if f € Oy, ,[z] is a primitive irreducible polynomial, then either f is a
constant or

deg(f) = deg(f), f=ay
where a € Fy(k), a # 0, s > 1, and v € Fy,(k)[x] is an irreducible monic polynomial.

Proof. See [215], Section 3.2. O

A basic fact on Henselian fields are the following Hensel’s lemma:

Lemma 1.50. If s is a complete field with respect to a valuation v, then it is Henselian
for v.

Proof. See [215], Section 3.2. O

1.5 Algebraic extension fields

Let  be a field. If « is a subfield of a field K, then we also say that K is an extension
field of k, which will be denoted by K /x. The field K can always be regarded as a
vector space over k. The dimension dim, K of K as an k-vector space is called the
degree of K over k. It will be denoted by

[K : k] = dim,, K.

If [K : k] < oo, K is called a finite extension of k, otherwise, an infinite extension of
k. The following proposition is a basic fact of extension fields:

Proposition 1.51. Let x be a field and F' C K extension fields of k. Then
[K : k] =K : F|[F : K]. (1.15)

If {zi}icr is a basis for F' over r and {y;}jcy is a basis for K over F, then
{7iy;} i jyerx.s is a basis for K over k.

Let s be a subfield of a field K. Take an element v in K. The field extension of
K, which is generated by «, will be denoted by (), that is, () is the smallest field
containing ~ and «. We denote the ring generated by « over x by [a]. It consists of
all elements of K that can be written as polynomials in a with coefficients in «:

a,” + - +aja+ag, a; € k. (1.16)

The field x(«) is isomorphic to the field of fractions of x[a]. Its elements are ratios
of elements of the form (1.16). The element « is said to be algebraic over k if it is
the root of some nonzero polynomial with coefficients in x, otherwise, transcendental
over k. The lowest degree irreducible monic polynomial P, with coefficients in x
such that P, («) = 0 is called the minimal polynomial of o over k. The degree of the
polynomial P, is also called the degree of o over k, which is determined as follows:
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Proposition 1.52. Let « be algebraic over k. Then k(«) = k[a), and k(«) is finite
over k. The degree k() : K| is equal to the degree of the minimal polynomial for «
over K.

Proof. Take 3 € k(«). Then there are two polynomials () and R satisfying

Then R(z) does not have the root o in common with the polynomial P,(z) belong-
ing to o which is irreducible over ; and hence R(x) is relatively prime to P, (x),
otherwise, P, (x)|R(z). Thus there are two polynomials S(z) and T'(x) over x such
that

P,(z)S(x) + R(x)T(x) =1,

and since P,(a) =0,

R@)T(@) =1, 5 =55 = Q)T(a) = f(o).
where f(z) = Q(x)T(x) is again a polynomial over . Finally, let g(x) be the re-
mainder of f(z) mod P,(x), which is also a polynomial over x of degree < n — 1,
where n = deg(P,). Then

f(@) = q(@)Pa(z) + g(z), fla)=g(a),
so that (3 is put into the form
B=g(a)=ap+aja+a® + -+ ap_1a" " (1.17)

If there are two polynomials g(x) and g, (z) over «, of degree at most n — 1, such
that g(«) = g1(«), then g(x) — g1 () is a polynomial over x with the root «, whose
degree is < n. Thus g(x) — g1 (z) = 0, that is, the coefficients of g(x) and g; (z) agree.
Obviously, 1, a,a?,...,a" ! are linearly independent over &, that is, [k(a) : K] =
n. ]

A field extension K of x is said to be an algebraic closure of r if all elements
of K are algebraic over x, and K is algebraically closed, that is, every polynomial
f(z) € K|xz] of positive degree has a root in K.

Proposition 1.53. Every field k has an algebraic closure.

Let K be an algebraic closure of a field x. Take o € K. The roots of the minimal
polynomial P, of « over , surely distinct from one another, are called the conjugates
of a with respect to .
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Proposition 1.54. If o, (§ are algebraic over k, then the same is true for o+ 3, o — 3,

af, and if B # 0, for a/ .

Proof. It oV, ... a(™ are the conjugates of o and (1), ..., 3™ are those of 3 with
respect to k, then the elementary symmetric polynomials of «, as well as those of 3,
are elements in x. The product

n

H(z) = H I1 {x — (a4 5(1‘))}

i=1j=1

as a symmetric function in the «, and in the (3, is then a polynomial over by reason
of the symmetric polynomial fundamental theorem, and o + 3 is to be found among
its roots, which accordingly is algebraic over x. This likewise follows for a« — 3 and
af.

If 3 # 0, let us set z = 1/y in the irreducible equation for 3 over x
2" 4+ b by, =0,
and let us multiply by 3™
by + by 4 by +1=0.

The polynomial then has the root 1//3, and this element is thus likewise algebraic over
r; consequently by what has gone before, the product «v/3 is also algebraic over k. O

Proposition 1.55. Let o be an algebraic element over k of degree n with conjugates
oM. .. o). Then every element 3 = g(o) € ko] is likewise an algebraic element
over Kk of degree at most n. The conjugates of [3 are the distinct elements among the
elements {g (a(i)) } Each conjugate of B appears equally often among {g (a(i)) }

Proof. We consider the product

flz) = ﬁ {m — g(a(i))}.

=1

The coefficients of this polynomial are integral rational combinations of al o,
o™ which are moreover symmetric in oM. a and whose coefficients belong
to k. Consequently, f(z) is a polynomial over « and thus every element g (a?) is
algebraic over k.

Further, if () is a polynomial, among whose roots just one of the elements Bl =
g (a(i)) occurs, then all 3() are roots of ¢(x). Namely the polynomial ¢(g(z)) over
% has a root = a¥) in common with the minimal polynomial P, (z) of o over &,
and hence it vanishes for all x = a(l), . ,a(”) since P, is irreducible; consequently,
() vanishes for each z = gV, ... 5",
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Moreover, if Pg(x) is the irreducible polynomial over x with leading coefficient 1
which has (3 as a root, then Pg(x) is a divisor of f(x). Let P3(z)? be the highest power
of Pg(x) dividing f(x). Now if f(z)/Ps(x)? were not constant, then it would have a
ﬂ(i), aroot of f, as a root; consequently, it would still be divisible by Pﬁ(x), contrary
to the assumption about ¢q. Hence for a certain integer ¢,

f(z) = Pg(x)?,

that is, the n elements
B = g(a(l)), i=1,2,...,n

represent all conjugates of 3; however they represent ¢ times for each conjugate of 3.
Thus £ has the degree n/q. O

We now modify the concept of the conjugate, keeping in mind the above proposi-
tion, by the following: if «v is an algebraic element over « of degree n with conjugates
oM, .. o™ andif 3 = g(a) € k[a] is an algebraic element over x of degree n/q,
then the system of n elements () = g (a(i)) (i = 1,2,...,n) will be called the
conjugates of (3 in k() with respect to k. These are the conjugates of § with respect
to K, each one taken ¢ times.

Proposition 1.56. Let o be an algebraic element over k of degree n. An element (3 in
k() belongs to k if and only if it is equal to its n conjugates in k(). An element [3 in
k() has degree n over k if and only if it is distinct from all its conjugates. The latter
condition is at the same time necessary and sufficient for the number 3 to generate the

field k().

Proposition 1.57. Each rational equation R(01, ..., Bm) = 0 between numbers (31,
.oy Bm in k(«) with coefficients in k remains true if 31, ..., By, are replaced by the
conjugates with the same index.

Proof. We can write R as the quotient of two polynomials P and )

P(zy,y...,xm)
R(xy,...,Tp) = —F/—————— 22,
) T Qe )
If we substitute for 3y, ..., G, in R their representations as polynomials in c,

Bi = gi(a) € k[a], i=1,2,...,m,

then Q(f1,. .., Bm) becomes a polynomial in «, which does not vanish for the value
. Consequently, it does not vanish for any of the conjugates "), ..., a(®) of o with
respect to k. However,

P(B1,...,Bm) = P(gi(),...,gm(a)) = 0.
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Hence this polynomial in & must vanish for all conjugates oV, ..., o™ ie.,

P(ﬂl(i),m,ﬁﬁ?) =P(91 (oz(”),...,gm(a("))) —0, i=12....n

and hence A A
R( f”,...,@ﬁ?) —0,i=1,2,....n

sinceQ( fi),..., 5?)#0. ]
In particular, it follows for each two elements (3, y in k()
() (2)
(0) 4 00) — © g6 — (gyy® B2 _ (B
g EAY = (B £y, B = (B7)", NG (7) ;

since, for example, for § = g(«) € k[a] and v = h(«a) € ko],

B = g(@)h(e) = r() € kla].
By the above theorem, from this one equation of «, the n equations
(o) (a) = r(al)
follows, that is, o '
B0 = (ﬂfy)(’), 1=1,2,...,n.

A field extension K of k is called an algebraic extension, or K is said to be alge-
braic over k, if all its elements are algebraic over x. One important case of a tower of
field extensions is that K is a given extension of x and « is an element of K. The field

k(a) is an intermediate field:
Kk C k(o) C K.

Thus, one has
[K : k] = [K : k(a)][k(a) : K]

Note that [x(«) : k] is the degree of « over & if « is algebraic, otherwise [k(«) : K] =
0o. Hence one shows the property:

Proposition 1.58. If K is a finite extension of k, then K is algebraic over k.

Let x be a subfield of K and let a,...,q, be elements of K. We denote by
k(ai,...,ap) the smallest subfield of K containing x and o, ..., ay,. Its elements
consists of all quotients

Plag,...,an)

Qlag,...,an)
where P, () are polynomials in n variables with coefficients in x, and Q(ay, ..., o)
# 0. We say that K is finitely generated over k if there is a finite family of elements
ap, ..., a, of K such that K = k(ay,. .., ap). We exhibit an example of such fields

as follows:
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Proposition 1.59. If K is a finite extension of k, then K is finitely generated over k.

Proposition 1.60. Let A be a ring. Then every algebraic element « in its field of
fractions k can be transformed into an integral element by multiplication by a suitable
nonzero element in A.

Proof. To prove this assume that

1

cor” +ciz" 4+ -+ epo1z+ep, =0

is an equation for o with coefficients in A and ¢y # 0. Then by multiplication by 087]
we obtain an equation of A-coefficients for y = cox with leading coefficient 1, which
has the root cpc. O

1.6 Separable extension fields

1.6.1 Separable algebraic extensions

Let K be an extension of a field x and let
o:k— L

be an embedding (i.e. an injective homomorphism) of x into a field L. Then ¢ induces
an isomorphism of x with its image o(x). An embedding 7 of K in L will be said
to be over o if the restriction of 7 to x is equal to 0. We also say that 7 extends o.
If K C L and if o is the identity, then an embedding 7 of K in L over o is called an
embedding of K over k. In particular, an embedding of K into itself over x usually is
called an automorphism of K over k.

Assume that L is algebraically closed. We analyze the extensions of ¢ to algebraic
extensions K of x. First of all, we consider the special case K = x(«), where « is
algebraic over x of degree n. Let P, be the minimal polynomial of o over . Let
o9 be a root of o(P,) in L. Given an element (3 of x(a) = x[a], we can write it in
the form 0 = g(«) with some polynomial g over  of degree < n — 1. We define an
extension of ¢ by the mapping

gla) — o(g) ().

This is in fact well defined, i.e. independent of the choice of polynomial g used to
express our element in k[c]. Indeed, if f(X) is in k[X] such that g(a) = f(«), then
(9 — f)(a) = 0, whence P,(X) divides g(X) — f(X). Hence o(P,)(X) divides
o(9)(X) — o(f)(X), and thus o (g) (V) = o(f) (). Itis clear that the mapping
is a homomorphism inducing o on x, and that it is an extension of o to k(). Hence
we get:
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Proposition 1.61. The number of possible extensions of o to k() is < the number of
roots of P,, and is equal to the number of distinct roots of P,,.

We are interested in extensions of ¢ to arbitrary algebraic extensions of x. By using
Zorn’s lemma, one can prove the following result:

Proposition 1.62. Let k be a field, K an algebraic extension of k, and o : k — L
an embedding of k into an algebraically closed field L. Then there exists an extension
of o to an embedding of K in L. If K is algebraically closed and L is algebraic over
o(k), then any such extension of o is an isomorphism of K onto L.

As a corollary, we have a certain uniqueness for an algebraic closure of a field .

Corollary 1.63. If L, L' are two algebraic closures of a field k, there is an isomor-
phism \ : L — L', which is the identity mapping on k.

Let K be an algebraic extension of a field x and let
oc:k— 1L

be an embedding of x into an algebraically closed field L. Let S, be the set of exten-
sions of o to an embedding of K in L. Assume that L is algebraic over o (k), hence is
equal to an algebraic closure of o (). Let L’ be another algebraically closed field, and
let 7 : K — L’ be an embedding. Let S; be the set of embeddings of K in L’ extend-
ing 7. We also assume that L’ is an algebraic closure of 7(r). By Proposition 1.62,
there exists an isomorphism A\ : L — L’ extending the mapping 7 o o~ ! applied to
the field o(k). If o™ € S, is an extension of o to an embedding of K in L, then Ao o™
is an extension of 7 to an embedding of K in L', because for the restriction to x we
have

Aoog*=7100 loog=r1

Thus A induces a mapping from S, into .S-. It is clear that the inverse mapping is
induced by A~!, and hence that S,,;, S; are in bijection under the mapping o* — loo*.
In particular, the cardinality of S,;, S; are the same. Thus this cardinality depends only
on the extension K/k, and will be denoted by [K : k]s. We shall call it the separable
degree of K over k. A basic fact is listed as follows:

Proposition 1.64. Let x be a field and F' C K be algebraic extensions of k. Then
[K : k]s = [K : F]s[F : K]s.
Furthermore, if K is finite over k, then [K : ks is finite and divides K : k].

Let x be a field and let f be a polynomial over « of degree > 1. By a splitting field
K of f we shall mean an extension K of x such that f splits into linear factors in K,
ie.

fl@) =clx —a)---(z - an)
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with a; € K, 1 = 1,...,n, and such that
K =k(ar,...,ap)

is generated by all roots of f. A splitting field of a polynomial f over « is unique in
the sense of isomorphism:

Proposition 1.65. Let K be a splitting field of a polynomial f over k. If F' is another
splitting field of f, there is an isomorphism o : F — K, which is the identity mapping
on k. If Kk C K C R, where R is an algebraic closure of k, then any embedding of F'
in % inducing the identity on k must be an isomorphism of F' onto K.

Let I be a set of indices and let { f; };c; be a family of polynomials over « of degrees
> 1. By a splitting field for this family we shall mean an extension K of s such
that every f; splits into linear factors in K, and K is generated by total roots of the
polynomials f;, ¢ € I. Let k be an algebraic closure of «, and let K; be a splitting
field of f; in K. Then the smallest subfield of % containing all fields K;, i € [ is a
splitting field for the family { f; }ics.

Corollary 1.66. Letr K be a splitting field for the family {f;}icr. If F is another
splitting field for { f; }ic1, any embedding of F into % inducing the identity on k gives
an isomorphism of F onto K.

The following result gives characteristic conditions that an algebraic extension of x
is a splitting field of a family of polynomials over x.

Theorem 1.67 (cf. [146]). Let K be an algebraic extension of k, contained in an al-
gebraic closure K of k. Then the following conditions are equivalent:

(1) K is the splitting field of a family of polynomials over k.
(2) Every embedding o of K in K over k is an automorphism of K.

(3) Every irreducible polynomial over k which has a root in K splits into linear fac-
tors in K.

An extension K of « satisfying one of the hypotheses (1)—(3) in Theorem 1.67
will be said to be normal. If K is an algebraic extension of k, then there exists a
smallest normal extension £ of x containing K. The field I can be given by taking
the intersection of all normal extensions of x containing k.

Let x be a field, and 0 # f(x) € k[z]. If f(x) has no multiple root in an algebraic
closure % of k, then f is called a separable polynomial. Let K be an extension of x,
and let o € K be algebraic over . If the minimal polynomial of « over & is separable,
then « is called a separable algebraic element over k, otherwise, « is inseparable over
r. If an inseparable element over « exists, then char(x) # 0, where char(x) denotes
the characteristic of . We see that the separable condition is equivalent to saying that
[k(a) : k]s = [k(a) : K] according to the following criterion:
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Proposition 1.68. Let K be an algebraic closure of k. Take o € K and let P, be the
minimal polynomial of a over k. If char(k) = 0, then all roots of P, have multiplicity
1 (P, is separable). If char(k) = p > O, then there exists an integer y > 0 such that
every root of P, has multiplicity p*. We have

Moo,
and o is separable over k.

If all elements in K are separable algebraic over x, then K is called a separable
algebraic extension of k. An algebraic extension K of x is said to be purely insepa-
rable if every element in K — & is inseparable over k. If K/k is purely inseparable
of finite degree, then [K : k] is a power of the characteristic p of . If K is separable
over k, we can choose a smallest normal extension E of « containing K such that E is
separable over . One has the following condition determining a separable algebraic
extension:

Proposition 1.69. Let K be a finite extension of a field k. Then K is separable over
kifand only if [K : k|s = [K : K].

Let K be an extension of a field x. If a € K is a separable algebraic element over
Kk, then k[a] is a separable algebraic extension of k. Further, if K is generated by a
family of separable algebraic elements {«; };e; over k, then K is separable over k.
Then one has the theorem of the primitive element:

Theorem 1.70. Let K be a finite extension of a field k. There exists an element o € K
such that K = k(«) if and only if there exists only a finite number of fields F such that
k C F C K. If K is separable over k, then there exists such an element c.

Proof. Zariski and Samuel [307], Ch. II, Theorem 19, p. 84. |

Let K be any algebraic extension field of x, and let S be the set of all elements of
K which are separable over . Clearly, S is a field and S/ is a separable extension.
Then K /S is a purely inseparable extension.

A field k of characteristic p > 0 is called perfect if {zP | x € K} = k. Every field
of characteristic zero is also called perfect. It is well known that if x is perfect, every
algebraic extension of x is separable and perfect (cf. [146]). If K is an extension field
of xk which is not algebraic, the franscendence degree of K/ is the maximum number
of elements of K that are algebraically independent over x. A subset S of K which is
algebraically independent over « and is maximal with respect to the inclusion ordering
will be called a transcendence base of K over k. If K is a finitely generated extension
of K, K = kr(x), it is said to be separably generated if we can find a transcendence
base ¢ = (ti,...,t,) of K/k such that K is separably algebraic over x(¢). Such a
transcendence base is said to be a separating transcendence base for K over k.
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Proposition 1.71 (cf. [33]). Let x be a perfect field and K an extension of k of tran-
scendence degree 1. Then there exists x € K such that K/k(x) is a separable exten-
sion. The element x is called a separating element of the extension.

Let x be a field and let G be a group of automorphisms of . Let F'(G) be the set of
invariants of G, namely,

F(G)={z|z €k, o(x)=xforalloc € G}.

Then the set F'(G) is a subfield of x, which is called the invariant field of G, or the
fixed field of G. Let K be an algebraic extension of  and let G/, be the group of
automorphisms of K over x. The field K is called a Galois extension of k if K is a
normal separable extension of . If K is a Galois extension of &, then G'i Ik is called
the Galois group of K over k. For the convenience of the reader, we shall now state
the main theorem of Galois theory for finite Galois extensions.

Theorem 1.72 (cf. [187]). Let K be a finite Galois extension of k. Then we have
(1) Let E be an intermediate field between K and k, namely k C E C K. Then

(a) K is a Galois extension of E. Gk is a subgroup of G /..
(B) The order of the group G is [K : EJ.
(v) The invariant field F (G /g) of G /g is E.

(2) Let H be a subgroup of Gk ... Then

(0) The invariant field F(H) is an intermediate field between K and k.
(e) The order of H is [K : F(H)].
(¢) The Galois group Gk pmr) = H.

Therefore, there is a bijective mapping between the set of subfields E of K containing
K, and the set of subgroups H of G, given by ' = F(H) (resp., H = Gk/i)- The
E is Galois over k if and only if H is normal in G, and if that is the case, then the
mapping o — o|E induces an isomorphism of GK/N/H onto the Galois group G/,
of E over k.

1.6.2 Ramification indices

The following theorem shows an important reason for considering Dedekind domains
rather than some other kinds of integral domains.

Theorem 1.73. Let A be a Dedekind domain with quotient field k and let K be a finite
dimensional extension field of k. Then the integral closure of A in K is a Dedekind
domain.

Proof. See G.J. Janusz [119], Theorem 6.1, or P. M. Cohn [33], Chapter 2, Theorem
5.1 O
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Let A C B be Dedekind domains with quotient fields x and K respectively. Let p
be a nonzero prime ideal of A. Then Bp is an ideal of B and it has a factorization

Bp =B - By, (1.18)

in which B, ..., B, are distinct prime ideals of B and ey, . .. , ¢, are positive integers.
Since p C B; and p is a maximal ideal of A, then ; N A = p for each 7. Thus the
integer ¢; is completely determined by ‘;.

If A C B are Dedekind domains and 3 is a nonzero prime ideal of B and p = AN,
then the ramification index of 3 over A is the power of ‘B that appears in the prime
factorization of Bp. We write the ramification index as either eqz/4 or eg/,. We say
B is ramified over A if either the ramification index eg 4 is greater than 1 or the field
B/ is not separable over A/p, unramified otherwise.

We say the prime ideal p is ramified in B if By is divisible by some ramified prime
ideal of B, unramified otherwise. The extension K/ itself is called unramified if all
prime ideals p of A are unramified in B.

Exercise 1.74. If A C B C C are Dedekind domains and ‘B is a nonzero prime ideal
of C, then one has the multiplicative property of the ramification indices

Ep/A = €p/BEPNB/A-

If P is a nonzero prime ideal of B with A NP = p, then B/P is a field containing
an isomorphic copy of A/p, which is also a field. The following property can be used
to ensure that B/ is finite dimensional over A/p.

Proposition 1.75. Let A C B be Dedekind domains with quotient fields r and K
respectively and let 2 be an ideal of B such that A N2 = p is a nonzero prime ideal
of A. Then B/ is a vector space over A/p and the dimension satisfy the inequality

[B/A: A/p] < [K : K]
Proof. See G.J. Janusz [119], Lemma 6.5. O

Let A C B be Dedekind domains, 8 a nonzero prime ideal of B and p = A N‘B.
The dimension [B/B : A/p] is called the relative degree (or inertial degree) of B
over p. We will sometimes write either fo/,, or fo/4 for this relative degree. If 9B is
ramified over A with fy3/, = 1, then P also is said to be totally ramified over A.

Exercise 1.76. If A C B C C are Dedekind domains and *B3 is a nonzero prime ideal
of C, then one has the multiplicative property of the relative degrees

fyp/a = fp/BfpnB)/a-

In the next theorem we make a connection between the ramification indices, relative
degrees and the dimensions of the quotient fields of a pair of Dedekind domains.
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Theorem 1.77. Let A C B be Dedekind domains with B integral over A and p a
nonzero prime ideal of A. Let Bp have the factorization given in Equation (1.18) and

let fi = fop,/a- Then
(@)
g
Z = [B/Bp : A/p].

(ii) If k and K are the quotient fields of A and B respectively and the dimension

[K : K| is finite, then
g

Zeifi S [K : K].

i=1
In particular, if K is separable, the equality holds.
(iii) If (A — p)~' B is finitely generated as a module over Ay, then

g
Z e fi =
i=1
Proof. See G. J. Janusz [119], Theorem 6.6, Corollary 6.7 in Chapter I. |

Theorem 1.78. Let A be a Dedekind domain with quotient field x and let B be the
integral closure of A in a finite dimensional Galois extension K of k. For a nonzero
prime ideal p of A, the ideal Bp has the factorization

Bp =P Py, (1.19)
in which By, ..., By are distinct prime ideals of B. All relative degrees fy, /4 are
equal (to f say) and we have

efg=[K : k]

Moreover the action of Galois group Gk, transitively permutes the prime ideals B;
of B containing p.

Proof. See G.J. Janusz [119], Theorem 6.8 in Chapter L. a

1.7 Norm and trace

Let K be a finite field extension of a field k. Take o« € K. Then « induces a x-linear

mapping
A, K— K

defined by A, (z) = ax. Let {wy,...,w,} be abase of K over x. Write

A = qw; = E ajjw;.
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The characteristic polynomial
Xao(z) = det(z] — Ay)

of the matrix form A, = (a;;) of A, is called the field polynomial of «.. The field
polynomial y,, is independent of the base {wy, ..., w,} selected for K over k. Obvi-
ously, « is a root of its field polynomial.

Lemma 1.79. Let K be a finite field extension of a field F' which is a finite field ex-
tension of k, and o« € F. Let the field polynomial of o as an element of K be x (),
the field polynomial of o as an element of F be G(x), and the minimal polynomial of
a over k be P, (x). Then we have

(A) K = r(a) ifand only if xo(2) = Pa(z).

(B) xa() = G(a)lFF.

Proof. (A) Since « is a root of x4, therefore we have P, (z) | xo(z). Since their
degrees are equal, and both are monic polynomials, then they must be equal.

(B) Let [F': k] = s. Let {uy,...,us} be a basis for F over k, and {vy, ..., v} be
a basis for K over F'. Let K; be the following subspace

s
K, =& U;ViK.
J=1

Then we have

m

i=1
Each Kj is an invariant subspace of A, with the characteristic polynomial of the re-
striction of A, to K; equaling G/(z). Therefore, we have o (z) = G(z)F], O

Let P, € k[z] be the minimal polynomial of « over . Let x,, be the field polyno-
mial of a. Then one has

Xa(0) = (71)[K:n] det(A,) = Pa(O)[K:”(O‘)]7

and hence

K:r(a)] (K]

det(Aq) = {(—l)dPa(O)}[ - {(71)dpa(o)} o

where d = deg(P,) = [r(a) : k]. We will denote the element of x by N/, (),
called the norm of o over k. Define the trace Tr () of a over & as trace(A,) =
> aj;. In other words, in the following field polynomial x,, of «, we have

Xo(z) =2" — ’I‘I‘K/,ﬁ(()z)acnf1 + 4+ (= 1)"Ngyp(a),
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where n = [K : k|. The norm of K over x
Ng/w: K — K
is a multiplicative homomorphism of K, into k., namely
Ng/x(aB) = Ng/u(@)Ng/o(B) € ks, a,B € K.

The trace of K over k
Trg/: K — k&

determines a x-linear mapping of K to x, namely, for o, 3 € K, a € &,
Tri ). (a+ B8) = Trr).(a) + Trg ). (8), Trg).(aa) = aTrg(a).
When a € &, the following formulas
Tri/e(a) = [K : ko, Ngje(a) = ol (1.20)

are trivial. By Lemma 1.79, if K is a finite field extension of a field F' which is a finite
field extension of x, and o € F, then we have

’I‘I'K/N(O‘) = [K : FTFI'F/K(O‘)’ NK/.‘-@(O‘) = NF/K(O‘)[K:F]‘ (1.21)

Let K be a finite extension of a field x. Let [K : k]s = r, and let

P = [K : K]
K : K]s
if the characteristic of x is p > 0, and 1 otherwise. Let ¥ be an algebraic closure of x
and let oy, ..., 0, be the distinct embeddings of K in k. Then for a € K, one has
T T
Niula) =[] oi (@), Trgula)=p*> oie). (1.22)
i=1 1=1

When K = k(«), it is easy to show that (1.22) holds by using Proposition 1.61.
Generally, the mappings of K into « defined by (1.22) are transitive, in other words, if
we have three fields K C F' C K, then (cf. [146])

Trr)oTrg/p = Tri/e, NpjwoNg/p=Ngy,. (1.23)
Thus (1.22) follows from (1.21) and (1.23) applied to F' = k(a).

Theorem 1.80. Let K be a finite separable extension of a field r. Then Trg, :
K — K is a non-zero functional. The mapping (z,y) — Trg . (zy) of KX K — K
is bilinear, and identifies K with its dual space.
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Proof. Trivially, Try .. : K — £ is a non-zero functional. For each z € K, the

mapping
Try/ee: K — K

such that Tr /. ,(y) = Trg /. (zy) is obviously a x-linear mapping, and the mapping
L= ’I‘rK/K,ZE

is a k-homomorphism of K into its dual space K*. If Trg/, , is the zero mapping,
then Trg,.(zK) = 0. If  # 0 then K = K. Hence the kernel of z — Trg,, , is
0. Hence we get an injective homomorphism of K into K*. Since these spaces have

the same finite dimension, it follows that we get an isomorphism. O
Let wy, ..., wy be abasis of K over k. Then Trrc/ s - - - s TT /40 00, 1S @ basis of
K*. Thus we can find vy, ..., v, € K to satisfy

Try . (wivj) = dij,

where 9;; = 1 if ¢ = j, otherwise d;; = 0. Obviously, vy, ..., v, forms a basis of K
OVEr K.

Proposition 1.81. Let A be an integrally closed domain, k its field of fractions, K a
finite separable algebraic extension of k, B the integral closure of A in K. Then there
exists a basis vy, . .., v, of K over k such that B C Z;’L:I Av;.

Proof. By Proposition 1.60, given any basis of K over x we may multiply the basis
elements by suitable elements of A to get a basis wy, ..., w, such that each w; €
B. Since K/k is separable, the bilinear form (x,y) +— Trg/.(zy) on K is non-
degenerate, and hence we have a dual basis vy,...,v, of K over k, defined by
'I‘I‘K/H(’LU,"UJ‘) = (5,] Letx € B, say

x =z + 2202 + -+ Tpvy (2 € K).

We have xw; € B since w; € B, and therefore ’I‘I'K/H(xwi) € A. But,

Trr/w(vw;) = Z Try ) (vjwivs) = ijr:[‘rl(/n(wivj) =z,
=1 =1

hence x; € A. Consequently, Proposition 1.81 is proved. o

Let A be a Dedekind domain with quotient field «, B be the integral closure of A in
a finite dimensional separable field extension K of . If « € B, then N /K(oz) € A
We see this by considering the minimum and field polynomials of . The minimum
polynomial of « has coefficients in A and the field polynomial is a power of the min-
imum polynomial. Then +N/, () is the constant term of the field polynomial, so
NK/H(Q) e A
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Let B be an ideal of B. The norm of B is the ideal of A generated by all elements
N /(o) with o € B; that is,

Ni/u(B) = > ANg . (a (1.24)
acB

One has the following simple property
Ng/w(Ba) = ANg/ (), a € B. (1.25)

In fact, since
1 € B, NK/K(I) =1e NK/K(B) =A,
then

Ng/u(Ba) = Y ANgj.(va) =Y ANg)(2)Ng/.(a)
reB zeB

= Ng/u(B)Ngys(a) = ANg/.(a).
If S is a multiplicatively closed subset of A and ‘B an ideal of B, then
STINg/(B) = Ng /o (S7'9B). (1.26)
In fact, any element of S~!'B has the form b/s with b € B and s € S. Then
NK/n(b/s) = NK/n(b)/S[KmL

It follows that N/, (S™'8) C SNy, (B). Conversely, the ideal S~'Ny,.(B)
is generated over S~! A by elements N ;- /(@) with @ € 8. All such elements are in
N /,.(S7!9B), so the other inclusion also holds.

Proposition 1.82. For ideals A and B of B, one has

Proof. For a maximal ideal p of A let S = A — p. Then A, = S™'A is a discrete
valuation ring and S~! B is a Dedekind domain with only finite number of maximal
ideals, namely those corresponding to the ideals of B that contain p. Hence S~' B isa
principal ideal domain. Then

(S7'B) =S =(S"'B)a, (ST'B)B=5""'8=(5"'B)
for some a,b € S~' B, and so
STINg/(AB) = Ng/((S7'%) - (S7'8)) = Ng/u((S™'B)a - (S7'B)b)
= Ng/,((S7'B)ab) = (S7'B)Ng/,(ab)
= Ng/w(9 "Nk (S7'8) = 57 (Ng /(AN g/ (B)).

This holds for every maximal ideal p so the claim is proved. O
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Since each fractional ideal can be written as the quotient of two integral ideals, we
may extend the definition (1.24) to fractional ideals by

o §)- R

Obviously, the formula (1.27) is true for fractional ideals.

Proposition 1.83. For each prime ideal 3 of B there is exactly one prime ideal p of
A which is divisible by 3. Then

NK/H(%) = pfm/p .

Proof. Tf N /K(‘,B) is decomposed into its prime factors, then by Theorem 1.39, 3
must divide at least one of these prime ideals of A. If P8 were to divide two distinct
prime ideals py, p; of A, then it would also have to be a divisor of (1, p2) = 1, which,
however, cannot be the case. Thus there exists exactly one prime ideal p of A which is
divisible by 3. If the decomposition of p into prime ideals of B is

p =Pz Ps,
then it follows that
Ng/w(PB1)Ng/e(B2) - Niyu(PBs) = Ngyu(p) = p™.

Each factor on the left is an ideal of A and by this equation each factor must be a power
of p. Therefore

N/ (Bi) = p/rarv. O

For the proof, see Gerald J. Janusz [119], Proposition 8.2.

1.8 Discriminant of field extensions

In this section, discriminants of field extensions will be defined. Mainly, we will show
an important formula of discriminants on a tower of field extensions.

Let x be a field, and let K be a finite field extension of x with a basis {wy, ..., wy, }.
Then the discriminant Dic;,.(wi, .. ., wy) of the basis {wy, ..., wy,} is defined as
DK/K(wl,...,wn) :det(TTK/H(wiwj)). (1.28)
Let {w], ..., w,,} be another basis of K over k. Set

n
/ z :

w; = b,-kwk.
k=1
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Then we have
DK/n(w/la cee 3w7/”L) = det (’I‘I‘K/n(w;w;))

= det (Z bikblerK/n(wkwl)>

ol
= {det(bs)}* det(Tr g/ (wywr)),

that is
Die/(wh, ... wh) = {det(bix) }* D/ (wr, . .., wp). (1.29)
Let K be a finite separable algebraic extension of «, of degree n. Let oy, ..., 0, be
the distinct embeddings of K in K over x, where & is an algebraic closure of «. Then
the discriminant of a basis {wy, ..., w,} of K over k satisfies
Di/(wi, ... wy) = {det(oi(w;))}. (1.30)

In fact, by (1.22), we have

3
3
3
3

ﬂK/n(wiwj) = om(wiw;) = O (Wi)om (w5),
m=1 m=1

which means
(Trg /e (wiw;)) = *((oi(wy)) ((o3(wy)),

and hence the claim follows.

Theorem 1.84. Ler K be a finite extension of k, and {wy, ..., w,} a basis of K over
K. Then DK/N(wl, ... wy) # 0ifand only if K is a separable algebraic extension of
K.

Proof. (=) Let n}q( be a separable closure of « in K. If n}q( = K, then K is separable
algebraic over x, and we are done. Otherwise, nf( # K, K is purely inseparable over
/@f{, and
K : k3] =p", r>1.

Let o be any element in K. We claim that Tr g/, (o) = 0, and s0 D, (wi, . .., wy)
= 0. We distinguish two cases, (i) « € /@f(, (i) a & mf(.

Case (i). Let the field polynomial of « as an element in mf( (resp. K) be G(x) (resp.
Xa()), and write

G(x) = 2™ 4+ ajz™ !

+ . + am‘
It follows from Lemma 1.79, that
Xa(®) = G(@)P" = 2™ + 02" "' 4 ...

Therefore, Trg /. (a) = 0.
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Case (ii). There is an integer [ > 1 such that the minimal polynomial P, (x) of «
over k is in m[x”l}. It follows from Lemma 1.79 that the field polynomial x.(x) of «
as an element in K is of the following form

Xa(z) = Py(2)® € n[xpl].

Therefore, Try /. (a) = 0.

(<) Since K is a finite separable algebraic extension of k, then there exists an
element o € K such that K = x[a]. Let us take {1,,a?,...,a" '} as a basis of K
over k. Let K be an algebraic closure of K, and P, () be the minimal polynomial of
a over k. Note that the filed polynomial of «v is P, (). Let P, () be split completely
in K as follows

n
Pa(@) = [[(5— as), a1 =0, ai#ay (i # ).
i=1
Then we have
rI‘I'K/K ZOQ.
Further, we claim

rI‘I‘K/K aj ZO&A.

Let the splitting field of P, () in K be E which is a Galois extension of x with Galois

group G- In the collection {a{,ag, .. ,a%}, some elements may be identical.
It is easy to see that each element appears with the same multiplicities. Picking all
distinct elements from it to form a set {/3,..., G, }. Then we have that m | n, and

the polynomial ()(x) defined as

Q(z) =[] - 5)

i=1

is the minimal polynomial of o/ over . Then we have

Tryai)/ (@ Z Bi,

rI‘rK/n aj Zﬁz Za{
i=1
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Therefore, the discriminant is related the van der Monde determinant as follows:

n Zal Za?‘_l
poy_| Sa Sai o Sal
b

DK/K(I,OC, e

and hence the theorem is proved. |
In the proof of Theorem 1.84, since the derivative of P, at «; is easily computed to
be
Pl(a) = [ (i — o),
J#i
it follows that

n—l) _ (_l)n(n—l)/z ﬁP(; (i),

i=1

Dg/(l,a,...

and hence
Dise(lia,. .0 ) = (=)' DPN g (P (o)) (1.31)

which is just the discriminant of the element .

Recall that a symmetric bilinear form (,) : K x K — &k is nondegenerate if
(K,z) = 0 implies = 0. Theorem 1.84 immediately yields the following result (or
cf. Gerald J. Janusz [119], Theorem 5.2):

Theorem 1.85. The finite dimensional field extension K of k is separable if and only
if the symmetric bilinear form (x,y) = Try .. (vy) from K x K to k is nondegenerate.

1.9 Absolute values on fields

1.9.1 Absolute values

Definition 1.86. An absolute value on a field « is a function | - | : kK — R that
satisfies the following conditions:

(1) |z| = 0ifand only if z = 0;
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Q@) oyl = |z|ly| forall z,y €

A3) |z +y| <l|z|+ |y| forall z,y € k.

If instead of (3) the absolute value satisfies the stronger condition
@ |z +y| <max{|z|,|y|} forall z,y € &,

then the absolute value is called ultrametric or non-Archimedean. Otherwise, it is
called Archimedean. The absolute value | - | is said to be trivial if

1, x € Ry,
|z =
0, z=0.
An absolute value | - | on a field ~ induces a distance function d defined by

d(.%',y) = |.’L' 7y|7

for any two elements x,y € k, and hence induces a topology on x. A field x with an
absolute value is said to be complete if every Cauchy sequence in x has a limit in s
under the induced topology. Two absolute values on a field x are said to be equivalent
(or dependent) if they induce the same topology (i.e., the same sets of convergent
sequences) on x. We have the following more accessible criterion:

Lemma 1.87. Let | - | and | - | be absolute values on a field k. The following state-
ments are equivalent:

@) || and |- |2 are equivalent absolute values;
(ii) |z|; < lifand only if |x|y < 1 for any x € k;

(iii) there exists a positive real number o such that for each x € k, one has x| = |z|5.
Proof. See [33], Theorem 2.1 in Chapter 1; or [77], [215]. O

Inequivalent absolute values satisfy a rather strong independence property showed
by the following fundamental approximation theorem of Mabhler, reminiscent of the
Chinese Remainder Theorem.

Theorem 1.88. Let |- |i,..., ||, be non-trivial absolute values on a field  which are
pairwise inequivalent. Then any r-tuple over k can be simultaneously approximated;
thus for any oy, ..., € k and € > 0 there exists o € k such that

oo — ] <e, i=1,...,m (1.32)

Proof. See [33], Theorem 2.3 in Chapter 1, or [215], Theorem 2 in Section 1.4. O

Let p € Z* be a prime number and let ord,, be the p-adic valuation on Q. The

function

‘x‘p _ pfordp(az)
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of z € Q is a non-Archimedean absolute value on Q, called the p-adic absolute
value, which was first introduced by Hensel in 1904. Let | - | denote the ordinary
Archimedean absolute value on Q. These absolute values are related by the product
formula

IT 1zl =1, z €., (1.33)

UE]\/[@
where
Mg = {oo} U {primes}.

Further, we have Ostrowski’s first theorem:

Theorem 1.89 (Ostrowski [211]). Let | - | be a non-trivial absolute value on Q. If | - |
is Archimedean, then there exists o with 0 < o« < 1 such that
lz| = |z|%, = € Q.
If | - | is non-Archimedean, then there exist a prime p and real 3 > 0 such that
|z| = \x\g, z € Q.
Proof. See [232]; or [33], Theorem 3.4 and Proposition 4.3 in Chapter 1. O

According to Lemma 1.87 and Theorem 1.89, the set Mg is one-to-one with the set
of equivalence classes of all absolute values in Q.

Let « be a field with an absolute value | - |. A field & with an absolute value | - |4 is
said to be a completion of k when the following properties are satisfied:

(I) ~kisasubfield of &, | - | is the restriction of | - |5 to x;
@) & is complete;
(III) Each elements of & is the limit of a Cauchy sequence of elements in .

A basic fact is that the field x has a completion 4. If K is any other completion of x,
there exists a k-isomorphism ¢ : K — &, i.e., ¢ leaves invariant every element of s
and
[p(@)|n = ||~ z € R

The completion of QQ with the usual absolute value is R. According to the standard
theory in p-adic analysis, the completion of Q relative to the topology induced by the
p-adic absolute value |- |, is just the field Q,, of p-adic numbers, and the absolute value
| - |, on Q extends to a non-Archimedean absolute value on QQ,,, which is also denoted
by |- |,. The set of values of Q and Q,, under |- |,, is the same, which is equal to the set

" |neZ;U{0}.
In particular, the valuation ring of p-adic valuation ord,,
Zp = OQp,ordp

is both open and closed, which is called the ring of p-adic integers.
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It is possible to determine all fields which are complete under an Archimedean ab-
solute value: the only cases are R and C, which is just contents of the Ostrowski’s
second theorem:

Theorem 1.90. Ler x be a field with an Archimedean absolute value | - | for which it
is complete. Then there exists a real number o with 0 < o« < 1, and an isomorphism
@ from r onto R or C such that

«

[z = [p(2)[S, = € k.

Proof. See [33], Theorem 3.5 in Chapter 1, or [215], Section 1.6. O

1.9.2 Extensions of absolute values

Definition 1.91. Let V' be a vector space over a field x and let | - | be a non-trivial
absolute value on x. A function f : V' — R is called a norm or distance function on
V' (compatible with the absolute value of &) if it satisfies the following conditions:

(o) f(x) =0if and only if x = 0;
(B) f(ax) =la|f(x) foralla € k and all x € V;
(V) f(x+y) < f(x)+ f(y) forallx,y € V.

A vector space V' with a norm is called a normed vector space over k.

Let V be a normed vector space. Then any norm f induces a metric d as follows

d(x,y) = f(x—y),

which makes V' a topological space. Two norms f; and f, on V are said to be equiva-
lent if there are positive real numbers ¢; and ¢, such that

afi < h<afi.

Equivalently, they define the same topology on V' (i.e., a set is open with respect to
one norm if and only if it is open with respect to the other).

Proposition 1.92. IfV is a finite-dimensional and if k is complete under a non-trivial
absolute value, then any two norms on V are equivalent, and V' is complete with
respect to the metric induced by any norm.

Proof. Fix abasis {eq,...,e,} of V. Any vector x in V' can then be written (uniquely)
in the form
X =x1€] + T2 + -+ Tpep

with x; € k. We can define a norm on V' by putting

£(x) = max [
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To prove that V' is complete in the norm f, let
. n -
xU) = Z :vS-J e
i=1

be a Cauchy sequence. Then x() — x() — 0 and so |xl(.j) — xl(.l)] — 0as j,l — oo,

(7)

fori = 1,...,n. Hence z;
X = wie;; then

converges to x; say, by the completeness of x. Write

() _ «) — @ ..
Fe) =) = max [o? — | =0,
hence x1/) — x and this shows V' to be complete.
If g is any other norm on V', we have to show that this defines the same topology as
the norm f. Given x = > z;¢; € V, we have

9(x) < max ] Zg i) = 2 f (%)
for some ¢, > 0 independent of x, so the norm f is finer than the g-topology (i.e.
f(x9)) — 0 implies g(x4)) — 0).

The converse implication takes a lot more proving. We will do it by induction on
the dimension of V, noting first that the converse implication is trivial true for spaces
of dimension 1. By combining the above proof, this shows that the proposition is true
for the case of dimension 1. Thus, we only need to prove the induction step: assume
that the proposition is true for spaces of dimension n — 1, and show that it is then also
true for spaces of dimension n. Let V, then, be a space of dimension n. To prove
the proposition, according to the above arguments, it is enough to show the converse
implication of the topologies.

Suppose that {X(j)} is a sequence such that g(x(j)) — 0 but f(x(j)) —+ 0, so for

some i, say 1 = 1, x%j)‘ - 0. By passing to a subsequence we may assume that

|:c§j)| > ¢ for some ¢ > 0 and all j. Put

0 = w02 = 30
i=1

then A ‘ ‘
yf]) =1, g(y(J)) < 6719(X(J)) — 0,

n .
Z yz‘(])@i — —€
i=2

in the g-topology. Let W be the subspace spanned by ey,...,e,; it is (n — 1)-
dimensional and so by the induction hypothesis has a unique topology and is com-
plete, hence closed. Therefore W contains e, which is a contradiction; it follows that
£ (xU)) — 0 and the g-topology is just the f-topology. O

thus
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Let K be an extension of a field k. We will consider extensions of absolute values
on x to K. An absolute value | - || of K is said to be an extension of an absolute value
| - | of K if |z|; = |z| for each = € k.

Theorem 1.93. Let k be a complete field induced by an absolute value. Then any
algebraic extension K of k has at most one extension of the absolute value and it is
complete for the induced topology.

Proof. Let |- | and | - |, be two absolute values on K that extend the absolute value
| - | of k. We have to show that |a|; = |af; for all @ € K, so on replacing K by
k() we may take K to be of finite degree over . By Proposition 1.92, both absolute
values determine the same topology and K is complete in this topology. Hence | - |;
and | - |, also are two equivalent absolute values. Thus, there exists a positive real
number « such that for each # € K, one has |z|; = |z|¢, and hence o = 1 since
|z|1 = |z]2 = |x| when = € &, i.e., the two absolute values are the same. O

Theorem 1.93 answers uniqueness of the extended absolute value. However, we
also have the following existence of the extended absolute value:

Theorem 1.94. If x is a complete field induced by a non-trivial absolute value |- | and
K is any finite dimensional separable extension of k, then there is a unique extension
of the absolute value | - | to a absolute value | - |; of K and it is given by the formula

2]t = [N, ()] /HE,

Proof. See Janusz [119], Corollary 3.4; Neukirch [202], Chapter II, Theorem 4.8. O

1.9.3 Extensions of valuations

Let ¢ be a real constant with ¢ > 1. If v is a valuation on a field x, then a non-
Archimedean absolute value

z|y =@ z ek

is well defined. Conversely, if |-| is a non-Archimedean absolute value on «, a valuation
v:k — RU{+oo} is defined by

_1 ) € )
'U(x) — { 0g. |x| z R
400, xz =0,

and is named the (additive) valuation associated to the absolute value, where log,. is
the real logarithm function of base c.

By Lemma 1.87, it follows that two non-Archimedean absolute values on ~ are
equivalent if and only if the valuations associated to them are equivalent. We may
express this relationship in a more precise way by considering equivalence classes of
valuations and of non-Archimedean absolute values:
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Proposition 1.95. Let k be a field. There is a natural one-to-one correspondence
between the set of equivalence classes of valuations of k and the set of equivalence
classes of non-Archimedean absolute values of k.

We will identify an equivalence class of non-trivial non-Archimedean absolute val-
ues on « with the place of x, i.e., an element of M ,8, which is the equivalence class of
valuations associated to the absolute values. To make notation consistent, an equiva-
lence class of non-trivial Archimedean absolute values also is called a place of k. A
place is called non-Archimedean or finite (resp., Archimedean or infinite) if its abso-
lute value is non-Archimedean (resp., Archimedean). Usually, let M2° be all infinite
places of k, and set

M, = MU M>,

To ease notation, we frequently write the absolute values corresponding to a place p of
kas|-|por|-|,if [v] =p.

Let K be an extension of a field x. Let v and w be valuations of x and K respec-
tively. If the absolute value | - |, of K is an extension of the absolute value | - |, of &,
we say that w divides v (or w lies over v) and denote the relation between v and w by
w|v. We say that v is p-adic if it lies over the p-adic absolute value of Q. Obviously,
if w|v, then | - |,, is also a norm on K as a k-vector space.

The topology defined by a valuation v of x is the one defined by the corresponding
absolute value. It is obvious that the topology depends only on the equivalence class
of v. The completion of k relative to the topology induced by v is a field which is
denoted by r,. Obviously, there is a valuation w of x, with w|v, w(k,) = v(k). By
Proposition 1.26, Oy, 4, is the closure of O, , in &, satistying

Ok = Oppw NK.

Let m and m be the maximal ideal of the valuation rings Oy, ,, and O, ., respectively.
Then m is the closure of m in k, with m = m N . Thus there is the canonical
isomorphism

Fu(ky) = Fy(k).

Theorem 1.96. A field k is Henselian for a valuation v if and only if the valuation v
can be uniquely extended to any algebraic extension.

Proof. Neukirch [202], Chapter II, Theorem 6.6. |

Lemma 1.97. If K is a purely inseparable extension of a field k of characteristic p,
then every valuation v of k has exactly one extension to K.

Proof. Given z € K,, there exists p™ such that 27" = a € . If p™ is also such that
zP" = b € k, with m > n, then

m—n

(") =" =
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then p”"v(b) = v(a), and so

" p
We define w on K by w(0) = 400, and

v(b) _ wv(a)

w(x) = v—i)
p
when 2P = a € k. This is a well-defined mapping satisfying the following proper-
ties: if
2" =a, y*" =b, m<n,

then
(xy)pn — apn—mb’
hence
v(a® " v(a) wv(b
e P G N G B P
p p
Similarly,
(@+y)? =a? +y” = " +b,
and so
1 n— 1 b
w(z+y) = —ov(ad® " +b) >min{w,&}
pn pm ']

= min{w(z),w(y)}.

This shows that w is a valuation of K, which clearly extends v. Finally, any valuation
w' of K extending v must be such that if 27" = a, then p™w'(z) = v(a), so w’
coincides with w. |

Theorem 1.98. Ler K/k be an algebraic extension field. Than any valuation v on
has an extension to K.

Proof. As it is well known, if K be an algebraic extension field of x, and if .S denotes
the set of all elements of K which are separable over «, then S is a field, S/x is a sep-
arable extension, and K/S is a purely inseparable extension. In view of Lemma 1.97
we may assume that K/ is a separable extension.

First of all, we assume that « is Henselian for v. Take o € K. Let F' be any field
such that o« € F and F'/k is of finite degree; let

Py(z) = 2" + a;z" ' + -+ + a, € K[z]
be the minimal polynomial of « over x. Then

Npya(@) = {(=1)"a, )1l
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Note that if F” is any other field such that « € F C F’, F’/k also of finite degree,
then also

N /(@) = {(—1)"a, JF @)

hence
N/ (@) = {(—1)"a, )™ = N () V1A, (1.34)

If Fy is any field such that o € Fy, F /k of finite degree, let F’ be of finite degree and
contain both F" and F7}; then (1.34) holds also for F, I, and therefore (1.34) holds
for F', Fj. It follows that

1
[F) : K]

1

v (NFI/H(O‘)) = %”(an) = mv (NF/K(a>) . (1.35)

Now we are ready to define the mapping w on K: w(0) = +oco and if o« € K, if F
is any finite extension of « such that « € F' C K, we put

1 1
w(a) = Tk ’i]v (NF/H(Oé)) = Ev(an). (1.36)

By (1.35), w is well defined. We now verify that w is a valuation of K, which obvi-
ously extends v. Let o, 3 € K, so there exists a finite field extension F'/x such that
o, € F, F C K, thus

1

w(@B) = e (Nejw(of) =

1
[F: K]
1

v (Np/(8)) = w(a) +w(f).

v (Npy(@)Np/(3))

1

= [F : K]U (NF/H(O{)) +

[F : K]

To prove that
w(a+ B) > min{w(a),w(B)},

let us assume that w(a) < w(f3); putting v = Ba~!, then w(y) > 0 and
wla+ ) = wla + ay) = we) + w(l +7);
it will be enough to prove that if w(y) > 0, then w(1 4+ v) > 0. Let
P(z)=a™ + bix™ 4o 4 by, € K[7]

be the minimal polynomial of v over , so P = P, (z — 1) is the minimal polynomial
of 1+ v over x because P(1 + ) = 0 and P is irreducible; its constant term is
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1
Wl +7) = G (Nep(1+9) = o(P(0)

(AR Te R T

it suffices to show that v(b,,) > 0 implies v(b;) > 0,...,v(by—1) > 0, hence
w(l+7v) > 0.
Assume, to the contrary, that

min{wv(by),v(b2),...,v(bm)} = A <O0.

Let 7 be the largest index such that v(b,.) = A. Then we have 1 < r < m. Consider
the polynomial b,”' P, which belongs to O, ,,[z]. Since

V(bpgi) >N, i=1,...,m—r,
we obtain
b Py(x) = b, 'a™ 4 b ™ - 4 2™ (mod miz]),
where m is the maximal ideal of O, ,,; thus
by ' Py(z) = (b 'a" + by b2 4+ 4+ 1) 27" (mod mlz]).

Since « is Henselian for v, then b, lP7 is reducible and is P, which is contrary to the
fact that it is the minimal polynomial of +. This proves that A > 0, hence w(1+~) > 0
and w is a valuation.

Finally, let (&, ?) be a completion of (x,v). By Lemma 1.50, (&, ?) is Henselian.
Let Kk denote the compositum of K and & (the smallest field containing K and &),
which is an algebraic extension of 4. By the first case, ¢ has an extension v’ to K&;
the restriction w of w’ to K is therefore an extension of v. o

Let s be a field with a valuation v. Let K be an extension of x, and let w be a
valuation of K with w|v. Let m and m be the maximal ideal of the valuation rings
Oy v and Ok, respectively. Obviously,

Okw=0gyNKk, m=mNr=mNO0O,,,
and therefore
Fy(k) = Okp/(Okpo Nm) = (O + m)/m C Ok o,/m = F, (K).

Thus we may regard the residue class field F,,(K) as an extension of F, (k).
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Lemma 1.99. Let K/k be an algebraic extension, w an extension of the valuation v
from i to K. Then

(1) w(K.) is a subgroup of the divisible group generated by v(k.);
(2) Fy(K) is an algebraic extension of T, (k);
(3) there exists o € Ok oy satisfying Ok vy = Op vl if Fy (K) /Fy(k) is separable.

Proof. (1) Take o € K. Then « satisfies a relation

1

apd + a1+ Fa, =0

with a; € K, ag # 0. Thus

1

w(apa™ + a1a"" + -+ ay) = w(0) = +oo,

and hence there exist distinct indices 7, j such that
w (aioz"_i) =w (ajoz"_j) )

It follows that
v(a;) —v(ay)

w(a) = -

)

so w(«) belongs to the divisible group generated by v (k. ).

(2) Let ¢ : Ok oy — Fy(K) be the natural homomorphism; its restriction to Oy ,,
maps it onto (k). If B € Fy(K), § # 0, let © € Ok 4, be such that p(x) = 3.
Since z is algebraic over k, it satisfies a relation

apr” +az" '+ +a,=0
with a; € k, ag # 0. Let a € k be such that

v(a) = — Jnin v(a;).

Hence aa; € O, for every index 4, and there exists j such that v(aa;) = 0, so
aa; ¢ m. Therefore, the elements

b = p(aa;) € Fy(k), i=0,...,n

satisfy a relation
boB" + 018" 4 4 b, =0

with b; # 0. Hence /3 is algebraic over F,, (k).
(3) see Neukirch [202], Chapter II, Lemma 10.4. O
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From (1) of Lemma 1.99, it follows that if v is the trivial valuation of x and K/k is
an algebraic extension, then the only extension of v to K is the trivial valuation since
the divisible subgroup generated by {0} is {0}. We may use this fact to derive easily
that a field x has only the trivial valuation if and only if x has positive characteristic
p and it is algebraic over I,,. In every other case, ~ has at least two nonequivalent
nontrivial valuations (cf. [215], Section 4.1).

Lemma 1.100. Let K/k be a field extension, w an extension of the valuation v from
k to K. Suppose (i,...,0m € Fy(K) are linearly independent over F,(r) and
T, ..., Tm € Ok are elements such that p(z;) = (; fori =1,...,m. Then

(a) for any elements a; € K,
m
w a;r; | = min v(a;);
(Soen) = i st
i=1
(b) xy, ...,z are linearly independent over k.

Proof. (a) We may assume that all coefficients a; are nonzero. Let j be an index such
that
v(a;) = min v(a;) < oo.
() = min v(a)

Since a]-_lai € Ok w, then

w (Z a]._laixz) > 0.

=1

If the number in above inequality is positive, then

m
%) (Z a]._laixz) =0,
i=1

that is,
m
Z‘P(a;lai)ﬂi =0, so(ajlaj) =p(l)=1;
i=1
this contradicts the hypothesis of linear independence of fi,..., 5, over Fy(k).

Hence it follows that

w (Z a]._laixz) =0,

i=1

that is
m
w (Z amc,-) = v(a;)
i=1

as required.
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(b) If there exist ay, ..., a,, € k such that

m
Z A;T; = 07
i=1
then
m
+o0o = w(0) = w (2; aixl) = lglgnmv(ai)

and so each a; is zero. O

Let K /k be an algebraic extension, let w be a valuation of K and v its restriction
to k. The valuation group v(r.) of x is a subgroup of the valuation group w(K,) of
K, whose index e = ek, (w) is called the ramification index of w in the extension
K /k. By the definition, the index is the number of cosets of the subgroup v(k.) in
w(K.). The extension w is said to be ramified if its ramification index > 1, unramified
otherwise. The degree of IF,,(K) over F,(k), i.e. the dimension of F,,(K) as F,,(k)-
space:

f=TFrm(w) = [Fu(K) : Fy (k)]

is called the residue class degree (or inertial degree) of w in the extension K /k. It is
clear that under repeated extensions, f and e are all multiplicative. Thus if K C K C
L, then

fL/n(u) = fL/K(u)fK/ﬂ(w)a eL/n(U) = 6L/K(u)eK//<;(w)a

where v is a valuation of L and w is its restriction to K.

Theorem 1.101. Let K/k be an extension of valuated fields with ramification index
e and residue class degree f, where the valuation w of K extends that of k, v say. If
K/ is finite, then

ef <[K:&l, (1.37)

and if v is discrete, then so is w. If v is discrete and k is complete, then equality holds
in (1.37).

Proof. See [33], Theorem 1.1 in Chapter 2; or [144]. Here we introduce a proof in
[215]. Let 31, ..., Bm € Fy(K) are linearly independent over I, (k). Let ¢y, ... ¢, €
K be elements such that the cosets

w(ty) + v(ke)y ..o w(ty) + v(ky)

are distinct. Let xy,...,z,, € Ok, be elements having images f3i,..., 3, in
F,,(K). We will show that

{xitj|i:1,...,m;j:],...,r}
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is a linearly independent set over r, and therefore mr < [K : k]. Since m,r are
arbitrary positive integers such that

m < fK/li(w) =f r< eK/li(w) =6

then (1.37) will hold.
To prove the linear independence of the elements x;t;, let

mor
E E ajjzit; = 0.
i—1 j—1

In particular, if
m
Zaijxi :O, j = 1,...,7",
i=1

then by Lemma 1.100 we have a;; = O for all indices i, j. If there exists an index j

such that
m
> aijri #0,
i=1
noting that
m T
+00 = w(O) =w ( Z Z aijmitj) ,
i=1 j=1
there must exist two distinct indices 7, k£ such that

w (Z aisz-) +w(ty) =w (Z aikdfi) +w(ty);
i=1

i=1

by Lemma 1.100,
m
w (Z aijxi> = lgiglmw(aij) € v(ky),

m
w (Z aikmz) = lginmv(aik) € v(ky),

hence
w(t;) + v(ke) = w(ty) + v(Ks),

which is contrary to the choice of the elements ¢, ..., t.. Therefore, this case cannot
occur, proving our assertion.

Further, if v is discrete, we have e < oo, and hence if v(ks) ~ Z, then w(K,) ~ éZ,
so w is discrete.

Here we omit the proof of the equality in (1.37) when « is complete. For more
detail, see [215], Section 6.1, Theorem 1. O
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Any algebraic extension K /k can be written as a union of finite extensions, and
applying Theorem 1.101 to these extensions we obtain the following conditions:

Corollary 1.102. If K/x is an algebraic extension and r has a valuation v with ex-
tension w to K, then w(K,)/v(ky) is a torsion group and F.,(K) /F, (k) is algebraic.

Now we can describe the set of extensions of a valuation.

Theorem 1.103. Let K/k be an algebraic extension of finite degree, let v be a valua-
tion of k, B the integral closure of O,. ,, in K.

(A) If K/k is a normal extension, then all the valuations of K extending v are conju-
gate (i.e., equal to w o o for some fixed w extending v and a k-automorphism of

(B) There exist only finitely many valuations of K extending v.
(©) B =, Ok,w (intersection of all the rings of the valuations of K extending v).
Proof. (A) Let w be a valuation of K extending v. Obviously, w o ¢ is a valuation of

K extending v for every k-automorphism o of K. Now let w’ be any extension of v to
K. Since Ok, is integrally closed and

O.‘i,v = OK,w/ N K,

then O, contains the integral closure of Oy, ,, in K, which is just

B = ﬂ oK,woa-

UGGK/K

In fact, if € B, it is integral over O ,, hence also over the larger ring O o0} SO
z € Ok woo, because this ring is integrally closed. Conversely, if € Ok oo for
every 0 € Gy, then w(o(z)) > 0 for every conjugate o(z) of x, so the minimal
polynomial of = over x has coefficients in Ok ,, Nk = Oy ., showing that x is integral
over Oy y.

Since G/, is finite, say, G /., = {o1,...,0,}, we may assume that w o o1, ...
w o o, are pairwise inequivalent. If w’ # w o o; for every ¢ = 1,...,n, then there
exists z € K such that

w'(z) <0, woi(z)) >0 (1<i<n);
this is however contrary to the fact
n
OK,w/ 2 ﬂ oK,woai-
i=1

(B) This is obvious when K/ is a normal extension since G i /r 18 finite. Generally,
if L is the smallest normal extension of  containing K, noting that [ : k] < oo, then
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v has only finitely many extensions to L. Since every valuation of K may be extended
to L, then v has only finitely many extensions to K.

(C) If K/k is a normal extension, it follows from (A) and its proof. In general, let
L be as above and let C be the integral closure of O, ,, in L. Thus

C=()OLu

for all extensions u of v to L. Since C'N K = B, and all valuations of K may be
extended to L, then

B=CnK={)(01.NK)=[)Okuw

for all extensions w of v to K. O

Let (ky,0) be the completion of x with respect to a valuation v, where 0|v. Let R,
be an algebraic closure of «, and let v be the unique extension of ¥ to k,,.

Corollary 1.104. Let K/xk be an algebraic extension of finite degree, and let v be a
valuation of k. If w is any extension of v to K, there exists a k-embedding o : K —

Ky such that w = v o 0. Thus the number of extensions of v to K is at most equal to
[K : K]

Proof. We assume first that K is a normal extension of , let p : K — &, be a k-
isomorphism. Then v o p is a valuation of K. By Theorem 1.103, all other valuations
of K are conjugate to ¥ o p, that is, of type ¥ o p o 7, where 7 is a k-automorphism of
K.

Generally, let L be the smallest normal extension of x containing K. If w is any
valuation of v to K, let u be any extension of w to L and let p : L. — K, be a k-
isomorphism. By the above arguments, u = v o p o 7, for some k-automorphism 7 of
L. Let o be the restriction of p o 7 to K, hence o(K) C p(L). It follows that

w=ulg =((WopoT)|g =voo. ]

Let v be a valuation of x which is extended uniquely to a valuation w of K. A finite
extension K/ is called unramified if the extension F,,,(K) /IF,, (k) of the residue class
field is separable and one has

[Fu(K) : Fo(k)] = [K : k).

An algebraic extension K/x is called unramified if it is a union of finite unramified
subextensions. If K/k is an algebraic extension, then the composite 7'/x of all un-
ramified subextensions is called the maximal unramified subextension. If T' = k, the
extension K /k is called totally (or purely) ramified.
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Proposition 1.105. The residue class field of T is the separable closure of Fy,(k) in
the residue class field extension F,,(K)/F, (k) of K/k, whereas the valuation group
of T equals that of k.

Proof. Neukirch [202], Chapter I, Proposition 7.5. a

If the characteristic p = char(FF,(k)) is positive, then one has the following weaker
notion accompanying that of an unramified extension. An algebraic extension K/
is called tamely ramified if the extension F,,(K)/F, (k) of the residue class fields is
separable and one has ([K : T],p) = 1. In the infinite case this latter condition is
taken to mean that the degree of each finite subextension of K /7" is prime to p. When
the fundamental identity

exc /() ficpu(w) = K 5] (1.38)

holds and F,,(K)/F,(k) is separable, to say that the extension is unramified, resp.
tamely ramified, simply amounts to saying that e/, (w) = 1, resp. (eg/.(w),p) = 1.
However, the fundamental identity (1.38) always holds when a finite extension K/ is
tamely ramified (cf. [202], Chapter II, Proposition 7.7).

Note that the composite of tamely ramified extensions is tamely ramified. If K/x is
an algebraic extension, then the composite V/x of all tamely ramified subextensions is
called the maximal tamely ramified subextension. The extension K /k is called wildly
ramified if it is not tamely ramified, i.e., if V # K.

1.10 Divisor groups

1.10.1 Valuation properties of Dedekind domains

Let x be a field with a family S of discrete valuations defined on it. We will assume
that .S satisfies the strong approximation property. We may as well take the members
of S to be non-trivial and pairwise inequivalent, thus the members of S are places of .
We shall denote the members of S by small letters: v, w, ... and write ord,,, ord,, for
the corresponding normalized valuations. With each v € S we associate its valuation
ring

Opv ={z € k| ordy(z) > 0},

and we set the ring of integers (with respect to .5)

A=) Opu. (1.39)

vES

It follows that divisibility relative to A is described by the rule x|y if and only if
ord,(z) < ord,(y) for all v € S. An element x of x is said to be integral at v if
ord,(z) > 0.
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Theorem 1.106. Let x be a field with a set S of valuations satisfying the strong ap-
proximation property. Then for any distinct vy, ... ,v, € S, any ay,...,a, € k and
any N > 0 there exists a € k such that

ordy,(a —a;) > N, i=1,2,...,n, (1.40)
ordy(a) >0, weS—{v,...,v,}. (1.41)

Proof. When S is finite, this is essentially Theorem 1.88 and there is nothing more to
prove; so we may take S to be infinite and we may also assume that

ordy(a;) >0, w#vi,..., 0.

For this can only fail to hold at finitely many w, which we can add to vy, . . . , v, putting
the corresponding a; equal to 0. We may also assume, without loss of generality, that
n > 1. Let M be a positive constant; our aim is to construct b; integral such that

ordy, (by — 1) > M; ordy, (b)) > M, i=2,...,n. (1.42)

By (3) in Subsection 1.3.3, for each ¢ = 2,...,n there exists ¢; integral at all w #
v1,v; (i.e., ordy(¢;) > 0) such that

ordy, (¢; — 1) > M; ordy,(¢;) > M.

Since M > 0, ¢; is also integral at vy, v; and so ¢; € A. Putting by = ¢ - - - ¢y, We
have b; € A and

n
ordy, (br) = Y _ordy, (¢;) > M.
7j=2

Further, we have
bi—l=(ca—Dez---en+(e3—1Deg--cn+ -+ ¢ — 1,
hence
ordy, (by — 1) > min {ordy,, (c2 — 1),...,ordy, (¢, — 1)} > M.
Thus b satisfying (1.42) has been found. If we define by, ..., b, similarly and then
puta = a;b;, we find that
n
ordy, (@ — a;) = ord,, (al(bl - 1)+ Z aibi) > mzjn{ordv, (a;) + M},
i=2

and it follows that ord,, (a — a;) > N, provided we choose M to satisfy
M >N — miin{ordv,(ai)}.
Similarly ord,,(a — a;) > N and for w # v;,
ordy (a) > min{ord,(a;) + ord,(b;)} >0,

so a satisfies all the conditions. O
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Corollary 1.107. Let x be a field and S a family of places with the strong approxi-

mation property. Given any finite subset {vy,...,v,} of S and any rational integers
ai,...,qy, there exists a € k such that

Ord”i(a) = QG 1= 1? , 15

ordy(a) >0, we S —{vy,...,v,}. (1.43)

Proof. Let a; € k be such that
ordy, (a;) = i, i=1,...,m;

such a; exists because ord,, is normalized. By Theorem 1.106, there exists a € x such
that

ordy, (@ — a;) > o;; ordy(a) >0, we S —{v,...,vn}
Hence
ordy, (a) > min{ord,, (a;),ord,, (a — a;)},
and here equality holds; thus (1.43) is satisfied. a

We define the divisor group D, of k with respect of S as the free Abelian group on
S as generating set. The typical element is written:

o1
vES

where the «, are integers, almost all zero, and D is called a divisor. If «,, > 0 for all
v € S, then D is said to be an integral divisor. Denote the set of all nonzero fractional
ideals of A by J,. Our aim will be to explore the relations between D, and J..

For any g € J,. we put

ord,(g) = min{ord,(z) | = € g}. (1.44)

Since there exists w € A — {0} such that wg C A, we have ord,(z) > —ord,(w) for
all z € g, and so ord,(g) is well defined. On another hand, there are a € g, b € g~!
such that ab = 1, hence

—ord,(w) < ordy(g) < ord,(a) = —ord,(b)

for all v. This shows that ord,(g) = 0 for almost all v.
The mapping ord, : J, — Z is a homomorphism. For if ¢ € gh, say,

C:Zaibia a; € g, bl S ba

then
ord,(¢) > min{ord, (a;) + ord,(b;)} > ord,(g) + ord,(h).
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Therefore
ord,(gh) > ord,(g) + ord,(h),

and here equality holds, as we see by taking ¢ = ab, where a, b are chosen in g, b so
as to attain the minimum in (1.44). Hence

ord,(gh) = ord,(g) + ord,(h),

and it follows that (1.44) is a homomorphism. Further, we obtain a homomorphism
¢ : ¥, — D, defined
¢(g) = [ v @. (1.45)

veES
In this homomorphism, integral ideals correspond to integral divisors.

Lemma 1.108. Let k be a field and S a family of places with the strong approximation
property, and let A be the associated ring of integers. Given a fractional ideal g in K, if
ord, (g) is defined by (1.44), then for all x € K, x € gifand only if ord,(z) > ord,(g)
forallv € S.

Proof. By definition, ord,(z) > ord,(g) for allv € S if 2 € g. Conversely, let us
fix  in s and replace g by 2~ !g; then we have to show 1 € g if ord,(g) < 0. If
we replace g by g N A, then g C A and the hypothesis becomes ord,(g) = 0. Take
c € g—{0};if cisaunit, then 1 = cc™! € g. Otherewise ord,(c) # 0 for only finitely
many places, say v = vy, ..., v,. Let us take a; € g such that ord,, (a;) = 0. Now fix
j with 1 < j <n, and by Theorem 1.106 choose b; € x such that

ord,, (aj_l - b]-> > ord,, (¢); ordy(bj) > ordy(c), w# vi,...,vy.

Since ord,,(¢) = 0 at almost all places, this is possible, and in fact b; € A because
c € Aand ord,;(a;) = 0. If we carry out this construction for j = 1,...,7n and put
a =Y a;b;, we find that a € g, because a; € g and b; € A. Further, by the choice of
b; we have

ordvj(l —a) = ord,, (1 —ajbj — Zaibi) > ordvj(c)7 j=1,...,n,
i#]
and 1 —a € A, so forw # vy, ..., v,
ordy, (1 —a) >0 = ordy(c).
Hence c™'(1 —a)=d € Aand 1 = a + cd € g, as claimed. 0

The theorem which follows is important because it establishes the link between the
valuations and the ideals of A. In the case where A is the ring of algebraic integers of
an algebraic number field &, the theorem is due to Dedekind.
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Theorem 1.109. Let k be a field and S a family of places with the strong approxima-
tion property, and let A be the ring of integers. The mapping ¢ from the fractional
ideals to the divisors is an isomorphism, and so the nonzero fractional ideals form a
group. In this isomorphism, a fractional ideal corresponds to a place v in S if and

only if the ideal, say v, is a nonzero prime ideal, and in this case p = A N\my ,, while
Ap — O.‘i,’l)'

Proof. In order to show ¢ is an isomorphism we shall define a mapping ® : D,, — J,.
which will turn out to be the inver of ¢. It is defined by the rule, if

D= H V™ € D,
vES

then
®(D)={z € k|ordy(z) > a, v € S}.

If z,y € ®(D), a € A, then forv € S,
ord,(x + y) > min{ord,(x),ord,(y)} >

and
ord, (ax) = ord,(a) 4+ ord,(z) > ord,(z) > v,

hence = + y, ax € (D), showing that ®(D) is an A-module contained in .
To show that it is a fractional ideal, let vy, ..., v, be the places for which v, # 0,
take w € k such that

ord,(w) = —ay, v €{v,...,v.}; ordy(w) >0, we{v,..., v}

Then it is clear that w® (D) C A; this shows ®(D) to be a fractional ideal.

Now it is clear from the definition that for any fractional ideal g we have ®(¢(g)) 2
g and by Lemma 1.108 equality holds, so that ®(¢(g)) = g¢.

Next, if D = [Jv* € D,; and ®(D) = g, then by Corollary 1.107, for any fixed
v € S we can find 2 € g such that ord, (z) = ay,. It follows that ord, (g) = o, and so
¢(®(D)) = D. Thus ¢ has the inverse ® and hence is an isomorphism; in particular,
it follows that J,; is a group.

Let p be a nonzero prime ideal of A. By the definition, we have

o(p) = Lo,
vES

Letvy,...,v, € S be those valuations such that ord,,(p) # 0. Since ¢(p) is integral,
then
ordy,(p) >0, i=1,...,r

Let us assume that » > 2. By Corollary 1.107, there exist elements a;, ay € x such
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that
ordy, (a1) = ordy, (p); ordy,(a;) = 0;

ordy(a;) > ordy,(p), we S —{vi,m},
and similarly,

ordy, (a2) = 0;  ordy,(az) = ordy, (p);

ordy (ay) > ordy(p), w e S — {v, v}

Thus aj,ap € A — p, however ajay € p since ord,(ajay) > ord,(p) for all v €
S. This is impossible since p is a prime ideal, and so » = 1. Now we show that
ord,, (p) = 1, for if ord,, (p) > 1, by Corollary 1.107, there exists an element a €
such that

ordy, (a) = ordy, (p) — I;  ordy(a) >0, weS—{v},

thus a € A — p, but a®> € p, which is again impossible. We have shown that if p is a
prime ideal, then ¢(p) € S.
Conversely, if v € S, then p = ¢! (v) is a prime ideal. In fact, take a,b € A — p,
hence necessarily
ord,(a) = ord,(b) =0

and so ord,, (ab) = 0, proving that ab ¢ p and p is a prime ideal.
From ¢(p) = v, we deduce that
p=ANm,,.

Similarly,
(QHVU:APZ{%\a,beA, bgp}.
In fact, if x € Oy, ,, we may write x = ¢/d, with ¢, d € A. Further, if ord, (d) > 0, let

b € k be such that ord, (b) = —ord,(d), ord,(b) > 0 for every other place w € S, so
x = be/(bd) with bd € A, bd & p, and be € A because

ord,(bc) = ord,(bc) — ord,(bd) = ord,(z) > 0,

and ord,, (bc) > 0 for every other place w € S. Conversely, if x = a/b with a,b € A,
b & p, then
ordy(a) >0, ord,(b) =0,

sox € Ok . O
Let A be a Dedekind domain,  its field of fractions. By Theorem 1.40, A can be
defined as the intersection of discrete valuation rings for a family .S of places on x with

the strong approximation property. We also have a homomorphism 6 = 6,; of k. into
the divisor group D,; of k given by

O(z) = [ v (1.46)
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The kernel Ker(6) of 6 is the set of all x € k. such that ord,(z) = 0 forall v € S, so
that it is the group of units of A, because the mapping from the fractional ideals to the
divisors is an isomorphism, by Theorem 1.109. The quotient

C = D, /0(k.)

can be made into an Abelian group, called divisor class group of A (or k). We have an
exact sequence

1 — Ker(f) — ks 5 D, — C — L. (1.47)

Corollary 1.110. Let A be a Dedekind domain, k its field of fractions. Then every

nontrivial valuation of k is equivalent to a p-adic valuation for some nonzero prime
ideal p of A.

Proof. Since A is a Dedekind domain, by the remark after Proposition 1.41 if A C
Og,v (v nontrivial), then O, , = A, for some nonzero prime ideal p. It remains to
show that A, is the ring of the p-adic valuation, which we denote temporarily by B.
It suffices to show that A, C B, hence O, = Aj being a maximal subring of « (by
Theorem 1.32), then A, = B. If v € Ay, then x = a/b witha,b € A, b & p. Then p
does not divide Ab and may, or may not, divide Aa. Thus the p-adic value of x is not
negative, that is, x € B, which concludes the proof. O

Lemma 1.111. Let A be an integral domain and let p be a nonzero prime ideal of

A.
(i) App is the only maximal ideal of A and for every e > 1, App® = (App)©.

(ii) Ifp does not contain an ideal a, and e > 0, then Ay(p©a) = App°©.

Proof. (i) Take a/b € Ay, — App,soa,b € A —p. Then b/a € A,. This shows that
every element of Ay, not in App is a unit, so A,p is the only maximal ideal of Ay. The
verification that Ayp® = (App)© is trivial.

(i) It is obvious that Ay(p°a) C App°. Conversely, take © = a/b € App® with
a € p® b € A— p. By hypothesis, there exists ¢ € a — p. Thus z = ac/(bc) with
be & p, ac € p°a, showing that z € Ay(pa). a

Proposition 1.112. Let A C B be Dedekind domains with quotient fields xk and K
respectively and let p be a nonzero prime ideal of A, and let *3 be a prime ideal of
B such that 3 N A = p. The ramification index and the relative degree of 3 over p
are respectively equal to the ramification index and residue class degree of the *P-adic
valuation in K/ k.

Proof. We can write
— met €g
Bp — B
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where B = Py, P>, ..., P, are prime ideals of B, and e; > 1,...,e, > 1. By
definition, e is the ramification index of 9 in K/x.
By Lemma 1.111, one has

Byp(Bp) = BpB“' = (BgpP)“,

since P, . .., P, are not contained in P. On the other hand, since the valuation ord,,
is discrete, the prime ideal of A, is principal, so there exists an element ¢ such that
App = Apt. The ramification index of ordsg in K/« is equal to the value of ¢, that is,
ordgy(t) = e, and this means that Byt = (Bp)¢. Now,

Byt = Byp(Apt) = Byp(App) = Byp(Bp) = (BpR)”

by the above. Hence e = e;.

By definition, the relative degree of 3 over p is the degree of B/ over A/p.
Similarly, the residue class degree of ordy in K/« is the degree of the residue class
field Fop(K) over Fp(x). Now

Fy(K) = By/ BB, Fp(k) = Ap/App.

We will show that A,/App ~ A/p and similarly for the other residue field, and this
implies the equality between residue class degree and relative degree. The stated iso-
morphism has been given for the particular case where A = Z (cf. Example 1.33). The
proof in the general case is completely analogous, and may be left to the reader. o

1.10.2 Local degrees in field extensions

Let x be a field with a nontrivial valuation v. Let (k,,0) be the completion of x with
respect to v. Let K, be an algebraic closure of x, and let v be the unique extension of
v to K. Let K be a field extension of k.

First of all, we consider the case that there exists t € K such that K = x(t). Let P
be the minimal polynomial of ¢ over  and let P, = hy - - - hy (g > 1) be the decompo-
sition of P, as a product of irreducible polynomials over «,. Note that since P; has no
multiple roots, the polynomials Ay, ..., hy are all distinct. By Corollary 1.104, every
valuation w of K extending v is of the form w = ¥ o o, where o is a xk-isomorphism
from K into <,. We will determine conditions on the x-isomorphisms p, o of K into
Ky so that w, = ¥ o p and w, = ¥ o o coincide.

Proposition 1.113. With the above hypotheses and notations, the following conditions
are equivalent:
1) wp = wg;

1

(2) the mapping op~ : k(p(t)) — k(o (t)) is continuous in the topology defined by

U’
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(3) the fields k., (p(t)), k(0 (t)) are conjugate over k, under an extension of op~';

@) p(t), o(t) are roots of the same factor h;.
In particular, (k,(p(t)),v) is the completion of (K, w,).

Proof. (1) = (2) Given x € K, let ¢ > 0 be a real number and let V. be the neigh-
borhood of o(x) consisting of all elements o(y) € o(K) = K(o(t)) such that
v(o(y) — o(z)) > e. By hypothesis w, = w,, hence the image by op~! of the
neighborhood

Us = {p(y) € p(K) | v(p(y) — p(x)) > €}
of p(z) is V.. This shows the continuity of op~!.

(2) = (3) By hypothesis op~! is a continuous x-isomorphism of x(p(t)) to k(o (t)).
It may be extended naturally to a ,-isomorphism of x,(p(t)) to k,(c(t)) because x
is dense in k., and op~! leaves fixed every element of .

(3) = (4) Let ® be a k,-isomorphism from r,(p(t)) to k(o (t)) extending op~
Then p(t), o(t) are conjugate over k,, and so they are roots of the same irreducible
polynomial h; for some .

(4) = (1) By hypothesis, there exists a x,-automorphism ® of %, such that ®(p(t))
= ®(o(t)). The restriction of ® to p(K) is op~!, hence ®(p(x)) = o(x) for every
x € K, which means that p(z), o(x) are conjugate over k,. Since ¥ is the only
extension of U to K, then v o ® = v so

wp(x) = (70®) 0 pl) = (0 (x)) = w,(x)

1

for every x € K.

In particular, the fields (K, w),) and (k(p(t)),v) are isomorphic. The completion
of (k(p(t)),v) must contain k,(p(t)). On the other hand, (k,(p(t)),v) is complete
because r,(p(t)) is of finite degree over k, and v extends 0. So (k,(p(t)),v) is the
completion of (K, w,). O

Proposition 1.114. [f K is a finite separable extension of k, then

K : k| = Z[Kw : Ky

wlv

Proof. Since K is separable, there exists ¢ € K such that K = k(t) (by Theo-
rem 1.70). Using the same notations, we have

Po=hi---hy (g2 1),

where hi, ..., hy are the irreducible factors of F; over «,, and hence

deg(P,) = Z deg(h



80 1 Field extensions

By Proposition 1.113, v has g distinct extensions to K, which are of the form w, =
v o p. In particular, one has

[Kwp : "%} = va(/’@)) : kv} = deg(h;),

where p(t) is a root of h;. Therefore

D Ky ko] =Y deg(hi) = deg(P,) = [k(t) : 5] = [K : k].
i=1

wlv
See [144], or Serre [236], I, Proposition 10 and II, Théoreme 1. O

If w is a valuation on K extending v, we shall call [K,, : k] the local degree in
K /K, which satisfy

Z[Kw k] <K K]

wlv

It is immediate that the local degree satisfies the following transitivity relation: if
k C K C FE are fields, E/r being separable of finite degree, then

[Ey : ko] = [Ey s Kyl[Kw : Kol

where u is an extension of w to F.

For any two algebras A, B over a field s, their tensor product A ®, B is defined by
the property that the bilinear mappings on A x B correspond to the linear mappings of
A ®, B. Explicitly, if A, B have respectively bases {u;}, {v;} over x, then A ®, B
has the basis {u; ® v;}.

Theorem 1.115. Let  be a field with a valuation v and let K |k be a separable exten-
sion of degree n. Then there are at most n extensions of v to K, say wy, ... ,wq, where
g < n. If e; denotes the ramification index and f; the residue class degree of w;, then

g

Z eifi <n.

i=1

If v is discrete, the equality holds. If the completion of k under v is Kk, and that of K
under w; is K, then
K ®g ky Z Ky X -+ X Ky,

Proof. By Proposition 1.114, we have
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According to the arguments in Subsection 1.9.3, the residue class field and valuation
group are unchanged by completion, and hence so are the residue class degree and
ramification index. Thus the fundamental inequality follows from Theorem 1.101.

Take t € K with K = k(t). We select k-isomorphisms py, ..., p, of K into &,
such that

W] =VO0Pl,...,Wg =7VO g

are the distinct extensions of v to K; hence these valuations are pairwise inequivalent.
Since a k-basis {y1,...,yn} of K gives rise to a k,-basis {y; @ 1,...,y, ® 1} of
K ®y, Ky, then K ® Ky 18 a ky,-vector space of dimension n = [K : k]. Note that the
dimension of the x,-vector space Hf: | K, is the sum of the local degrees of all the
w;, hence it is also equal to n (by Proposition 1.114).

The mapping

g
K X Ky —>Hpi(K>"iva (yaz) = (p](y)-Z,...,pg(y)-Z)

i=1

is k-bilinear. Hence it yields a x-linear mapping

9
01 K @ hy — [ [ pilK) - ks

i=1
namely,
Ply®2) = (p1(y) - 2, pg(y) - 2), yEK, 2 € Ky.

Further, ¢ is a homomorphism of x,-algebra and its image is dense in [[_; p;(K)- £,
relative to the product topology. In fact, given any element

g
(x1,...,29) € Hpi(K>'K/U7
=1

since p;(K) - K, is the completion K, of (K, w;), there exists some element
(Y1,...,yg) E K x - x K

which is arbitrarily close to (z1,...,x,) in the product topology, and by the approx-
imation theorem in [, there exists y € K arbitrarily close to each element y; in the
topology of w;.

The image of ¢ is a finite-dimensional vector space over the complete valued field
Ky, and so the image of ¢ is also complete. Hence it must be a closed subspace, and
by density, it must coincide with [[7_, pi(K) - k. Since the ,-spaces K ®, £, and
Hf:] pi(K) - Ky have the same dimension, ¢ must be an isomorphism. O
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Proposition 1.116. Let K be a finite separable extension of k. For every o € K, one
has

wlv

Tryc/n(e) = Y Tri, /e, (a).

wlv

Proof. Setn = [K : k|. We will use the notations in the proof of Theorem 1.115. Let
Xo be the field polynomial of «in K/k defined by the x-linear mapping

A, K — K, Ay(z)=aux.

By the theorem of Cayley and Hamilton, x,(A,) is the zero linear transformation.
The minimal polynomial of A, over k is P,, defined as being the monic polynomial
of smallest degree such that P,(A,) = 0; then P, is irreducible over x and coincides
with the minimal polynomial of a over k. Moreover x, is a power of P,, that is,
Xa = PL, hence

n = deg(xa) = rdeg(Py), [K :k]=r[k(a): k]

Write

where o runs through the set of x-isomorphisms of x(«) into &,. Noting that each o
has 7 distinct extensions to x-isomorphisms of K into k,, we have

Xa(@) = Pao(2)" = [[(z = o(@))" = [[(x = p(a)),

o P

where p runs through the set of k-isomorphisms of K into k,. A similar argument
shows that for each k-isomorphism p of K into %, the field polynomial of p(«) in
p(K) - Ky /Ky is equal to

Xap(T) = H(m —7(p(a))),

T

where 7 runs through the set of x,-isomorphisms of p(K) - k,, into K.

We will write p = o when o o p~! leaves &, fixed. By Proposition 1.113, the set
of x-isomorphisms of K into &, has exactly g equivalence classes, and p1, ..., pg are
representatives. The elements in the class of p; are 7p;, where 7 runs through the set
of all x,-isomorphisms of p;(K) - k, into %,. Grouping the roots of x,, according to
the equivalence classes, we have

g
Xa = H Xa,pi
i=1



1.10 Divisor groups 83

where X, 18 just the field polynomial of p;(c) in p;(K) - K,/ k.. Note that p;(K) - k,
is the completion K, of (K, w;). From the definition of trace and norm, it follows
immediately that the global trace is the sum of local traces, while the global norm is
the product of the local norms. |

Let K be a finite separable extension of x. Let v be a valuation on x with an
extension w to K. By Theorem 1.115, there are only a finite number of w dividing a
given place v. Let 0 be the corresponding mapping defined by (1.46) for K. Then
for w|v we have

ordy (z) = e/ (w)ord,(z), = € K,

where e/, (w) is the ramification index for w. Hence for any x € K we have

x) = Hwordw(x) H (Hwordw(x)> H (Hwe’{/”(w)> dv(lﬂ).
w

wlv wlv

Thus we obtain a commutative diagram -y o 6, = 0 o ¢ as shown below by defining a
mapping v : D, — Dk,
= [ werer=t, (1.48)

wlv

where ¢ : k — K is the inclusion. The mapping (1.48) is an embedding of D,; in
D, sometimes called the conorm mapping.

Given a place v of x, let the divisors of v in K be wy, ..., wy and let Ky, ..., Ky,
be the corresponding extensions of «,, the completion of s (cf. Theorem 1.115). As
we saw, we have

(K, 1 ko] = 1y, = e(w;) f(w;),

hence
1 e(w;)
OI‘dwi (13) = n—OI‘dwl (NKwZ/Nv (1})) = e OI‘dU (NKwi /ﬂv (13)),
and so we obtain
ord, (Ng/u(@)) =Y ordy(Ng, /e, (@) = Y f(wi)ordy, (z). (1.49)

In the other direction we have the norm mapping. If a valuation v on x corresponds
to a prime divisor p and v has an extension w to K, with corresponding prime divisor
B, then we shall write 3|p and say that 3 divides p. The reason for this notation is
that in terms of the corresponding fractional ideals we have p C 3. Then ~ induces a
mapping 7y : J, — Jx such that (1.48) becomes

= [ (1.50)
Blp
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Note that
N/ (B) = p/o/e. (1.51)

Hence we find that

N/ (7(0)) = N (P77 o 9707 = p2cmirn e = plin],

where we have used Theorem 1.115.

1.11 Different

Let K be an algebraic extension of a field s of degree n. Take o € K and let o) (=
a), a® ... a be the conjugates of o with respect to . Define the different of a in

K as the element
n

d(a) = H(a — oMy e K.

=2

If g(z) is the polynomial of degree n with x-coefficients and leading coefficient 1
which has the n elements oz(l), a(z), e a(™ as roots, then obviously

§(a) =4 (). (1.52)

By Proposition 1.55, §(«) vanishes if and only if « is a number of lower degree than
n. We then find the value

H(a(i) _ a(j))Z _ (_l)n(n—l)/z ﬁg/(a(i)) _ (—1)”("_1)/2NK/H(5(Q))

i>j i=1

for the discriminant of the element .

Let K/k be a finite separable field extension, A C x a Dedekind domain with field
of fractions k, and let B C K be its integral closure in K. Assume that the residue
class field extensions of B/A are separable. Associated to every fractional ideal 2B of
K, one can define the dual B-module

B* = {\€ K | Trg.(\x) € Aforeachz € B}. (1.53)

Theorem 1.117. Let B be a nonzero fractional ideal of B. The dual B-module ‘5*
Sforms a fractional ideal of B. Here 88" = B* is a fractional ideal independent of
B, determined only by the field K, and it is the reciprocal of an integral ideal

1
ﬁ .

0=0p/4 = 0k /x =
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Proof. Tf wy,...,w, € B isabasis of K over x with its discriminant
D = Dgy(wi, ..., wy) = det(Trg . (wiw;)),
then bDB* C B for every nonzero b € B N A. Indeed, if
A=§wy + -+ Guwn € BT, & €k,

then the b¢; satisfy the system of linear equations

> BT (wiw;) = Try/o(bAw)) € A, j=1,2,...,n.

i=1

This implies Db¢; € A and thus Db € B.
Moreover, if A, A, € 6%, then for all by, b, € B; x € B,

TI'K/,{((bl)\l + bz)\z)x) = 'I‘I‘K/ﬂ(bl)\l.%) + T‘I‘K/ﬂ(bz)\zx) cA
since byx, by € B; thus by A\ + by Ay € B*, thatis, B™* is an ideal.
Furthermore, we have B8B* = B* which is thus independent of B since if A € B*,
then for each x € B,

’I‘I'K/ﬂ()\wix) eA i=12,...,n,

that is, Aw; € B*, which means 8%8* C B*. Conversely, if u € B* and py, ..., pn
denotes a basis for B!, then yp; € B for all y € B, and hence

'I‘I‘K/ﬂ<luypl) € Aa i=1,2,...,n,
which means pp; € B*. Thus p € BB*, and so B* C BB*.
Moreover B* is the reciprocal of an integral ideal 0 in B, as the number 1 obviously
belongs to B*, and so B C B*, 0 C B. Consequently,
B* = (Bo) !,
where 0 is an ideal in B independent of B. a
The ideal 0/, is called the different of K with respect to k.

Theorem 1.118. For a tower of fields k C K C L, one has

07/ = 0L/KOK /k- (1.54)
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Proof. Let C C L be the integral closure of A in L. If y is an element in L such that
Y01, /K 0K /x 1s integral, then by the definition of 07/, DK/H’I‘rL/K(yﬂ) is integral for
each integral element 3 over C, since for each element « in K which is divisible by
aK/n

TrL/K(yﬁa) = CVTI‘L/K(yﬁ)

is integral. From the definition of dx /., Trg.(Trp, k(yf3)) is integral. Hence
Trg /.. (yf3) is integral and thus 0/, is integral if 07, /0 /.y is integral. Conversely,
if 9/, y is integral, then for each integral element 3 over C' and each integral element
aover C, Trg . (yBa) is integral; hence

T‘I‘K/H(T‘I‘L/K(yﬁa)) = I‘I‘K/n(a’I‘I‘L/K(yﬁ))

is integral. Thus g, Ty, x(yf3) is integral, that is, Try /x(pyf3) is integral if p is
any element of 0/, in K and hence pydr,/x is integral. Thus we have shown that if
0f ),y is integral, 07/ 0f¢/y is also integral, from which (1.54) follows. o

Proposition 1.119. Let B be a prime ideal of B which divides a prime ideal p of A.
Let B and A be the associated completions. Then

Ve /nB = gy iy (1.55)
In particular, if we consider the local different of K at 3

0p:= BN 0Ky /rip
as an ideal of B, then

e = [ om (1.56)
P

Proof. We follow the proof of Neukirch [202], Chapter III, Proposition 2.2. Note that
for any multiplicative subset .S of A, one has

05—13/5—114:57103/14. (1.57)

We may assume that A is a discrete valuation ring. We show that B* is dense in B*.
By Proposition 1.116, we have

Trc/n =Y Tr .- (1.58)
Blp

Take x € B* and y € B. The approximation theorem allows us to find an n € K
which is close to y with respect to ords, and close to 0 with respect to ordgy, for P'[p,
B’ = P. The left-hand side of the equation (1.58) for 7

TI‘K/H(QCU) = I‘I‘K«n/np (9577) + Z rI‘rK;n//np (9577)
P#P
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belongs to A since
TI‘K/K(W?) €AC Aa

but same is true of the elements Tr Ky /R (z7) because they are close to zero with
respect to ordy. Therefore Try, /., (x1) € A. This shows that B* C B*.

On the other hand, if z € B*, and if ¢ € K is sufficiently close to x with respect to
ords, and sufficiently close to 0 with respect to ordgy, for P'|p, P’ # P, then £ € B*.
In fact, if y € B, then Try, /., (§y) € A since Trrcy /n, (7Y) € A. Likewise

Ty, /iy (€9) € A, T,
because these elements are close to 0. Therefore
Trie/u(€y) € ANk =4,
i.e., & € B*. This shows that B* is dense in B*, in other words,
B*B = B*,
and so (1.55) follows. O

Proposition 1.120. Let B = Ala] for some o € B and let f(X) € A[X] be the
minimal polynomial of . Then the different is the principal ideal

O/ = (f'(a)).
Proof. We follow the proof of Neukirch [202], Chapter 111, Proposition 2.4. Let
f(X)=a+a1 X+ +a, X"

be the minimal polynomial of o and write

X
M =bo+ b0 X+ +b, X"
X —«a
The dual basis of 1, a, ..., o™ ! with respect to Tr . 1s then given by
bO bnfl
)7 fe)
In fact, if vy, . . ., o, are the roots of f, then one has

~ f(X) af
L =X" 0<m<n-—1,
;X—aif’(ai)
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as the difference of the two sides is a polynomial of degree < n — 1 with roots
ari, ..., Qp, so is identically zero. We may write these equations in the form

fX) o™\ om
TI.K/“(Xaf’(a))_X , 0<m<n—1.

Consider now the coefficient of each of the powers of X, we obtain

b
e () =

and the claim follows.
Since
B=A+Aa+---+ Aa""!,
we obtain

B 1

From the recursive formulas

bp—2 —aby,—1 = Gnp—1,

it follows that

i—1 i—2
bp—i =o' Fap—1a" "+ ap—iy,

so that
Aby + Aby + - -+ + Aby—1 = Ala] = B;
then
B* = ;B
f'le) ™
and thus 0/, = (f'()). O

Theorem 1.121. A prime ideal B of B is ramified over A if and only if ‘B‘DK/»@-
Further, if B* is the maximal power of ‘B dividing 0, then one has s = e — 1 if B
is tamely ramified, and

e<s<e—1+ordgp(e)

if B is wildly ramified, where e = ey 4.
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Proof. Here we follow the proof of Neukirch [202], Chapter I1I, Theorem 2.6. Based
on (1.55) in Proposition 1.119, we may assume that A is a complete discrete valuation
ring with maximal ideal m. By (3) of Lemma 1.99, we have B = A[a] for some
o € B. If f(X) € A[X] is the minimal polynomial of «, then Proposition 1.120
implies that

s = ordsp(f' ().

Assume K/ is unramified. Then
a = amod P

is a simple zero of
J(X) = f(X) mod m,

sothat f’(«r) € B— {0} andthus s =0 =¢ — 1.

By Theorem 1.118 and Proposition 1.105, we may now pass to the maximal unram-
ified extension and assume that K/« is totally ramified. Then o may be chosen to be
a prime element of B. In this case the minimal polynomial

f(X) = qoX* ~|>a1X67] + -4 ae
with ap = 1 is an Eisenstein polynomial. Since
@) =eapX '+ (e — DNy X2+ + ae_y,

we obtain

ordg((e — i)a;a" ) = eordgp(e — i) + eordy(a;) +e—i— 1= —i — 1 mod e
fori = 0,...,e — 1, so that the individual terms of f/(«) have distinct valuations.
Therefore

s = ordg(f'(a)) = min ordg((e —i)a;a" ).
0<i<e
If now K/k is tamely ramified, i.e., if ordm(e) = 0, then the minimum is obviously
equal to e — 1, and for ordy,(e) > 1, we deduce thate < s < ordg(e) +e—1. O

Proposition 1.122. The different 0y, is the annihilator of the B-module Qg 4, i.e.,
V0w ={z € B|xdy =0 forally € B}.

Proof. Based on (1.7), we may assume that A is a complete discrete valuation ring.
Then by (3) of Lemma 1.99, we find that B = A[z] for some = € B. It is easy to
show that 2,4 is generated by dx. If f(X) € A[X] is the minimal polynomial of
x, the annihilator of dx is f’ (z). On the other hand, by Proposition 1.120 we have
Ok/x = (f'(x)). This proves the claim. O
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We then define the discriminant of K with respect to k to be the norm of the different
of K, that is,
Di/x = Ni/x(Ok/n)- (1.59)

Proposition 1.119 with (1.59) yields:

Proposition 1.123. Let B be a prime ideal of B which divides a prime ideal p of A.
If we consider the local discriminant of K at 3

Dy = AN @K%/,,ip
as the ideal of k, then
Di/n = | [ D
P
Proposition 1.124. A prime ideal p of A is ramified in B if and only if p|D g /-

Proof. Neukirch [202], Chapter III, Corollary 2.12. a



Chapter 2

Algebraic numbers

A complex number o will be called algebraic if it is algebraic over QQ, that is, it satisfies
a non-zero polynomial equation with coefficients in Q. Equivalently (clearing out
denominators) we may assume the coefficients to be in Z. We let Q (C C) denote the
set of algebraic numbers, which, in fact, is a field. The integral elements 7 C C over
7 are called algebraic integers. Then we have Z = 7. N Q.

2.1 Integral ideals

The whole field Q is not as interesting, for us, as certain of its subfields. We define a
number field to be a subfield « of C such that [+ : Q) is finite. This implies that every
element of « is algebraic, and hence x C Q. The trouble with Q is that [Q : Q] is not
finite.

2.1.1 Factorization of ideals

Let « be a finite extension of Q (i.e., a number field) of degree n=[k:Q]. Let O, be
the integral closure of Z in k. Obviously, we have O,, = Z N k.

Theorem 2.1. The ring Oy is a Dedekind domain.

Proof. Since k is a separable extension of QQ (because the characteristic is zero), hence
by Proposition 1.81 there is a basis vy, ..., v, of k over Q such that O, C > Zvj.
Hence O, is finitely generated as a Z-module and therefore Noetherian. Obviously,
Oy, also is integrally closed since, if = € & is integral over O, then x is integral over
Z by transitivity of integral dependence, and so x € O,. To complete the proof we
must show that every non-zero prime ideal p of O,; is maximal. Since p # 0, it is easy
to getp NZ # 0, and so p N Z is a maximal ideal of Z, and therefore p is maximal in
O. O

Theorem 2.2. Every ideal a of O,; can be written in the form («, . . . , &, ) with the o
suitably chosen algebraic integers in k. Moreover, we may even take r < n.

Proof. The case a = (0) is trivial. Next we assume a # (0). The elements of a
obviously form an infinite Abelian group under composition by addition, which is a
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subgroup of the group O,. Consequently by Theorem 1.4, the ideal a has a basis,
whose size is < n. On the other hand, by Theorem 1.6, the number of elements in
this basis is equal to the number of independent elements in a; hence it is = n, since,
indeed, if 3 (# 0) belongs to a, the n independent elements 3, a3, a3, ...,a" "'
must also belong to a, where a € O,, is taken with K = Q(«). Thus in each ideal
a # (0) there are exactly n elements «, . . ., o, such that

B =zi01 + 2200 + - + TR0y,

represents all elements of the ideal exactly once, if =y, ..., x; run through all rational
integers. Such a system «q, . .., ay, is called a basis of the ideal (or ideal basis). O

We need the following generalization of the theorem of Gauss about polynomials
which have algebraic integers as coefficients (cf. [95], Theorem 67):

Theorem 2.3. Take two polynomials with coefficients of algebraic integers
Az) = Z ax', B(z) = Z Bjx’
, =

with o, B4 # 0. Then if an algebraic integer ¢ divides all coefficients vy, of

pt+q

A(x)B(x) = Z At
k=0

it also divides all products o;[3;.

Proof. First, we show some properties of a polynomial
f(@) = 0ma™ + Gmo1a™ o 512+ o (O £ 0)

with algebraic integral coefficients. If p is a root, it is easy to see that d,,p is an
algebraic integer. Moreover, f(x)/(z — p) has coefficients of algebraic integers. In
fact, this is true for m = 1, in which case
€T 50

@) sk

T—p 01
Suppose that this fact has already been proved for all polynomials of degree < m — 1.
Since

p(z) = f(z) = dma™ " (z — p)

is obviously an algebraic integral polynomial of degree < m — 1 with p as a root,

ola) _ S

T—p T—p
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is thus integral. Therefore the same holds for f(x)/(z — p), whence the fact follows
by complete induction.
Further, write

f(@) = 0m(x —p1)(x —p2) - (T = pm),

then d,,p102 - - - p; is an algebraic integer for each ¢ with 1 < 4 < m. This follows by
repeated application of the fact proved above from which we obtain

f(x)
(= pir1)(® — pir2) - (T — pm)

= b= 1)+ (= i)

as an algebraic integral polynomial whose constant term is £+d,,p1 - - - p;.
We now arrive at the proof of Theorem 2.3 as follows: let the decomposition into
linear factors be

Afz) = ap(z —p)(x—p2) - (2 = pp),
B(z) = Bylz—o)(z—02)--(x—0y).
By hypothesis

A(-T)(SB(Z') _ Oépdﬁq (.’E _ pl) S (.%' — Pp)(ﬂU — 01) c. (_7; — aq)

has algebraic integral coefficients, hence each product

3
%qpm"'pmo'ml"'o—mj 2.1
is an algebraic integer, where ny,...,n; and likewise my,...,m; are any distinct
indices (: < p, j < ¢). However, since «;/ay, and 3/, are elementary symmetric
functions of the py, ..., pp and of the o1, ..., 04, ;35 /0 is a sum of terms of the form
(2.1), and consequently an algebraic integer, as was to be proved. |

Proposition 2.4. (1) For each ideal a there is an ideal b different from (0) such that
ab is a principal ideal.

(2) Ifab = ac, thenifa #0, b =c.

(3) Anideal cis a divisor of a if and only if every element of a belongs to c.

Proof. Assume a = («aq, ..., a,). We obtain the algebraic integral polynomial
g(x) = a1z + arx® + - + apa”
and the conjugate polynomials

g(i)(x) = agi)x+agi)x2 + - +a$f)x’", 1=1,2,...,n
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among which the original polynomial g(x) occurs, say for ¢ = 1. The product

fla) =] (@) = cjad
i=1 j=n

as a symmetric function of the conjugates is a polynomial with integral rational coef-
ficients ¢;. Thus f(x) is divisible by g(«) and the quotient

h(w) = % = i];[zg(”(x) =iz + b + -+ Bpa™

is a polynomial with coefficients in « which are moreover algebraic integers. If we
denote the greatest common divisor of the rational integers c; by d, so that f(x)/d
is a primitive polynomial, and set b = (3, ..., B ), then we assert that the equation
ab = (d) is true. By Theorem 2.3, d divides all ; 3, since it divides each coefficient
of g(x)h(x), and hence there are rational integers x; such that

d = CpTp + Cnp1Tpt1 + -+ + CprTpg-

Each ¢; is a sum of products a;/3;; consequently d is representable in the form
d=> a0y
ik

with rational integers a;;. Thus d and all elements of (d) belong to ab, that is, ab =
(d), and so (1) follows.
To see (2), we determine an ideal m # (0) such that am = («) is a principal ideal.
Then
amb = ame, (a)b = ().

The latter equation asserts that « times every element from b is of the form « times an
element from c, that is, every element of b belongs to ¢, and likewise the converse is
true; thus b = c.

Write

a=(ag,...,qr), =Yy ey Ym)-
If c|a, then there isa b = (31, ..., (5) for which b # (0) and

(O[],... 7a7') = (/617“' 7/68)(717"%77%) = (aﬁlyja)a
hence every element « of a can be represented in the form
m S
a= NiBry =Y (Z Az’ﬁz’)
ij j=1 i=1

with algebraic integers \;; and thus belongs to c.
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Conversely, if every element of a is also an element of ¢, then for all algebraic
integers \;; there are algebraic integers y;; for which

> Njoi =Y i
i l
then for each® = (41, ..., ;)

Z Z Nijaidj = Z Z/Llﬂﬁj,
PR 71

that is, each element in ad belongs to ¢d. Now let us choose d (# (0)) so that ¢@ = ()
is a principal ideal (6 # 0). If ad = (pi, ..., pp), then each p; is an element from (&
thus it is of the form \;0 with algebraic integer \; and hence

5

A= (p1,..,pp) = () (A1, ..., Ap) = (A1, ..., Ap),
which combining with (2) means
a=c(A,...,\p),
that is, c|a. O

As an immediate consequence of Proposition 2.4, (3), we emphasize: Let a be an
ideal which is not = (0).
(4) The algebraic integer « occurs in a if and only if a|(«).
(5) If a|(c) and a|(3), then also a|(A« + p13) for all algebraic integers A, .
(6) It follows from ab = (1) thata = (1) and b = (1).

(7) If each of two ideals is a divisor of the other, then they are equal.

Theorem 2.5. For every two ideals a = (ay, ... ), b = (B1,. .., 3s) which are not
both = (0), there is a uniquely determined greatest common divisor 0 = (a, b) which
has the following property: 0 is a divisor of a and b. Furthermore if 01|a and 0,|b,
then 0y is a divisor of 0. Indeed ® = (v, ..., B1,. .., Bs)

Proof. We show that 0 = (v, ..., ., 01,...,3s) has the stated properties of divisi-
bility. For any

T S
azzui%Ea, ﬁZZVjﬁjEE‘J
i=1 j=1

with algebraic integers 1; and v;, we have

T S
a"’"ﬁzz,uio‘i"’"zyjﬁj €0.
j=1

i=1
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Then all elements of a and b belong to 9, and consequently by Proposition 2.4, (3), 0|a
and 0|b.

Moreover if 9;|a and 0, |b, then all elements of a and b and consequently also each
sum o+ 3 with o € aand 3 € b belong to 01, that is, each element of 0 belongs to 0;.
Again we have 01]0. If an ideal ' likewise has this property, then 0|0 and 0[?’ thus

0’ = 0. Consequently 9 is uniquely determined by this property. ]

The greatest common divisor of aj,a,...,q;, is accordingly the ideal a =
(v, ..., ap). If this ideal = (1), then we call the elements ay, ay, .. ., a, relatively
prime. Equivalently, there are algebraic integers \p, . .., A, satisfying

Aoy + -+ Aoy = 1.
We conclude immediately from the expression for 0 that
c(a,b) = (ca,cb). (2.2)

Thus it follows that if p is a prime ideal and p|ab, then p divides either a or b or both.
For if p 1 b, then (p, b) = (1), since, as a prime ideal, p has no factors except (1) and
p. It follows from (2.2) that

a=a(l) =a(p,b) = (ap, ab)

and since p|ab, p must divide a.
Now we can show the fundamental theorem of ideal theory:

Theorem 2.6. Every ideal in Oy, different from (0) and (1) can be written in one and
only one way (except for order) as a product of prime ideals.

Proof. It immediately follows from Theorem 1.36 and Theorem 2.1. Here we intro-
duce another proof. First, we show the following two claims:

(a) Every ideal a which is not (0) has only finite many divisors.

(b) Every proper divisor of a (# (0)) has fewer divisors than .

For the proof of (a), we recall that every ideal a (# (0)) divides a certain principal ideal
(a), and that each divisor of a is also a divisor (cv). Thus it is sufficient to verify the
finiteness of the number of divisors of each principal ideal («), and here we may take
« as a rational integer, since N, /g(«) implies ()N, g(a) and N, jg(a) = N is
such a number.

By Proposition 2.4, (3), an ideal (V) is divisible only by those ideals a in which N
occurs. Now let a = (o, ..., ;) be a divisor of (IV), hence let N occurs in a. It is
sufficient to assume r < n, since, for example, we can indeed choose for the «; a basis
for a. Now

(a17~~~aar):(alv---vamN):(alfNﬁlv---vaT*NﬁraN)
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is true for arbitrary algebraic integers (3;. We show that the (3; can be chosen so that
the a; — N G; belong to a definite finite range of values. Let wy, ..., w, be a basis for
the field. To each algebraic integer

a=Twi + oWy + -+ - + Tpwh,

an algebraic integer
0 =y1wi + ywsr + - + Ypwn

(z; and y; rational integers) can obviously be determined so that in
Oé*NﬂZ (.%'1 *Nyl)wl ++(xn7Nyn)wn

the n rational integers x; — Ny; belong to the interval Z[0, N — 1]. Among these
numbers, which we call “reduced mod N for the moment, there are only | N |™ distinct
ones. We now choose the [3; so that all elements a;; — N 3; are reduced mod V; then
the, at most, n elements «; — IV 3; belong to a definite finite set of numbers determined
only by IV, and hence they can give rise to only finitely many distinct ideals a; that is,
(N) has only finitely many divisors and the claim (a) is proved.

In order to prove the claim (b), let ¢ be a proper divisor of a. Thus a = bc where
b # (1), ¢ # a. Then ¢ surely does not have a as a divisor, and consequently ¢ has at
least one less divisor than a.

Now at least one prime ideal must occur among the finitely many, say m, divisors of
awhichare # (1), unless aitself is (1). Namely by the claim (b), the divisor or divisors
which have as few divisors as possible are obviously prime ideals. Consequently, we
can split off a prime ideal p; from a, a = p;a;, where a; has at most m — 1 divisors
which are # (1). In case a; # (1), we can again split off a prime ideal p, from aj,
a; = poap, where ay has at most m — 2 divisors # (1), a = p;paay and so on. Since
ap, ay, ... always have decreasing numbers of divisors, the process must come to an
end after finitely many steps, which can only occur if a5 = (1). Then

a=pip2--- Pk
is represented as a product of prime ideals, and we have proved Theorem 2.6. a

This theorem gives an entirely new method for deciding whether or not an algebraic
integer «v is divisible by an algebraic integer 3. First we decompose both ideals ()
and (/3) into their distinct prime factors:

(@) = pi'p3?--p)" (a; >0),
(B) = plpd ) (b > 0).
By Theorem 2.6, (3 divides « if and only if a; — b; > O fori =1,2,...,1.

Theorem 2.7. There are infinitely many prime ideals in each number field.
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Proof. Each rational prime p defines an ideal (p), and moreover if p and ¢ are distinct
positive primes, then (p,q) = 1 in the sense of our ideal theory, since the number 1
occurs in the form px + qy in (p, ¢). Consequently, the same primes never divide (p)
and (q); hence there are at least as many prime ideals as there are positive primes p. O

Theorem 2.8. If a and b are ideals distinct from (0), then there is always an element
w for which (w, ab) = a.

Proof. Letpy,...,p, be all distinct prime ideals which divide ab and let
@ =pi o plr (a2 0)

We write

_ s+l aj—1+1_a;41+1 ar+1
0; =P, "'pz‘il pii] Pyt

Since these 0; in their totality are relatively prime, there are elements §; € 0; satisfying

s 1=1,...,m

i+ G+ 46, =1

Since 9;]0;, hence p;|6; (j # ¢). Consequently, p; { J; since p; 1 (1).
We now determine r elements «; such that

a;+1

b las, b fas, i= 1,

which is obviously always possible since for this to happen «; need only be an element
from p$* which does not occur in p?* ', Then the element

w =101 + a0 + -+ + - 0p

has the property asserted in Theorem 2.8. For each of the prime ideals p; occurs in
r — 1 summands at least to the power p;”'H; however, it occurs precisely to the power
p;" in the i-th summand; consequently w is divisible by precisely the a;-th power of
p;, but no higher power. a

By taking ab itself as a principal ideal 3, which is divisible by a, we obtain that each
ideal a can be represented as the greatest common divisor of two elements of the field:
a=(w,f).

Let P be a polynomial of variables xy,...,z,, in which the coefficients of the
various products of powers are all algebraic integers in . We now define the content,
J(P), of a polynomial P to be the ideal generated by the coefficients of P, which is just
the greatest common divisor of the coefficients of P. Theorem of Gauss (cf. Theorems
1.47 and 2.3) has the following form:

Theorem 2.9. The content of a product of two polynomials is equal to the product of
the contents of the two factors.

Proof. See E. Hecke [95], Theorems 86 and 87. O
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2.1.2 The norm of an ideal

Theorem 2.10. Let k be a finite extension of degree n over Q. Let O, be the integral
closure of Z in k. Let a is a nonzero ideal of O,. Then the number of residue classes
mod(a) is finite.

Proof. The elements of a form a subgroup of O,. The different cosets in O, deter-
mined by a obviously form the different residue classes mod(a). Hence the number
of distinct residue classes mod(a) is the index of a in O,. This index is finite. For if
« is any nonzero element in a, then the positive rational number a = [N, g()| also
belongs to a, since «| N, /Q(a), and consequently the product ax € a for any x € O,.
Thus in group-theoretic terms the a-th power, in the sense of composition, of each
element of O, belongs to a. Consequently, by Theorem 1.9, the index of a is finite. O

The number of residue classes is denoted by N (a), called the (absolute) norm of a,
or is also called the counting norm in the sense of Theorem 2.10. Let py, ..., p, be all
distinct prime ideals which divide a and let

a= p‘lll e ?T
with a; > 0 for each i. Let p; be the positive prime integer with (p;) = Z N p,. By the
Chinese Remainder Theorem 1.13, we have

On/a=0O./p]" & & Ox/pp.

Observe that p? /piﬂrl is a one-dimensional vector space over O, /p;. It follows that
the number of elements in O, /p;* is A'(p;)*. The dimension of O, /p; over Z/(p;)
is fy,/z 50
fo.
N(pz) = pipl/z-

Thus O, /p* has p?i'f"i/ * elements and
.
aifp; /2
N@=]]»"" (2.3)
i=1
By Proposition 1.82 and Proposition 1.83, we have
T T
N, jg(a) = [[ Nealpd)®™ = [ [ (pi) "%,
i=1 i=1
which means
Ny/g(a) = (V(a)). (2.4)
Let the rational integers a, b, ¢ (a > 0) be given. A basic theorem in number theory
claims that the congruence
bx + ¢ =0 (mod a) (2.5)
has exactly one solution mod « if (b,a) = 1. In the case (b,a) > 1, (2.5) is solvable
if and only if (b, a)|c. Then the number of distinct solutions mod «a is equal to (b, a).
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Theorem 2.11. Let a is a nonzero ideal of O,. For given o and 3 the congruence
a& = (mod a)

can be solved by an algebraic integer £ in k if and only if (a, a)|3. If (o, a) = 1, then
the solution is completely determined mod a.

Proof. First, assume (o, a) = 1. Let & run through a system of N (a) elements which
are incongruent mod a. Then «& runs through all the residue classes mod a, for it
follows from

aé) = a& (mod a)

that aja(&; — & ). However, since («, a) = 1 we must have a|(§; — &), that is,
51 = 52 (mod Cl)

by the fundamental theorem. Thus, among the elements a&, one from the residue class
of (3 also occurs. For the same reason the solution is obviously determined uniquely
mod a.

Moreover if we now have («, a) = 0 and there is an algebraic integer &y with

a&y = (3 (mod a),

then aéy = (3 + p, where a|p. Thus ?|p and d|agy — p, that is, ?|5.
Conversely, if 0|3, 5 = 0b, then let us set

a=0da;, a=20d

so that (a;,a;) = 1. By Theorem 2.8, there exists an element w = ma; such that
(w,a1daz) = ay, thus (m,day) = 1. Then da;|ma; b, hence or|w(3 and the congruence

wp
= — (mod «a
o 2)
is solvable for & by what has just been proved, since
(w, az) = (mal, az) =1
follows from (m,ay) = 1 and (a;, az) = 1. From a,|wé — w/3/« it follows that

aa2|(aw£ - wﬁ)a

ie.,
darm|(w)(af — B), darjm|ma(af — B),
dapm(ag — B), daf(al - p)
(as (m,0ay) = 1), that is, a|(a€ — ). O
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Theorem 2.12. For two ideals a and b of O, we always have
N (ab) = N (a)N(b).

Proof. Let w be an element divisible by a such that (w,ab) = a. If we let §; (1 =
1,2,...,N(b)) run through a complete system of residues mod b and let n; (j =
1,2,...,N(a)) run through a complete system of residues mod a, then no two of the
elements w¢; + n; are congruent mod ab. On the other hand, each algebraic integer p
is congruent mod ab to one of these elements w¢; + 7;. For let n; be determined so
that

7 = p (mod a)

and then let £ be determined so that
wé = p —n; (mod ab).

Since (w, ab) = a and a|p — 7;, this congruence can be solved by Theorem 2.11 and
¢ can be determined mod b so that £ can be chosen equal to ;. Consequently, the
N (a)N(b) elements wE; + n; form a complete system of residues mod ab and thus
there must be AV (ab) of them. O

Theorem 2.12 can be deduced directly from Proposition 1.82 and the relation (2.4).

Theorem 2.13. The norm of a prime ideal p in O, is a power of a certain rational
prime p, N'(p) = pf, where f = fp/z is the relative degree of p over Z. Every ideal
(p), where p is a rational prime, can be decomposed into at most n factors.

Proof. For each prime ideal p divides certain rational numbers and consequently also
certain rational primes p. Suppose that p|p, p = pa. Then

N(p) = N(pa) = N(p)N(a),

and consequently the rational integer NV (p) divides N'(p) = p™; hence N (p) = p/ and
f < n. If we think of (p) as decomposed into its prime factors

p=pip2---Ppr,

then the positive rational integers N (p;) - - - N (p,-) have as product N (p) = p™, while
none of these integers is = 1; thus their number 7 must < n. O

2.2 Absolute values on number fields

We will show that the product formula (1.33) over Q can be extended to finite extension
fields of Q with a proper modification.
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2.2.1 Archimedean absolute values

We consider the Archimedean absolute values in an algebraic number field « of degree
n. Then we have k = Q(t) for some algebraic number ¢. For every embedding
o : k — C over Q, we define

|zl = |o(2) oo,

where || is the ordinary absolute value of C. It is obvious that ||, is an Archimedean
absolute value of x extending the ordinary absolute value on Q. If p, o are embeddings
of x over Q such that |-|,, | -|, are distinct, then |- |,, | - |, are not equivalent; otherwise
there exists an « > 0 such that

|'T|P = |'T|ga T € K,

and taking x € Q we see that o = 1.

Every Archimedean absolute value | - | of « is equivalent to some | - |,; in fact, let
(%, |- |A) be the completion of (x, | - |); by Theorem 1.90, there exists an isomorphism
o of & onto C or R such that

|z[n = lo(2)[S
for some real number @ > 0; thus | - | is equivalent to | - |,.

If p, o are embeddings of x over QQ such that o(z) = p(x) (complex conjugate of

p(x)) for all x € k, then for every « € K

2l = 0(2)]oo = [p(@)]oc = [p(2) 00 = 2],-

Conversely, we show that if ||, = |x|, for every x € &, then o(x) = p(x). Consider

oo™ Qp(t) — Qo ().

It is continuous in the topology defined by | - |, because given any element o (x) €
o(Q(t)) ande > 0in R, let |p(y) — p(x)|oo < &; then op~ ! (p(y)) = o (y) is such that
lo(y) —o(@)lee = lo(y—2)loc =y —2lo =y —zl,

= lpy) = p(2)|eo <&

Since op~ is continuous and acts as the identity on Q, it may be naturally extended
to an isomorphism

1

T:R(p(t)) — R(o(t));

thus p(t), o(t) € C are conjugates over R and so o(t) = p(t) (complex conjugate).
For every x € Q(t) = &, there are a; € Q satisfying

n—1 n—1
x = Z ait’, o(x) = Z aio(t)! = p(x).
=0 i=

Thus we arrive the following result:
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Proposition 2.14. Let r| be the number of embeddings of k into R, and let 21, be the
number of embeddings of k into C, whose image is not contained in R. Then

ri+2r=[k:Q,

and Kk has r + 1y pairwise inequivalent Archimedean absolute values | - |,. Moreover,
|- |o = |- |pifand only if o(x) = p(x) for every x € k.

Here we explain Theorem 1.115 for the case x/F with F = Q. Let
Pu(X) = (X —t1) - (X =, )(X? + n X + 1) - (XP + 0, X + )

be the decomposition of the minimal polynomial P;(X) € Q[X] of ¢ into irreducible
polynomials over R. Let oy,...,0.,...,0.+r, be the embeddings in Proposition
2.14. If k,, denotes the completion of « relative to the absolute value | - |,, associated
to o; (see Proposition 2.14), we have

R, ifi=1,...,7,
Koy = o
C, ifi=r+1,...,71 +m.

Then we have an R-algebra isomorphism
/ﬁ®FFoo:/@®R%/@UI><~~~></@UT1+T2:]R“><(CT2, (2.6)
or kK ® R = R™ as a real vector space, so that

n=ry+2r=[k:F].

2.2.2 Product formula

Let x be a field. For each v € M,, let n, be a positive real number. We shall say that
M, satisfies the product formula with multiplicities n,, if for each x € k., we have

[T Izl =1.

vEM

We shall say that M,, satisfies the product formula if all n,, = 1. When we deal with a
fixed set of multiplicities n,,, then we write for convenience

lz]lo = |2l 2.7)

so that the product formula reads

Il =1. (2.8)

'UGMK
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We define a multiplicative M,-constant ~y to be a real valued positive function
v: M, — Rt

such that vy, = 1 for almost all v € M, (all but a finite number of v in My). Thus if M,
satisfies a product formula with multiplicities n,, then for o € ks, y(a) = {||||,} is
a multiplicative M-constant determined by «.

Suppose now that we have a field F' with a set My of places satisfying the product
formula with multiplicities 1. Let x be a finite separable extension of F', and let M,
be the set of places on x which extend the places of Mg. If p € Mg and v € M,; with
v|p, set

Ny = [Ky : Fyl.

Then for any x € k., we get by Proposition 1.116:

L= 1] Nyr@],= [T [Tl = TT l=f

pEMF peEMp 'U|p vEM

This shows that M, satisfies the product formula with multiplicities n,. Next we
concretely show this fact for the case F = Q.

Let s be an algebraic number field of degree n. Given a prime number p and let v
be a valuation of x dividing p. Let n, denotes the local degree of the valuation v in
k/Q. Let k, denote the completion of k, with respect to the valuation v, which is an
algebraic extension of degree n, over the field Q, of p-adic numbers. Therefore, by
the uniqueness of the extension of ord,, to x,, for x € x we have

Ny, /0, (@)], = [N, /g,(2) Hlo o = |z[2 (2.9)

where the product extends over all @,-isomorphisms of x, into an algebraic closure,

that is,
|z = p—olfdzo(1\1,@,,/@][,(96))7

and hence )

v(x) = n—ordp(N,w/Qp (z)). (2.10)
v
If we multiply the relations (2.9) for all valuations v dividing p, it follows from Propo-
sition 1.116 that

INya(@)], =] Neja, @], =TIl 2.11)

vlp vlp
For the ordinary absolute value, we have an analogous result. Let o,...,0,, be
the isomorphisms of « into R with r; > 0, and let o, 41, ..., 07 4, (r2 > 0) be the

isomorphisms of  into C having image not contained in R, and such that every other
isomorphism is the complex conjugate of some o; (r; + 1 < i < 7| 4+ 12). If Ky,
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denotes the completion of « relative to the absolute value | - |5, associated to o; (see
Proposition 2.14), we have

R, ifi=1,...,m
Koy = e
C, ifi=r+1,...,71 +m.
Hence the local degrees of these absolute values are
1, if kg =R,
Ng, =— |Rg, - =
7 = o Qo] {2, if gy, = C.

The same proof as that of (2.11) now gives

(SRR

IN,./q(2) H |z[o7?. (2.12)

For convenience, we also write o;|oco for each 4, and so

M/C:O = {017 ttt 7UT|+T2}

is just the set of all Archimedean places of x, which is called the set of places at
infinity.
Combining these facts, we arrive the product formula: for every element = € K.,

IT 1zl =1 (2.13)

VEMy,

In fact, by (2.11),

[T el =TTl = T INorele)

veM? P lp
and by (2.12)
T2
N,
IT 1=l = H )07 = |Nujo(@)|
veMZe

hence by the product formula valid in Q (see (1.33)), we have

IT 1zl = T Neg)| =1
P

vEM,, pe]V[@

because N, /g(z) # 0.

By the arguments as above, the set M, of places extending those of Mg is a set of
places on « satisfying the product formula with multiplicities n,, where n, = [k, :
Qp] is the local degree of v if v|p for some p € Mg such that

Z ny = [k
vlp
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The set M,, will be called the canonical set. For convenience, we also write
2/l = [l ]/, @ € . (2.14)

From (2.10), it follows that each valuation v € M, 2 is discrete with the order func-
tion

ordy(z) = ordy(Ny, /g, (%)), v[p. (2.15)
Obviously, one also has
Or= () Oxw. (2.16)
veM?

By Theorem 1.109, the mapping ¢ from the fractional ideals J, to the divisors D,
with S = M? is an isomorphism. In this isomorphism, a fractional ideal corresponds
to a place v in M 2 if and only if the ideal, say p, is a nonzero prime ideal, and in this
case p = O, Nmy, ,, while (O,)p = Oy . Usually, we denote the relation p — v by
Py, and identity p with v.

IfveM 2 is one of the places extending the p-adic absolute value on Q, its multi-
plicity is

Ny = ["‘31} : Qp] = €y fu,

where e,, and f,, are the ramification index and residue class degree, respectively. Note
that p = p,, divides pOy, or equivalently, p N Z = Zp. Note that e, = ord,(p) is the
power of p that appears in the prime factorization of pO,;. Then

|‘T|v _ p—ordv(m)/ev’

where e, is needed to ensure that |p|, = p~!. Notice that
Ok/p = Ok/pOk,p = Fo(r),
and so Theorem 2.13 or Proposition 1.112 mean
N(p) =p"
since (k) is of degree f, over IF,, = Z/pZ. Thus we obtain
lall = A (p) o). (2.17)

Proposition 2.15. Let o : k — K be an isomorphism. If w € M, for x € K put
|2|y = |o(2)|w. Then v € My, and this gives a one-to-one mapping Mg — M,
and in this correspondence n,, = n,,.

If we have a tower of finite extensions, Q C x C K, and if w|v for w € Mg, v €
M,,, then K, contains k, with

Ny = [Kw : Hv]nva
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and hence
TN
Zn_:Z[Kw‘“v] = [K : K. (2.18)
wlv v wlv
When v € M, 2, we let wy, ..., w, be all extensions of v to K. Therefore, by the

uniqueness of the extension of ord, on k, to K,,, for z € K we have

Nw,

Nk, o (@)], = |2 = (1]l (2.19)

If we multiply the relations (2.19) for all valuations w; dividing v, it follows from
Proposition 1.116 that

g

g
INg/w(@)], = [T Ny, s @], = TT 12w (2.20)
i=1

i=1
When v € M2°, we verify the formula (2.20) also holds. Suppose first that v is a
complex infinite prime of x, o is an embedding of « into C such that
2|y = [o(2)]o0,

where | - | is the ordinary absolute value of C. Let o1, ..., 0, be all extensions of o
to embeddings of K into C. Then for x € K,

g g
[T 1zle; = [ loi(@) e = |0 (N /u(@))] = [Niju()], -
i=1

i=1
Now suppose that v is a real infinite prime of x and o the embedding « into R such
that
|2|o = [o(2)]o0,
where | - |« is the ordinary absolute value of R. Let oy, ..., 0., be all extensions of

o that map K into R and Let 0,4, 7,45 (1 < j < r) be the conjugate pairs of
embeddings of K into C Then for x € K,

1412 T ri+r;
IT lzllo: = (HIUz‘(fv)Ioo> IT lei(@) %
i=1

i=1 i=r 41

T ri+r
(HIUz‘(fv)Ioo> I1 loi@)lecl?i(@)]oo

i=1 i=ri+1

|0 (Nieu(2))] o = [Niyu(2)], -
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2.2.3 Galois extensions of number fields

Let x be an algebraic number field, v a place of x which corresponds to a prime
ideal p = p, of the ring of algebraic integers in x, and K a finite dimensional Galois

extension of k. Let wy,...,w, be the places of K extending v, with corresponding
prime ideals By, ... , B, respectively, that is, each P; divides p, and so we may write
pOr = Pi--- By, (2.21)

where e = eg, /, 18 the ramification index.
Take an element o € G/,.. We write the action of o on w; as o (w;). In case v is a
finite place, we may identify

o(w;) 2 o(P;) = {o(z) |z € Pi}.

If w; is an infinite place corresponding to an embedding o; of K into either R or C,
then o(w;) is the place corresponding to the embedding o; o o~!. The Galois group
Gk« permutes the w; transitively. We have seen this from Theorem 1.78 for the case
of finite places. For infinite places this is an immediate consequence of the description
of the infinite places in one-to-one correspondence with the embeddings of K into R
and pairs of conjugate embeddings of K into C. We set

Dy, = Dy, = {0 € G| o(wi) = wi),
and call D,,, the decomposition group of w;.

Theorem 2.16. Let w be an extension in K of the place v of k and let D,, be the
decomposition group of w in the Galois group G ... Then K, is a Galois extension
of Ky with Galois group D,,,.

Proof. See G.J. Janusz [119], Theorem 1.2 in Chapter III. a

Now we assume that v is a finite place of x. Let w be a place of K extending v,
with corresponding prime ideal 3. For o € D,, we have ¢(J3) = 3 and so ¢ induces
an automorphism & of O /P by the rule

gz +P)=o(x)+P, =€ Ok.

Then & is in the Galois group of O /PB(= Fy(K)) over O, /p(= Fy(k)). The cor-
respondence ¢ +— & is a homomorphism of D, into the Galois group G, (x)/F, (x)-
The kernel of this homomorphism is called the inertia group of w and is denoted as I,
or Isp.

Theorem 2.17. Let v be a finite place of k corresponding a prime ideal p. Let w be a
place of K extending v, with corresponding prime ideal °B.
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(1) The correspondence o — & maps D,, onto the Galois group Gy, (K)/Fy(x)-
(2) The order of the inertia group I, equals ramification index esy,.

(3) The subfield F(1,,) of the completion K,, left fixed elementwise by the inertia
group 1, is an unramified extension of k, of dimension fo,,.

(4) The extension K,/ F (1) is totally ramified with dimension eg,,.

Proof. See G.J. Janusz [119], Theorem 1.4 in Chapter III. a

2.3 Discriminant of number fields

Let x be a finite extension of degree n over Q. Let O,; be the integral closure of Z in
K.

Theorem 2.18. There are n elements wy, . .., wy in O, such that if the x; run through
all elements of 7 in the expression

0 = xywy + 22wy + -+ + Tpwy,
we obtain each element in O, exactly once, that is, wi, . .., w, is a basis of O.

Proof. By the assumption, then there exists an element o € « such that x = Q[a]. By
Proposition 1.60, we may assume that « is integral over Z. We first investigate those
elements p of O,, which have a representation in the form

p= g(O&) =cCo+ o+ +Cn7]an_l

with coefficients ¢; € Q. The ¢’s can be determined from the n conjugate equations

p(i) :g(a(i)), i=1,...,n,

where oD, ..., o™ are conjugates of «, since the van der Monde determinant
1 o ... (040))"—l
n—1
Al a® . (a(Z)) _ H (a(i) _ a(j)) £ 0.
.................... o i
1 o (a(n))

The solution yields Ac; equal to a determinant, among whose elements only the p(i)
and the powers of the o occur. In any case this determinant is an integral element a;
over Z, since « and p are integral over Z. However,

R

YA A
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implies that z; = a;A = Azcj is an integer in 7Z, because it is integral over Z since
a; and A are integral, and rational since A? and c; are rational. The system of all
elements

anfl

1 «

6:.’1,'1? +x2P++an7
where x; € Z, containing all elements of Oy, forms a (torsion-free) Abelian group
(with composition by addition) with a basis of n elements namely 1/ A o / A
anl/ A?. Hence by Theorem 1.4, the subgroup O, contained in this group likewise
has a basis. By Theorem 1.9, this subgroup O,. is of finite index since A%( (that is,
in the sense of group theory: the A%-th power of each element) is obviously integral
over 7Z, and belongs to the subgroup O,. Consequently, by Theorem 1.5, the basis of
Oy, also consists of n elements, say wy, ... ,w,. By Theorem 1.7, one can obtain all
system of bases w/, ..., w], of O, in the form

n

, .

w; = g bijjwj, i=1,...,n,
j=1

with rational integers b;; € Z, whose determinant is ==1. Consequently

Dyjg = Dyjg(wi, ..., wn)

is independent of the choice of basis and is determined completely by the field itself.
Since in any case the w; represent 1, c, ..., a" ! by linear combinations, they form a
fundamental system and consequently D,; /g # 0. o

The nonzero rational integer D, /q is called the discriminant of field k.

Theorem 2.19. Let a is a nonzero ideal of O,. If ay, . .., v, is a basis for a, then
D.olarg,...,a
Ni(a)? = Dol n), (2.22)
Do

For a principal ideal a = (), N'(a) = [N, g(a)].

Proof. letwy,...,w, be abasis for O. Then there exists a system of equations

n

a; = E CijWsj, i:1,2,...,n,
j=1

with rational integers c;; € Z, and by Theorem 1.8 the absolute value of the deter-
minant det(c;;) is equal to the index A/(a). On the other hand, by passage to the
conjugates

DH/Q(OQ, . 7Ozn) = {det(cij)}an/Q(wl, e ,wn),
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and since
D;@/Q(wlv ce ,wn) = DI{/Q 75 0,

we thus obtain the relation (2.22). With a principal ideal (««) we obviously obtain a
basis of the form awy, ..., aw,. Thus

Dy jglawr, ... awy,) = Nﬂ/@(a)zD,{/Q(wl, ey Wh),
that is, V'(a) = [N, o(a)]. O
Further, we turn to fractional ideals of O,. The following properties are basic:

Proposition 2.20. (i) FEach fractional ideal g # (0) of O, can be made into a prin-
cipal integral ideal by multiplication by an appropriate integral ideal.

(ii) If three fractional ideals g, t, and v satisfy g # (0), gr = gy, thenr = .

(iii) If g1 and g, are two fractional ideals, g1 # (0), then there is exactly one frac-
tional ideal ¢ such that g1x = gp. One writes t = g—f ory = gzgfl, and calls ¢ the
quotient of g and g;.

(iv) The equation a/b = ¢/0 of fractional ideals is equivalent to ad = be; in particu-
lar for each fractional ideal m # (0),
a am a

m
b )" wm ()

(v) An integral element a € O,; occurs in an fractional ideal g if and only if there is
an integral ideal m such that (a) has a decomposition (a) = mg, in particular, 1
occurs in all ideals which are the reciprocals 1/m of integral ideals m, and only
in such ideals.

Proof. Since wg is an integral ideal a, hence there is an integral ideal b different from
(0) such that ab is a principal ideal. Thus wbg is principal, and (i) follows.

The proof of (ii) is word for word the same as for Proposition 2.4, (2).

To show (iii), let us choose a # (0) so that ag; = («) is a principal ideal; thus
(o) # 0. If aga = (p1,. .., pr), We set

= (2,
(&% «

agy = ()r = agix, @2 = git,

Then in fact

and by what has been said before, 1 is uniquely determined.
The cases (iv) and (v) are trivial. O



112 2 Algebraic numbers

Since each fractional ideal g of O, can be represented as the quotient a/b of two
relatively prime integral ideals a and b, then we define the norm of g:

This equation is also correct if a, b are not relatively prime or if they are fractional
ideals. Again for two fractional ideal g; and g;, we have

N(g192) = N(g1)N (g2).

Between the basis and the norm there is again the relationship: If 51, ..., 3, is a basis
for a fractional ideal g, then

Dyjo(Bis -+ Ba) = N(9)* Dysg (2.23)

To prove this choose an nonzero integral element w € O,; so that wg is an integral
ideal in O, with basis wf3,...,w0l,. Then by using (2.23), we have

N(g)z _ N(Wg)z _ Dn/@(‘”ﬁlv cee 7wﬂn) _ Dn/@(ﬁlv c 7ﬂn)
N(w)? Ny/q(w)*Dr/g Dejg

2.4 Minkowski’s geometry of numbers

2.4.1 Minkowski’s first theorem

Let A be a subset of R” such that A is a module over Z. Further, we assume that A is
discrete, that is, every point w € A is an isolated point in the sense that there exists a
neighborhood which contains no other points of A.

Proposition 2.21. If A C R" is a discrete module over Z, then it follows that either
A = {0}, or
AN=Zw+ -+ Zwn

with linearly independent vectors wy, . . . ,wy, of R™

Proof. The case A = {0} is trivially a discrete module over Z. Next we assume that
the discrete module A over Z contains non-zero elements. First of all, we claim that
A is closed. In fact, note that if U is an arbitrary neighborhood of 0, then there exists
a neighborhood Uy C U of 0 such that every difference of elements of Uy lies in U.
Thus if there were an x ¢ A belonging to the closure of A, then we could find in the
neighborhood x + Uy of z two distinct elements w,w’ € A, so that

0Aw—w el CU.

Thus 0 would not be an isolated point, a contradiction.
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Next we consider the linear subspace V' of R™ which is spanned by the set A. Let
m be the dimension of V. Then we may choose a basis vy,..., v, of V which is
contained in A, and so form the discrete module

I'=%Zv+ - +Zv,, CA

of V over Z. We claim that the index j of I in A is finite. To see this, let A\; € A vary
over a system of representatives of the cosets in A/T". Since the translates v+ Pr, v €
T, of the fundamental mesh

Pr={zjvi+ - +xpom |z, R, 0<2; <1} (2.24)
cover the space V', we may write
Ai=7i+& vi€l, & e Pr.

Since & = A; — 7; € A lie discretely in the bounded set Pr, they have to be finite in
number.
Therefore, we have jA C I" by Theorem 1.2, whence

1
Ac-r=z4 .. 28
J J
By the main theorem on finitely generated Abelian groups, hence A admits a Z-basis
WlyeoryWm, ie.,

AN=7w+ -+ Zwnp,.

The vectors wy, ... ,w,, are also R-linearly independent because they span the space
V' of dimension m. This completes the proof of Proposition 2.21. O

If m = n in Proposition 2.21, then A is called a (full or complete) lattice in R™. This
case is obviously tantamount to the fact that the set of all translates w + Py, w € A, of
the fundamental mesh Py covers the space R™. It also is known that a discrete module
A C R™ over Z is a lattice if and only if the quotient group R™/A is compact (in the
natural topology).

The Euclidean space R" is equipped with a symmetric, positive definite bilinear
form

(,) :R"xR" — R,

and so has a notion of volume — more precisely a Haar measure. By the volume of a
subset C' C R™ we mean the Riemann integral of the characteristic function of C'. The
cube spanned by an orthonormal basis ey, ..., e, has volume 1, and more generally,
the parallelepiped spanned by n linearly independent vectors wy, . . . , Wy,

P={ziwi+ 4w, |2, €R, 0<x; <1}
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has volume
V(P) = | det(aij)|,
where (a;;) is the matrix of the base change fromey, ..., e, tows, ... ,wy,, so that
n
Wi = Z Ajj€j.
j=1
Note that

((wi,w;)) (Zazk%l ek, €l ) (Z%k%k) (aij) - *(aij).

We also have the invariant notation
V(P) = y/|det({ws, w;))|-

Let A be the lattice spanned by wy, .. . ,w,. Then P is just the fundamental mesh of
A, and we define the volume of A as follows:

V(A) = V(R"/A) == V(P).

This does not depend on the choice of a basis wy,...,w, of the lattice because the
transition matrix passing to a different basis, as well as its inverse, has integer coeffi-
cients, and therefore has determinant +1 so that the set P is transformed into a set of
the same volume.

A convex body means a compact convex set C' in a space R™ of n dimensions,
symmetric about 0 (i.e., x € C implies —x € ('), and such that O lies in the interior
of C', where the convex set means that for any two points x,y € C, the whole line
segment

{ty+(1—-t)x|0<t <1}

joining x with y is contained in C'. Minkowski [184], [185] studied properties of a
convex body C'in R™ with respect to the lattice Z™. It can be proved that every convex
body has a volume, and so we may suppose that this body C' has the volume V' (C).
Then Minkowski’s first theorem states as follows:

Theorem 2.22. [fV(C) > 2"V (A), then C contains at least one (and so at least two)
lattice points in A different from 0.

Proof. See Minkowski [184], [185]; Rogers and Swinnerton-Dyer [221]; Neukirch
[202], Chapter I, Theorem 4.4; and Schmidt [231], Chapter II, Theorem 2B. O

By considering the cube of x with |z;| <1 (i = 1,...,n) we see that Minkowski’s
first theorem is best possible.
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Theorem 2.23. Assume that there exist n homogeneous linear expressions
n
Lz(x) = Zaijxjv 1= 1,2, ceey N,
j=1

with real coefficients a;;, whose determinant det(a;;) is different from zero, as well as
n positive quantities 11, . .. , Ty, for which

Ty > | det(aig)|. (2.25)
Then there are always n rational integer x1, . .., xn, not all equal to 0, such that
|ILi(x)| <7y, i=1,2,...,n. (2.26)
Proof. We consider the lattice
A={(my,...,my) €R" |m; € Z, 1 <i<n}

with the volume V' (A) = 1, and study the convex body
C={xeR"||Li(x)|<riyi=12,...,n}

We find easily the volume

1
v(C) = /dxl---dx :7/ dyy -~ dy
c " [det(aig)] Sy <, "
2"y
| det(ai;)|
Thus the condition (2.25) is equivalent to V(C') > 2"V (A), and so Theorem 2.23
follows from Theorem 2.22. O

Theorem 2.24. Assume that there exist n linear forms
n
Li(X) = Zaijxj, 1= ],2,... ,n,
j=1

with real or complex coefficients a;j, whose determinant det(a;;) is different from zero,
as well as n positive quantities 1, . .. ,ry, for which

riry - rp 2> | det(agg)]- (2.27)

Moreover if Ly (x) is not real for some o € {1,...,n}, we assume that there exist
some 3 € {1,...,n} such that Lg(x) is the complex conjugate L, (x) of Lo (x), and
such that ro, = rg. Then there are always n rational integer x1, . .. , Ty, not all equal
to 0, such that

ILi(x)| < riy i=1,2,...,n. (2.28)
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Proof. We consider a new system L/ (x) induced from L;(x). We take L}(x) = L;(x)
if L;(x) is a real form; on the other hand if L, (x) and Lg(x) are complex conjugate
and, say, o < f3, then we set

Lo (x) + Lﬁ<x)

L/a(X) _ 5 ’ L%(X) _ LQ(X) — Lﬁ(X)

2vV—=1

In the latter case we define
o=l =1L
V2
and, on the other hand, set rg = r; in the first case.
The system of real forms L’ now obviously has a determinant D’ with

D' = 27| det(ag;)],

where r, denote the number of pairs of complex conjugate forms among the L;(x).
Hence since
riry ey 2 | D',

there are rational integers x1, . .., zy, which are not all 0, such that
|ILi(x)| <7l i=1,2,...,n.
For a nonreal form L, (x) we now have
ILa(x)? = Ly (x)* + Ls(x)* < (r0)* + (r)* =

from which Theorem 2.24 follows. O

2.4.2 Minkowski’s bound

We consider the exact sequence (1.10):

1 — Ker(d) — #2534 — Iy — 1.

For Dedekind domains that arise in number theory, there are classical theorems relating
to the ideal class groups I4 and Ker(?}).

Let x be an algebraic number field of degree n over Q and let A be its ring of
algebraic integers O, which is a Dedekind domain by Theorem 2.1. Then there are
n distinct embeddings k — C. Of these, say r; map « into R, and rest pair off (if
o : kK — Cis one, then & is another defined by 5(z) = o(2)) into, say, r, pairs: thus
r1 + 21, = n. We have the following Minkowski’s bound:

Theorem 2.25. For any nonzero fractional ideal g of O,,, there is an a € [g] such that
aC O, and

Ny <™ (f) Dyl

n" \mw
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Proof. See [119], Chapter I, Theorem 13.7. a

Theorem 2.25 implies easily that I, is a finite group. Its order h is called the class
number of the field x.

Theorem 2.26. In each ideal class of k, there is an integral ideal whose norm is <
1/ |D,1/Q|. Thus the number h of ideal classes in k is finite. The h-th power of each
ideal of O, is a principal ideal.

Proof. Each ideal class of « contains an integral ideal a with

N(@) < B < \/|Dyjql

with B given in Theorem 2.25. It is sufficient to prove there exist only a finite number
of integral ideals with norm below the fixed bound. Write

NG| a
a_pl TT7

where p; are distinct primes, and the a; are positive integers. Let p;Z = Z N p;, p; a
positive prime integer. By the relation (2.3), we find
T
o) =T[n"" < B.
i=1
Since each p; < B, only a finite number of p; can appear. Thus there exist only a finite

number of possible p; since each p; is divisible by only a finite number of p;. Finally

only a finite number of exponents a; are possible because p?if'”/ * < B. Hence only a

finite number of ideals a can satisfy A/(a) < B. Thus every ideal class is represented
by one of a finite number of ideals and I, is finite. By Theorem 1.2, the h-th power
of each ideal of O, is a principal ideal.

See E. Hecke [95], Theorems 96 and 97; or [119], Chapter I, Theorem 13.8. O

Theorem 2.27. If g is an fractional ideal of Oy, then one has
N,./o(8) = (N (g))-

Proof. Let h be the class number of x. Then g® = (/3), where 3 is a certain element
in k, and

N,/o(@)" = Nyjolg") = Nuo(8) = (Nkg(B)) -
Since
N, g(8) = N (a") = N (9)" = o™,
where a = N (g), we have

Neo@)" = (@) Nygle) = (a),

and the theorem follows. O
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We can obtain information about the size of the discriminant from Theorem 2.25.

Proposition 2.28. The discriminant of an algebraic number field r of degree n satis-

fies

n" /w5
JID.. >—(—> .
| /Q‘*n! 4

Proof. Every ideal of O,; has norm at least one. It follows that

n"™ w2 _n" /w3
VIPel =35 (3) = 5 (3)
See Neukirch [202], Chapter III, Proposition 2.14. O

Theorem 2.29 (Minkowski, 1890). |D,;/q| > 1 for a number field r # Q.

Proof. Write
n?’L

(3
n! \4/)
a ™1 \"

s (—)2 <1+—> > 1

an 4 n
for every positive n, and so a,+; > a,. Since ay > 1, it follows that | D, sol > Lif

n>2.
See Neukirch [202], Chapter III, Theorem 2.17; Weil [298]. O

Ay —

We compute

Proposition 2.28 immediately implies the following important result:

Theorem 2.30 (Hermite, 1863). There are only finitely many algebraic number fields
with a given discriminant.

Proof. Neukirch [202], Chapter III, Theorem 2.16; Weil [298]. O

The following theorem shows that for any ideal a in the ring O,; of integers of a
number field x, we can find an extension number field X O k such that the extended
ideal O a in Ok is principal (see [266]).

Theorem 2.31. Let k be a number field, a an ideal in the ring of integers O, of k.
Then there exists an algebraic integer w such that the field K = k(w) satisfies

(i) Ogw=0ga;

(ii)) (Oxw)NO, =ua;

(iii) (Zw) Nk = a;

@iv) If Ou = E’)a for any v € Z, and any ring O of integers, then u = nw where 1 is
a unit of 7.
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Proof. By Theorem 2.26, a® is principal, say a® = (3). Let w = /P € Z, and
consider K = r(w). It is obvious that w € Ok, and

(Oga)? = Ogal = Ok = O™ = (Oxw)?.

Uniqueness of factorization of ideals in O easily yields Oxa = Ok w, proving (i).

Since (iii) implies (ii), we only consider (iii). The inclusion a C (Zw) N kK is
straightforward. Conversely, if z € (Zw) Nk, then there exists an element A € Z such
that x = \w € k. Thus, we have A = zw™! € K, andso A € K NZ = O. This
implies

P = \byh = \Pg,

that is, 2" € Z, and so z € Z. Hence z € Z Nk = O,. On other hand, we find
Ab = zh3=1 ¢ i and so AP € Z Nk = O,.. Taking ideals in O, we get

()" = (AM)(8) = (AM)aP.
h

Unique factorization in O, implies (A\") = b® for some ideal b, and hence (z)® =
bab and unique factorization once more implies (z) = ba, whence z € a, as re-
quired.

The proof of (iv) is found by noting that by the remark after Theorem 2.8, a = (w, a)
for w, o € O, and substituting in (iv) gives Ou = O(w, ). Thus

u = aw + ba, {a,b} C O C Z.
From (i), {w,a} C Oxw, and so
w=¢w, a=_(w, {£(} COkCZ.

Hence
u = afw + blw,

which means w|u in Z. Interchanging the roles of u, w proves (iv). O

Actually, we can improve Theorem 2.31 by finding a single extension ring in which
the extension of every ideal is principal.

Theorem 2.32. Let x be a number field. Then there exists a number field K O k such
that for each ideal a in the ring of integers O, of k, we have

(I) Oxais a principal ideal;
I (Oga)N O, = .
Proof. Since h is finite, one can select a representative set of ideals ay, ..., ap from

each class and choose algebraic integers wy, ..., wp such that O, ,,)a; is principal.
Let K = x(wi, ..., wn), then O,y € O, and so each ideal Oka; is principal in
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Ogk. Since every ideal a in Oy, is equivalent to some a;, then it is easily to show that
Oxa also is principal, say
Oga=0ku, u € Z.

This proves (I).
Clearly a C (Oka) M Oy. For the converse inclusion, Theorem 2.31 (iv) implies
u = nw for a unit 7 in Z. Hence

(Oga)N O, = (Ogu)NO, C (Zu) Nk = (Zw)Nk =a

by Theorem 2.31 (iii). O

2.4.3 Dirichlet’s unit theorem

We continue to consider the exact sequence (1.10):
1—>Ker(19)—>/<;*i>3A—>IA—>l

in which A = O is the ring of algebraic integers in an algebraic number field x of

degree n. Then
U =U, = Ker(v)

is just the group of units of O. The set H of all roots of unity in x, which contains at
least two elements, namely £1, is contained as a subgroup in U.

Theorem 2.33. The group H of all roots of unity in k is finite, and indeed it is a cyclic
group of order w > 2.

Proof. See Hecke [95], Theorem 99. O

The quotient U/ H is torsion-free. We will find the number of generators of U/H
below. Let oy,...,0,, be r; distinct embeddings of « into R and let (o, 44, Gy +i)
(1 <4 < 1p) be ry pairs of conjugate embeddings of x into C that are not into R. Now
consider the mapping o : K — R"™ x C" defined by

O’(.%’) = (Ul (1’), < Orp4ry (1’))
It is clear that ¢ is an additive mapping,
o(z+y)=o(@)+a(y).
If we identify C with R? by using the correspondence
0 (w + \/*ly) = (z,y) € R?,
then ¢ induces a mapping o* : Kk — R x R?"> = R defined by

o*(x) = (o1(z),...,00(x),200041(T),...,200p4r,()).
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Theorem 2.34. Let a be a nonzero ideal in the ring O, of algebraic integers in the
algebraic number field k. Then o*(a) is a lattice in R" satisfying the relation:

N ()’ Dy g = (—4)V (0" (a))*.
Proof. See [119], Chapter I, Proposition 13.2, 13.4; Theorem 13.5. |
Next consider the homomorphism
C=(lr,.... 0 1r)) t K — R

defined by

05() log |o(x)], ifl<i<ry,
() —
' log |oi(z)|%, ifry <i <7+

It is obvious that ¢;(zy) = ¢;(x) + ¢;(y) and so
Uzy) = €(x) + £y), {z,y} C s

Proposition 2.35. The homomorphism { maps the group U of units in the ring Oy
onto a lattice in the | + 7, — 1 dimensional subspace V of R consisting of all
vectors (X1, ..., Ty 4r,) Withy  x; = 0.

Proof. See [119], Chapter I, Proposition 13.10; 13.11. |

Let j: R+ — R"1+72~1 be the projection defined by

](xlv' . axTH-Tz) = (:Ela"' 7$r|+r2—1)-

We may choose units 1, ...,y +r,—1 € O that satisfy the following conditions:
@ Li(n;) <O0ifi # j;

b) li(nj)+ -+l yr—1(n;) >0for 1 <j<ri+m—1;

(©) 4i(n;) + -+ 4 brysry (n) = O for any j;

(d) The vectors jo £(n;), 1 < j <+ — 1, are linearly independent over R.

This means Dirichlet’s unit theorem:
Theorem 2.36. There are vy + rp units (,n1, ..., Ny +r,—1, Where ( is a w-th root of
unit, such that each unit of the number field r is obtained exactly once in the form

_ rapar Grptra—l
€= C 77] 777“14»7“27] )

where ay, ..., Qr 4r,—1 are all rational integers and a can only take the values 0,1,
ow— 1
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Proof. By Proposition 2.35, we know that ¢(U) is a lattice in V. Hence there exist
units 7, ..., 7y +r,—1 in U such that £(U) have Z basis ¢(n;), ..., (1, +r,—1). For
any unit € € U there exist unique integers a; such that

7'1+7'271

Uey= > ail(m).

=1

ri+r—1
/ (6 H ma’> =0
=1

since ¢ is a homomorphism. The proof will be complete if we prove that £(u) = 0 for
a unit u implies that u is a root of unity. We have ¢(u) = 0 if and only if |o;(u)| = 1
for all 7. Thus

It follows that

U(’LL) = (Ul (’LL), s Orp4ry (’LL))
lies in a bounded subset of the lattice o(O,;) in R™ x C™. A bounded subset of the
lattice contains only a finite number of points in the lattice so there are only a finite
number of possible u. Thus the kernel of £ is a finite subgroup of the multiplicative
group of a field and so it is a cyclic group. O

The r1 + ro — 1 units 71,..., 7y, 4r,—1 are called fundamental units of the field
k. Let P be the fundamental mesh of the unit lattice ¢/(U), spanned by the vectors
2m)s ... (M, 4r,—1) € V. The vector

1
€= ——-(1,...,1) ¢ R1T™
NIRRT
is obviously orthogonal to V' and has length 1. The (| + r, — 1)-dimensional volume
of P therefore equals the (| + r;)-dimensional volume of the parallelepiped spanned
by €,4(m), ..., £(Nr,+r,—1) in R™772. But this has volume

4 (771) s £r1+r2 (771)
¢ (777"1+7"2*1) T £T1+7‘2 (777"1+7"2*1)
(7‘1+7‘2)71/2 (7”1 +7‘2)71/2

Adding all columns to the last one, this column only zeros, except for the final entry,
which equals /7| + 7. We therefore get the

V(((U)) = Vri +nR,
where R is the absolute value of the determinant

£1(m) Crypry—1 (1)

gl(nTlJr?‘z*l) £T1+7‘2*1(777“1+7“2*1)
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This absolute value R is called the regulator of the field x.

We refer the proofs of these results to E. Hecke [95], Theorems 99 and 100; J.
Neukirch [202], Chapter I, Theorem 7.4; or G. J. Janusz [119], Chapter I, Theorem
13.12.

For a number field «, define a number

Mt g h R

=-_ - 2.29
wl Dyl &2
where
r1 = number of real primes of x;
rp = number of complex primes of x;
w = number of roots of unity in x;
h = class number of k;
R = the regulator of k.

Theorem 2.37. Let Z(r) denote the number of integral ideals of the number field
whose norm is < r. Then

Z
lim (r) =
r—oo T
Proof. See Hecke [95], Theorem 122. O

2.4.4 Minkowski’s second theorem

Let C be a convex body in R™ with the volume V' (C'). Let \; = A\{(C) be the infimum
of those numbers A > 0 such that A\C' contains an integer point different from 0. In fact,
this infimum is a minimum. It is easily seen that 0 < \; < co. Put A = 2V (C)~1/7,
Then AC is a convex body with volume 2™. By applying Minkowski’s first theorem to
the lattice Z", A\C contains an integer point # 0. Therefore, A\ < 2V (C )_1/ " or

ATV (C) < 27 (2.30)

For each integer j with 1 < j < n, let \; = \;(C) be the infimum of all A\ > 0 such
that AC' contains j linearly independent integer points. Clearly each ); is actually a
minimum, and

O<A A< <\, <oo.

We call A\j, Ay, ..., A\, the successive minima of C'. \| is the first minimum of C, \; is
the second minimum of C, etc. Minkowski’s first theorem is contained in the following
deeper Minkowski’s second theorem [184] (or cf. [231]), which is central to the study
of successive minima.
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Theorem 2.38. Suppose that C' is a convex body in R". Then

n

% <M AV(O) < 2™ 2.31)
Note that the right hand inequality here sharpens (2.30). The cube |z;| < 1 (i =
I,...,n)has A\; = --- =\, = L and V(C) = 2™, so that the right inequality in (2.31)
is best possible. The “octahedron” 2 consisting of points with |z{| + -+ + |z,| < 1
has A} = --- = A, = L and V(Q2) = 2"/nl, so that the left inequality in (2.31) is best

possible.
Let f(x) = f(x1,...,2,) be a distance function on R". The inequality f(x) < 1

defines a convex body C' in R™ which has its center at the origin x = 0.

Theorem 2.39. There are linearly independent lattice points x(l), o, x™ i R™ with
the following properties:

@ f (x(l)) = Ay is the minimum of f(x) in all lattice points x # 0, and for j > 2,
f (X(j)) = \; is the minimum of f(x) in all lattice points x which are independent
ofx(l), e ,X(j_l).

(2) The determinant det (:vgj )) of the points xM . x() satisfies the inequalities
1< ‘det (xz(j))‘ < nl
(3) The numbers \; depend only on f(x) and not on the special choice of the lattice
points x), and they satisfy the inequalities

O< A << <\, < oo,

n

2
— < AoV <2
n!

Proof. For a complete proof, see Cassels [25]. A simple proof for the last part of this
theorem was given by H. Davenport [39]. o

2.5 Different of number fields

Let x be a finite extension of degree n over Q. Let O,; be the integral closure of Z in
K.

Theorem 2.40. Let a be a nonzero ideal of O with a basis oy, . . . , . A basis for a*
can be formed from the n elements (31, . .., B, which are determined along with their
conjugates by the equations

Trﬁ/Q(O‘iﬂj) =05, 1,7 =1,2,...,n.
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Proof. The elements A € a* cannot have arbitrarily large ideal denominators. This is
true since the hypothesis is equivalent to n equations

n
9 =Tryg(a) =Y Aol i=1,2,..n, (2.32)
7=1

where g; € Z, and from the n linear equations, these AU) are obtained as quotients of
)

two determinants. The denominator is the fixed determinant of the «;”” which satisfies

AN 2
det (O[E])) = DK/Q(OQ, e ,Oén) = N(CL)ZDK/Q.

The numerator is an integral polynomial in the ozl(j ), Consequently there is an element
w € O, depending only on the «, such that wA € O.
If we define the n? elements ﬁi(J ) by the uniquely solvable equations

n

1) ol .
Zaz()ﬂj():(sl.ﬁ 1,] = 1’27...,71,
=1

and if we have \ satisfying (2.32) for g; € Z (i = 1,2,...,n), then the n sequences

of elements BZ-(I), cee ﬂi(n) are conjugate sequences of elements [3; in x such that
n
A= Z 9iBi-
i=1
Consequently the 3y, ..., 3, form a basis for a*, provided they are elements in k. O

Since, moreover,

1 1

D/{/Q(ﬂla"';ﬂn) = DK/Q(ala---aOén) = N(a>2Dﬁ/Q’

and by using (2.23),

D,
Dyyg(B1,- - Bn) = N(a*)2 D, g = JW/(%/QV ’

we have
ID,.j0] =N (04/0)- (2.33)

Theorem 2.41. The greatest common divisor of the differents 6(«) of all @ € Oy, is
equal to the different 0 of the field k.

Proof. See E. Hecke [95], Theorem 105. O
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Let K be a finite extension of . Then the integral closure of O, in K is just O
by transitivity of integral dependence. Furthermore, r arbitrary elements «j, ..., q;
of x generate an ideal a in x and an ideal 2 in K. It is not difficult to show that an
element 3 belongs to 2 if and only if 3 belongs to a. Accordingly, both ideals a and
2l are same, denoted by (v, ..., a;).

For each ideal B of O, by using the decomposition of B into prime ideals of O
and based on the transitivity of inertia degree and ramification index, one has

N,/ (Nk/n(B)) = Ng /(D). (2.34)
Theorem 2.42. IfB is an fractional ideal of Ok, then
N(Ng/e(B)) = N(B),

where the left-hand side is the (absolute) norm in k, but the right-hand side is the
(absolute) norm in K.

Proof. 1If B = (3) for some number (3 in K, by (1.23) one has

N./o0 (Ng/e(8)) = Ngso(B). (2.35)

Therefore

N(B) = Ng/o(B)] = N(Nk/x(B))) = N(Ng/n(B))

follows from Theorem 2.19.
For each ideal B8 of O, then BP = (), where 3 is a certain element in K, and h
is the class number of K. Thus we have

N(B)" = N(B") = N (N, (B")).
On the other hand,
N (N (B)" = N(Ng o (B)) = N(Ng . (BD)),
and so the theorem follows. O

By (2.33), the discriminant ideal with respect to x = Q, defined in this way, is then
the same as the ideal

Do = (Dkr/q);
where D /q is the discriminant of K. However we must distinguish the discriminant

of a field, which is a well-defined number D Q> from the discriminant ideal of the
same field with respect to @, which is an ideal, namely © g /q. Then

Dic/g = Nujo(Dr /)P (2.36)
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follows from (1.54), (1.27) and (2.34), that is, we have a relation of principal ideals in
Z by Theorem 2.27
(Drg) = (N (D g /w))(Dyyo) .

By comparing the minimal positive integers in these ideals, we find
|Dk /ol = N(©K/ﬂ)|Dn/@|[K:K]~ (2.37)

Let « be an algebraic integer which generates the field K. Let A(«) be the set of all
elements

—1
ap+aja+ -+ ap_1a"

where n = [K : k], and aq, . . ., a,— run through all algebraic integers in . Let P,
be the irreducible polynomial over x with leading coefficient 1 which has the root a.

Lemma 2.43. [fw is an algebraic integer in K such that wdy ,; is integral, then there
exists an element 3 € A(«) such that w can be represented in the form

__B
Pl(a)
Proof. We write
H:z:—a —co+clx—0—~~~+cn1:”,
i=1
and consider the polynomial in x
~ () Pal2)
- (i) —«
r)=) w 5 (2.38)

i=1

where w®) are the conjugates of w. Note that g(z) is a polynomial with algebraic
integral coefficients in x since

PO!(‘T)_POé( ]l]l
Pl Bl Rl) 3y 3

=1 0<j<i—I

and hence
n
j 1—5—1
Sy a Y g,
=1 0<j<l—1

However since wd /., is algebraic integral by hypothesis, the traces appearing here are
integral by Theorem 1.117. If we set x = « in (2.38) we obtain w = g(a)/P. (),
where g(a) € A(a). O

Lemma 2.44. For each element 3 in A(«), Trg,.(8/Ph () is integral.
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Proof. Obviously Lemma 2.44 needs only to be proved for 3 = 1, ...,a" !, where
it follows directly from the Euler formulae

Z": (@ fo, ifo<j<n-—2,
~ Pl (a@D) |1, ifj=n-—1.

These formulae follow from the Lagrange interpolation formula

" (@) py(2) _{xj+1, if0<j<n-—2

— P (@) z — al) 2" — Py(x), ifj=n—1,

if we set x = 0. O

From Lemma 2.43 it follows that w P}, () is integral if wd - /,, is integral, thus P, ()
has the decomposition

Pl(e) =08 (2.39)

where § is an integral ideal.

Theorem 2.45. All elements of the ideal § = P,(a)/0/,, belong to the ring A(«),
and if all elements of an ideal 2 belong to the ring A(«), then 2 is divisible by §.

Proof. If 3 = 0 (mod §), then w = (3/P,(«) is an element with denominator d .,
and by Lemma 2.43, wP/,(«) must be an element of this ring. Hence the first part of
the theorem is proved.

Conversely, if all elements of 2 belong to the ring A(«), then Trg . (8/ P, () is
integral for each element 3 of 2 by Lemma 2.44. Consequently, by Theorem 1.117,
1/P/(c) is an element of the ideal (A0 ) ~'; thus Pl (c) = 0§ divides A0/,
so §|2, which was to be proved. |

According to this theorem, § is the greatest common divisor of all ideals in &K which
contain only elements in A(«). The ideal § is called the conductor of the ring.

Lemma 2.46. Corresponding to each prime ideal 3 in K there is a ring A(«), where
B does not divide § = P, () [0k .-

Proof. Let p be the prime ideal in £ which is divisible by 3, that is,
p=32A (AP =1

Let « be a primitive root mod I3 such that each algebraic integer in K is congruent to
an element in A(«) modulo each power of ‘3, and such that

a =0 (mod 2).



2.5 Different of number fields 129

Finally let ) be a number in < which is divisible by P’ («) = 0 /0 and assume that p?
is the highest power of p dividing 7. Then an appropriate power of 7, say 1", furnishes
a decomposition into two numerical factors in x,

0" =", (up) = 1.

7" = 0 (mod 0k /kS)-

Then let us determine, for an arbitrarily given algebraic integer w in K, an element 3
in A(«), such that
w = 3 (mod Pe).

The element (w — 3)pa" is then divisible by P/, (o) = 0,3, since

(w—Bpah®  pMu (w—pBat gt (w— B)at®
Pl(a) Vs phY B Vi /S Pehvarhd

is integral. If we apply Lemma 2.43, we thus obtain a representation wua? € A(w)
for each w, from which by Theorem 2.45, ua"® generates an ideal which is divisible
by §. Thus, in any case, it follows that § is prime to *J3. O

From Lemma 2.46, we immediately obtain the main theorem of this theory:

Theorem 2.47. The different of K with respect to k is the greatest common divisor of
all differents of algebraic integers of K with respect to k.



Chapter 3

Algebraic geometry

We give an overview of algebraic geometry that will be used in the rest of this book.
This part introduces Hermitian geometry, varieties, divisors, linear systems, algebraic
curves, sheaves, vector bundles, schemes and Kobayashi hyperbolicity.

3.1 Hermitian geometry

We will introduce some technical lemmas, basic operators and their gauges on a pro-
jective space associated to a vector space. A good reference is Stoll [267] for complex
case.

3.1.1 Exterior product

Let V be a vector space of finite dimension n + 1 > 0 over a field x. Write the
projective space P(V) = V/k, and let P : V., — P(V') be the standard projection,
where V, =V — {0}. If A C V, abbreviate

P(A) = P(ANV,).

The dual vector space V* of V consists of all x-linear functions « : V' — k, and we
shall call

(€, a) = a(f)

the inner product of £ € V and o € V*. If « # 0, the n-dimensional linear subspace
Ela] = E[a] = Ker(a) = o 1(0)

depends on @ = P(a) € P(V*) only, and E[a] = P(E]a)) is a hyperplane in P(V).
Thus P(V*) bijectively parameterizes the hyperplanes in P(V).

Identify V** = V by (€,a) = (a, €) and (k/+\1 V) = Nveby

(CoN-Nao Ao AN ag) = det((&i, aj)),

where k/J}I V' is the exterior product of V' of order k + 1, and where §; € V, a; € V*
fori =0,...,k. Take k,l € Z[0,n] and take £ € k/J}IV and o € /+\| V*, where

Zim,n] ={i € Z|m <i<n}.
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If k > [, the interior product ££a € kAl V' is uniquely defined by
(e, B) = (&, A B)

forall 3 € \V* Ifk = I, then
k—1

ELa=(,a) e k= Ny

0

by definition. If £ < [, we define the interior product Lo € {\k V* such that if

l
ne \v.
(n,§2a) = (§ Am, ).

Take non-negative integers a and b with a < b. Let Js be the set of all increasing
injective mappings A : Z[0,a] — Z[0,b]. Then J? = {1}, where ¢ is the inclusion
mapping. If a < b, there exists one and only one A" € Jf_a_ | for each A € J? such
that Im A N Im A = ). The mapping L Jg — Jg_a_ | 1s bijective. A permutation
(A, A1) of Z[0, b] is defined by

Ly ) A, i € Z]0,al,
.2 )(1)_{»(2’@1), i€ Zla+1,b].

The signature of the permutation is denoted by sign(\, A™*).
Lemma 3.1. Let k > 1 be an integer and &, . .., & €V, ag, ..., ap € V*. Set
ni=8&N&GEW, Bi=ayNa; € W"
fori=1,... k where W = /Z\V. Then
(MM A A, BL A A By = (o, a0) o A Ayan A A ),

where the interior product on the left-hand side is between /k\ W and /k\ W,

Proof. If &, . .., & are linearly dependent, then both sides are zero; therefore we may
assume that &p, . .., & form part of a basis for V. Let §j, ..., &, be the dual basis for
V*, and let oy, . . . , iy, be the coordinates of «y; relative to this basis. Since

ap N ANap = Z det(aw(j))ogi,jgkfx(o) ARRENA gz(k)’
veldy!

we have
(oA NEkag A -+ N ag) = det(aij)o<i j<k-
Note that
Bi = D (C0u0) (1) ~ Q0u(1) Qi) a0 A &)

peJr
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We can obtain

(M A~ A, Bi A=+ A Br) = det(agoaij — anjaio)1<ij<k = atg * det(aij)o<i j<k-

This latter equality can be shown using properties of determinants. O
Lemma 3.2 Tuke &,€,&,...,6p2 € Vand 3 € [\V*. Write

EZ&OAAgp—Zv 77:(3/\5)467 77/:(3/\5/)45
Then
nAn =(E,8)(ENENE)LB.

Proof. See also Wu [302], Lemma 3.9. This reduces to the following identity of de-
terminants. Let M bea (p — 1) x (p — 1) matrix; A and A’, (p — 1) x 1 matrices; B
and B’, 1 x (p — 1) matrices; and ¢, d, e, f, scalars. Then

M Al |M A

’B c| |B d M oA A
—|M||B ¢ dl.

M Al M A B e f

’B el |B" f

The left-hand side is the determinant of a 2 X 2 matrix whose elements are determinants
of p X p matrices. If this is true, then it holds as an identity of polynomials in the matrix
elements, so it will suffice to prove it when M is nonsingular, which holds generically.
Furthermore, if one applies the same row operators simultaneously to M, A, and A’,
then none of the above determinants changes. Therefore, we may assume that M is
diagonal; in that case the identity is easily checked. o

3.1.2 Norms of vector spaces

We continue to consider a vector space V' of dimension n + 1 over a field x. Take a
base e = (e, ..., e,) of V, avaluation v on k. For £ = peg+- - - +Epepn, € V, define
the norm

1
B (|€f% 4+ -+ &l2)?, if v is Archimedean,

Y ) max {|&]. ), if v is non-Archimedean.
0<i<n

€

Obviously, the norm depends on the base e, and will be called a norm over the base e.
If | - |, is another norm over a base ¢/ = (e, ..., e},), it is easy to prove that there
exist two multiplicative M,-constants ¢ = {¢, } and ¢’ = {¢/,} such that

Cv‘g‘v,e S |£|v,e’ S C{U|£|v,e
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hold for all £ € V, i.e., norms over bases are equivalent. We will abbreviate

|£|v = |£|v,e-

Further if « is a number field with the set M, satisfying the product formula of multi-
plicities n,,, we will use notations

IEle = 1€17, 1El = [1€lly/ =, 3.1)

Let ¢ = (€, ..., €,) be the dual base of e = (eo,...,e,). Then the norm on V'
induces a norm on V* defined by

1
(’040|12) + -+ |ozn|12}) 2. if vis Archimedean,

max {|a;ly }, if v is non-Archimedean,
0<i<n

laly =

where o« = e + - - - + ap€,. Schwarz inequality

(& )l < [€l - lalw
holds for & € V, o € V*. The distance from = = P(€) to E[a] with a = P(a) €
P(V*) is defined by
ol _ )

|§|v : |a|v
Further if « is a number field with a proper set M,, satisfying the product formula of
multiplicities n,,, we will use the normalization

0< |m7a‘v =

lally = laly”, Nz, allo = |2, aly”, (3:3)

and the notations
e llo = ledlls/ ™, [z, alll =, all/ . (3.4)
The norm on V also induces norms on k/+\] V and k/+\] V*. Take £ € k/+\l V, a €

A V* and write

k+1

=) &en a= )Y e,

AeJp AeJp

where
ex = exo) N Aex)-

Then we can define the norms

1
( > |5A|g)2, if v is Archimedean,
AET!

|§|v = |§|v,e =

if v is non-Archimedean,
/I\ré?é{lf/\lv}a ifvi i
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and ]
( > \aA|%)2, if v is Archimedean,
alo = lafoe = { A&
max{|ay|y},  if v is non-Archimedean.
AeJp
Definition 3.3. Let V7,...,V,, and W be normed vector spaces over x. Let
O:VixexV, —W
be an m-linear mapping over . If £ = (&§1,...,&n) € VI X+ -+ X V,,,, we write
) =& 0 O&nm,
and say that ¢ is free for the operation © if ©(§) # 0. Take z; € P(V}) (j =
1,...,m). We will say that xy, ..., z,, are free for © if there exist §; € V; such that
xzj =P(&)and § = (&1, ... ,&n) is free for the operation ®. For free z1, ..., 2., we
can define

xl@"'me:P(£1®"'®£m)-
Also, the gauge of x1, ..., x,, for ® is defined to be

€10 O &nlo
| m‘v ‘51‘v|§m|v
If z1,..., 2, are not free for ®, we define [x; ® -+ - ® x|, = 0.
In particular, if V' = k" we may take the standard base eg, ¢y, . .. , €,, Where

ej =(0,...,0,1,0,...,0) € Z"!
in which 1 is (j + 1)th component of e;. Take ¢ € £™*! — {0} and write

§=¢&oeo+&rer + -+ &nen = (§0,&15 -, n)-

We usually denote P(€) by [0, &1, - - -, &,] Which are called the homogeneous coordi-
nates of P (l{:”“), and abbreviate

P'(k) =P (KJ”H) .
We can embed " into P" () by using the mapping

(517"'7§n) = [13517"'7§n}7

and obtain the disjoint union

P (k) = k" UP" (k).
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Particularly, P°(x) = P(k) consists of one point denoted by oo, and so
P'(k) = kU {o0}.
If v is non-Archimedean, set
|z—alv
v, L, € R,
Xo(,a) = ¢ 2l (35
W, a = 00,

where, by definition,
rY =max{l,r} (r € R).

If v is Archimedean, set

le—al, T, €K
Xolz,a) = (1+I]ﬂﬂl%)‘/2(1+|al%)‘/2’ ’_ ’ (3.6)
Wimr a = 0.
Then we have
11
Xv (;a 5) = XU(CC,(I)
forall z,a € kU {oco}, where we think
1 1
0= 00, < 0.
Identify k"*! = (k"*1)* such that
(§,a) = &ap + -+ Enan
for & = (&,...,&n),a = (g, ..., a,) € k"L Itis easy to show that
o(a) {Hl,x],[—a, Uy, ,a€r, a7
|[1,x],[1,0]|v, a = 0.

Finally, let  be the field C of complex numbers. A positive definite Hermitian form
(,):VxV—C

is called a Hermitian product or a Hermitian metric on V. It defines a norm

€] = (£,6)3, £V

A complex vector space together with a Hermitian product is called a Hermitian vector
space. For each £ € V, one and only one dual vector £* € V* is defined by (,&) =
(n,&*) for all n € V. The mapping £ — &* is an anti-linear isomorphism of V' onto
V*. Here V* becomes a Hermitian vector space by setting

<§*’77*) = (7735)3 E&EnelV.

Then £&** = & and V** = V, as Hermitian vector space. A Hermitian product is
uniquely defined on p/+\| V' by the requirement

(CoN- NEpumo A=+ Amp) = det((&,mk)), &amy € V-
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3.1.3 Schwarz inequalities

We continue to study a vector space V' of dimension n + 1 over a field . In the
following, we will prove some elementary but useful inequalities about multi-vectors
and give several gauges. Take a positive number r. We will use the following symbol:

r, if v is Archimedean,
Sv,r = {N/_ (3.8)

I, if v is non-Archimedean.

First and easiest to prove is of course the following generalized Schwarz’s inequality:

Lemma 3.4. Take k,l € Z[0,n] and take £ € ,!J}l Vand a € /+\| V*. Then
|§Laly < %,(”—P)‘g‘v o,
q—p

where p = min{k, 1}, ¢ = max{k, [}, and the combinatorial symbol is defined by

J 0, ifi<j.

Proof. W.l.o.g., we may assume k > [, and write

£=) Gen a= > mea.

AeJp AeJp

First of all, we consider non-Archimedean case. If [ = k, noting that

fla=(Ea)=) &,

xeJyp

we have

|£Zal, < i{g]? Exanl, < (/r\réf}i( 1], ) - (glgig laal, ) = [€lv - aly

and so the inequality follows. If [ < k, by the Laplace’s theorem of determinant
expansion

(leo N+ Neg)Za,B) = {eg N+ ANeg,a A )
= Z sign (v, v) (e, @) (e, 1, B)
Vle

= < Z sign(v, VL)(ey,a>€yL>5>

VGJf
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holds for any (5 € kAl V*, that is,
(o N+ Nep)la = Z sign(v, v1) (e, a)e, 1 = Z sign(v, v )aye, .. (3.9)
veJf veJf
Then

[(eo A -+ Nek)Zaly, = max{[(ey, a)|o} < |oo.
VEJlk’

Thus, we have

|§4a|v =

Z 5)\6)\404

AEJY

) < )I\Ié?]z,i{|f>\|v|@>\4a’v} < [y - [y

Finally, assume that v is Archimedean. We have

|£4a|v =

Z @\6)\40[

AEJY

1
2
< Y lebleazal, <l (¥ leasalt)

v xeJr xeJp

For \ € J, set
Jr={veJt|lvcil,

where v C A means {v(0),...,v(1)} C {\(0),...,A(k)}. By (3.9), we obtain

lexzall =) Jay . (3.10)

VEJZ’\

Since, by applying (3.10),

Yoleadaly = Y Y =3 Y |af

DY NETP ve g vEJP VCAET]
n—1 ) n—1 )
= ay|” = o
veJp
the inequality in Lemma 3.4 follows. a

Now assume £ # O and @ # O and set z = P(§) € P (k/+\] V) and a = P(a) €
P (l{r\l V*). We can define the gauge of x and a for /

<ol

lxZaly, = ———.
! €]v - |y

(3.11)

In particular, if k£ = [ = 0, then |zZal, = |z, al,. The projective space P (n/+\] V*)
consists of one and only one point denoted by oco.
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Lemma 3.5. Forall z € P(V),

xlool, = 1.
Proof. Take { € V — {0} with x = P(§). Put
§=Coeo +&1€1 + -+ &nen.

Then
§ = <£a€j>> 7=0,1,...,n
For j € Z[0, n], setting

gj:(*l)jeoﬁ'--/\ﬁj_lA€j+1A'--A€n,

we have

n n

€20 nea)|, = [ D (6 eey| =D &e&| = el

i=0 v lj=0 v
Since co =P(ep A - -+ A €y), then

VACYARERNA

|.’L’ZOO|UI ‘g (60 en)‘v _ 17
‘g‘v : ‘60/\"'/\6n|v

and so Lemma 3.5 is proved. a

Next we show a more subtle inequality (cf. Wu [302]):
Lemma 3.6. Tuke p,q € Z[1,n] withp+q <n+ 1. If§ € /AV andn € /q\V, then
€A < <, (peay o]0
P

Proof. First of all, note that a norm on the p-fold tensor product @,V of V' can be

defined as follows: Taking a base {eo, ..., e, } of V and writing an element { € ®,V
by
€= Giiei, @ @ ey, (3.12)
then ]
€os = (X 1€, in]?)? . if v is Archimedean,
’ max{|&, ..., v}, if v is non-Archimedean.

Let 7, be the permutation group on Z[1, p]. For each A € 7, a linear isomorphism
A ®pV — ®,V is uniquely defined by

Ma® ©6) =61 @ @&ipy, GEV (G=1,....0).
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The linear mapping

1

Ap =~ Z sgn( M)A : @,V — @,V

YN

is called the anti-symmetrizer of @,V with Im A, = /p\ V', where sgn(\) is the sign of
the permutation A, that is,

1, if A is even permutation,
sgn(A) = o .

—1, if X is odd permutation.

For the tensor (3.12), we have
Ap(&) = Zfil---i,,eil N Nej, € /N/;
and hence it is easy to show that |A,(£)|y < <y p1|€|v,@, Where the elementary inequal-
ity
(a1 +-+ap)* <n(a}+---+a2) (a; €RY)

is used for the proof of the Archimedean case. In particular, if £ € 4\ V, then A,(§) =
§. We can obtain the equality [{], = ¢}[¢],,o, where

g Vp!, if vis Archimedean,
r Ip!v, if v is non-Archimedean.

Further, if n € /q\ V', noting that

EAN=Apq(E@m), [€@0]ve = [Elvs|nve,

then we have

ATl < VB FDUE S nlos = (p;q)ﬂavm

if v is Archimedean. If v is non-Archimedean, writing

n= Z??jl---jqejl ARERNAYCTY
then

EAN = Zfil---ipﬂj,--.jqeil A Nei, Nej A A €

= plq! Z Z 5i|---ip77j1---jqei| A Nei, N ey VANERIIVAN €54
i) <o 1 <o <Jg

and hence
1€ Ay < [plg!y max|£i]'“ipnjl"'jq|v < p!gYolélv,@lnlv.e = Elolnlo-

Therefore Lemma 3.6 is proved. o
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Take z; € P(V) (j = 0,...,k < n) and take &; € V such that z; = P(&;). The
gauge of xo, . ..,z for A is well defined to be

[Eo N A Exlw

3.13
€l €l G-13)

l[xo A~ Azgly, =
which satisfies
0 <[z A Axklo < w2Su3 " Suktl = Sp,(kt 1)l
When k£ = n this is a form of Hadamard’s determinant inequality (see [85], [87]).
Lemma 3.7. Forz € P(V), a; e P(V*), j =0,1,...,n, then

lag A+ A anly < Gy (1) Orgjagxn |z, ajlo.

Proof. If |ap A - -+ A aply = 0, the inequality is trivial. If |ap A -+ A ap|y, > 0, then
ap A -+ A ap = oco. Thus Lemma 3.5 implies |zZ£(ag A -+ A ay)|, = 1. For each
J € Z[0,n], take a; € V* — {0} with P(a;) = a;. Also take { € V — {0} with
P(§) = x. We have

lag A~ Nanls = lagA-- Aaply - [2L(ag A Aan)ly
lag A= Ay . [€L(co A= A )]y
‘Oéo|v...‘an‘v |§|v‘a0/\.../\an|v
o |Z?:O<£aaj>dj|v
|£|’u‘050|v"'|04n|fu7

and hence

IN

‘<£7a]>|’0‘d]‘v
Sv,n41 Max
U o<i<n [€lulaoly - - lanl

= Guntl Max |z,ajlplao A Aaj_1 Aajii A Aagly
0<j<n

lag A+ Aanly

< g | max |z, aly.
> U’(n+1)'0§j§n| ) ]‘U

This finishes the proof. g

3.1.4 General position

Let V' be a vector space of finite dimension n + 1 > 0 over a field k. Let &/ =
{ao,ai,...,aq} be afamily of points a; € P(V*). Take a; € V* —{0} with P(;) =
aj. For A € J}, set @\ = {ax(),.--,axq}» and let E(27)) be the linear subspace
generated by {av(g); - - -,y } in V™. Define

() =N € J] [axo) A+ Aaag # 0}
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Then & is said to be in general position if diim E(47\) = | + 1 for any A € J} with

I < min{n,q}. If & is in general position, the hyperplanes E[ac], ..., E[a,] (resp.
a, ..., ) also are called in general position.

Lemma 3.8 ([287]). Let oy, ..., aq be g+ 1 vectors in V* in general position. Take
£, € V. If for some index i,

[(ENENLagly > AJE[o](€, i)o, (3.14)

then there exists a constant ¢ > 0 depending only on the «’s, an index | depending
only on & and the «’s, and an index j depending also on &', such that

[(€ A flaaj N ag)]e > cAl€[u](§; ai)v-

Proof. Order the vectors «; so that,

(& ao)lo < - < [(€ ag) o (3.15)
Then ay, . ..,y is a basis for V*. Let ey, . .., e, be the corresponding dual basis in
V. Then for any vector € V with coordinates 1y, . . . , 7, relative to eg, . . . , €y,
Il < max{[molv, - - -, [Malo} < N0,

where, and in the sequel, all constants implicit in <, etc. will depend only on the a’s.
Also,
‘g‘v < ’£n|v = |<§aan>|v < ’77’11-

Since the lemma is unchanged if we replace £’ by &' — a€ for a € k, we may assume
<£/a Oén> =0.
We first claim that, with this choice of &', (3.14) implies

/ .
max ’<£’a]>|1) >>A

o<i<n [(€; a5)o
Indeed, just for the proof of this claim, change bases on V' again so that the basis is
{ep, ..., en—1,u}, where u is a unit vector proportional to £. By (3.15) both this base
change and its inverse have bounded coefficients, so that the sup norm with respect to
this basis is equivalent to the length of a vector in V, i.e. the sup norm with respect to
the standard basis of V. Relative to this basis, the j-th coordinate of (§ A £')Zay; is

‘<£7ai> <€Ivai>
& &

— <§7 ai>€§' if0 < ] <n,
<£/a ai>§n7 lf] =n.

The length of this vector is then

(€A ) Laily < max{[€]o (€], ai)los [€'ul(E, ) w} < (€A ) Lailws
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so that

< |<§,>O‘i>|v glv} A
ma{@ﬂ»wmn >4

If the first term in the above max is the larger, than the claim is proved; otherwise, we
know that
(€ aj)lo > [€]y > Al¢]y

for some j; since | (&, o) |, < ||y, the claim is again true.
Returning now to the original basis {eg,...,e,}, let | = n and let j be such that
(¢, aj)|o/[(€; aj)]o > A, as in the claim. Then

det <<§,Oéj> (5”%‘})

Enshegnane =it (g o) (ga)

v

> (€ ag)lvlély
> AN, o) ol
This finishes the proof of Lemma 3.8. a

Following Chen [30], we also use the concept of subgeneral position as follows:

Definition 3.9. Let &/ = {ag,a1,...,aq} be a family of points a; € P(V*). For
1 <n <wu<q,then < is said to be in u-subgeneral position if E(<#\) = V* for any
A€ Ji.

In particular, if © = n this concept agrees with the usual concept of hyperplanes in
general position. To prove Cartan’s conjecture, Nochka used the following technical
lemma:

Lemma 3.10. Ler &/ = {ag,ai,...,aq} be a family of points a; € P(V*) in u-
subgeneral position with 1 < n < u < q. Then there exists a function w : &/ —
R(0, 1] and a real number 6 > 1 satisfying the properties:

D 0<w(a)f <1, j=0,1,...,q

2) qg-2u+n=0030_yw(a;)—n—1);
U 2u—n—+1 .

() 1< << ienl

@ b gwlagy) < dimE(,) ifo € J} with0 < k < u;

(5) Letry,...,rq be a sequence of real numbers with r; > 1 for all j. Then for any
o¢c J,Z with 0 < k < u, setting dim F(<f,) = | + 1, then there exists \ € Jy(<7)
such that

ImA = {A0),....,.A())} C {0(0),...,0(k)}, E()=E(A),
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and

H :((;U(]) = HTA(J

7=0

The function w and the real number 6 are respectively called a Nochka weight and a
Nochka constant of the family <7 in u-subgeneral position. If v = n, then 6 = 1 and
w(aj) = 1foreach j = 0,1,...,¢. From Lemma 3.10, it follows that values of the
function w become small if v is large. Hence Nochka weight is a gauge of subgeneral
position leaving general position. Nochka’s original paper (see [203], [204], [205]) on
the weights of Nochka was quite sketchy; a complete proof can be found in Chen’s
thesis [30] (or see Fujimoto [69], Hu and Yang [103]). Here we omit the proof since it
is very long.

Let & = {ag,ai,...,aq} (n < u < ¢) be in u-subgeneral position. Associated to
a positive number n,,, here we write

o, ajty = |z, a4, = € P(V).

Define the gauge T, (o) of <7 on a valuation v of x by

1
Lo(e) = —— f A N ay|™
) So,(n+1)! W ALEC )"}

with 0 < T, (/) < 1.
Lemma 3.11. Forz € P(V), 0 < r € R, define

o (w7, 0) = {j € Z[0,q] | 1z, a4, <7}
IfTy () > r, then #5 (x,r,v) < u.

Proof. Assume, to the contrary, that #.47 (x,r,v) > u + 1. Then A € J,, (/) exists
such that Im A C &7 (z,r,v). Hence

fr,azgho <7, 7=0,...,n
Then Lemma 3.7 implies

0<Ty(o)

IN

laxo) A+ A axm) o /5 (s

IN

onax iz, az(jio <7 < Ty(&),

which is impossible. Hence we have #.7 (z,7,v) < u. O
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Lemma 3.12. Take x € P(V') such that §x,a;l, > 0 for j =0, ...,q. Then

< 1\ 1\ too
< max S BEEE— (3.16)
11 (ﬁ%%%) (MM) AeJnMg b, ax)

J=0

where w : of — R(0, 1] is the Nochka weight. In particular, if u = n we also have

q 1 1 q+1—-n n—1 1
< S 3.17
W< (&) 11 e

iz B ang e

Proof. Take r = I'y(«7). Lemma 3.11 implies #.<7 (x,7,v) < u. Thus o € Ji exists
such that o7 (x,r,v) C Imo. Note that F(<,) = V*. By Lemma 3.10, there exists
A € Jy (&) withIm A C Im o such that E(/\) = E(4,), and such that

u 1 wlaap)
I I | B
j=0 =0

3.18
ﬁxaaa(j)tlv ( )

1‘ » @)\ ])tlv

Set C'=Z[0,q] — Imo. Thus fz, a;t, > r for j € C. Hence

()< = () ()

Thus the inequality (3.16) follows.
If u =n,then o = X\ and Im A — &7 (z,r) # (), that is, there is some jy € Z[0,n]
such that §z, ay;,)du > 7. Now (3.18) becomes

| e | e

and so (3.17) follows. O

;)ﬁv ax)t

3.1.5 Hypersurfaces

Let V be a normed vector space of dimension .+ 1 > 0 over a field . Take a positive
integer d. Let [J; be the permutation group on Z([1, d] and let ®,V" be the d-fold tensor
product of V. For each A € 7y, a linear isomorphism A : ®;V — ®4V is uniquely
defined by

A ® - ®&) =1y @ @& 1g), EV (F=1,...,d).

A vector £ € ®4V is said to be symmetric if A(§) = £ for all A € J;. The set of all
symmetric vectors in ®4V is a linear subspace of @4V, denoted by 11V, called the
d-fold symmetric tensor product of V.
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The linear mapping
1
Sd:a ZA:®dV—>®dV
ATy

is called the symmetrizer of @4V with Im S; = L3V, If £ € 113V and n € 1}V, the
symmetric tensor product

{1n = Sar(§®n)
is defined with £ I1np = nI1&. Similarly, for{; € V (j = 1,...,d), we can define the
symmetric tensor product

GU-- &= 546 ® - ® &a)
Let £ be the d-th symmetric tensor power of € € V, and define
I'Hd — P(Sﬂd)

for x = P(£). Thus a mapping ¢q : P(V) — P(I1;V) is well defined by set-
ting pq(z) = 2™, which is called the Veronese mapping. We can identify II;V* =
(IT4V)* by

1
(G ---Oég,ar ---Tag) = a Z (€1, anay) - (€as angay)
AETq
forallz; € V,a; € V¥, 5 =1,...,d.
Let # P be the cardinality of a set P. We have the following fact:

Lemma 3.13. Let J,, 4 be the set of all mappings X : Z[0,n] — Z|0, d] such that
Al = A(0) + - + A(n) = d.

n+d
#Jn,d—( d )

Then

Proof. For any given A = (X(0),...,A(n)) € J, 4, we replace each integer \(i) by
A(7) stars, making sure of leave all of the commas in place. For example, we would
represent the (n + 1)-tuple A = (2,1,0,3,0,0,2,0) € .J7 5 as follows:

X (o, ok, ok ok kR ).

The key observation is that the total number of “stars” and “commas” is n+d = 15. In
other words, to form an (n+ 1)-tuple with A(0) +- - -+ A(n) = d, we should start with
arow of n + d “commas” and change d of them into stars. Each choice of d commas
to change will give us a unique (n + 1)-tuple with the desired properties. Hence the
total number of (n + 1)-tuples is the number of ways of choosing d elements from an
ordered set of n + d objects. O
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For A € Jya,e = (o, ..., €,) € V'l define

A= A0)! - An)!, ™ = MO e 1,

If e = (ey,...,e,) is a base of V, then {GHA})\GJn,d is a base of II;V, and
{%ﬁﬂ’\},\e}n,d is the dual base of IT,V*, where ¢ = (e, ...,€,) is the dual of e,
and hence d
dim I,V = ("+ )
d
The norm | - |, on V induces norms on I1;V and I14V™* as follows: For n € I1;V, 3 €
I, V* with
n= Z xm\e ) /8: Z xﬂ)\e ’
XETp.a AEJn.a
define
%
( > %m)\%) , if v is Archimedean,
|77|v = "’7 ve — A€n.d

max {Inxlv}s if v is non-Archimedean

€Jn,d
and 1

2
< > %@j) , if v is Archimedean,
|ﬁ|v - |ﬁ|v,e - AE€Jp,d
max {|Ox|v}, if v is non-Archimedean,
)\EJn,d

where e is orthonormal if v is Archimedean. Note that

=y %5{)\(0)---5;)(">eu’\, NS %aé(o)ma;)(")em,
)\EJn,d ’ )\EJn,d ’

where
£:£OGO+"'+£nen€V7 a = qpeg + -+ + QpEp.

Then we obtain a formula
€M), = lgld, o), = |l (3.19)

Let V|4 be the vector space of all homogeneous polynomials of degree d on V. We
obtain a linear isomorphism
~: HgV* — Vg

defined by
a() = <5Hd7a>, EeV, aellV*.
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Thus if € # 0 and o # 0, the distance |29, a| is well defined for 24 = P(¢M4) and
a = P(a). If a # 0, the n-dimensional subspace

Ea] = Ker(a) = a~1(0)
in V depends on a only, and E%[a] = P(E%[a]) is a hypersurface of degree d in P(V/).
Thus P(IT;V*) bijectively parameterizes the hypersurfaces in P(V). Take a sequence

{do,di,...,dy} of positive integers. Let &7 = {ag,ai,...,aq} be a family of points
aj € P (L4, V*). Take a; € 14, V* — {0} with P(cr;) = a;, and define

a;(6) = (" a)), €€V, j=0,1,...,q.
According to Eremenko and Sodin [58], we will use the following notation:

Definition 3.14. The family </ = {ag,a1,...,a4} (¢ > n) is said to be admissible
(or in general position) if, for every \ € J;1, the system

axi(§) =0, i=0,1,...,n (3.20)
has only the trivial solution { = 0in V.
Next we take a positive integer ¢ with ¢ > n and take an admissible family
o ={ag,a1,...,aq}, aj €P (deV*) .

Let | - |, be a norm defined over a base e = (e, . .., e,) of V. Associated to a positive
number n,,, here we write

1Id; Ild,;
ﬁ.’E dJ’ajﬁU:|x djaaj

Z”, x € P(V).
Lemma 3.15. There exists a gauge T, (/) of o/ with 0 < T',(&/) < 1 satisfying

max 2N ay iy > To(), A€ JL, zeP(V). (3.21)
0<i<n

Proof. Take £ € V with x = P(£) and write £ = {peg+- - - +&pep,. By Theorem 1.48,
foreach k € {0,...,n}, A € J{, the identity

& =Y b(€)an () (3.22)
i=0

is satisfied for some natural number s with

5 > d = max dj,
0<j<q
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where bf‘k € klo, ..., &) are homogeneous polynomials of degree s — dy(;) whose
coefficients are integral-valued polynomials at the coefficients of &y (1 =0, ..., n).
Write
o(0 o(n
MO = > &g e (3.23)
UE']n,sfd)\“)

First of all, assume that the norm | - |,, is non-Archimedean. From (3.22) and (3.23),
we have

|d/\(£)|v
5ki<<r%%x bk '%v)o@?z; PO el G2
’ ’ == LIS ™ ol
Note that
= lEls 1@ (O] < €17 oyl .
Orﬁnlgé(n‘gkh [€los 1 (€)w < [€]o |ajl (3.25)

By maximizing the inequalities (3.24) over k, 0 < k& < n, and using (3.25), we obtain

A
1< r]gza’é( |baik|v . ‘Oé)\(i)‘iw (3.26)
Define the gauge
Py(of) = min mi 1 (3.27)
= min min ) :
v edd ki | [0 o |5

with 0 < T',(«7) < 1. From (3.24), (3.25) and (3.27), we obtain

Iy(o/) < max 7&5:)
S L€ |O‘>\(i) o

that is, the inequality (3.21) holds.
If the norm | - |, is Archimedean, now (3.22) and (3.23) imply

n ~
s A ‘O‘)\(z)(é)‘v s
|§k“§<zzbﬂkv'O‘“““)@%’% PO, [ G
i=0 o |€|*7U ‘O‘)\(z)‘v

where
‘5‘*,1} = m]?X |§k|v

W.l.o.g., we may assume

[SIE

€lo = (I%ls + - + 1)
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Since |£], < Vi + 1|€]+0, inequality (3.28) yields

d
l= )2 XZZ ik, “Jar lo- (3.29)
=0 o
Define the gauge
Fy(e)=(n+1)" e min mm b, NG ’ 330

with 0 < T',(«7) < 1. From (3.28) and (3.30), we also obtain the inequality (3.21). O
Lemma 3.16. Forz € P(V),0 < r € R, define

A (x,r,v) = {]‘ﬁx g ajﬁv<r,0§j§q}. (3.31)
If0 <r <T,(), then #7 (x,r,v) < n.
Proof. Assume that #.47 (x,7,v) > n + 1. Then A € J;! exists such that

{X0),...,A\(n)} C A (z,r,v).
Hence
ﬁxudk(i),a)\(i)ﬁv <r S FU(%)ﬂ Z = 0, “e . ,TL,

which is impossible according to (3.21). O

Lemma 3.17. Take x € P(V') such that {2""%  a;t, > 0for j =0,...,q. Then

1 1 1 ¢n - 1
H R < ) max H R | > R (3.32)
=0 farllds ajy Ly() redi o ﬁxudk(i) ) a)\(i)ﬁv

1 qg+l1—n n—I1 1
< [ =— max — 5 .(3.33)
<Fv(d)) XeJ?_ l{g ﬁxﬂd“”m(i)ﬁv}

Proof. Take r = I',(«/). Lemma 3.16 implies #.7 (x,7,v) < n. Thus o € J} exists
such that <7 (z,r,v) C {0(0),...,0(n)}. Note that Im X\ — & (z,r) # 0 for any
A € JZ. Then we have
q
1

N
g 2T agf H ﬁx“dow oyt

1 \7" - 1
< _— max ——
<Fv(=!2f)> AeJ} {g B0 ay i) o }
1 q+1—n n—1 1
< _— ax 74 9
N (FU("Q{)) )‘EJZ 1 {H) ﬁxﬂdk(i)aa)\(i)ﬁv

and so Lemma 3.17 is proved. a
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3.2 Varieties

Let  be a field and let k be an algebraic closure of . The space k" is called the affine
n-space (over k), which is usually denoted by A™ or A"(%). The set of k-rational
points of A™ is the set

A"k)={(z1,...,2n) € A" | z; € K}.

We will introduce some geometric notations in spaces A” and P* = P(A"+1).

3.2.1 Affine varieties

If S is any subset in the polynomial ring in n variables %[z, ..., z,], we define the
zero set of S to be the common zeros of all elements of S, namely

Z(S):={z€ A" | P(z) =0forall P € S}.

Clearly if a is the ideal of K[z1,. .., 2,] generated by S, then Z(S) = Z(a). Fur-
thermore, the Hilbert basis theorem says that a is generated by a finite number of
polynomials Py,..., P.. Thus Z(S) can be expressed as the common zeros of the
finite set of polynomials Py, ..., P, thatis,

A subset Y of A" is an algebraic set if there exists a subset S C K[z, ..., 2] such
that Y = Z(S). If the polynomials in S are of coefficients in some subfield K of &,
we say then that Y is defined over K and denote this as Y/ K. We have the following
easy properties:

Proposition 3.18. The union of two algebraic sets is an algebraic set. The intersection
of any family of algebraic sets is an algebraic set. The empty set and the whose space
are algebraic sets.

Based on this proposition, we can define the Zariski topology on A" by taking the
open subsets to be the complements of the algebraic sets. An affine algebraic variety
(or simply affine variety) is an irreducible closed subset of A" with the induced topol-
ogy. An open subset of an affine variety is a quasi-affine variety. Here recall that a
nonempty subset Y of a topological space X is irreducible if it cannot be expressed as
the union Y = Y] U Y, of two proper subsets, each one of which is closed in Y.

For any subset Y C A™, let us define the ideal of Y in K[z, . .., z,] by

I(Y)={P €k[z1,...,2n] | P(2) =0forall z € Y}.

The properties of two mappings Z and [ are summarized in the following proposition.
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Proposition 3.19. (a) IfS; C S, are subsets of K[z, . .., z,], then Z(S1) 2 Z(S).
(b) IfY) C Y, are subsets of A", then I(Y1) 2 I(Y2).
(¢) For any two subsets Y1, Y2 of A", we have 1(Y1 UY2) = I1(Y1) N I(Y3).
(d) Forany ideal a C E[z1,...,2,), I(Z(a)) = \/a, the radical of a.
(€) For any subsetY C A", Z(I(Y)) =Y, the closure of Y.
(f) An algebraic set is irreducible if and only if its ideal is a prime ideal.

For example, A" is irreducible, since it corresponds to the zero ideal in &[z1, . . . , 2],
which is prime. Let P be an irreducible polynomial in &[z1, . . ., z,]. Then P generates
aprime ideal in R[z1, . .., 2,], since R[z1, . . ., z,,] is a unique factorization domain, so

the zero set Z(P) is irreducible. The affine variety Z(f) is called an affine curve if
n = 2, a surface if n = 3, or a hypersurface if n > 3. If P has degree d, we say that

Z(P) is of degree d. A maximal ideal m of &[z,. .., z,] corresponds to a minimal

irreducible closed subset of A™, which must be a point, say a = (ay,...,a,). This

shows that every maximal ideal of %[z1, ..., z,] is of the form
m=(z1—ay,...,2n — ayp), {a1,...,an} CFK.

If Y C A" is an affine algebraic set, the ring
RY]:=FE[z1,..., 2] /1Y) (3.34)

is called the affine coordinate ring of Y, or simply the affine ring of Y. If Y is an affine
variety, then £[Y] is an integral domain since I(Y") is a prime ideal in [z, ..., 2p].
Furthermore, %[Y] is a finitely generated r-algebra. Conversely, any finitely generated
k-algebra A which is a domain is the affine coordinate ring of some affine variety.

For any non-empty set Y, we let (Y, i) be the set of all functions from Y to &.
Then F (Y, %) is made into a ring in the usual way: if f,g € F(Y,R),

(f+9)(2) = f(z) +9(2); (f9)(2) = f(2)9(2),

for all z € Y. It is usual to identify & with the subring of F (Y, <) consisting of all
constant functions.

If Y C A" is an affine variety, a function f € F(Y,R) is called a polynomial
function if there is a polynomial P € &[z,. .., z,] such that

f(z) =P(2), z=(21,...,2n) €Y.

The polynomial functions form a subring of (Y, &) containing <. Two polynomials
P, () determine the same function if and only if

(P=Q)(2) =0, z€Y,
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that is, P — @ € I(Y). Thus we may identify <[Y] with the subring of F (Y, k)
consisting of all polynomial functions on Y.

The quotient field of £[Y'] on an affine algebraic set Y is called the function field
of Y over x, denoted by £(Y"). An element of £(Y) is called a rational function on
Y, which is the quotient of two polynomial functions on Y such that the denominator
does not vanish identically on Y.

If Y is an affine variety, the set of zeros of I(Y") with coordinate (z1,...,z2,) € K"
is called the set of k-rational points of Y, and is denoted by Y (k). It is equal to the
set of solutions of the finite number of equations

Pj(z1,...,20) =0, j=1,...,7, (21,...,2n) € K"

A topological space X is called Noetherian if it satisfies the descending chain con-
dition for closed subsets: for any sequence Y7 O Y, O --- of closed subsets, there
is an integer r such that Y, = Y,y; = ---. For example, A" is a Noetherian topo-
logical space. indeed, if Y7 O Y> D --- is a descending chain of closed subsets,
then I(Y;) C I(Y2) C --- is an ascending chain of ideals in %[z, ..., z,]. Since
Rlz1, ..., zn) is a Noetherian ring, this chain of ideals is eventually stationary. But for
each i, Y; = Z(1(Y;)), so the chain Y is also stationary.

Proposition 3.20. In a Noetherian topological space X, every nonempty closed sub-
set'Y can be expressed as a finite union Y = Y U---UY, of irreducible closed subsets
Y;. If we require that Y; 2 Y for i # j, then the Y; are uniquely determined. They are
called the irreducible components of Y.

Proof. Let C be the set of nonempty closed subsets of X which cannot be written as a
finite union of irreducible closed subsets. If C is nonempty, then since X is Noetherian,
it must contain a minimal element, say Y. Then Y is not irreducible, by construction
of C. Thus we can write Y = Y’ UY"”, where Y’ and Y are proper closed subsets of
Y. By minimality of Y, each of Y’ and Y can be expressed as a finite union of closed
irreducible subsets, hence Y also, which is a contradiction. It follows that every closed
set Y can be written as a union Y = Y; U - -- UY, of irreducible closed subsets. By
throwing away a few if necessary, we may assume Y; 2 Y; for i # j.
Now suppose Y = Y/ U - - UY/ is another such representation. Then

Y CY=YU---UY,

so Y] = U(Y{NY;). ButY/ is irreducible, so Y{ C Y; for some i, say : = 1. Similarly,
Y, C Yj’ for some j. Then Y] C Yj’, so j = 1, and we find that Y; = Y/. Now let
Z=Y-Y.ThenZ =Y,U---UY,andso Z =Y, U---UY/. So proceeding by
induction on 7, we obtain the uniqueness of the Y. O

Corollary 3.21. Every algebraic set in A™ can be expressed uniquely as a union of
varieties, no one containing another.
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If X is a topological space, we define the dimension of X (denoted dim(X)) to be
the supremum of all integers n such that there exists a chain Zy C Z; C --- C Z,
of distinct irreducible closed subsets of X. We define the dimension of an affine or
quasi-affine variety to be its dimension as a topological space.

Proposition 3.22. IfY is an affine algebraic set, then the dimension of Y is equal to
the dimension of its affine coordinate ring K[Y].

Proof. If Y is an affine algebraic set in A™, then the closed irreducible subsets of Y’
correspond to prime ideals of %[z, . .., z,] containing I(Y"). These in turn correspond
to prime ideals of %[Y]. Hence dim(Y") is the length of the longest chain of prime
ideals in £[Y], which is its dimension. O

Theorem 3.23. Let « be a field, and let A be an integral domain which is a finitely
generated r-algebra. Then

(A) the dimension of A is equal to the transcendence degree of the quotient field of A
over K;

(B) For any prime ideal p in A, we have

height(p) + dim(A/p) = dim(A).

Proof. Matsumura [173], Ch. 5, § 14 or, in the case k is algebraically closed, Atiyah—
Macdonald [2], Ch. 11. O

Proposition 3.24. The dimension of A™ is n.

Proof. According to Proposition 3.22 this means that the dimension of the polynomial
ring K[z1, . . . , 2] is n, which follows from part (A) of Theorem 3.23. O

Proposition 3.25. IfY is a quasi-affine variety, then dim(Y") = dim(Y).
Proof. Hartshorne [90], Ch. I, Proposition 1.10. |

Proposition 3.26. A variety Y in A" has dimension n — 1 if and only if it is the zero
set Z(P) of a single nonconstant irreducible polynomial in K|z, . . . , zp).

Proof. If P is an irreducible polynomial, we have already seen that Z(P) is a vari-
ety. Its ideal is the prime ideal p = (P). By Theorem 1.16, p has height 1, so by
Theorem 3.23, Z(P) has dimension n — 1.

Conversely, a variety of dimension n — 1 corresponds to a prime ideal p of height
1. Now the polynomial ring &[z1,...,2y] is a unique factorization domain, so by
Proposition 1.17, p is principal, necessarily generated by an irreducible polynomial P.
Hence Y = Z(P). O
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3.2.2 Projective varieties

A graded ring is a ring A, together with a decomposition

A:ZA,,

r>0

of A into a direct sum of Abelian groups A,., such that forany r,s > 0, A,-A; C A, 1s.
An element of A, is called a homogeneous element of degree r. Thus any element of
A can be written uniquely as a finite sum of homogeneous elements. An ideal a C A
is a homogeneous ideal if

a= Z anA,.

r>0

An ideal is homogeneous if and only if it can be generated by homogeneous elements.
The sum, product, intersection, and radical of homogeneous ideals are homogeneous.
To test whether a homogeneous ideal is prime, it is sufficient to show for any two
homogeneous elements f, g, that fg € aimplies f € aorg € a.

Let x be a field and let k be an algebraic closure of . We make the polynomial
ring A = R[&,...,&,] into a graded ring by taking A, to be the set of all linear
combinations of monomials of total weight d in &, ...,&,. If f is a homogeneous
polynomial of degree d, then

FA&0, - M) = M f (&0, 1 En),

so that the property of f being zero or not depends only on the equivalence class = of
(€0, --.,&). Thus f gives a function from P = P(A"*!) t0 {0,1} by f(z) = 0if
f(oy---,&) =0, and f(z) = 1if f(&,...,&,) # 1. Thus we can talk about the
zeros of a homogeneous polynomial f € A4, namely

Z(f)={z eP"| f(z) =0}.
If S is any set of homogeneous elements of A, we define the zero set of S to be
Z(S)={xeP"| f(x) =0forall f € S}.

If a is a homogeneous ideal of A, we define Z(a) = Z(S), where S is the set of all
homogeneous elements in a. Since A is a Noetherian ring, any set of homogeneous
elements S has a finite subset fi, ..., f, such that Z(S) = Z(f1,..., fr)-

A subset X of P" is an algebraic set if there exists a set S of homogeneous elements
of A such that X = Z(.S). The following properties are basic:

Proposition 3.27. The union of two algebraic sets is an algebraic set. The intersection
of any family of algebraic sets is an algebraic set. The empty set and the whose space
are algebraic sets.
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Thus we can define the Zariski topology on P" by taking the (Zariski) open subsets
to be the complements of algebraic sets. A projective algebraic variety (or simply
projective variety) is an irreducible algebraic set X in P™, with the induced topology
by the inclusion X C IP", that is, there exists a prime homogeneous ideal p of A such
that X = Z(p). If p = (f) for some f € Ay, the variety X is called a projective
hypersurface of degree d. Further, if f is linear, X is called a hyperplane.

An open subset of a projective variety is a quasi-projective variety. The dimension
of a projective or quasi-projective variety is its dimension as a topological space.

For any subset X C P", we define the homogeneous ideal of X in A by

I(X)={f € A| fis homogeneous and f(z) =0 forallz € X}.

If X is an algebraic set, we define the homogeneous coordinate ring of X to be
A/I(X). Anelement f € A/I(X) will ba called a form of degree d if there is an
element F' € A, whose equivalent class modulo I(X) is f.

If K is a field containing x, by X (K) we mean the set of such zeros having some
projective coordinates [£o, . ..,&,] with & € K for alli = 0,...,n, called the set of
K -rational points of X. The set of points in X (&) is called the set of algebraic points
over k. For a point z = [, ..., &,] € P", we denote by x(z) the field

k(z) = K0, -5 &n)

such that at least one of the projective coordinates is equal to 1, which is called the
field of definition of the point x or the residue class field of the point. It does not matter
which such coordinate is selected. If for instance &y # 0, then

(8 &
K(m)-m(ﬁo,...,@).

Let X be a projective variety in P". Then I(X) is a prime ideal, and so the homo-
geneous coordinate ring of X

raCr[X] = E[&o, - - ., &) /T(X)

is a domain. Every element f € Fycr[X] may be written uniquely as

f=fot + fm,

where f; is a form of degree d. In contrast with the case of affine varieties, no elements
of kcr[X] except the constants determine functions on X.

Let Rpcr(X) be the quotient field of Rpcr[X], called the homogeneous function
field of X. Likewise most elements of Rcr(X) cannot be regarded as functions on
X. However, if f, g are both forms in Rpcr[X] of same degree d, then f/g define a
function on X, at least where g is not zero, since

O 06) _ N6 _ f(a)
g()\€0;7>\£n) )‘dg(&)v"'a&l) g(x)7
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so the value of f/g is independent of the choice of homogeneous coordinates. The
Sfunction field of X, written (X)), is defined to be

R(X)= { § € kacr(X) ‘ f. 9 € Fucr[X] are forms of same degree} .

It is not difficult to verify that 7(X) is a subfield of Rpcr(X) satisfying
R C R(X) C Racr(X).

Elements of %(X) are called rational functions on X.

A projective variety X is covered by a finite number of affine varieties as follows.
Let p be a prime homogeneous ideal of A with X = Z(p). Then there are homoge-
neous polynomials fi,..., f, in A generating p. Set

S 0<i<l-—1,
Zlit+l = 5
o Sirl  1<i<np

&
and let
Pz, an) = filzn, -zl aust, - 2n)-
Then the polynomials P, ..., P, generate a prime ideal in K[z 1, ..., 21 5], and the

set of solutions of the equations
Pl’j(zl’l,...,zl’n) = 07 ] = 1,...,’]“

is an affine variety, which is an open subset of X, denoted by Uj. It consists of those
points [, ...,&,] € X such that § # 0. The projective variety X is covered by
the open sets Uy, . . . , U,,. The function fields (Uy), ..., <(U,) are all equal, and are
generated by the restrictions to X of the quotients &; /& (for all i, such that & is not
identically 0 on X). The function field k(X)) of X over & is isomorphic to be %(U;) (for
any /). In particular, the function fields of A™ and P are both equal to &(z1, . .., zn),
the field of rational functions in n variables.

A variety X is complete or proper if for any variety Y, the projection X XY — Y
is closed, i.e., the image of every closed subset is closed. Projective varieties are
complete.

3.2.3 Local rings of varieties

Let X be an affine variety in A”. If f € £(X) is arational function on X, and z € X,
then f is called regular at x if there are some P, () € £[X] such that Q(z) # 0 and
f = P/Q on X. We can then define the value of f at x, written f(x), as follows:
f(z) = P(x)/Q(x), which is independent of the choice of P and Q).
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We define Ox (), or simply by O(z) if no confusion is likely to arise, to be the set
of rational functions on X which are regular at x. It is easy to verify that Ox (x) forms
a subring of 5(X) satisfying

k C R[X] C Ox(z) C R(X).
We call Ox () the local ring of X at z. The ideal of Ox (z)
mx (z) = m(z) = {f € Ox(z) | f(x) = 0}

is called the maximal ideal of X at z. It is the kernel of the evaluation surjective
homomorphism
f€0x(x)— f(x) €R,

so we obtain the isomorphism:
Ox(x)/mx(:z:) = K.

Anelement f € Ox(x) is a unit in Ox () if and only if f(x) # 0, so mx (z) is the
set of non-units in Ox (z). Hence Ox (z) is really a local ring. Further, Ox () is a
Noetherian domain (cf. [71]).

The set of points © € X where a rational function f is not regular is called the pole
set of f.

Proposition 3.28. (1) The pole set of a rational function on X is an algebraic subset

of X.
(2)
RIX] = ) Ox(2).
reX
Proof. See Fulton [71], Chapter 2, Proposition 2. O

Let X be a projective variety in P". If f € k(X)) is a rational function on X, and
x € X, then f is called regular at x if f can be written as f = P/(Q, where P and Q)
are forms of the same degree, and Q(x) # 0. We define Ox (z) to be the set of rational
functions on X which are regular at . Similarly, Ox (z) is a subring of #(X). It also
is a local ring with maximal ideal

my (z) = m(z) = {P/Q € Ox(z) | P(z) = 0, Q(z) # 0}

The value f(x) of a function f € Ox (z) is well-defined.

Generally, let X be a (projective or affine) variety. We say that a rational function f
on X is regular on X if it is regular at every point of X. We denote by O(X) the ring
of all regular functions on X. A regular function on a projective variety is constant (see
[90], 1.3.4(a)). Note that the property of being regular is open, that is, if f is regular
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at x, then it is regular at every point in some neighborhood of x. A variety is called
normal if the local ring of every point is integrally closed. A non-singular variety is
normal.

By a subvariety of a variety X we shall always mean a closed subvariety unless
otherwise specified. Let Y C X be a subvariety of a variety X. The local ring of X
along Y, denoted by Ox (Y), is the set of pairs (U, f), where U is an open subset of
X withUNY #0and f € O(U) is a regular function on U, where we identify two
pairs (U, f) = (W,g) if f = gon U NW. The ring Ox (Y') is a local ring, its unique
maximal ideal being given by

mx(Y)={feOx(Y)| f(x) =0forallz € Y}.

A mapping ¢ : X — Y between varieties is a morphism if it is continuous, and
if for every open set V' C Y and every regular function g on V, the function g o ¢
is regular on ¢~ !(V). Note that the image of a projective variety by a morphism is
a projective variety (see [98], Theorem A.1.2.3). On the other hand, morphisms have
the following rigidity:

Proposition 3.29. Let X be a projective variety, let Y and Z be any varieties, and let
¢ : X XY — Z be a morphism. Suppose that there is a point yo € Y such that
w is constant on X x {yo}. Then @ is constant on every slice X x {y}. If v is also
constant on some slice {xo} x Y, then ¢ is a constant mapping on all of X x Y.

Proof. See [98], Lemma A.7.1.1. O

A mapping ¢ : X — Y between varieties is regular at a point x € X if it is
a morphism on some open neighborhood of . One can show that ¢ is regular at x
if there is an affine neighborhood U C A™ of x in X and an affine neighborhood
V C A" of ¢(x) in Y such that ¢ sends U into V' and such that ¢ can be defined on
U by n polynomials in m variables. That these definitions are equivalent comes from
the fact that a morphism of affine varieties is defined globally by polynomials, as can
be deduced readily from Theorem 3.30 below. If ¢ : X — Y is regular at each point
of X, then ¢ is said to be a regular mapping.

A regular mapping ¢ : X — Y is an isomorphism if it has an inverse, that is,
if there exists a regular mapping ¢» : ¥ — X such that both po ) : ¥ — Y
and ¥ o ¢ : X — X are the identity mappings. In this case we say that X and
Y are isomorphic. An isomorphism from X to itself is also called an automorphism
on X. The group Aut(X) of automorphisms of X is an extremely interesting object.
For example, some examples of Aut(A?) are simple to construct: the affine linear
mappings, and elementary mappings of the form

y1 = axy + f(22), y2=Pr2+7, (3.35)

where «, 3,~ are constants with a8 # 0, and f a polynomial. It is known that the
whole group Aut(A?) is generated by these automorphisms in the sense that every
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element of Aut(A?) is a finite composition of the affine linear mappings and the ele-
mentary mappings (cf. [120]). A famous unsolved problem related to automorphisms
of A" is the Jacobian conjecture. This asserts that, if the ground field x has character-
istic 0, a mapping given by

yi:fi(xla"'axn)v i:17~~~an

with f; € R[zy,...,2,] is an automorphism of A" if and only if the Jacobian deter-
minant det (gz:’) is a nonzero constant (cf. [7]). The necessity is easy. For the case
J

n = 2, this conjecture is proved when the degrees of f; and f> are not too large (the
order of 100).

A rational mapping from a variety X to a variety Y is a mapping that is a morphism
on some nonempty open subset of X. Let ¢ : X — Y be a rational mapping. Then
there is a largest open subset €2 on which ¢ is a morphism. This open subset is called
the domain of definition of ¢, denoted dom(¢). The rational mapping ¢ is said to be
dominant if (U) is dense in Y for some (and consequently every) nonempty open set
U C X on which it is a morphism. A birational mapping is a rational mapping that
has a rational inverse. Two varieties are said to be birationally equivalent if there is a
birational mapping between them.

Theorem 3.30. Ler 7 and 7' be affine varieties. Then

W 0(2)=&lZ);

(i) a morphism ¢ : Z — Z' induces a ring homomorphism ¢* : K[Z'] — K[Z]
defined by g — g o @. The natural mapping

Mor(Z, Z') — Homg(k[Z'], k[ Z])

defined by ¢ — ©* is a bijection;

(iii) for each P € Z, let mp C R[Z] be the ideal of functions vanishing at P. Then
P —— mp gives a 1 —1 correspondence between the points of Z and the maximal
ideals of R|Z];

(iv) for each P, O(P) = R[Z]mp, and dim O(P) = dim Z;

(V) R(Z) is isomorphic to the quotient field of K[Z], and hence R(Z) is a finitely
generated extension field of k, of transcendence degree = dim Z.

Proof. Hartshorne [90], 1.3.2. O

If p : Z — Z’ is a morphism between affine varieties, we may view k[Z] as a
k[Z']-module by means of ¢*. The morphism ¢ is called finite if £[Z] is a finitely
generated %[Z']-module. A morphism ¢ : X — Y between varieties is finite if
for every affine open subset V' C Y, the set o~ !(V) is affine and the mapping ¢ :
o (V) — V is finite.
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A mapping ¢ between affine varieties is dominant if and only if ¢* is injective, so
we say that o is finite surjective if it is finite and ¢* is injective. If o : X — Y is
a finite mapping, then it is a closed mapping and all fibers ¢! (y) consist of a finite
number of points. Further, there is an integer d and a nonempty open V' C (X)) such
that

#o ' (y)=d, yeV.
The degree d can be described algebraically as the degree of the associated field ex-
tension, and we define this quantity to be the degree of the finite mapping v,

deg(p) = [R(X) : "R(Y)].

Example 3.31. Letm,n > 1 be integers and let N = (m + 1)(n+ 1) — 1. We define
the Segre mapping
Spam : P x P — PN
by the formula
(2,9) — [ziy; |0< i <m,0 < j <n
where we have written

x:[xo,...,xm}epm7 y:[yo,...,yn}epn.

The Segre mappings are morphisms and give embeddings of the product P x P™ into
PN,

3.2.4 Dimensions

The dimension of a variety X is defined to be the transcendence degree of its function
field £(X) over & (cf. [71], [98]), denoted by dim X. There is another definition of
dimension. Consider a maximal chain of subvarieties

YocYiCc---CY, =X,

where Y) is a point and Y; # Y;1 for all 4. Then all such chains have the same number
of elements m, and m is the dimension of X (cf. [98], [150]). In particular, we have
the following useful corollary.

Proposition 3.32. Let X be a variety, and let Y be a subvariety of X. If Y # X, then
dimY < dim X.

Proof. Hindry-Silverman [98], Corollary A.1.3.3 or Shafarevich [239], 1.6, Theorem
1. O

If Y C X is a closed subvariety of X, then the number dim X — dim Y is called
the codimension of Y in X, and written codim (Y") or codim x (Y"). Not surprisingly,
both A" and P" have dimension n. Similarly, the dimension of a hypersurface in A™
or P" is n — 1. In fact, a kind of converse is true.
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Theorem 3.33. A variety of dimension n—1 is birational equivalent to a hypersurface
in A" or P™.

Proof. See Hindry and Silverman [98], or Hartshorne [90], Ch. I, Proposition 4.9.
Main idea is that the function field #(X) of the variety X of dimension n — 1 over &
is a finitely generated extension of % so that £(X) is separably generated (see Zariski
and Samuel [307], Ch. II, Theorem 31, p. 105, or Matsumura [173], Ch. 10, Corollary,
p. 194). Hence we can find a transcendence base {z1,...,2,—1} C R(X) such that
R(X) is a finite separable extension of %(x1,...,x,—1). Then by Theorem 1.70, we
can find one further element z,, € &(X) such that K(X) = R(z1,...,2Tn_1,2p).
Now x,, is algebraic over R(z1,...,Z,_1), SO it satisfies a polynomial equation with
coefficients which are rational functions in xy, ..., z,_. Clearing denominators, we
obtain an irreducible polynomial f(z,...,x,) = 0. This defines a hypersurface in
A™ with function field x(X), which is birational to X. Its projective closure is a
hypersurface in P". a

The dimension of an algebraic subset V' is the maximum of the dimensions of its
irreducible components. If all the irreducible components of V' have the same (finite)
dimension d, then V' is said to be of pure dimension d. If V' is an algebraic subset of
A™ (or P") of dimension n — r, defined by r equations

then we say that V' is a complete intersection.

Theorem 3.34. Any affine variety of dimension d can be realized as an irreducible
component of some affine complete intersection of pure dimension d.

Proof. C. Musili [198], Theorem 25.7. O

To conform with the usual terminology, a variety of dimension one is called a curve,
and a variety of dimension two is called a surface. If k is a subfield of C, then X (C)
is a complex analytic space of complex analytic dimension 1. Now a curve is also
sometimes called a Riemann surface.

In order to compute the dimension of a variety, we need to know how the dimen-
sion behaves for intersections of algebraic sets, which is answered by the affine (or
projective) dimension theorem:

Theorem 3.35. Let X and Y be varieties in A™ (or P™) of dimensions | and m, re-
spectively. Then every component of X N'Y has dimension at least | + m — n.

Proof. Hindry-Silverman [98] or Shafarevich [239] or Hartshorne [90], Ch. I, Propo-
sition 7.1 and Theorem 7.2. O
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Theorem 3.36. Let ¢ : X — Y be a surjective morphism of varieties. Then
(I dimy~'(y) > dim X —dimY forally € Y.
(II) There is a nonempty open subset V- C Y such that for ally € V,

dim ¢~ !(y) = dim X — dim Y.

Proof. Shafarevich [239], 1.6, Theorem 7. O
Let Z be an affine variety in affine space A", with coordinates (zi,..., z,), and
defined over a field x. Let a = (ay, ..., a,) be a point of Z. Suppose x algebraically

closed and a; € « for all 7. Let
Pi(z1,...,2,) =0, j=1,...,r
be a set of defining equations for Z. We say that the point a is regular (or non-singular
or smooth) if
OP;
rank | —2(a) | =n —m,
(3% ( )>
where m is the dimension of Z, otherwise, is singular. We say that 7 is non-singular

or smooth if every point on Z is regular. A projective variety is called non-singular if
all the affine open sets Uy, . . ., U,, above are non-singular.

Theorem 3.37. Let ¢ be a rational mapping from a smooth variety X to a projective
variety. Then
codim(X — dom(y)) > 2.

Proof. See Shafarevich [239], I1.3, Theorem 3. O

Theorem 3.37 yields immediately the following result:

Theorem 3.38. A rational mapping from a smooth curve to a projective variety ex-
tends to a morphism defined on the whole curve.

3.2.5 Differential forms

Let x be a point on a variety X. The tangent space to X at x is the k-vector space
T.(X) = Homg (m(z)/m(z)%, &).

In other words, the tangent space is defined to be the dual of the vector space
m(z)/m(z)?. We naturally call m(x)/m(x)? the cotangent space to X at x, de-
noted by T7(X). It is not difficult to check that 7,,(X) and T} (X) are vector spaces
over K since

O(z)/m(x) = k.
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Theorem 3.39. Let X be a variety. Then dim T,(X) > dim X forall x € X. Fur-
thermore, there is a nonempty open set U C X such that dimT,(X) = dim X for
zeU.

Proof. See Hartshorne [90], 1.5, Proposition 2A and Theorem 3 or Shafarevich [239],
II.1, Theorem 3. ]

According to Jacobian criterion (see [90], 1.5), a point x in an affine variety Z is
regular if and only if dim 7, (Z) = dim Z. An ordinary singularity in a curve is a
singularity whose tangent cone is composed of distinct lines. The multiplicity of an
ordinary singularity is the number of lines in its tangent cone.

Consider a rational mapping ¢ : X — Y between two varieties that is regular at
x, and let y = ¢ (x). According to Hartshorne [90], 1.4, Theorem 4, the mapping

0" Oy(y) — Ox(x), gr—gop

is a homomorphism of local rings, in particular,

¢*(m(y)) C m(z), ¢*(m(y)*) C m(z)?,

and hence it induces a k-linear mapping
" T (Y) — T (X).
The tangent mapping or differential of ¢ at x
dp(x) : To(X) — T,(Y)

is defined to be the transpose of the mapping ¢*.
Let X be a variety. Take a function f € %(X). and fix a point z in the domain of
f. We obtain a tangent mapping

df (z) : To(X) — Ty (A") = &,

so df (x) is a linear form on T, (X), that is, df (z) € T,;(X). Obviously, the classical
rules

d(f +g) = df +dg, d(fg) = fdg+ gdf (3.36)

are valid. Thus we may view df as a mapping that associates to each point = €
dom( f) a cotangent vector in T (X'). According to Hindry and Silverman [98], such
a mapping is called an abstract differential I-form. From the formulas (3.36) one
deduces easily an identity that holds for any polynomial P € [z, .., z,,] and any
functions fi, ..., fm € R(X):

" P
dP(f1, .., fm) :Zam(fl,...,fm)dfi. (3.37)
i=1 !

It generalizes immediately to rational functions P.
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A regular differential 1-form on X is an abstract differential 1-form w such that for
all z € X there is a neighborhood U of x and regular functions f;,g; € O(U) such
that

= gi@)dfi(x), z € U.

We denote the set of regular differential 1-forms on X by Q![X]. It is clearly a &-
vector space, and in fact, it is an O(X)-module.

Let = be a nonsingular point on a variety X of dimension n. Functions 1, ... ,t, €
O(x) are called local parameters at x if each t; € m(x), and if the images of ¢y, ..., ¢,
form a basis of 77} (X). The functions ¢1,. .., t, give local coordinates on X if u; :=
t; — t;(x) give local parameters at all x in X. It is easy to see that ¢1,. .., t, are local
parameters if and only if n linear forms dt;(z),...,dt,(x) on T,(X) are linearly
independent. Since dim 7),(X) = n, this in turn is equivalent to saying that in T, (X),

m ker(dt;(x)) = {0}.

According to Shafarevich [239], II1.5, Theorem 1, any nonsingular point = of a variety
X has local parameters 1, ..., ¢, defined on a neighborhood U of z such that

=P o), (3.38)
i=1

which means that Q'[U] is a free O(U)-module of rank n.

The abstract differential 1-forms considered were mappings sending each point
z € X to an element of 7);(X). We now consider more general abstract differen-
tial r-forms that send x € X to a skewsymmetric r-linear form on 7,,(X), that is,
to an element of the r-th exterior product /T\T;(X ) of T;*(X), or equivalently, to a
linear mapping /T\TQ;(X ) — R. A regular differential r-form w on X is an abstract
differential r-form such that for all z € X there is a neighborhood U containing x and
functions f;, gi,....i, € O(U) such that

w= Zgz‘l,i.i,irdfz‘l A Ndfy,

We denote the set of regular differential 7-forms on X by Q"[X]. It is clearly an

O(X)-module. The analogue of (3.38) is true. If ¢;,...,t, are local coordinates on
U, then
= P owti, A nadt,. (3.39)
0 < <ip

Hence Q"[U] is a free O(U)-module of rank (7).

We now introduce a new object, consisting of an open set U C X and a differential
r-form w € Q"[U]. On pairs (U,w) we introduce the equivalence relation (w,U) ~
(W, U")ifw=w"onUNU'. Note that the set of points at which a regular differential
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form is 0 is closed (see Shafarevich [239], II1.5.4, Lemma). It is enough to require
that w = ' on some open subset of U N U’. The transitivity of the equivalence
relation follows from this. An equivalence class under this relation is called a rational
differential r-form on X. We denote the set of rational differential r-forms on X by
Q"(X), which is a vector space of dimension (') over #(X) (see Shafarevich [239],
I11.5.4, Theorem 3). Obviously,

Q°(X) = R(X).
If ty,...,t, is a separable transcendence basis of 5(X ), then the forms
{dtil /\"'/\dtir | 1<ip <o <Z‘T§n}

form a basis of 2"(X') over £(X) (see Shafarevich [239], IIL.5.4, Theorem 4). Each
element w € Q"(X) has a largest open U C X such that w defines a regular r-form
on U, called the domain of regularity of w.

Let ¢ : X — Y be a morphism of smooth varieties. Then there is a mapping

e QY] — Q'[X]

defined by the formula
o (Z Gireoinfiy N oo A dfz;) = (Giriv 09)(fiy 09) A== Ad(fi, 0 ).

3.2.6 Abelian varieties

An algebraic group defined over « is a variety GG defined over k, an identity element
e € G(k), and morphisms m : G X G — G and i : G — G satisfying the axioms
of a group law:

() m(e,z) =m(x,e) = x.

B) m(i(x),x) = m(z,i(zx)) =e.

() m(m(z,y),z) = m(z, m(y, z)).

We temporarily write the group laws multiplicatively, that is,

m(z,y) =y, i(z)=a2"".
If GG is an algebraic group, then for any a € G, the right translation

R,:G— G, x+— ax

and the left translation
L,:G— G, z+— za

are isomorphisms.



166 3 Algebraic geometry

Algebraic groups are smooth varieties. Indeed, if an algebraic group G has a singu-
lar point a, we would deduce that all points of G are singular by using the translation
mappings and their tangent mappings, which contradicts Theorem 3.39.

Let GGy and G be two algebraic groups. A homomorphism ¢ : G; — G is called
an isogeny if it is surjective, has finite kernel, and dim G; = dim G». The cardinality
of the kernel of ¢ is called the degree of .

Proposition 3.40 (Weil). A rational mapping from a smooth variety into an algebraic
group either extends to a morphism or is undefined on a set of pure codimension one.

Proof. See Hindry and Silverman [98], Lemma A.7.1.4. a

An Abelian variety is a projective variety that is also an algebraic group. By using
Theorem 3.37 and above Weil’s result, it follows that a rational mapping from a smooth
variety into an Abelian variety must extend to a morphism.

Proposition 3.41. If p : A — B is a morphism between two Abelian varieties, then
@ is the composition of a translation and a homomorphism.

Proof. By composing ¢ with a translation, we may assume that p(e4) = ep, where
e4 and ep are the identity elements of A and B, respectively. Consider the mapping

i Ax A— B, ¥(z,y) = o(zy)e(x) oy) "

It is clear that

Ylea, A) ={ep}, (A ea) ={es},
and hence Proposition 3.29 implies that ¢/ is a constant. Hence
U(z,y) = (ea, ea) = s,

which means precisely that ¢ is a homomorphism. O

Proposition 3.42. An Abelian variety is a commutative algebraic group.

Proof. Proposition 3.41 means that the inversion morphism 7 : A — A must be a
homomorphism. Hence

i(zy) = i(2)i(y),
so A is commutative. O
We now know that the group law on an Abelian variety A is commutative, so we

will henceforth write the group law additively. In particular, an integer n gives an
endomorphism of A by

nle =242+ + 2 (nterms)
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ifn > 0, [n]lx = [-n](—z) if n < 0, and [0]xz = e4. The n-torsion subgroup of A,
denoted A[n], is the set of points of order n in A,

An]={z € A|[nJz =ea}.

The torsion subgroup of A, denoted Ayoys, is the set of points of finite order,

Ators = | Aln].
n=1

Then Ayors() will denote the points of finite order in A(k).

Proposition 3.43. Let A be an Abelian variety of dimension g over an algebraically
closed field k of characteristic p > 0.

(81) The multiplication mapping [n] : A(R) — A(R) is a degree n*9 isogeny,
(02) If p = O or if n is prime to p, then

Aln] = (Z/nZ)*.

(83) If p > O, then for some integer 0 < r < g,

Alp®) = (Z)p°Z)", e =1,2,3,....

Proof. See [98], Theorem A.7.2.7; or [256]. O

3.3 Divisors

In this part, we describe divisors on an algebraic variety X. There are two kinds. The
group of Weil divisors on X is the free Abelian group generated by the subvarieties of
codimension one on X. It is denoted by Div(X). In other words, a Weil divisor can
be written as a linear combination
D= Z ni)/ia
i

where Y; is a subvariety of codimension 1, and n; € Z. For example, if X is a curve,
then the Y;’s are points; if X is a surface, then the Y;’s are irreducible curves; and so
on. If all n; > 0 then D is called effective or positive. We write D > 0 for D effective.

The support of the divisor D is the union of all those Y;’s for which the multiplicity
n; is nonzero. It is denoted by supp(D). Let us denote by D,cq the reduced divisor
of D. In other words, D,.q is the sum of all the irreducible components of D, with
multiplicity 1.

Let Y be a subvariety of codimension 1 of X. For any regular point x € X, Y can
be given in a neighborhood U C X of x as the zeros of a regular function g € O(U).



168 3 Algebraic geometry

Moreover, any function f € O(x) vanishing on U NY is divisible by g. The function
g is called a local defining function, g = 0 is called the local equation of Y at x, and
is unique, up to multiplication by a function nonzero at x (see Shafarevich [239], I1.3,
Theorem 1).

A divisor D on the variety X is called normal crossings if each irreducible com-
ponent of D is nonsingular, and whenever r irreducible components Yi,...,Y,. of D
meet at a point x, then the local defining functions gy, ..., g, of the Y; form a part
of a regular sequence for O(z), i.e., g1, ..., g, are linearly independent (mod m(x)),
where g1 - - - g = 0 is just the local equation of D at x. Therefore, a normal crossings
divisor must be effective, and all irreducible components of its support must occur
with multiplicity 1.

Let Y be a subvariety of codimension 1 of X. We recall that Ox(Y") is the local
ring of functions regular in a neighborhood of some point of Y. In particular, if X is
nonsingular along Y, then Ox (Y") is a discrete valuation ring. Take f € Ox(Y)—{0}.
Let x € X be a regular point, and g a local defining function for Y near x. Since
f € Ox(z) and Ox () is a discrete valuation ring, there exist a unit v in Ox (x) and
an non-negative integer d such that

f=ug".

Note that the integer d is independent of the choice of regular points in X NY and will
be called the order of f along Y, denoted by ordy (f). We can extend ordy to (X ).
in the usual way. Its main properties are summarized as follows:

Proposition 3.44. Fix f € k(X ).. The order function ordy : k(X ). — Z has the
following properties:

(@) ordy(fg) = ordy(f)+ ordy(g) forall g € R(X)..
(b) ordy (f + g) > min{ordy (f),ordy (g)} forall g € R(X). with f + g # 0.
(¢) There are only finitely many Y ’s with ordy (f) # O.

() ordy(f) > Oifand only if f € Ox(Y). Similarly, ordy (f) = 0 if and only if f
is a unit in Ox (Y).

(e) Assume further that X is projective. Then the following are equivalent:

(el) ordy (f) > Oforall Y.
(e2) ordy (f) =0 forall Y.
(€3) f € Ra.

Proof. Hindry-Silverman [98], Lemma A.2.1.2 or Shafarevich [239], III.1.1, (2). O

Let f € &(X), be a rational function on X. The divisor of f is the divisor

(f) = Zordy(f)Y.
Y
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Usually we say that f has a zero of order d along Y if ordy (f) = d > 0, and that f
has a pole of order d along Y if ordy (f) = —d < 0. A divisor is said to be principal if
it is the divisor of a function. Two divisors D and D’ are said to be linearly equivalent,
denoted by D ~ D', if their difference is a principal divisor. The divisor class group
of X is the group of divisor classes modulo linear equivalence. It is denoted by C1(X).
The linear equivalence class of a divisor D will be denoted by Cl(D). A divisor class
is called effective if it contains an effective divisor.

Proposition 3.45. Ler deg(Y') denote the degree of an irreducible hypersurface Y C
P™, and extend the function deg by linearity to the group of divisors Div(P™). Then
a divisor D € Div(P") is principal if and only if it has degree 0, and the induced
mapping deg : CY(P") — Z is an isomorphism.

Proof. See Hindry and Silverman [98], Proposition A.2.1.3. a

A Cartier divisor on a variety X is an (equivalence class of) collections of pairs
{(Us, fi) }ier satisfying the following conditions:

(A) The U;’s are Zariski open sets that cover X.

(B) The f;’s are nonzero rational functions f; € &(U;)x = R(X ).

© fifjfl € O (U;NU;j) (e, fifjfl has no poles or zeros on U; N Uj).

Two collections {(U;, fi) }icr and {(V}, gj) }jes are considered to be equivalent (de-
fine the same divisor) if figj_1 € O*(UinVj) foralli € I and j € J. The support of
a Cartier divisor {(Uj, fi) }ier is the set of zeros and poles of the f;’s. A pair (U;, f;) is
said to represent the divisor locally, or on the open set U;. The Cartier divisor is said
to be effective if for all representing pairs (Uj, f;) the rational function f; is regular at
all points of Uj;, that is, f; has no poles on U;. We then view the Cartier divisor as a
hypersurface on X, defined locally on U; by the equation f; = 0. The Cartier divi-

sors form a group, denoted by CaDiv(X). Indeed, if Cartier divisors are respectively
{(Ui, fi)}ie] and {(V], gj)}jeJ, then their sum is

{WUi, fi) Yier +{(V}, 95) Yies = LU0V, figi) Ygrerxa-

Associated to a function f € &(X), is its principal Cartier divisor, denoted by

div(f) = {(X, )}

Two divisors are said to be linearly equivalent if their difference is a principal Cartier
divisor. The group of Cartier divisor classes of X is the group of divisor classes mod-
ulo linear equivalence. It is called the Picard group of X and is denoted by Pic(X).
We now compare the two types of divisors. Let Y be an irreducible subvariety of
codimension 1 in X, and let D be a Cartier divisor defined by {(U;, f;) }icr. We define
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the order of D along Y, denoted by ordy (D), as follows. Choose one of the open sets
U; such that U; N'Y # () and set

OI‘dy (D) = Ol"dy(fi).

It is easily seen that ordy (D) is independent of the choice of (U;, f;), so that we
obtain a map from Cartier divisors to Weil divisors by sending D to Y ordy (D)Y. In
general, this mapping is neither surjective nor injective. For example, see Fulton [72],
Examples 2.1.2 and 2.1.3 or Hartshorne [90], I1.6.11.3.

Theorem 3.46. If X is a smooth variety, then the natural mappings
CaDiv(X) — Div(X), Pic(X)— CI(X)
are isomorphisms.
Proof. Hartshorne [90], I1.6.11. O

In the sequel we will consider only Cartier divisors when the variety in question
might be singular, and we will freely identify Weil and Cartier divisors when we work
with smooth varieties.

Let X be a smooth variety of dimension n, and let w be a nonzero rational differen-
tial n-form on X. We cover X by affine open subsets U; of X with local coordinates

tgi), e ,tg). In U;, we can write
w=g® dtgi) /AR dtgf).

In particular, we have the expression

n
dt) =3 hapdty), a=1,....n. (3.40)
B=1

Since dtgi) (2),... ,dtgf) (x) form a basis of 7} (X) for each z € Uj, it follows from

(3.40) that the Jacobian determinant of the functions tii) ce 53’ with respect to

t&j), . ,t%j) satisfies

Substituting (3.40) in the expression for w and simple calculations in the exterior alge-
bra shows that on the intersection U; N U;, we get

S DD,
DD, .. i)
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Since the Jacobian determinant is regular and nowhere zero in U; N Uj, the collection
of pairs (U;, g¥)) defines a divisor on X. This divisor is called the divisor of w, and is
denoted by div(w).

Any other nonzero rational differential n-form «’ on X has the form w’ = fw for
some rational function f € &(X),. It follows that

div(w') = div(w) + div(f),

so that the divisor class associated to an n-form is independent of the chosen form.
This divisor class is called the canonical class of X . By abuse of language, any divisor
in the canonical class is called a canonical divisor and is denoted by K, as well as its
class, or by Kx if we wish to emphasize the dependence on X.

Let ¢ : X — Y be a morphism of varieties, let D € CaDiv(Y") be a Cartier
divisor defined by {(V}, g;) } jes, and assume that ¢(X') is not contained in the support
of D. Then the Cartier divisor ¢*D € CaDiv(X) is the divisor defined by

©*D ={(¢~"(V}), gj 0 ) }jeu.

Proposition 3.47. Let A be an Abelian variety, let X be an arbitrary variety, and let
0,1, x : X — A be three morphisms. Then for any divisor D € CaDiv(A),

e+ +x)"D=(p+9)"D=(p+x)"D = (@ +x)"D+¢ D+ "D+ x"D ~ 0.
Proof. See Hindry and Silverman [98], Corollary A.7.2.4. a

Let ¢ : X — Y be a finite mapping of smooth projective varieties, let Z be an
irreducible divisor on X, and let Z' = (Z) be the image of Z under . Note that the
dimension theorem (Theorem 3.36) tells us that Z’ is an irreducible divisor on Y. Let
sz be a generator of the maximal ideal of Ox (Z), and similarly set s,/ be a generator
of the maximal ideal of Oy (Z'), that is, sz and sz are local equations for Z and Z'.
The ramification index of f along 7 is defined to be the integer

ez =ez(p) =ordz(sz o p),
where we recall that ord : Ox(Z) — Z is the valuation on Ox (Z). Equivalently,
spop=us#, ueOx(Z)".
The mapping ¢ is said to be ramified along Z if ez (p) > 2. If ez () = 1, we say that
¢ is unramified along Z. If char k = 0, or char x = p, and p does not divide ez (),

we say that the ramification is tame. If p does divide ez (y), it is wild. We then have
the following Hurwitz formula:
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Theorem 3.48. Let ¢ : X — Y be a finite mapping between smooth projective
varieties.

(1) The mapping  is ramified only along a finite number of irreducible divisors.

(2) If we assume further either that the characteristic of r is O or that the character-
istic of k does not divide any of the ramification indices, then we have the formula

Kx ~ ¢"(Ky) + R,

where R is the ramification divisor of  given by

R=3(ez(¢) )2
Z

Proof. Hindry-Silverman [98], Proposition A.2.2.8. O

Two divisors Dy, D, on X are algebraically equivalent if there exists a connected
algebraic set T, two points ¢1,t, € T, and a divisor D on X x T such that

D; = D‘Xx{ti}v 1= 172
Linear equivalence of divisors implies algebraic equivalence.

Lemma 3.49. Let X be a complete non-singular variety. Let D be a divisor on X such
that some positive multiple of D is very ample. Then there exists an integer m > 0
such that for any divisor E on X algebraically equivalent to 0, the divisor E + mD
is very ample.

Proof. See S. Lang [144], Chapter 4, Lemma 3.2. O

One sees easily that algebraic equivalence is compatible with addition in Div(X):
divisors D algebraically equivalent to 0 form a subgroup. We denote this by DiVO(X ).
An important result is the following theorem proved by Severi (for fields of character-
istic 0) and Néron (in the general case).

Theorem 3.50. For X a nonsingular projective variety, the group Div(X)/Div®(X)
is finitely generated.

When X is a nonsingular projective variety, one can define PicO(X ) to be the sub-
group of Pic(X) = CI(X) composed of divisor classes algebraically equivalent to 0.
The group PicO(X ) can always be given the structure of an Abelian variety, which is
called the Picard variety of X. The quotient

NS(X) = Pic(X)/Pic’(X)

is called the Néron—Severi group of X and is a finitely generated group.
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3.4 Linear systems

Let D be a divisor on a variety X. The associated vector space or Riemann—Roch
space of D is defined to be the subset of rational functions

L(D) = L(X, D) ={f € ’(X)« | D+ (f) = 0} U{0}. (3.41)

This set is a vector space over k under the usual algebraic operations on functions.
Indeed, if D = )" n;Y; then f € K(X), belongs to £(D) if and only if

—nNy, Y = }/i’

d >
ordy (f) = {0’ Y #Y; forall 7,

and because of this, our assertion follows at once from (b) in Proposition 3.44. The
dimension of £(D) is denoted by ¢(D) (which is called the dimension of D by some
authors).

Theorem 3.51. Letr D be a divisor on a projective variety. Then ¢(D) is finite.

Proof. See, for example, Hartshorne [90], Theorem III.2, Hindry and Silverman [98],
Corollary A.3.2.7, or Shafarevich [239], I11.2.3, Theorem 5. O

We know £(D) = ¢(D')if D ~ D' (see [239], II1.1.5, Theorem 3). Thus we see that
it makes sense to speak of the dimension ¢(c) of a divisor class ¢, that is, the common
dimension of all the divisors of this class. This number has the following meaning. If
D € cand f € L(D), then the divisor

Df=D+(f>€C

is effective. Conversely, any effective divisor D’ € c¢ is of the form Dy for some
f € L(D). Obviously, if X is projective, f is uniquely determined by Dy up to a
constant factor. Thus we can set up a one-to-one correspondence between effective
divisors in the class ¢ and points of P(£(D)) = PUP)~1,

The following definition slightly generalizes this construction. A linear system L
on a variety X is a subset of effective divisors all linearly equivalent to a fixed divisor
D and parametrized by a linear subvariety of P(L(D)). The dimension of the linear
system L is the dimension of the linear subvariety. The set of base points of L is the
intersection of the supports of all divisors in L. We will say that L is base point free
if this intersection is empty. The set of effective divisors linearly equivalent to D is a
linear system, called the complete linear system of D. It is denoted by |D|. If | D| is
base point free, the divisor D is also said to be base point free.

Let L be a linear system of dimension n parametrized by a projective space P(V') C
P(L(D)), where V is a subspace of £(D) of dimension n + 1 over <. Let By, be the
set of base points of L. When x € X — By, the subspace of V'

Ve=A{feV|/f(x)=0}
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has dimension n. Thus there exists unique element ¢, (x) € P(V*) such that
Elpr(z)] = Va.
It is easy to show that if L # (), then
pr: X — By — P(V")
is regular, which further extends a rational mapping
o X — P(VY) (3.42)

called the dual classification mapping.

Next we explain it clearly. Select a basis fy, ..., f, of V and let eg, ..., e, be the
dual basis in V*. Choose @1, (z) € V* — {0} such that P(pr,(z)) = ¢r(x). Thus we
can write

prl) =Y @iz)es.
=0

By the definition,

Elpp(z)] = {5 => &GHieV
i=0

(& or(x) =) Gdilx) = o} .
i=0
Since Efpr(z)] = Vy, then { € E[¢r(x)] means that

§(z) = &fi(z) =0,
i=0

thatis, [fo(z), ..., fn(x)] can serve as the homogeneous coordinates of ¢ (). There-
fore we can identify
or, = [foy-ooy fn] 1 X — P™. (3.43)
We will abbreviate
YD = P|D|-

The fixed component of a linear system L is the largest divisor Dy such that for all
D € L, wehave D > Dy. If Dy = 0, we say that the linear system has no fixed
component. We can now formulate the correspondence between rational mappings
and linear systems.

Theorem 3.52. There is a natural bijection between:
(1) Linear systems L of dimension n without fixed components.

(2) Morphisms ¢ : X — P™ with image not contained in a hyperplane, up to
projective automorphism. (That is, we identify two rational mappings p, ¢ :
X — P" if there is an automorphism o : P" — P" such that ¢’ = o o .)
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Proof. See Mumford [196], Theorem 6.8 or Hartshorne [90], I1.7.1 and I1.7.8.1. O

A linear system L on a projective variety X is very ample if the associated mapping
@1, 1s an embedding, that is, (o, is a morphism that maps X isomorphically onto its
image ¢r,(X). A divisor D is said to be very ample if the complete linear system |D)|
is very ample, and to be ample if some positive multiple of D is very ample.

Proposition 3.53. Let X be a projective variety. Every divisor on X can be written as
the difference of two very ample divisors. More precisely, let D be an arbitrary divisor
on D and let E be a very ample divisor.

{1} There exists an m > 0 such that D + mFE is base point free.

{2} If D is base point free, then D + E is very ample.
Proof. Lang [150], Proposition 1.1; Hindry—Silverman [98], Theorem A.3.2.3. O

Proposition 3.54. Let f : X — Y be a morphism between two projective varieties
and let D be a divisor on'Y .

| 1] If D is base point free, then f*D is a base point free divisor on X.
|2| If f is finite, and if D is ample, then f*D is an ample divisor on X.

Proof. See Hartshorne [90], III, Exercise 5.7. |

The dimension of a divisor D on a projective variety X is the quantity

dim D = max dim ¢, p(X);
m>1

that is, it is the maximal dimension of the image of X under the dual classification
mapping ., p, which is also called D-dimension of X. If £L(mD) is always empty,
then let dim D = —1 by convention (some authors instead prefer to set dim D = —oo
in this situation). If dim D = dim X, then we say that D is pseudo ample, which
means that there exists some positive integer m such that ¢,,,p is an imbedding of
some non-empty Zariski open subset of X into a locally closed subset of P(L(mD)).
Usually, dim K'x is called the Kodaira dimension of X. It is a result of Kodaira that:

Theorem 3.55. On a non-singular projective variety, a divisor D is pseudo ample if
and only if there exists some positive integer m such that mD ~ E + Z, where E is
ample and Z is effective.

Proof. See [131], Appendix; [287], Proposition 1.2.7; [130], Lemma 7.3.6 and Lemma
7.3.7; or Lemma 3.141. O
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A non-singular projective variety X is defined to be canonical if the canonical class
Kx is ample, very canonical if Kx is very ample, and pseudo canonical if Kx is
pseudo ample. Instead of pseudo canonical, a variety has been called of general type.
This new notion comes from Lang and Griffiths (cf. [150]). Generally, a projective
variety (possibly singular) is called pseudo canonical if X is birationally equivalent to
a projective non-singular pseudo canonical variety.

If  has characteristic 0, resolution of singularities is known, and due to Hironaka.
This means that given X a projective variety, there exists a birational morphism

Lp:X—»X

such that X is projective and non-singular and ¢ is an isomorphism over the Zariski
open subset of X consisting of the regular points. The non-singular projective variety
X is called a normalization of X.

An important characterization of a subvariety of an Abelian variety being pseudo
canonical was given by Ueno [278] (or see litaka [115], [116]):

Theorem 3.56. Let X be a subvariety of an Abelian variety over an algebraically
closed field. Then X is pseudo canonical if and only if the group of translations which
preserve X is finite.

We have quite generally Ueno’s theorem (see [278], Theorem 3.10):

Theorem 3.57. Let X be a subvariety of an Abelian variety A, and let B be the
connected component of the group of translations preserving X. Then the quotient
¢ : X — X/B is a morphism, whose image is a pseudo canonical subvariety of
the Abelian quotient A/ B, and whose fibers are translations of B. In particular, if X
does not contain any translations of Abelian subvarieties of dimension > 1, then X is
pseudo canonical.

Proof. See Iitaka [117], Theorem 10.13, and Mori [192], Theorem 3.7. O

The mapping ¢ is called the Ueno fibration of X . Lang [150] formulated the Kawa-
mata’s theorem [125] into the following Kawamata’s structure theorem:

Theorem 3.58. Let X be a pseudo canonical subvariety of an Abelian variety A in
characteristic 0. Then there exists a finite number of proper subvarieties Z; with Ueno
fibrations @; : Z; — Y; whose fibers have dimension > 1, such that every translate
of an Abelian subvariety of A of dimension > 1 contained in X is actually contained
in the union of the subvarieties Z;.

The union of the subvarieties Z; is called the Ueno-Kawamata fibrations in X when
X is pseudo canonical. Note that the set of Z; is empty if and only if X does not
contain any translations of an Abelian subvariety of dimension > 1.
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3.5 Algebraic curves

3.5.1 Bézout’s theorem

A curve C'is a variety of dimension one, so its function field £(C') is of transcendence
degree one. It follows that 7(C') is algebraic over any subfield % (z) generalized by a
nonconstant function x € %£(C). Hence we may write £(C') = k(z,y), where  and y
are nonconstant functions on C satisfying an algebraic relation

f(z,y) = 0. (3.44)

Let Cy C A? denote the affine plane curve defined by f, and let C; C P? be the
projective plane curve defined by the homogenized equation

XY
F(X,Y,Z).=2" =0 3.45

( ) ) ) f <Z Z) ) ( )
where m = deg(f). Clearly, C is birational to both Cj and C;. Any curve birational
to C' is called a model of C, so we can say that C' has a plane affine model and a
plane projective model. The following main result shows that C' has a smooth plane
projective model, which is called a normalization of C.

Theorem 3.59. Any algebraic curve is birational to a unique (up to isomorphism)
smooth projective curve.

Proof. See Fulton [71], VILS5, Theorem 3, Hartshorne [90], I, Corollary 6.11, or
Hindry and Silverman [98], Theorem A.4.1.4. O

We explain Theorem 3.59 on normalization of algebraic curves clearly. Let f(z,y)
be an irreducible polynomial of two variables x and y over an algebraically closure &
of a field ~ and consider the equations (3.44) and (3.45). If the point (g, yo) lies on
the affine curve (3.44), then [z, yo, 1] lies on Cy. Conversely, if [ Xy, Yo, Zp] lies on
Cy with Zy # 0, then (Xo/Zy, Yo/Zp) lies on the affine curve (3.44). Points on C|
with Z = 0 are called the points at infinity of the affine curve.

In affine space, recall that we say the simple (or regular) point p = (a,b) € Cy of
Cy if either derivative 2L ( ) # 0or 5= ( ) # 0. In this case the line

) =)+ )y -0 =0

is called the rangent line to Cj at p. A point which is not simple is called multiple (or
singular) correspond to a solution of the equations

flz,y) = 8(,y) 8(ch) 0.
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Theorem 3.60. Let Cy be an irreducible plane curve. Then p € Cy is a simple point
of Cy if and only if Oc,(p) is a discrete valuation ring. In this case, if L(x,y) is
any line through p which is not tangent to Cy at p, then the image (residue) { of L in
Oc,(p) C E[Cy] is a uniformizing parameter for Oc,(p).

Proof. See Fulton [71], Chapter 3, Theorem 1. |

W.l.o.g., we may assume that p = (0,0) is a point on the affine curve (3.44), other-
wise, it is sufficient to consider the function f(z + @,y + b) at the point (0,0). Write

f(xay) = fﬂ(l‘ay) + f/LJrl(Iay) + - +fm<l‘7y)7

where f;(z,y) (j = u, ..., m)is ahomogeneous polynomial of degree j with f,,(z,y)
# 0, and p > 1 since f(0,0) = 0. We define u to be the multiplicity of f (or Cp) at
p = (0,0), and write ,u?c(p) or pic,(p). Note that p € Cp if and only if u(}(p) > 0.
Using the rules for derivatives, it is easy to check that p is a simple point on Cj if and
only if u(}(p) = 1, otherwise, p is a singular point if and only if ,u(}(p) > 2. Recall
that when o > 2, the singular point p is called a p-fold point, say, double point for the
case = 2, triple point when p = 3, and so on.

Theorem 3.61. Let Cyy be an irreducible plane curve defined. Then

ficy (p) = dimz me, (p)" /mc, (p)™ !

for all sufficiently large n.
Proof. See Fulton [71], Chapter 3, Theorem 2. |

Since a homogeneous polynomial of two variables defined over an algebraically
closed field can be factored into a product of linear factors (see [71], Chapter 2, Corol-
lary after Proposition 5), we can write

fu(xay) = HLZ(xay)na

where the L;(x,y) are distinct lines, and r; are positive integers. The L; are called
the rangent lines to Cy at p = (0,0); r; is the multiplicity of the tangent line. The
L; is a simple (resp. double, etc.) tangent line if r; = 1 (resp. 2, etc.). Further, if p
tangent lines at p are distinct, then p is called an ordinary p-fold point of the affine
curve (3.44).

Suppose p is a simple point on irreducible curve Cy. We let ord, be the order
function on #(Cp) with the discrete valuation ring O, (p). If g € K[z, y], and [g] is
the image of ¢ in £[Cy|, we write ord,(g) instead of ord,([g]). If p is a simple point
on a reducible curve Z(f), let f = [] f{* be the factorization of f into irreducible
components. Then

pE(p) = e (p);

i
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and if L is a tangent line to Z( f;) with multiplicity r;, then L is a tangent line to Z( f)
with multiplicity > e;r;. In particular, a point p is a simple point of Z( f) if and only
if p belongs to just one component Z( f;) of Z(f), and p is a simple point of Z( f;).

Take f,g € E[z,y] and p € A%, We say that Z(f) and Z(g) intersect properly at
pif Z(f) and Z(g) have no common component which passes through p. There is a
unique number

if.g(p) = dimz Op2(p)/(f, 9),

called the intersect number of Z(f) and Z(g) at p, satisfying the following properties

(See Fulton [71], Chapter 3, Theorem 3):

(1) if4(p) is a non-negative integer for any f, g, and p such that Z(f) and Z(g)
intersect properly at p. However, i7 4(p) = oo if Z(f) and Z(g) do not intersect
properly at p.

(2) ifq(p) = Oifand only if p & Z(f) N Z(g). Also iy 4(p) depends only on the
components of Z(f) and Z(g) which pass through p.

(3) If L is an affine linear change of coordinates on A2, and L(q) = p, thenif 4(p) =
ifoL,goL(Q)-

(5) ifq(p) > ,u(} (p)p(p). with equality occurring if and only if Z(f) and Z(g) have
no tangent lines in common at p.

6) If f=][f"andg= ngj, then iy q(p) = > risjif, g, (p)-

Zi]
(7) ifg(p) = if.g+ns(p) forany h € &lz,y].
(8) If pis asimple point on Z(f), then iy (p) = ord,(g).

(9) If Z(f) and Z(g) have no common components, then

A point p € C is singular if

OF ,  OF . OF

F(p) = 55 0) = 55(0) = 5-() =0.

By the Euler’s formula of homogeneous functions, we know

oF oF oF
deg(F)F(X,Y,2) = X o5 (X, Y, 2) + Y (XY, 2) + Z - (X, Y, Z).

Hence a point p € | is singular if and only if

OF OF

OF _OF . OF
ax V= oy

(p) = 8—Z(p) = 0.
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It is a simple lemma to prove that if an affine point is non-singular, then the corre-
sponding projective point is also non-singular, and conversely. If the algebraic curve
C' defined by (3.45) is irreducible, then C'} has at most finitely many singular points
(cf. [80]).

The projective plane curve C' can be covered by 3 affine plane curves Up, U; and
U,. If p € U;, we can dehomogenize F' with respect to X;, say X, = Z, and define
the multiplicity of F or Cy at p, u%(p) or puc, (p), to be ,u(f)(p). The multiplicity is
independent of the choice of U;.

If we are considering a finite set of points pi,...,p, € P2, we can always find a
line L which does not pass through any of the points, and set

Fo
F* = L_m S H(Pz).
Note that we may always find a projective change of coordinates so that the line L
becomes the line Z at infinity. Then, under the natural identification of #(A2) with
%(P?), this F, is the same as the function f(x,y) = F(z,y,1).

If p is a simple point on C', and F is irreducible, then O¢, (p) is a discrete valuation
ring. We let ord,, denote the corresponding order function on <(C). If g € K[z, ]
with X v

GX,)Y,2)=7"g| =,—= 3.46

( ? ) ) g <Z7 Z) ) ( )

where n = deg(g), then G, € &(P?) is determined as in the preceding paragraph. If
[G.] is the residue class of G, in £(C ), we define

ord,(G) = ord,([G4]).
Take F,G € R[X,Y, Z] and p € P2. We define

irG(p) = dimz Op2(p)/(F, Gx)-

This is independent of the way F, and G, are formed, and it satisfies properties (1)—(8)
above: in (3), however, L should be a projective change of coordinates, and in (7), h,
f» g should be homogeneous polynomials with deg(h) = deg(g) — deg(f).

We can define a line L to be tangent to a curve Z(F) atpif iy ,(p) > % (p). Thus
p is an ordinary multiple point of Z(F) if Z(F) has u%(p) distinct tangent lines at p.

Theorem 3.62. Let Z(F') and Z(G) be projective plane curves of degree m and n
respectively. Assume Z(F') and Z(G) have no common component. Then

Z irc(p) = mn.

p

Proof. See Fulton [71], Chapter 5, Bézout’s theorem. a
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3.5.2 Riemann-Roch theorem

In view of Theorem 3.59, we will concentrate on smooth projective curves. Let C' be
a smooth projective curve. A divisor on C' is simply a finite formal sum

D= npP,
and we can define the degree of D to be
deg(D) = Z np.

The following Riemann—Roch theorem which allows us to compute the dimension
£(D) in most cases, is of inestimable value in the study of algebraic curves.

Theorem 3.63. Let C' be a smooth projective curve. There exists an integer g > 0
such that for all divisors D € Div(C'),

D) —UKc— D) =deg(D)—g+ 1.

Proof. See Serre [236], 11.9, Théoréeme 3, Hartshorne [90], IV, Theorem 1.3 or Fulton
[71], VIIL.6. O

The integer ¢ is called the genus of smooth projective curve C'. When C' is not
necessarily smooth or projective, its genus is defined to be the genus of a normalization
of C'. It is tautological from this definition that the genus is a birational invariant.

Corollary 3.64. Let C be a smooth projective curve of genus g. Then
U(Kc) =g, deg(Kc)=2g-2.

Proof. We first apply the Riemann—Roch theorem to the divisor D = 0 to get 1 —
{(K¢) = —g+ 1. Note that £(0) = 1, since the only regular functions on a projective
variety are the constant functions. Next we apply the theorem to D = K¢ to get
U(Kc)—1=deg(K¢g) —g+ 1. O

Corollary 3.65. Let C be a smooth projective curve of genus g and take D € Div(C).
[1] If deg(D) < 0, then (D) = 0.

[2] If deg(D) > 2g — 1, then {(D) = deg(D) — g + 1.

[3] If ¢(D) # 0 and (K¢ — D) # 0, then we have (D) < } deg(D) + 1.

Proof. If f € L(D) is a nonzero function, then D + (f) is effective, so

0 < deg(D + (f)) = deg(D)
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since the divisors of functions have degree 0. Hence if deg(D) < 0, then £(D) = {0},
so ¢(D) = 0. This proves [1], and then [2] follows from [1], Corollary 3.64, and the
Riemann—Roch theorem.

To prove [3], we observe that the linear systems |D| and | K¢ — D| are nonempty
and that the addition mapping |K¢c — D| X |D| —— |K(/| is finite-to-one. Therefore,

UKe— D) — 1+ D) —1<UKc)— 1.

Combining this inequality with the Riemann—Roch theorem applied to D yields the
desired result. O

Corollary 3.66. Let C be a smooth projective curve of genus g and take D € Div(C).
(a) Ifdeg(D) > 2g, then D is base point free.

(b) Ifdeg(D) > 2g + 1, then D is very ample.

(¢) D is ample if and only if deg(D) > 0.

Proof. From Proposition 3.53, we deduce that D is base point free if and only if
D —P)=14D) -1
for all P € C. Similarly, it follows that D is very ample if and only if
D—-P—-Q)=4D)-2

forall P,Q € C. Since {((Kc — E) = 0 when deg(E) > 2g—2 (Corollary 3.65, [1]),
statements (a) and (b) follows from the Riemann—Roch theorem applied to D, D — P,
D — P — @. Then (c) is a simple consequence of (b) and Corollary 3.65, [1]. O

Theorem 3.67. Let C' be a smooth projective plane curve of degree n. Then the genus
g of C'is given by the formula

(n— 1)(n—2).

9= )

Proof. A regular differential form whose divisor has degree n(n — 3) can be con-
structed on C'. Then Corollary 3.64 implies that

n(n —3) = deg(K¢) =29 — 2,
which gives the desired result (cf. [98]). O

When a plane curve has singularities, the formula for the genus must be modified as
follows:



3.5 Algebraic curves 183

Theorem 3.68. Let C' be a projective plane curve of degree n with only ordinary sin-
gularities. Then its genus is given by the formula

_(n—1)(n-2) op(op—1)

So s ol
Pes

where S is the set of singular points and 0 p the multiplicity of C at P.

Proof. See Fulton [71], VIIL.3, Proposition 5. a

We now describe a useful formula, called Riemann—Hurwitz formula, that can fre-
quently be used to compute the genus of a curve.

Theorem 3.69. Let C be a curve of genus g, let C' be a curve of genus ¢, and let
o : C — C' be a finite separable mapping of degree d > 1. For each point P € C,
write ep for the ramification index of ¢ at P, and assume either that char(k) = 0 or
else that char(R) does not divide any of the ep’s. Then

29-2=d(2g' —2)+ Y (ep—1). (3.47)
PeC
Proof. See Hindry and Silverman [98], Theorem A.4.2.5. a

Since the number 2 — 2g is just the Euler characteristic x(C') of C, then (3.47) also
assumes the following form:

X(C) =dx(C') + Y (1 —ep). (3.48)
pPeC

The formula (3.48) for functions may be regarded as a logarithmic analogue of the
formula (2.37) for numbers.

Let C = Z(F) be an irreducible projective curve of degree m and let ¢ : c —
C be the birational morphism from the non-singular model C' onto C'. Take G €
R[X,Y, Z] with degree n such that Z(G) do not contain C' as a component. Define the
divisor of G to be

div(G) = Zordq(G)q.
qeC

Then for p € C,

ira(p) = Z ordy(G).

gcp~1(p)

See [71], Chapter 7, Proposition 2. By the property (8),

Y iralp) =Y Y ordy(G) =) ordy(G).

peC PEC gep—(p) q€C
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By Bézout’s theorem, div(G) is a divisor of degree mmn.
If C has only ordinary multiple points, define the effective divisor

E=Y {uc(elq)) —1}q

qEC

with the degree

deg(E) = pe(p){pc(p) — 1}.
peC

Further, if m > 3, n = m — 3, then div(G) — F is a canonical divisor (if m = 3,
div(G) = 0). See [71], Chapter 8, Proposition 8.

Let K be a function field of dimension 1 over an algebraically closed field « (i.e.,
a finitely generated extension field of transcendence degree 1). We wish to establish
a connection between nonsingular curves with function field K and the set of discrete
valuation rings of K/k. If 2 is a point on nonsingular curve C, then the local ring
O(x) is a regular local ring of dimension one, and so it is a discrete valuation ring. Its
quotient field is the function field K of C, and since x C O(z), it is a valuation ring of
K /K. Thus the local rings of C' define a subset of the set C'x of all discrete valuation
rings of K /x. We will sometimes call the elements of C'x points, and write v € Ck,
where v stands for the valuation ring Ok ,,. Note that the set C' is infinite, because it
contains all the local rings of any nonsingular curve with function field K; those local
rings are all distinct, and there are infinitely many of them (see [90], Chapter I, Section
6).

We make C'ic into a topological space by taking the closed sets to be the finite
subsets and the whole space. If U C C'k is an open subset of C'r, we define the ring
of regular functions on U to be

=) Ok
vel

An element f € O(U) defines a function from U to « by taking f(v) to be the residue
of f modulo the maximal ideal of Ok ,,. Note that any f € K is a regular function on
some open set U (see [90], Chapter I, Lemma 6.5). Thus the function field of C'x is
just K.

Theorem 3.70. Let K be a function field of dimension 1 over an algebraically closed
field k. Then C'i defined above is isomorphic to a nonsingular projective curve.

Proof. See [90], Chapter I, Theorem 6.9. O

3.5.3 Rational curves

Proposition 3.71. Let C' be a smooth projective curve. Then the following are equiv-
alent:
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(i) C has genus 0.
(ii) There exists a point P € C such that {(P) = 2.
(iii) For every point P € C we have {(P) = 2.

Proof. Clearly, (iii) implies (ii), and applying Corollary 3.65 (ii) with g = 0 shows that
(i) implies (iii). Finally, if (ii) holds, then the linear system associated to the divisor
P gives a morphism ¢p : C — P(L(P)) = P! of degree one, which must be an
isomorphism since C' and P! are smooth curves. This proves that (ii) implies (i). O

Let C be a smooth projective curve of genus 0 defined over a field x. Let K¢ be a
canonical divisor defined over k. Then — K¢ is a divisor of degree 2 (Corollary 3.64),
and is very ample (Corollary 3.66, (b)). The Riemann—Roch theorem tells us that the
dimension of the associated embedding is /(—K¢) = 3. Hence C' can be embedded
into P2 as a smooth curve X of degree 2 (i.e., as a conic).

Theorem 3.72. Let C' be a smooth projective curve of genus O defined over a field
K.

(1) The curve C is isomorphic over k to a conic in P2,

(2) The curve C' is isomorphic over r to P! if and only if it possesses a k-rational
point.

The conclusion (2) in Theorem 3.72 was proved simultaneously in a joint paper
of Hilbert and Hurwitz and a paper of Poincaré. In particular, notice that over an
algebraically closed field, all curves of genus 0 are isomorphic to P'. A curve is said
to be rational if it is birational to the projective line.

A natural question is how one obtains all the irreducible algebraic curves which
have a rational parametric representation in an independent variable z. In other words,
if

flz,y) =0 (3.49)

is an irreducible equation of the curve, then we require two rational functions

of a variable z, not both constant, which satisfy the equation (3.49) identically in z.

Theorem 3.73 (cf. [253]). An algebraic curve has a rational parametric representa-
tion if and only if it is of genus 0.
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3.5.4 Elliptic curves

An algebraic curve defined over a field « is called an elliptic curve if a normalization
of the curve has genus 1.

Proposition 3.74. Let C' be a curve of genus 1 defined over a field k, and let O €
C(k). Then there exists a1, a3, a3, a4, a6 € K such that C' is isomorphic over k to the
plane cubic E given by the generalized Weierstrass equation

Y2Z + a1 XYZ 4+ a3YZ? = X3+ ar X2 Z + ay X 7% + ag Z°. (3.50)

Under this isomorphism, the point O is mapped to the inflection point [X,Y,Z] =
[0,1,0] € E.

Proof. From Corollary 3.64, we know that any canonical divisor K has
deg(K¢c) =0, ((Kc¢)=1.

Thus we can find an effective canonical divisor K¢ with degree 0, which means that
Ko = 0. In other words, the zero divisor is a canonical divisor. This means that there
exists a regular differential form without zeros.

Let D be a nonzero effective divisor on C'. The Riemann—Roch theorem with g = 1
and K¢ = 0 implies that £(D) = deg(D). Fix a point O € C(k), and for each integer
n > 1, consider the vector space L(D,,) of the divisor D,, = nO whose dimension is

E(Dn) = deg<Dn) =n.

Notice that
L(Dy) C L(D;) C L(D3) C---.

Since dim £(D,,) = n, we can find two functions z,y € &(C') such that
L(Dy) =k, L(D;)=r@kx, L(D3)=k®kKrDkKY.

We know by Corollary 3.66 that the linear system associated to the vector space £(D3)
is very ample. This means that the rational mapping

YDy = [x,y,l]:C—>}P’2

extends to an isomorphism between C' and its image ¢ p,(C'). In particular, ¢ p,(C) is
a smooth plane curve.

Notice that x has a pole of order 2 at O, that y has a pole of order 3 at O, and that «
and y have no other poles. Thus we have

L(Dy) =k ®kx @Ky ®ra’, L(Ds)=kr® ks ®ky ® ke’ ® Ky,
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The functions 1, z,y, 2%, 2y are linearly independent over x since their poles have
different orders at O. But when we look at £(Ds), we find that there are 7 functions
that can be naturally constructed using x and y, namely

{1, 2,2%, 2y, xy,y*} C L(Ds).

The vector space £(Ds) has dimension 6, so these functions satisfy a nontrivial -
linear relation:

ay® + bay + cy = da’ + ex® + fx + g.

Since only the 3> and 3 terms have poles of order 6, either the coefficients a and
d are both nonzero, or they both vanish. But if @ = d = 0, then every term has a
different-order pole at O, so all of the other coefficients would have to vanish. Hence
ad # 0. This allows us to replace (x,y) by (adz, ad?y) and cancel a3d*, which gives
an equation

y2+a1xy+a3y =73 +a2x2+a4x+a6 (3.51)

with a; € k, that is, we obtain a plane affine model of C' given by (3.51). As usual, the
plane affine model of C'is as the locus of the homogeneous coordinate equation (3.50)
in IP? with only one point [0, 1,0] on the line at co. o

Conversely, every smooth cubic curve E' given by a generalized Weierstrass equa-
tion is an elliptic curve defined over x. The functions =,y € (C) in the proof of
proposition are called Weierstrass coordinate functions on C, which have the follow-
ing property

R(C) = k(x,y), [R(C):R(x)]=2.

The point O in C corresponding to [0, 1, 0] under the mapping ¢ is called a basepoint
of C, or the origin of C.

Any two generalized Weierstrass equations for C' are related by a linear change of
variables of the form

!/
r = vz + 7,

y = iy + suPa +t, (3.52)

with u,r, s,t € k, u # 0. The coefficients a} for the new equation are computed as
follows:

!

ua; = aj+2s,
wladh = ay —sa;+3r — 52,
wddy, = az+ra; +2t,
utay = a4 —saz+2ray — (t+rs)a; + 3r? — 2st,

ubal = ag+ras —taz +r’ay — rtay + 1> — .



188 3 Algebraic geometry

Next we introduce the smoothness condition of the plane cubic ' given by the
generalized Weierstrass equation (3.50). The following quantities are usually used:

b, = a% + 4ay,
by = ajaz+2ay,
2
be = a; +4a6,
_ 2 2 2
bs = asa3 —ajazas — aj + ajae + 4azae,

A = O9bybsbs — b3bg — 8b; — 27b2.
One easily verifies that they satisfy the relations
4bg = bybs — b3, 17287 = ¢ — 2,
where

Cq4 = b%—24b4,
ce = 36byby — b3 — 216bg.

The quantity A is called the discriminant of the generalized Weierstrass equation. The
following quantities

dx B dy
2y +arx+az 322421 + as — ary

are called the j-invariant and the invariant differential associated with the generalized
Weierstrass equation, respectively. Under the linear change of variables (3.52), the
associated quantities for new equation can be given by

by, = by + 12,

u'ty = by +rby+ 602

uby = be+2rbs + by + 417,

Wby = bg+ 3rbs + 3r7bs + by + 31,

u46£1 = ca, uﬁc{5 =c5 u?A'= A, j =jandu”'W = w.

Proposition 3.75. The curve given by a generalized Weierstrass equation is non-sin-
gular if and only if A # 0. Otherwise the curve is singular with exactly one singular
point. The curve has an ordinary 2-fold point (node) if and only if A = 0 and c4 # 0.
The curve has a non-ordinary 2-fold point (cusp) if and only if A = 0 and c4 = 0.
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Proof. Let E be given by the generalized Weierstrass equation
F(X,Y,2)=Y?Z+aXYZ+a3YZ* — (X° + o X?Z + ayX Z* + a6Z°) = 0.
Obviously, the point at infinity O = [0, 1, 0] is never singular since

or

57(0) =17#0.

Thus to study the singularity of F, it is sufficient to consider the affine equation
flz,y) = F(z,y,1) = y2 +ajzy + azy — (1:3 + arz? + agr + a6) .
First of all, suppose that E is singular, say at pp = (o, yo). The substitution
z=a"+x0, y=y +yo
leaves A and ¢4 invariant, so without loss of generality we may assume pyp = (0,0).

Then
of _of

as = f(po) =0, MFjﬂ@dZQ %—Qg@MZQ

so the equation for FE takes the form

f(z,y) = y* + ajzy — apx® — 2° = 0.
This equation has associated quantities

A=0, c4= (a% +4a2)2.

Note that

v+ aizy — aza® = (y — ax)(y - fu)
for some «, 3 € k. Now by definition, E has a node (respectively cusp) if a # [
(respectively o« = [3), which occurs if and only if its discriminant

a3 +4ay # 0 (respectively = 0).

To complete the proof, it remains to show that if F is non-singular, then A # 0.
Here we omit the proof, which can be found by late discussion. O
If char(k) = 2, one easily computes
o
Hence we have that the condition ;7 = 0 is equivalent to a; = 0, and the equation
(3.51) transforms as follows: if a; # 0 (i.e. j # 0), then choosing suitably 7, s, ¢ we
can achieve a; = 1, a3 = 0, a4 = 0, and the equation (3.51) takes the form

y2 +axy = 2+ arx’® + ag, (3.53)
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with the condition of smoothness given by A = ag # 0. For this case, one has
j = 1/ag. Suppose next that a; = 0 (i.e. j = 0), then the equation (3.51) transforms
to

y2 + a3y = 2+ s + ag, (3.54)

and the condition of smoothness in this case is A = a3 # 0.
If char(R) = 3, the equation (3.51) transforms to

y2 =23 + apr? + agx + ag, (3.55)

where multiple roots are again disallowed. Moreover, we have a4 = 0 in the case

j # 0. Now it follows
3

A:—a%a& .7:72
ae
When j = 0, we have ap, = 0, A = —ai.

If char(R) # 2, then we can simplify the generalized Weierstrass equation by com-
pleting the square. Thus replacing y by %(y — ajz — a3) gives an equation of the
form

y? = 423 + bra? + 2bsx + be. (3.56)
Now F is singular if and only if there is a point (g, yo) € F satisfying
2y0 = 1223 + 2byxo + 2bs = 0.

In other words, the singular points are exactly points of the form (zg,0) with x a
double root of the equation

423 + byx? + 2baz + bg = 0.

This cubic polynomial has a double root if and only if its discriminant (which equals
16A) vanishes.

If further char(k) # 2, 3, then replacing (x, y) by ((z —3b2) /36, y/108) eliminates
the z2 term of (3.56), yielding the simple Weierstrass equation

y? =2 + ax + b,

where
a= —27c4, b= —54c.

The only change of variables preserving this form of the equation is
=1, y=uy (3.57)
for some u € K., and then

wrd =a, WO =b, uPA =A.

We summary the above discussion as follows:
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Theorem 3.76 (cf. [80], [256]). For each smooth elliptic curve E defined over a field
k of characteristic # 2,3, there exists a coordinate system such that the affine equation
of E may be expressed by a Weierstrass equation

=23+ ax+b (3.58)
with a,b € K, and

1728(—4a)?
A= —16(4a® +270%) £0, j= %. (3.59)

The only change of variables preserving this form of the equation is (3.57).

The condition that the discriminant A is nonzero is equivalent to the curve being
smooth. It is also equivalent to the cubic 2 4 ax + b having 3 different roots since

16(z) — 22)% (22 — 23)* (@3 — 1) = A,
where 2, x5, 3 are the three zeros of the polynomial > + ax + b.

Proposition 3.77. The invariant differential w on an elliptic curve associated to a
generalized Weierstrass equation is regular and non-vanishing, i.e. div(w) = 0.

Proof. Silverman [256], Chapter III, Proposition 1.5. O

Proposition 3.78. Tivo elliptic curves associated to generalized Weierstrass equations
are isomorphic over k if and only if they have the same j-invariant.

Proof. Schmitt—Zimmer [233], Proposition 1.8. O

Conjecture 3.79 (Lang, Stark [145]). If (z,y) € Z? is a point on the elliptic curve E
defined by (3.58) with a,b € Z, then for € > 0, there exists a number C(e) such that

2| < C(e) max{|al, [b]2}5+°. (3.60)

Lang originally posed the conjecture with an unknown exponent; then Stark sug-
gested that the exponent should be 5/3.

Question 3.80. Given polynomials a, b satisfying (3.59). If polynomials x, y satisfy
(3.38), does the following relation hold

g deg(z) < max{3deg(a),2deg(b)}? (3.61)
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Let E be an elliptic curve given by a generalized Weierstrass equation (3.51). Re-
member that £ C P? consists of the points P = (x,y) satisfying the equation together
with the point O = [0, 1,0] at infinity. Let L C PP? be a line. Then since the equation
has degree three, L intersects £ at exactly three points, say P, @), R. Note that if L is
tangent to £, then P, (), R may not be distinct. The fact that L N E (counting multi-
plicity) consists of three points is a special case of Bézout’s theorem. One can use this
fact to define an addition law on E. Namely, given P, ) € E, draw the line L through
P and @ (tangent line to E if P = ). Let R be the third point of intersection of L
with E. Let L' be the line connecting R and O. Define P + @ to be the third point of
intersection of ! with L. The composition law makes £ into an Abelian group with
identity element O.

The resulting group is called the Mordell-Weil group of E. It is rather easy to
determine explicit formulae for the above group law. We now give such formulae
in terms of an elliptic curve given by generalized Weierstrass equation (3.51). Let
Py = (z1,y1) and P, = (22, y2) denote points on the curve. Then

—P = (1, —y1 — a1z — a3).

Set
N = Y2 — Y1 _ T2 —
Ty — 11 Ty — Iy
when x| # x, and
_ 3x% + 2arz1 + ag — a1y - —xf + asx + 2a6 — a3y

A

)

2y1 + a1z + asz 2y1 + a1z + a3

when zy = xp. If P3 = (x3,y3) = P; + P», then 23 and y3 are given by the formulae
r3 = )\z—l—(l])\—ag—x]—l‘z,
3 = —(A+a)r3 —p—as.

Further,
E(k) = {solutions (z,y) € x* of 3.51)} U {0}

is a subgroup of E (see [256], Proposition 2.2).

Example 3.81 (cf. [300]). Let E/Q be an elliptic curve defined by the equation (3.58).
Ifa=—1,b=0, then

E(Q) = {(Oa 0)7 (130)7 (_170)3 O}

Let E'/x be an elliptic curve and ¢ € Z a prime. The (¢-adic) Tate module of E is
the group
Ty(E) = lim E[("],
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the inverse limit being taken with respect to the natural mappings
[0 : "t — E[m).

Since each E[¢"] is a Z/¢{"Z-module, we see that the Tate module has a natural struc-
ture as a Z;-module. Note that since the multiplication mappings [¢] are surjective,
the inverse limit topology on 7y(E) is equivalent to the ¢-adic topology it gains as a
Zg-module. Proposition 3.43 implies immediately

Proposition 3.82 ([256]). The Tate module has the following structure:
(dl) Ty(E) = Z¢ X Zy if ¢ # char(k).
(d2) T,(FE) = {0} or Zy if p = char(k) > 0.

Let m > 2 be an integer (prime to char(x) if char(x) > 0). Note that each element
o of the Galois group G, acts on E[m)] since, if [m]P = O, then

[mlo(P) = o([m]P) = O.
We thus obtain a representation
G/ — Awt(E[m]) = GL(2,Z/mZ),

where the latter isomorphism involves choosing a basis for E[m]. The action of G/,
on each F[¢"] commutes with the multiplication mappings [¢] used to form the inverse
limit, so G'g,; also acts on Ty(E). The (-adic representation (of G, on E), denoted
PE ., is the mapping

PEL: GE/,{ —_ Aut(Tg(E))

giving the action of G5 /. on Ty(E) as described above. If £ # char(x), by choosing a
Zy-basis for T;(E) we obtain a representation

G,g/,€ I GL(Z,Z@),
and then the natural inclusion Z, C Q, gives
GR/K — GL(2,@£)

If  is a local field, complete with respect to a discrete valuation v = ord, we can
find a generalized Weierstrass equation (3.51) for £/ with all coefficients a; € Oy,
since replacing (z,y) by (u=2z,u™3y) causes each a; to become a;u’, if we choose u
divisible by a large power of a uniformizing parameter ¢ for the valuation ring O, ,,.
Since v is discrete, we can look for an equation of v-integral coefficients (and so the
discriminant A is v-integral) with v(A) as small as possible among all curves in the
same isomorphism class, called a minimal (Weierstrass) equation for E atv. Let F/k



194 3 Algebraic geometry

be an elliptic curve associated to a generalized Weierstrass equation (3.51) with v-
integral coefficients. If v(A) < 12 (or v(cs4) < 4 or v(cg) < 6), then the equation is
minimal. If char(F,(x)) # 2,3, the converse is also true (cf. [233], Theorem 4.2).

The natural reduction mapping O, ,, — F, (k) is denoted z — Z. Now having
chosen a minimal Weierstrass equation (3.51) for E/k, we can reduce its coefficients
modulo ¢ to obtain a (possibly singular) curve over I, (), namely

E: 2 +ajzy+ azy = ° + apx’® + agx + ds.

The curve E/F, (k) is called the reduction of E modulo t. Further, E is said to has
good (or stable) reduction over k if E is non-singular, otherwise, has bad reduction.
In the case of having bad reduction, F is also said to have multiplicative (or semi-
stable) reduction over r if E has an ordinary double point, otherwise, have additive
(or unstable) reduction over k. If E has multiplicative reduction, then the reduction is
said to be split (respectively non-split) if the slopes of the tangent lines at the double
point are in F,,(x) (respectively not in F,(k)).

Proposition 3.83. Let E be an elliptic curve over a local field k with minimal Weier-
strass equation (3.51).

(A) E has good reduction if and only if v(A) = 0.

(B) E has multiplicative reduction if and only if v(A) > 0 and v(ca) = 0. The
multiplicative reduction is split if —cace is a square in Fy, (k) at char(F,(k)) #
2,3; by is a square in Fy(k) at char(F,(k)) = 3; the polynomial x*> + ajx +
(aza; ' + a2) has a root in T, (k) at char(F,(k)) = 2.

(C) E has additive reduction if and only if v(A) > 0 and v(cs) > 0.

Proof. See [233], Proposition 4.4; or [256]. O

3.5.5 Hyperelliptic curves

A curve C of genus g > 2 is called a hyperelliptic if there exists a double covering
¢ : C — P!, Let C be a hyperelliptic curve defined over a field x with char(k) # 2.
The function field of C is a quadratic extension of % (P'), hence has the shape &(z, ),
where

y? = F(x) (3.62)

for some polynomial F'(x) € &[x]. This equation gives an affine model C’ for C. If
the polynomial F' has a double root, say «, then we can replace y by (x — a)y and
cancel (z — a)?. So we may assume that C’ is given by an affine equation (3.62) for
some F'(z) € &[x] with distinct roots. Then the affine curve C” is smooth. We can use
the functions z and y to embed C’ into P9*! via the mapping

(z,y) — [1,m,x2,...,x9,y].
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Define
d= deg(F), if deg(F) is even,
deg(F') + 1, if deg(F) is odd,
and consider the affine curve C" defined by the equation
1
uzz(xu):zﬂp‘<—>. (3.63)
u

Since the mapping
(w,0) = (27", ya™""?)

defines an isomorphism
{(z.y) € C" [z #0} — {(u,v) € C" | u # 0},

then C” also is a smooth affine model of C. Note that the mapping ¢ : C — P!
has degree 2 and is ramified at the points where F'(z) = 0, and if deg(F) is odd, it
is also ramified at the point at infinity. Thus ¢ is ramified at exactly d points. The
ramification index at each ramified point must be 2, so the Riemann—Hurwitz formula
(3.47) yields

2g — 2 = deg(p) (29(P") —2) + Z(ep —1)=—-4+4d,

pPeC
and we thus find that
_d 1 deg(F) — 1
g - 2 - 2 9

where [z] denotes the maximal integer < .

Proposition 3.84 (cf. [80], [98]). Every curve of genus 2 is hyperelliptic.

Proof. 1f C'is a curve of genus 2, then Riemann—Roch theorem says that
U(K¢) = deg(Kc) =2,

so the linear | K| gives a mapping ¢k, : C — P! of degree 2. Hence the curve C
is hyperelliptic. |

Theorem 3.85. Let C' be a smooth projective curve of genus g.
(1) The canonical divisor K¢ is base point free if and only if g > 1.
(2) The canonical divisor K¢ is ample if and only if g > 2.

(3) The canonical divisor K¢ is very ample if and only if g > 3 and the curve is not
hyperelliptic.
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Proof. 1f K¢ is not base point free, then there is a point P € C with
(Ko —P)=UKc)=g.
Hence Riemann—Roch theorem implies
UP)=UKc—P)+2—g=2,

and by Proposition 3.71, this implies that C' is rational. This gives (1).

We have already seen that if C' has genus 1, then Ko = 0. Corollary 3.64 and
Corollary 3.66 tell us that deg(K¢c) = 2¢g — 2 and that K¢ is ample if and only if
deg(K¢) > 0, which proves (2).

For the remaining parts, we may assume that ¢ > 2. From the proof of Corol-
lary 3.66, it follows that K¢ is very ample if and only if

UKoc—P—-Q)={Kg)—2=g-—2
for all P,@ € C'. On the other hand, Riemann—Roch theorem yields
(P+Q)—UKc—P—-Q)=deg(P+Q)—g+1=3—g.

Combining these two equations, we find that K¢ is very ample if and only if (P +
Q) = 1 forall P,Q € C. If C is hyperelliptic, say ¢ : C — P!, then the inverse
image of any point in P! consists of two points P, Q that satisfy /(P + Q) = 2. Thus
K is not very ample on a hyperelliptic curve. Conversely, if K¢ is not ample, then
there are two points P, Q € C with £(P+(Q) = 2, and hence the linear system | P+ Q)|
defines a mapping of degree 2 from C' to P'. This completes the proof of (3). a

3.5.6 Jacobian of curves

Theorem 3.86. Let C be a smooth projective curve of genus g > 1. There exists an
Abelian variety Jac(C'), called the Jacobian of C, and an injection j : C' — Jac(C),
called the Jacobian embedding of C, with the following properties:

(1) Extend j linearly to divisors on C. Then j induces a group isomorphism between

Pic’(C) and Jac(O).
(2) Foreachr > 0, define a subvariety W,. C Jac(C) by

{O}a if”n:()’
W, =< JC)+---+4(C), ifr>0.

r copies

Then
dim W, = min{r, g}, Wy = Jac(C).
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(3) Let © = Wy_y. Then © is an irreducible ample divisor on Jac(C').
Proof. See [98], Theorem A.8.1.1. O

It is clear that the curve C' determines the pair (Jac(C'), ©) up to a natural isomor-
phism. The converse is called Torelli’s theorem: Over an algebraically closed field, the
isomorphism class of the pair (Jac(C'), ®) determines the isomorphism class of the
curve C. See Theorem 12.1 in Milne [182] for a further discussion.

Suppose that the curve C' is defined over a field «. Then its Jacobian variety Jac(C')
is also defined over . But, it may not be possible to define the injection j : C' —
Jac(C) over k. More precisely, the mapping j is defined by choosing a divisor D of
degree 1 and then setting

j:C — Pic%(C) = Jac(C), j(z) = Cl(z — D).

In particular, if there is a point 29 € C'(k), then we can take D = x to get a mapping j
that is defined over . This will suffice for the proof of Faltings’ Theorem 8.3 (Mordell
conjecture), since if C' has no k-rational points, then it is trivial to prove that C'(k)
is finite. We also note that once we have identified Jac(C) and Pic’(C), then the
embedding j is unique up to translation.

3.6 Sheaves and vector bundles

3.6.1 Sheaves

Definition 3.87. Let X be a topological space. A presheaf F of Abelian groups on
X associates to each open set U C X a Abelian group F(U), called the sections of
F over U, and to each pair V' C U of open sets a mapping ry,v : F(U) — F(V),
called the restriction mapping, satisfying

(i F(0) =0, where () is the empty set,
(i) rpu: F(U) — F(U) is the identity,

(iii) v = ry,v o rwy for any triple V. C U C W of open sets. By virtue of this
relation, we may write 7|y for 77,y () without loss of information.

We define a presheaf of rings, a presheaf of sets, or a presheaf with values in any
fixed category €, by replacing the words “Abelian group” in the definition by “ring”,
“set”, or “object of €” respectively. We will stick to the case of Abelian groups in this
section, and let the reader make the necessary modifications for the case of rings, sets,
etc.

Definition 3.88. A presheaf F on a topological space X is a sheaf F if it satisfies the
following supplementary conditions:

(iv) if (e F(UUV)and |y = (|y =0, then { = 0;
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(v) for any pair of open sets U, V in X and sections { € F(U), n € F(V) such that

Elunv = nlunv,

there exists a section ¢ € F(U U V) with

C|U:£7 C‘V:n

(Note condition (iv) implies that ¢ is unique.)

Example 3.89. Let X be a variety over a field x. For each open set U C X, let O(U)
be the ring of all regular functions on U, and for each pair U C V of open sets, let
vy @ O(V) — O(U) be the restriction mapping in the usual sense. Then O is a
sheaf of rings on X, called the sheaf of regular functions on X.

Example 3.90. The sheaf of invertible functions O* associated to an open set U of
a variety X the set of regular functions without zeros on U. It is a sheaf of groups.
Notice that O*(U) is exactly the group of units in the ring O(U).

Example 3.91. On a variety X, the sheaf of rational functions Kx attaches to each
open set U the set of rational functions on U.

Example 3.92. The sheaf of differential r-forms 2" on a variety X associates to an
open set U the set 2" [U] of regular r-differentials on U.

Example 3.93. In the same way, one can define the sheaf C° of continuous real-
valued functions on any topological space, or the sheaf C'*° of C'°°-functions on a
C*°°-manifold, or the sheaf .4 of holomorphic functions on a complex manifold.

Example 3.94. Let X be a topological space, and A an Abelian group, say, Z, Q, R,
and C. We define the constant sheaf, also denoted by A, on X determined by A as
follows. Give A the discrete topology, and for any open set U C X, let A(U) be
the group of all continuous mappings of U into A. Then with the usual restriction
mappings, we obtain a sheaf A. Note that for every connected open set U, A(U) = A.

There is an obvious way to form the direct sum and tensor product of two sheaves
of modules:

(Feg)U)=FU)ag), (FeG)(U)=FU)xG(U).

Definition 3.95. If F is a presheaf on a topological space X, and if z is a point of X,
we define the stalk F(x) of F at x to be the direct limit of the groups F(U) for all
open sets U containing x, via the restriction mappings 7.
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Thus an element of F(x) is represented by a pair (U, f) where U is an open subset
of X containing z, and f is an element of F(U). Two such pairs (U, f) and (W, g)
define the same element of F(z) if and only if there is a neighborhood V. C U N W
of x such that f|y = g|y. Thus we may speak of elements of the stalk F(x) as germs
of sections of F at the point x. In the case of a variety X and its sheaf of regular
functions O, the stalk O(x) at a point x is just the local ring of = on X, which was
defined in Section 3.2.3.

Let F be a sheaf on X. The set of global sections of F is the set F (X ). This set is
also frequently denoted by I'( X, F).

Definition 3.96. If 7 and G are presheaves (or sheaves) on a topological space X, a
mapping (or morphism, or homomorphism) ¢ : F — G consists of a homomorphism
of Abelian groups ¢y : F(U) — G(U) for each open set U C X such that for
V CcU C X, py and ¢y commute with the restriction mappings, that is, the diagram

FU) = g(U)

is commutative, where r and 7/ are the restriction mappings in F and G. An isomor-
phism is a mapping which has a two-sided inverse.

Proposition 3.97. Let o : F — G be a morphism of sheaves on a topological space
X. Then ¢ is an isomorphism if and only if the induced mapping on the stalk @, :
F(x) — G(x) is an isomorphism for every x € X.

Proof. See Hartshorne [90], Chap. II, Proposition 1.1. a

Definition 3.98. Let ¢ : 7 — G be a morphism of presheaves on a topological space
X. We define the presheaf kernel of p, presheaf image of p, and presheaf cokernel of
 to be the presheaves given respectively by

U +— Ker(py), U Im(py), U Coker(py) = G(U)/Im(ep).

Note that if ¢ : F — G is a morphism of sheaves, then the presheaf kernel of ¢ is
a sheaf, but the presheaf cokernel and presheaf image of ¢ are in general not sheaves.
This leads us to the notion of a sheaf associated to a presheaf.

Proposition 3.99. Given a presheaf F, there is a sheaf F and a morphism 0 : F —
F T with the property that for any sheaf G and any morphism o : F — G, there is a
unique morphism ¢ : F+ — G such that ¢ = 1 o 0. Furthermore the pair (F*,0)
is unique up to unique isomorphism, called the sheaf associated to the presheaf F.



200 3 Algebraic geometry

Proof. We construct the sheaf 7 as follows. For any open set U, let (U) be the set
of functions s from U to the union U,eyr F () of the stalks of F over points of U such
that

(D s(x) € F(x)foreachz € U,

(IT) for each € U, there is a neighborhood V' of x, contained in U, and an element
t € F(V), such that for all y € V, the germ [t], of ¢ at y is equal to s(y).

Now one can verify immediately that 71 with the natural restriction mappings is a
sheaf, that there is a natural morphism § : F — F*, and that it has the universal
property described. O

Note that for any point x, F*(z) = F(z). Note also that if F itself was a sheaf,
then F is isomorphic to F via 6.

Definition 3.100. A subsheaf of a sheaf F is a sheaf F’ such that for every open set
U C X, F'(U) is a subgroup of F(U), and the restriction mappings of the sheaf F’
are induced by those of F. It follows that for any point x, the stalk F'(z) is a subgroup
of F(x).

If ¢ : F — G is a morphism of sheaves, we define the kernel of ¢, denoted
Ker(y), to be the presheaf kernel of ¢ (which is a sheaf). Thus Ker(¢y) is a subsheaf
of F. If Ker(y) = 0, the morphism ¢ is called injective. Thus ¢ is injective if and
only if the induced mapping ¢y : F(U) — G(U) is injective for every open set U
of X.

If p : F — G is a morphism of sheaves, we define the image of ¢, denoted Im (),
to be the sheaf associated to the presheaf image of . By the universal property of the
sheaf associated to a presheaf, there is a natural injective mapping Im(yp) — G. Thus
Im(y) can be identified with a subsheaf of G. If Im(yp) = G, the morphism ¢ is said
to be surjective. We say that a sequence

. i—1 . 7 .
AU e B SN ~ . I = 4 NN

of sheaves and morphisms is exact if at each stage Ker(p?) = Im(o*~!). Thus a
sequence
0-F5g

is exact if and only if ¢ is injective, and
FL g—o0

is exact if and only if ¢ is surjective.

Now let F’ be a subsheaf of a sheaf F. We define the quotient sheaf F | F' to be the
sheaf associated to the presheaf U — F(U)/F'(U). It follows that for any point x,
the stalk of F/F" at x is the quotient F(z)/F'(x).

If ¢ : F — G is a morphism of sheaves, we define the cokernel of ¢, denoted
Coker (), to be the sheaf associated to the presheaf cokernel of (.
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Definition 3.101. Let f : X — Y be a continuous mapping of topological spaces.
For any F on X, we define the direct image sheaf f,JF onY by

(LF)V)=F(F1(V))

for any open set V' C Y. For any sheaf G on Y, we define the inverse image sheaf
f7'G on X to be the sheaf associated to the presheaf

U~ lim G(V),
fcv

where U is any open set in X, and the limit is taken over all open sets V' of Y contain-

ing f(U).

If Z is a topological subspace of X with the induced topology, if ¢ : Z — X is the
inclusion mapping, and if F is a sheaf on X, then we call i ~! F the restriction of F to
Z, and we often denote it by F| ;. Note that the stalk of F| at any point 2z € Z is just
F(x).

Definition 3.102. Let X be a variety. A sheaf of Ox-modules (or simply an Ox-
module) is a sheaf F on X such that for every U C X, F(U) is a module over the ring
O(U), and such that for every V' C U C X, the mapping ryy : F(U) — F(V) is
a homomorphism of modules. In other words, if s1,s, € F(U) and fi, f» € O(U),
then

ruv(fist + fas2) = ruv(fi)rov(s)) + rov(f2)ruv(s2).

Note that there are two different restriction mappings 7y, here, one for F and one for
0.

For example, the sheaves ICx and )" are clearly O x-modules. Similarly, the direct
sum

O"'=0&--- @O (rtimes)

is an O x-module called a free O x-module of rank r.

Definition 3.103. Let F be an Ox-module on X. We say that F is locally free if each
point in X has a neighborhood over which F is free. The rank of a locally free sheaf
F is the integer r such that F(U) = O(U)" for all sufficiently small open sets U. A
locally free sheaf of rank 1 is called an invertible sheaf (or sometimes a line sheaf).

For example, when X is smooth, the sheaf of r-forms 2" is a locally free sheaf. The
reason that locally free sheaves of rank 1 are called “invertible” is because they are the
sheaves F for which there exists another sheaf G such that 7 ® G = . Thus the set
of invertible sheaves naturally form a group, using tensor product as the group law and
O as the identity element.
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Let D be a Cartier divisor on a variety X defined by {(Uj, f;)}icr. We define the
sheaf L p to be the subsheaf of x determined by the conditions
1
Lo(Uy) =3O, i€l
7

This determines £ p, since the U;’s cover X. It is not hard to check that £p is well-
defined and is locally free of rank 1. It is also easy to see that up to isomorphism, £ p
depends only on the linear equivalence class of D, and that

Lpip =Lp @ Lpr.

Proposition 3.104. The association CaDiv(X ) —— Lp defines an isomorphism from
Pic(X) to the group of invertible sheaves (modulo isomorphism).

Proof. See Hartshorne [90], Proposition I1.6.13 or Shafarevich [239], Theorem 3,
Chapter VI.1.4. a

3.6.2 Vector bundles

A vector bundle of rank r over a variety X is a variety &/ and a morphismp : £ — X
with the following two properties:

(1) Each fiber E, = p~!() is a vector space of dimension 7;
(2) The fibration p is locally trivial.

A vector bundle of rank 1 is called a line bundle. The trivial bundle of rank r over X
is X x A" — X.

The condition (2) means that for each point g € X, there is a neighborhood U of
x( over which the fibration is trivial. In other words, if we write Eyy = p~! (U), then
there is an isomorphism ¢y : U X A" — Ej7 such that

poyu(r,§) ==z, zelU A
The mappings @ are called local trivializations of E. For each x € U, setting

@U,x(g) = @U(xag)v 5 S AT?

then ¢y, : A" — F, is a linear isomorphism.
Let B={U,W, Z, ...} be an open covering of X such that for each element in 55,
say U, there is a local trivialization ¢ of U x A" onto Ery. We thus obtain a mapping

guw :UNW — GL(r, k) (3.64)
given by
guw(z) = g 0 pwa
with entries in O(U N W); the mappings gy are consist of 7 x r matrices, called

transition matrices for I relative to the local trivializations ¢, @ . The transition
matrices of E necessarily satisfy the identities:
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) guwgwu is the identity in U N W,
@) guwgwzgzu is theidentity inU N W N Z.

Conversely, if there exist an open covering B = {U, W, Z, ...} of X and matrices
guw with entries in O(U N W) satisfying the conditions (3) and (4), then there is a
vector bundle (F, p, X) such that {gry } is the system of transition matrices: it is not
hard to check that F as a point set must be the union

U Ux A"
UueB

with points (x,£) € U x A" and (x, guyw (2)€) € U x A" identified and with the
variety structure induced by the inclusions U x A" — FE.

As a general rule, operations on vector spaces induce operations on vector bundles.
For example, if £ —— X is a vector bundle, we can define the dual of E to be the
bundle E* whose fibers are the dual vector spaces of the fibers of E; trivializations
oy : U x A" — Ej7 then induce mappings

o U XV — Ef,

where V* is the dual of V' = A", which give £* = UE]; the structure of a variety.
The construction is most easily expressed in terms of transition matrices: if £ —— X
has transition matrices {gyw}, then E* —— X is just the vector bundle given by
transition matrices

gow = "guw-
Similarly, if £ — X, E/ — X are vector bundles of rank r and r’ with transi-

tion matrices { gy } and {g,y; }, respectively, then one can define direct sum, tensor
product, and exterior power of bundles, respectively,

(1) E @ F', given by transition matrices

hUW:<g%W ,0 ):UﬁW—>GL(r+r',F;),
Jow

(2) E ® F', given by transition matrices
huw = guw @ gyw : UNW — GL(r' k),

(3) /l\ E, given by transition matrices

how = Nguw :UNW GL ik R
= : s B —— .
U 19U l!(?“—l)!,’i

In particular, det(E) := /T\E is a line bundle given by
hyw =detguw : UNW — Ky,

called the determinant bundle of E.
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A morphism of vector bundles f : £/ — FE which is a closed embedding of
varieties is an embedding of vector bundles. In this case the image f(E') is called a
subbundle of FE. If F' C FE is a subbundle of a vector bundle F, then F' is a collection
{F, C E,}.cx of subspaces of the fibers F, of F such that F' = UF, is a subvariety
of E. The condition that F' C F is a subvariety is equivalent to saying that for every
x € X, there exists a neighborhood U of x in X and a trivialization

(pU:UXAT—>EU

such that
o'y Fy — U x Al CcU x A"

The transition matrices gy of E relative to these trivializations will then look like

P < huow  kuow )
0  Juw )

The bundle F' will have transition matrices hgryy, and the mappings jyyy are transition
matrices for the quotient bundle E/F given by

E/F = U E,/F,.
rzeX

For a structure of variety, see [239].
We also define the pullback of abundle p : E — X by a morphism f: Y — X
to be the fibered product

ffE=ExxY ={(y,v) €Y x E| f(y) = p(v)}.

Let p : E — X be a vector bundle of rank r. A section of E is a morphism
s : X — FE such that pos = idy. Similarly, a rational section of F is a rational
mapping s : X — FE such that p o s = idx. It is easy to check from the definition
of vector bundle that if s; and s, are sections of F then there exists a section s; + s»
such that

(514 82)(w) = s1(x) + s2(x)

for any point # € X. The sum on the right-hand side is meaningful, since s;(x), s2(z)
€ E,, and E, is a vector space. In a similar way the equality

(fs)(x) = f(x)s(x)

determines a multiplication of a section s by an element f € O(X). The set of sections
to a vector bundle clearly form a module over the ring O(X), which we will denote
by I'(X, E).
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A frame for E over U C X is a collection £, ..., &, of sections over U such that
{&(2),...,& (x)} is a basis of E, forall z € U. A frame for E over U is essentially
the same thing as a trivialization of F over U: given a trivialization

QOU:UXAT—>EU,

the sections
i(x) = pu(w,e;)

form a frame, where {ey, ..., e} is the standard basis of A", and conversely given
&1, ..., & aframe, we can define a trivialization ¢ by

YU (36, > )\iei) = Aiki(@).
=1 i1

Given a trivialization ¢y of E over U, we can represent every section s of F/ over
U uniquely as a O(U) vector-valued function sy = (syi, - - -, Syr) by writing

s(x) = svi@)pu(e, e);
i=1

if o is a trivialization of E over W and sy = (sw1, ..., Sw,) the corresponding
representation of s|ynyy, then

T 7

> svil@)pu(ze) =Y swilz)pw (@, e)

i=1 i1
SO
eua(su(e)) = ewal(sw()),
ie.
SU = guwsSw - (3.65)

Thus, in terms of trivializations {y }yep, sections of E over X correspond exactly
to collections { sy }yep of vector-valued O(U) functions such that (3.65) hold for all
U, W, where gy are transition matrices of F relative to {¢y }-

Letp : E — X be a vector bundle. We associate to each open set U the vector
space of sections I'(U, Eyy). Notice that I'(U, Eyy) is an O(U)-module. It is easy to
check that the association U —— I'(U, Ey;) defines a locally free sheaf £ whose rank
is equal to the rank of the vector bundle E.

Proposition 3.105. The association E —— L is a bijection between (isomorphism
classes of) vector bundles of rank r and (isomorphism classes of) locally free sheaves
of rank r.
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Proof. See Hartshorne [90], Exercise I1.5.18 or Shafarevich [239], Theorem 2, Chap-
ter VI.1.3. O

Let X be a nonsingular variety. The sheaf of differential r-forms 2" on X is lo-
cally free. Hence by Proposition 3.105 it defines a vector bundle, denoted by A”. In
particular, 7%(X) := Al is called the cotangent bundle. Obviously,

A" = N1 (X).

The vector bundle dual to the cotangent bundle is called the tangent bundle, and is
denoted by T'(X).

Example 3.106. Consider P" to be the set of lines of A" through 0. Define a variety
E = {(z,v) € P" x A" | v lies on the line }.

The projection onto the first factor, p : E — P", gives E the structure of a line
bundle. Indeed, the first condition is clear, and it is easy to check that the fibration p
trivializes above each standard affine open subset. Thus if we let U; = P"—{X; = 0},
then the trivialization ¢y, : U; X Al — Ey; is given explicitly by

A A A
ou,(2.0) = ( (___))
T Zj T

3.6.3 Line bundles

Recall that for any line bundle p : L — X on the variety X, we can find an open
cover B={U,W, Z, ...} of X and trivializations

py U x Al — Ly
of Ly = p~1(U). We define the transition functions
guw :UNW — R,
for L relative to the trivializations {¢y } by
guw (r) = ﬁP(_]}x 0 YW € Rx.
The functions gy are clearly regular, nonvanishing, and satisfy

gowgwu = 1,

guwgwzgzu = 1; (3.66)

conversely, given a collection of nonvanishing functions {gyw € O(UNW)} satisfy-
ing these identities, we can construct a line bundle L with transition functions {gyw }
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by taking the union of U x A! over all U € B and identifying {z} x A' in U x A!
and W x A! via multiplication by gy (z).

Now, given L as above, for any collection of nonvanishing regular functions fy; €
O(U) we can define alternate trivilizations of L over 3 by

oy = fueu;

transition functions gy, for L relative to {¢, } will then given by

dow = 2% gow. (3.67)
fu

On the other hand, any other trivialization of L over 3 can be obtained in this way, and
so we see that collections { gy } and {gy,} of transition functions define the same
line bundle if and only if there exist nonvanishing functions fi; € O(U) satisfying
(3.67).

We can give the set of line bundles on X the structure of a group, multiplication
being given by tensor product and inverses by dual bundles. If L is given by data
{guw}, L' by {g};y }» we have seen that

Lo L ~{gowapw} L* ~{ggw}-

Based on the form of transition functions for L*, we often use the symbol L7 ! to
express the line bundle L*.

We now describe the basic correspondence between divisors and line bundles. Let
D be a Cartier divisor on X which is represented by a set of pairs {(U, fv)}ves.
where the B form a open covering of X and

quw = f—U S O*(UGW),
Iw

andin U N W N Z we have
fu fw fz

JuwIw z9gzu = : =1
fw fz fu

The line bundle given by the transition functions {gyw = fu/fw} is called the asso-
ciated line bundle of D, and written [D]. Obviously, a rational section of [D] is given
by the collection { fi;}. We check that [D] is well defined: if {f{;} are alternate local
data for D, then
hy = f—(,J € 0" (U),
fu
and

i :&—h_WQUW
"W hu
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for each U, W € B. We further observe that replacing the fi;’s by f fir does not affect
the construction, where f € (X)), so the isomorphism class of the resulting line
bundle depends only on the linear equivalence class of D. Also it is easy to show
that the line bundle [D] associated to a divisor D on X is trivial if and only if D is
principal.

Conversely, suppose that L is a line bundle defined in an open cover B = {U, W,
Z, ...} of X by transition functions {ggw } for L relative to the trivializations {¢ },
with gy € O(UNW). Tt follows from the gluing conditions (3.66) that gy = g[}II,V
and

guw = gUZg;VlZ (3.68)
over U N W N Z. The inclusion O(U N W) — K(X) allows us to consider the gy
as elements of %(X), and (3.68) holds for these in the same way. Fix some subscript
Z,set sy = guz. Since

susy = guw, (3.69)
the system {(U, si7) } e define a certain divisor D with [D] = L. Let £ be the frame
of L over U defined by
§u(z) =pu(z,1), z€U.

Then we can prove easily the relation

Ew = guwéu

over U N W. Since
suu = SWQUWQEII;V&/V = swéw,

the collection {sy;} just defines a rational section s. Thus we also denote this divisor
by (s) = D.

Proposition 3.107. The association D — [D] induces a functorial isomorphism be-
tween the group of Cartier divisor classes and the group of isomorphism classes of
line bundles on X. More precisely,

[D+D']=[D]®[D], [-D]=[D]"
Further, [{*D] = f*[D] for any morphism f of varieties.

Let L be a line bundle defined in an open cover B = {U,W,Z,...} of X by
transition functions {gyw }. An absolute value | - |, on & induces a metric v on L,
which amounts to the giving of a norm on each fiber, varying as smoothly as the
conditions prescribe (continuously, C°°, real analytic, and so on). Suppose given for
each U € B a function

pv: U — R

such that on U N W we have

pu = lguw 5w
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Then we say that the family of triples {(U, guw, pur) } represents the metric. We could
also write a representative family as { (U, ¢, prr) } using the trivializations ¢ instead
of the transition functions gyy. A line bundle with a metric v will be denoted by a
pair (L, v), and will be called a metrized line bundle.

Here we introduce a construction of metrics on L. By Proposition 3.53, there are
very ample line bundles £, H on X such that L = F ® H~'. Now choose generating
global sections s, ..., s, of I and %y, ...,t, of H. Then there is a unique metric on
L given by

siv ()

, vel.
tiu(z)

pu(z) = max min
i

v

If s = {sy }uen is a section of L, then we define

s lsw@B
[s(x)|; = (@) eU.

The value on the right-hand side is independent of the choice of U, as one sees at once
from the transformation law. The metric is said to be locally bounded if log |s|, is
locally bounded for every open subset U of X and every nowhere vanishing section
se(U,L).

For the case X = P", let H be the line bundle associated to a hyperplane. It is
easy to see that [ is the dual of the line bundle defined in Example 3.106. The global
sections of H can be identified with linear forms

P H)=krXo® & RrXp.

We let H? denote the line bundle obtained by tensoring H with itself d times. The
global sections of H? are the homogeneous polynomials of degree d,
r(p", H) = RXQO- - X,

i()+"'+in:d

3.6.4 Intersection multiplicity

Let A be a graded ring. If M is a module over A, then a sequence of submodules
0=McM'c---cM =M

is also called a finite filtration, and we call r the length of the filtration. A module M
is said to be simple if it does not contain any submodule other than 0 and M itself, and
if M # 0. A filtration is said to be simple if each M;/M;_, is simple. A module M is
said to be of finite length if it is 0, or if it admits a simple finite filtration. The length of
such a simple finite filtration is uniquely determined, called the length of the module,
and denoted by length(M), or length 4 (M) to stress the role of the ring A.
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A graded A-module is an A-module M, together with a decomposition
M=) M.
rEL

such that A, - My C M, . For any graded A-module M, and for [ € Z, we define
the twisted module M (1) by shifting [ places to the left, i.e., M (l), = M, ;. f M isa
graded A-module, we define the annihilator of M,

Anmn(M) ={a€ A|a-M = 0}.
This is a homogeneous ideal in A.

Proposition 3.108. Let M be a finitely generated graded module over a Noetherian
graded ring A. Then there exists a filtration

0=McM'C---CM =M
by graded submodules, such that for each 1,
MM 2 (Afp) (1),
where p; is a homogeneous prime ideal of A, and l; € Z. The filtration is not unique,

but for any such filtration we do have:

(p) if p is a homogeneous prime ideal of A, then for some i,
Ann(M) Cp < p; Cp.

In particular, the minimal elements of the set {py,...,p,} are just the minimal
primes of M, i.e., the primes which are minimal containing Ann(M);

(v) for each minimal prime of M, the number of times which p occurs in the set
1y, Pr} is equal to the length of My over the local ring A, (and hence is
{p pr} is eq p p
independent of the filtration).

Proof. For the existence of the filtration, we consider the set of graded submodules of
M which admit such a filtration. Clearly, the zero module does, so the set is nonempty.
Since M is a Noetherian module, so there is a maximal submodule M’ C M. Now
consider M"” = M/M’. If M" = 0, we are done. If not, we consider the set of ideals

T = {I,, = Ann(m) | m € M” — {0} is a homogeneous element }.

Each I,,, is a homogeneous ideal, and I,,, # A. Since A is a Noetherian ring, we can
find an element m € M"” — {0} such that I,,, is a maximal element of the set Z. We
claim that [, is a prime ideal. Let a,b € A. Suppose that ab € I,,, but b & I,,,. We
will show a € I,,. By splitting into homogeneous components, we may assume that
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a, b are homogeneous elements. Now consider the element brn € M". Since b & I,,,,
then bm # 0. We have [,,, C Ip,,, so by maximality of I,,, one has I,,, = Ip,,. But
ab € I,,s0abm = 0,s0a € I, = I, as required. Thus I, is a homogeneous prime
ideal of A, denoted p. Let m have degree [. Then the module N C M" generated by
m is isomorphic to (A/p)(—1). Let N' C M be the inverse image of N in M. Then
M’ C N',and N'/M' = (A/p)(—1). So N’ also has a filtration of the type required.
This contradicts the maximality of M’. We conclude that M’ was equal to M, which
proves the existence of the filtration.
Now suppose given such a filtration of M. Then it is clear that for some i,

Ann(M) C p <= Ann(M*/M*™1) C p.

But Ann((A/p;)(1)) = p; so this proves (u).

To prove (v) we localize at a minimal prime p. Since p is minimal in the set
{p1,...,pr}, after localization, we will have Mé = M,ﬁfl except in the cases where
p; = p, and in those cases A ‘

MM = (Afp),,

the quotient field of A/p. This shows that M, is an Ap-module of finite length equal
to the number of times p occurs in the set {py,...,p,}. O

Definition 3.109. If p is a minimal prime of a graded A-module M, we define the
multiplicity of M at p to be the length of M, over A, denoted length(M,).

Theorem 3.110 (Hilbert—Serre). Ler M be a finitely generated graded k[xy, . .. , x,]-
module. Then there is a unique polynomial Pyi(z) € Qz] such that Py (l) =
dim,, M; for all | > 0. Furthermore, deg Py; = dim Z(Ann(M)), where Z denotes
the zero set in P™ of a homogeneous ideal.

The polynomial Py, of the theorem is the Hilbert polynomial of M. If Y C P™is an
algebraic set of dimension r, we define the homogeneous ideal of Y in k[xo, . .., 2],
denoted 1(Y"), to be the ideal generated by

{f € k[xo,...,zy] | f is homogeneous and f(x) = O forall z € Y},

and define the homogeneous coordinate ring of Y to be k[xo, ..., x,]/I(Y). Further,
we define the Hilbert polynomial of Y to be the Hilbert polynomial Py of its homoge-
neous coordinate ring. By the theorem, Py is a polynomial of degree . We define the
degree of Y to be r! times the leading coefficient of Py-.

Proposition 3.111. (£1) IfY C P, Y # (), then the degree of Y is a positive integer:

(&2) Let Y = Y| UY,, where Y| and Y, have the same dimension r, and where
dim(Y; NY2) < r. Then deg(Y) = deg(Y1) + deg(Y2).

(&€3) deg(P™) =1.
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(&4) If H C P" is a hypersurface whose ideal is generated by a homogeneous poly-
nomial of degree d, then deg(H) = d.

Let Y C P” be a projective variety of dimension r. Let H be a hypersurface not
containing Y. Then
YNH=ZU---UZ,,

where Z; are varieties of dimension r — 1. Let p; be the homogeneous prime ideal of
Z;. We define the intersection multiplicity of Y and H along Z; to be

iv,a(Z;) = length(k[zo, ..., x,])/(L(Y) + I(H)))p.-

J

Here I(Y'), I(H) are the homogeneous ideals of Y and H. The module
M = k[zo,...,z,]/(L(Y)+ I(H))

has annihilator I(Y') + I(H), and Z(I(Y) + I(H)) = Y N H, so p; is a minimal
prime of M.

Theorem 3.112. Let Y be a variety of dimension > 1 in P", and let H be a hyper-
surface not containing Y. Let Zy, ..., Zg be the irreducible components of Y N H.
Then

S

> iv.u(Z;) deg(Z;) = deg(Y) deg(H).
j=1

3.7 Schemes

3.7.1 Schemes

We will construct the space Spec A associated to a (commutative) ring A. As a set, we
define Spec A to be the set of all prime ideals of A. If a is any ideal of A, we define the
subset V(a) C Spec A to be the set of all prime ideals which contain a. The following
properties are basic:

(a) If a and b are two ideals of A, then V (ab) = V(a) UV (b).
(b) If {a;} is any set of ideals of A, then V(> a;) = NV (a;).
(¢) Ifaand b are two ideals, V (a) C V(b) if and only if v/a D /b, where the radical

of a is defined as

Va={f € A|f" € aforsomer >0}

Now we define a topology on Spec A by taking the subsets of the form V' (a) to be
the closed subsets. Note that

V(A)=0; V((0)) = Spec 4;



3.7 Schemes 213

and the properties (a), (b), (c) shows that finite unions and arbitrary intersections of
sets of the form V' (a) are again of that form. Hence they do form the set of closed
sets for a topology on Spec A. For any element f € A, we denote by D(f) the open
complement of V((f)). Note that open sets of the form D(f) form a base for the
topology of Spec A. Indeed, if V'(a) is a closed set, and p ¢ V(a), then a € p, so
thereisan f € a, f ¢ p. Thenp € D(f) and D(f) NV (a) = (). By using this fact, it
is easy to show that Spec A is compact.

Note that if p is a prime ideal of A, which determines a point in Spec A, then its
closure in Spec A is V(p), that is, it consists of all prime ideals p’ with p C p’. In
particular, a prime ideal p C A is a closed point of Spec A if and only if p is a maximal
ideal. If A does not have zero divisors, then (0) is prime, and is contained in every
prime ideal. Thus its closure is the whole space; (0) is an everywhere dense point.

If a topological space has non-closed points, then there is a certain hierarchy among
its points, that we formulate in the following definition: x is a specialization of y if x
is contained in the closure of y. An everywhere dense point is called a generic point
of a space.

When does Spec A have an everywhere dense point? Note that the intersection of all
prime ideals p C A consists of all nilpotent elements of A, that is, it is the nilradical.
If this is a prime ideal, then it defines a point of Spec A; but any prime ideal must
contain all nilpotent elements, that is, must contain the nilradical. Hence Spec A has a
generic point if and only if its nilradical is prime. The generic point is unique, and is
the point defined by the nilradical.

Next we will define a sheaf of rings O on Spec A. For each prime ideal p C A, let
A, be the localization of A at p. For an open set U C Spec A, we define O(U) to be
the set of functions

s:U— U Ap
pelU
such that s(p) € A, for each p, and such that s is locally a quotient of elements of A: to
be precise, we require that for each p € U, there are a neighborhood V' of p, contained
in U, and elements a, f € A, such that foreachq € V, f ¢ q,and s(q) = a/f in A,.

Now it is clear that sums and products of such functions are again such, and that the
element 1 which gives 1 in each A, is an identity. Thus O(U) is a commutative ring
with identity. If U C V are two open sets, the natural restriction mapping O(V) —
O(U) is a homomorphism of rings. It is then clear that O is a presheaf. Finally, it is
clear from the local nature of the definition that O is a sheaf.

Definition 3.113. Let A be a ring. The spectrum of A is the pair consisting of the
topological space Spec A together with the sheaf of rings O defined above.

Proposition 3.114. Let A be a ring, and (Spec A, O) its spectrum.

(A) For any p € Spec A, the stalk Oy of the sheaf O is isomorphic to the local ring
Ap.
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(B) For any element f € A, the ring O(D(f)) is isomorphic to the localized ring Ay.
(C) In particular, O(Spec A) = A.

Proof. See Hartshorne [90], Chap. II, Proposition 2.2. a

A ringed space is a pair (X, Ox ) consisting of a topological space X and a sheaf of
rings Ox on X. The ringed space (X, Ox) is a locally ringed space if for each point
x € X, the stalk Ox (z) is a local ring. The sheaf Ox is called the structure sheaf of
the ringed space.

A morphism of ringed spaces from (X, Ox) to (Y, Oy) is a pair (f, f#) of a con-
tinuous mapping f : X — Y and a mapping % : Oy — f.Ox of sheaves of rings
on Y, in which the latter f# induces a homomorphism of rings

FE Oy (V) — (£.Ox)(V) = Ox(f71(V))

for every open set V in Y. Given a point € X, as V ranges over all open neighbor-
hoods of f(x), f~!(V) ranges over a subset of the neighborhoods of . Taking direct
limits

Vﬁrﬁx) Oy (V) = Oy (f(x)), VE%) Ox(f71(V)) = Ox(a),

thus we obtain an induced homomorphism
7Oy (f(@)) — Ox().

A morphism of locally ringed spaces is a morphism ( f, f#) such that for each point
z € X, the induced mapping of local rings fI’ : Oy (f(z)) — Ox(z) is a local
homomorphism of local rings. Recall that if A and B are local rings with maximal
ideals m4 and mp respectively, a homomorphism ¢ : A — B is called a local
homomorphism if o~ (mp) = ma.

Examples of locally ringed spaces include algebraic varieties with their sheaves of
regular functions and differential (respectively analytic) varieties with their sheaves of
differential (respectively analytic) functions.

Proposition 3.115. (D) If A is a ring, then (Spec A, O) is a locally ringed space.

(E) If o : A — B is a homomorphism of rings, then @ induces a natural morphism
of locally ringed spaces

(fa f#) : (SpecB, OSpecB) — (SPGC A, OSpec A)~

(F) If A and B are rings, then any morphism of locally ringed spaces from Spec B to
Spec A is induced by a homomorphism of rings ¢ : A — B as in (E).



3.7 Schemes 215

Proof. (D) This follows from Proposition 3.114, (A).

(E) Given a homomorphism ¢ : A — B, we define a mapping f : Spec B —
Spec A by f(p) = @ !(p) for any p € Spec B. If a is an ideal of A, then it is
immediate that f~!(V(a)) = V(¢(a)), so f is continuous. For each p € Spec B, we
can localize ¢ to obtain a local homomorphism of local rings ¢y © A1) — By.
Now for any open set V' C Spec A, we obtain a homomorphism of rings

R Ospec a(V) — Ospec (71 (V))

by the definition of O, composing with the mappings f and ¢,. This gives the mor-
phism of sheaves

f# : OSpecA — f*OSpecB-

The induced mappings f# on the stalks are just the local homomorphisms ©p, SO
(f, f*) is a morphism of locally ringed spaces.

(F) Conversely, suppose given a morphism of locally ringed spaces (f, f7) from
Spec B to Spec A. Taking global sections, f# induces a homomorphism of rings

¢ : O(Spec A) — O(Spec B).

By Proposition 3.114, (C), these rings are A and B, respectively, so we have a homo-
morphism ¢ : A — B. For any p € Spec B, we have an induced local homomor-
phism on the stalks,

F7 Ospec a(f(p)) — Ospec B(P),

or ff : Agp) — DBy, which must be compatible with the mapping ¢ on global
sections and the localization homomorphisms. In other words, we have a commutative
diagram

A —*5 B

| l

I
A o) —— By.
Since f7# is a local homomorphism, it follows that o ~!(p) = f(p), which shows that
f coincides with the mapping Spec B — Spec A induced by ¢. Now it is immediate
that f# also is induced by ¢, so that the morphism (f, f#) of locally ringed spaces
does indeed come from the homomorphism of rings . O

Definition 3.116. An affine scheme is a locally ringed space (X, Ox) which is iso-
morphic to the spectrum (Spec A, O) of some ring A. A scheme is a locally ringed
spaces (X, Ox) in which every point has an open neighborhood U such that the topo-
logical space U, together with the restricted sheaf Ox |y, is an affine scheme. We
call X the underlying topological space of the scheme (X, Oy ), and Oy its structure
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sheaf. By abuse of notation we will often write simply X for the scheme (X, Ox).
A morphism of schemes is a morphism as locally ringed spaces. An isomorphism is a
morphism with a two-sided inverse.

If X is a topological space, and Z an irreducible closed subset of X, a generic point
for Z is a point ) such that Z = m Every (nonempty) irreducible closed subset in a
scheme has a unique generic point. A scheme of fundamental importance is the affine
scheme Spec Z. It has one generic point, corresponding to the ideal (0), and all of its
other points are closed and correspond to prime numbers,

SpecZ = {(0),2%2,3Z,...,pZ,...}.

The structure sheaf of Spec Z is easy to describe

1 1
O(D(p1y--.,pk :Z(—,...,—).
(D ) P Pk
The function field of SpecZ (i.e., the stalk at (0)) is Q.
Associated to aring A, we have a scheme

"W = Spec Alxy, ..., ]

In particular, if # is a field, A} has a generic point 7, corresponding to the zero ideal,
whose closure is the whole space. The other points, which correspond to the maximal
ideals in x[z], are all closed points. There are in one-to-one correspondence with
the nonconstant monic irreducible polynomials in z. Therefore, if x is algebraically
closed, the closed points of A are in one-to-one correspondence with elements of .
A graded ring is a ring S, together with a decomposition
s=@s

r>0"T

of S into a direct sum of Abelian groups S, such that for any r, s > 0, S,.- S5 C S;4.
An element of S, is called a homogeneous element of degree r. Thus any element of
S can be written uniquely as a (finite) sum of homogeneous elements. An ideal a C S
is a homogeneous ideal if

a= T@Oaﬁb}.

An ideal is homogeneous if and only if it can be generated by homogeneous elements.
The sum, product, intersection, and radical of homogeneous ideals are homogeneous.
To test whether a homogeneous ideal a is prime, it is sufficient to show for any two
homogeneous elements f, g, that fg € a implies f € a or g € a (see Matsumura
[173], § 10 or Zariski-Samuel [307], Vol. 2, Ch. VII, § 2).
Let S be a graded ring. We denote by S the ideal
5. =g

r>0T"
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We define the set Proj S to be the set of all homogeneous prime ideals p, who do not
contain all of S... If a is a homogeneous ideal of S, we define the subset

V(a) ={p €ProjS|aCp}.

Lemma 3.117. («) If a and b are homogeneous ideals in S, then V(ab) = V(a) U
V(b).

(B) If {a;} is any set of homogeneous ideals of A, then V (3 a;) = NV (a;).

Proof. The proofs are the same as (a) and (b), taking into account the fact that a ho-
mogeneous ideal p is prime if and only if for any two homogeneous elements a,b € .S,
ab € pimpliesa € porb € p. ]

Because of the lemma we can define a topology on Proj S by taking the closed
subsets to be the subsets of the form V(a). Next we define a sheaf of ring O on
Proj S. For each p € Proj S, we consider the ring Sy of elements of degree zero
in the localized ring 7~'S, where T is the multiplicative system consisting of all
homogeneous elements of S which are not in p. For any open subset U C Proj S, we
define O(U) to be the set of functions s : U — [ Sy such that for each p € U,
5(p) € S(p)» and such that s is locally a quotient of elements of S: for each p € U,
there exists a neighborhood V' of p in U, and homogeneous elements a, f in S, of the
same degree, such that for all ¢ € V, f & q, and s(q) = a/f in S(q). Now it is clear
that O is a presheaf of rings, with the natural restrictions, and it is also clear from
the local nature of the definition that O is a sheaf. Thus a ringed space (Proj S, O)
follows.

Proposition 3.118. Letr S be a graded ring.
() Foranyp € Proj S, the stalk O(p) is isomorphic to the local ring S(y).

(0) For any homogeneous [ € S., let

Dy (f)={p €ProjS|f¢&p}

Then D (f) is open in Proj S. Furthermore, these open sets cover Proj S, and
for each such open set, we have an isomorphism of locally ringed spaces

(D+(f),Olp, (f)) = Spec Sy),

where S gy is the subring of elements of degree 0 in the localized ring Sy.
(e) Proj S is a scheme.
Proof. Note that () says that Proj S is a locally ringed space, and (¢) tells us it is

covered by open affine schemes, so (¢€) is a consequence of () and (9). See Hartshorne
[90], Chap. II, Proposition 2.5. O
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If A is a ring, we make the polynomial ring A[xo,...,x,] into a graded ring S by
taking Sy to be the set of all linear combinations of monomials of total weight d in
xo, . .., Tn. We define projective n-space over A to be the scheme

P4 = Proj Alxo, ..., xy). (3.70)

In particular, if A is an algebraically closed field «, then P}} is a scheme whose sub-
space of closed points is naturally homeomorphic to the variety called projective n-
space.

A scheme X is called a scheme over a scheme S, or S-scheme if it is equipped with
a morphism X +—— S. In this context, if f : X — Sandg:Y — S are two S-
schemes, then an S-morphism is a morphism ¢ : X — Y satisfying f = g o ¢. This
generalizes the notion of varieties and morphisms defined over x, which corresponds
to the case S = Spec k. We also note that since every ring A has a (unique) canonical
homomorphism Z — A, all schemes have a canonical morphism to Spec Z, so every
scheme is a scheme over Spec Z. We denote by Gc¢h(.5) the category of schemes over
S. If A is a ring, then by abuse of notation we write Gch(A) for the category of
schemes over Spec A.

Proposition 3.119. Let « be an algebraically closed field. There is a natural fully
faithful functor t : Var(k) — Gch(k) from the category of varieties over k to
schemes over k. For any variety X, its topological space is homeomorphic to the set
of closed points of t(X), and its sheaf of regular functions is obtained by restricting
the structure sheaf of t(X) via this homeomorphism.

Proof. To begin with, let X be any topological space, and let #(X) be the set of
(nonempty) irreducible closed subsets of X. If Y is a closed subset of X, then
t(Y) C ¢(X). Furthermore,

HY U Ys) = H(Y]) Ut(Ys), t(NY;) = Nt(Y;).

So we can define a topology on ¢(X) by taking as closed sets the subsets of the form
t(Y'), where Y is a closed subset of X. If f : X — X is a continuous mapping, then
we obtain a mapping t(f) : t¢(X;) — t(X>) by sending an irreducible closed subset
to the closure of its image. Thus ¢ is a functor on topological spaces. Furthermore,
one can define a continuous mapping a : X — t(X) by a(P) = {P}. Note that o
induces a bijection between the set of open subsets of X and the set of open subsets of
t(X).

Now let x be an algebraically closed field. Let X be a variety over «, and let Ox
be its sheaf of regular functions (Example 3.89). We will show that (¢(X), @, Ox) is a
scheme over x. Since any variety can be covered by open affine subvarieties, it will be
sufficient to show that if X is affine, then (¢(X), a,.Ox ) is a scheme. So let X be an
affine variety with affine coordinate ring A = x[X|. We define a morphism of locally
ringed spaces

B:(X,0x) — X = Spec A
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as follows. For each point P € X, let 3(P) = mp, the ideal of A consisting of all
regular functions which vanish at P. Then by Theorem 3.30, /3 is a bijection of X
onto the set of closed points of X. It is easy to see that 3 is a homeomorphism onto its
image. Now for any open set U C X, we will define a homomorphism of rings

Ox(U) — B.0x(U) = Ox (67 (U)).

Given a section s € O (U), and given a point P € 3~!(U), we define s(P) by taking
the image of s in the stalk O (3(P)), which is isomorphic to the local ring Ay, , and
then passing to the quotient ring Ay, /mp which is isomorphic to the field . Thus s
gives a function from 3~ !(U) to . It is easy to see that this is a regular function, and
that this mapping gives an isomorphism Oy (U) = Ox(3~!(U)). Finally, since the
prime ideals of A are in 1 — 1 correspondence with the irreducible closed subsets of
X, these remarks show that (X', Oy) is isomorphic to (£(X), a.Ox), so the latter is
indeed an affine scheme.

To give a morphism of (£(X), a.Ox) to Spec k, we have only to give a homomor-
phism of rings

k— I(t(X),a.0x) =T(X, Ox).

We send A € & to the constant function A on X. Thus ¢(X) becomes a scheme over k.
Finally, if X and Y are two varieties, then one can check that the natural mapping

Hom%at(n) (Xa Y) I Homﬁch(/{) (t(X)a t(Y))

is bijective. This shows that the functor ¢ : Var(k) — Sch(k) is fully faithful. In
particular, it implies that ¢(X) is isomorphic to ¢(Y") if and only if X is isomorphic to
Y.

It is clear from the construction that « : X — #(X) induces a homeomorphism
from X onto the set of closed points of ¢(X), with the induced topology. |

To any affine variety X over an algebraically closed field x we can associate a k-
scheme, denoted by X*°"', which is simply Spec x[X]. The closed points of X*% (i.e.,
the maximal ideals of k[ X]) correspond to the points of the variety X and are called
geometric points. However, X" has many other (nonclosed) points, in fact, one for
each irreducible closed subvariety of X. Of particular interest is the ideal (0), which is
dense in X5 and is called the generic point of X . Having turned affine varieties into
schemes, it is easy to extend the construction to any quasi-projective variety X. We
simply cover X by affine open sets U;, form the affine schemes UfCh, and then glue
the Us™’s together to form the scheme X5,

3.7.2 Basic properties of schemes

A scheme is connected if its topological space is connected. A scheme is irreducible
if its topological space is irreducible. A scheme is reduced if for every open set U,



220 3 Algebraic geometry

the ring Ox (U) has no non-zero nilpotent elements. Equivalently, X is reduced if and
only if the local ring O(x), for all z € X, have no non-zero nilpotent elements.

Let (X, Ox) be a scheme. Let (Ox ),eq be the sheaf associated to the presheaf U +—
Ox(U)req. Then (X, (Ox)red) is a scheme, called the reduced scheme associated to
X, and denote it by X,¢q. There is a morphism of schemes X,.q — X, which is a
homeomorphism on the underlying topological spaces. If f : X — Y is a morphism
of schemes, where X is reduced, then there is a unique morphism g : X — Yq such
that f is obtained by composing g with the natural mapping Y;eq — Y.

A scheme is integral if for every open set U, the ring Ox (U) is an integral domain.
A scheme is normal if all of its local rings are integrally closed domains. A scheme
is locally Noetherian if it can be covered by open affine subsets Spec A,,, where each
Aq is a Noetherian ring. A scheme X is Noetherian if it is locally Noetherian and
quasi-compact. Equivalently, X is Noetherian if it can be covered by a finite number
of open affine subsets Spec A;, where each A; is a Noetherian ring.

Example 3.120. If X = Spec A is an affine scheme, then X is irreducible if and only
if the nilradical Nil(A) of A is prime; X is reduced if and only if Nil(4) = 0; X is
integral if A is an integral domain; and X is Noetherian if and only if A is a Noetherian
ring.

Proposition 3.121. A scheme is integral if and only if it is both reduced and irre-
ducible.

Proof. See Hartshorne [90], Chap. II, Proposition 3.1. O

A morphism f : X —— Y of schemes is locally of finite type if there exists a
covering of Y by open affine subsets V; = Spec B;, such that for each i, f~'(V;)
can be covered by open affine subsets U;; = Spec A;j, where each A;; is a finitely
generated B;-algebra. The morphism f is of finite type if in addition each f~!(V;) can
be covered by a finite number of the Uj;.

A morphism f : X — Y of schemes is finite if there exists a covering of Y by
open affine subsets V; = Spec B;, such that for each i, f~!(V;) is affine, equal to
Spec A;, where A; is a B;-algebra which is a finitely generated B;-module.

An open subscheme of a scheme X is a scheme U, whose topological space is an
open subset of X, and whose structure sheaf Oy is isomorphic to the restriction Ox |¢r
of the structure sheaf of X. An open immersion is a morphism f : X — Y which
induces an isomorphism of X with an open subscheme of Y.

A closed immersion is a morphism f : X — Y of schemes such that f induces a
homeomorphism of the space X onto a closed subset of the space Y, and furthermore
the induced mapping f# : Oy — f.Ox of sheaves on Y is surjective. A closed
subscheme of a scheme Y is an equivalence class of closed immersions, where we
say f : X — Y and f’ : X’ — Y are equivalent if there is an isomorphism
i: X' — X suchthat f' = foi.
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The dimension of an irreducible scheme X is the maximal length n of a chain of
distinct irreducible closed subsets

XoCX)C--CX,=X.

The dimension of a scheme is the maximal dimension of its irreducible components.
Clearly, the dimension of Spec A is just the Krull dimension of A, so the dimension of
a variety X is the same as the dimension of the scheme X", The scheme of integers
satisfies dim Spec A = 1, and more generally,

dim Spec(Z[X7, ..., Xy,]) =n+ 1.

If A is a Dedekind domain, then Spec A is irreducible, reduced, and has dimension 1.

Let S be a scheme, and let X, Y be schemes over S, i.e., schemes with morphisms to
S. We define the fibred product of X and Y over S, denoted X x g Y, to be a scheme,
together with morphisms p; : X xgY — X andp, : X xgY — Y, which make
a commutative diagram with the given morphisms X —— Sand Y +— §

XxgY -2, v

d |

X — S,

such that given any scheme Z over .S, and given morphisms f : Z — X and ¢ :
Z — Y which make a commutative diagram with the given morphisms X +— S
andY — S

z 2y

A

then there exists a unique morphism 6 : 7 — X Xg Y such that f = p; o 0, and
g = p2 00. The morphisms p; and p; are called the projection morphisms of the fibred
product onto its factors.

If X and Y are schemes given without reference to any base scheme S, we take
S = Spec Z and define the product of X and Y, denoted X x Y, to be X Xgpecz Y.
Here notice that by Proposition 3.115, each scheme X admits a unique morphism to
Spec Z, since every ring A has a canonical homomorphism Z —— A, so every scheme
is a scheme over Spec Z.

Theorem 3.122. For any two schemes X and Y over a scheme S, the fibred product
X Xg 'Y exists, and is unique up to unique isomorphism. Further, if S = Spec R,
X = Spec A, and Y = Spec B are affine, then the fibred product is affine and can be
described as X xgY = Spec A ®p B.
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Proof. See Hartshorne [90], Chap. II, Theorem 3.3. a

Let f : X — Y be a morphism of schemes, and let y € Y be a point. Let O(y)
be the local ring at y, namely the stalk of the structure sheaf at y, and m,, its maximal
ideal. We define the residue field of y on Y to be the field

K(y) == O(y)/my.

If K is any field, to give a morphism of Spec K to Y it is equivalent to give a point
y € Y and an inclusion mapping x(y) — K. In particular, one obtains the natural
morphism Spec k(y) — Y. Then we define the fibre of the morphism f over the
point y to be the scheme

Xy = X Xy Speck(y).

The fibre X, is a scheme over (y), and one can show that its underlying topological
space is homeomorphic to the subset f~!(y) of X.

The notion of the fibre of a morphism f : X — Y of schemes allows us to
regard a morphism as a family of schemes (namely its fibres) parametrized by the
points of the image scheme. If Y is irreducible and 7 is its generic point, we call
X, = X xy Speck(Y) the generic fibre of the family. The fibre X, over a closed
point y € Y is called the special fibre at y. A morphism f : X — Y, with Y
irreducible, is generically finite if f~'(n) is a finite set, where 7 is the generic point of
Y. Here we state Zariski’s connectedness principle:

Proposition 3.123. Let f : X — S be an irreducible family of projective schemes
over an irreducible curve S (i.e., a irreducible scheme of dimension 1). Then the
generic fiber of f is irreducible. Further, every special fiber of f is connected, and all
but finitely many of them are irreducible.

Proof. See Hartshorne [90], Chap. III, Exercise 11.4. a

Another important application of fibred products is to the notion of base extension.
Let S be a fixed scheme which we think of as a base scheme, meaning that we are
interested in the category of schemes over S. If S’ is another base scheme, and if
S’ +—— S is a morphism, then for any scheme X over S, we let X' = X xg 9,
which will be a scheme over S’. We say that X’ is obtained from X by making a base
extension S’ — S. Note, by the way, that base extension is a transitive operation: if
S" +—— 8" —— S are two morphisms, then

(X X9 S/) X gt S" =X X9 S”.

Let f : X — Y be a morphism of schemes. The diagonal morphism is the
unique morphism A : X — X Xy X whose composition with both projections
p1,p2 ¢ X Xy X — X is the identity mapping of X —— X. We say that the
morphism f is separated if the diagonal morphism A is a closed immersion. In that
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case we also say X is separated over Y. A scheme X is separated if it is separated
over Spec Z.

Proposition 3.124. An arbitrary morphism f : X — Y is separated if and only if
the image of the diagonal morphism is a closed subset of X Xy X.

A morphism f : X — Y is proper if it is separated, of finite type, and universally
closed. Here we say that a morphism is closed if the image of any closed subset is
closed. A morphism f : X — Y is universally closed if it is closed, and for any
morphism Y’ —— Y, the corresponding morphism f' : X’ — Y’ obtained by base
extension is also closed.

If Y is any scheme, we define projective n-space over Y, denoted Py, to be P
Xspecz Y. A morphism f : X — Y of schemes is projective if it factors into a
closed immersion ¢ : X — PY. for some n, followed by the projection P}, —— Y.
A morphism f : X — Y is quasi-projective if it factors into an open immersion
j: X — X' followed by a projective morphism g : X' — Y.

Proposition 3.125. Let k be an algebraically closed field. The image of the functor
t : Yar(k) — Sch(k) of Proposition 3.119 is exactly the set of quasi-projective
integral schemes over k. The image of the set of projective varieties is the set of
projective integral schemes. In particular, for any variety X, t(X) is an integral,
separated scheme of finite type over k.

Proof. See Hartshorne [90], Chap. II, Proposition 4.10. a

An abstract variety is an integral separated scheme of finite type over an alge-
braically closed field . If it is proper over x, we will also say it is complete. The
following Chow’s lemma says that proper morphisms are fairly close to projective
morphisms:

Lemma 3.126. Let X be proper over a Noetherian scheme S. Then there is a scheme
X' and a morphism g : X' — X such that X' is projective over S, and there is an
open dense subset U C X such that g induces an isomorphism of g~ (U) to U.

Recall the algebraic notion of a flat module. Let A be a ring, and let M be an A-
module. We say that M is flat over A if the functor N —— M ® 4 N is an exact functor
for any module NV over A. Let f : X — Y be a morphism of schemes, and let F be
an O(X)-module. We say F is flat over Y at a point € X, if the stalk F(z) is a flat
Oy (y)-module, where y = f(z) and we consider F(z) as an Oy (y)-module via the
natural mapping f7 : Oy (y) — Ox(x). We say simply F is flat over Y if it is flat
at every point of X. We say X is flat over Y if O(X) is.
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3.7.3 Sheaves of modules

Let A be a ring and let M be an A-module. We define the sheaf associated to M
on Spec A, denoted by M, as follows. For each prime ideal p C A, let M, be the
localization of M at p. For any open set U C Spec A we define the group M (U) to
be the set of functions s : U — [[,c;; My such that for each p € U, s(p) € M,
and such that s is locally a fraction m/f with m € M and f € A. To be precise,
we require that for each p € U, there is a neighborhood V' of p in U, and there are
elements m € M and f € A, such that foreachq € V, f & g, and s(q) = m/f in
M. We make M into a sheaf by using the obvious restriction mappings.

Let (X, Ox) be a scheme. A sheaf of Ox-modules F is quasi-coherent if X can
be covered by open affine subsets U; = Spec A;, such that for each i there is an A;-
module M; with Fly, = Mi. We say that F is coherent if furthermore each M; can
be taken to be a finitely generated A;-module.

A sheaf of ideals on X is a sheaf of modules [J which is a subsheaf of Ox. In other
words, for every open set U, 7 (U) is an ideal in Ox (U). Let Y be a closed subscheme
of a scheme X, and let7 : ¥ — X be the inclusion morphism. We define the ideal
sheaf of Y, denoted Jy, to be the kernel of the morphism i Ox — i,0y.

Proposition 3.127. Let X be a scheme. For any closed subscheme Y of X, the corre-
sponding ideal sheaf Jy is a quasi-coherent sheaf of ideals on X. If X is Noetherian,
it is coherent. Conversely, any quasi-coherent sheaf of ideals on X is the ideal sheaf
of a uniquely determined closed subscheme of X.

Proof. See Hartshorne [90], Chapter II, Proposition 5.9. a

3.7.4 Differentials over schemes

We now carry the definition of the module of relative differential forms to schemes.
Let f : X — Y be a morphism of schemes. We consider the diagonal morphism
A: X — X xy X. It follows from the proof of Proposition 3.124 that A gives
an isomorphism of X onto its image A(X), which is a locally closed subscheme of
X xy X, i.e., a closed subscheme of an open subset W of X xy X. Let J be the
sheaf of ideals of A(X) in W. Then we define the sheaf of relative differentials of X
over Y to be the sheaf

Qy/y = A (T/T?) (3.71)

on X. First note that 7 /7 2 has a natural structure of O A(x)-module. Then since A
induces an isomorphism of X to A(X), Qx/y has a natural structure of Ox-module.
Furthermore, it follows from Proposition 3.127 that {2x/y is quasi-coherent; if Y is
Noetherian and f is a morphism of finite type, then X xy X is also Noetherian, and
so Qx/y is coherent.

If U = Spec A is an open affine subset of Y and V' = Spec B is an open affine
subset of X such that f(V) C U, then V xy V is an open affine subset of X xy X
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isomorphic to Spec(B ®4 B), and A(X) N (V xy V) is the closed subscheme defined
by the kernel of the diagonal homomorphism B®4 B — B. Thus J/J 2 is the sheaf
associated to the module 7 /1 2 of (1.6). It follows that

—~—

QV/U = QSpecB/SpecA = QB/A~

Thus our definition of the sheaf of differentials of X /Y is compatible, in the affine
case, with the module of differentials defined Section 1.2.4, via the functor ~.

Proposition 3.128. Let f : X — Y and g : Y — Z be morphisms of schemes.
Then there is an exact sequence of sheaves on X :

Qg — Qx/z — Qx/y — 0.
Proof. See Hartshorne [90], Chapter II, Proposition 8.11. a

A morphism f : X — Y of schemes of finite type over a field x is smooth of
relative dimension n if:

(i) fisflat;
(i) if X’ € X and Y’ C Y are irreducible components such that f(X’) C Y, then
dim X’ = dimY’ + n;

(iii) for each point z € X (closed or not),
dim,; () Qx/y @ k(z) = n.

If X is integral, then condition (iii) is equivalent to saying {2x/y is locally free on X
of rank n.

Theorem 3.129. Let f : X — Y be a morphism of schemes of finite type over a field
k. Then f is smooth of relative dimension n if and only if f is flat; and the fibres of f
are geometrically regular of dimension n.

Proof. See Hartshorne [90], Chapter III, Theorem 10.2. a

By definition, the fibres of f are geometrically regular of dimension n if, for each
point y € Y, letting
X@ = Xy ®n(y) H(ﬂ)a

where £ (y) is the algebraic closure of x(y), then Xy is equidimensional of dimension
n and regular.

Let f : X — Y be a morphism of schemes of finite type over a field . For each
e X, lety = f(z). Let O(x) and O(y) be the completions of the local rings at
2 and y. Choose fields of representatives x(z) C O(x) and k(y) € O(y) so that
#(y) C k(z) via the natural mapping O(y) — O(z). A morphism f : X — Y of
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schemes of finite type over a field « is étale if it is smooth of relative dimension 0. It
is unramified if for every x € X, letting y = f(z), we have

m(y) - O(z) = m(z),
and k(z) is a separable algebraic extension of k(y).

Proposition 3.130. Ler f : X — Y be a morphism of schemes of finite type over a
field k. The following conditions are equivalent:

(1) f is étale;
(2) fisflat, and Qx/y = 0;
) f isflat and unramified;

@) foreveryx € X, k(x) is a separable algebraic extension of k(y), and the nature
mapping

O<y) ®/ﬁ(y) K“('T) - O(I)

is an isomorphism.

Proof. See Hartshorne [90], Chapter III, Exercise 10.3, 10.4. |

3.7.5 Ramification divisors

A scheme X is said to be regular (or sometimes nonsingular) in codimension one
if every local ring Ox(z) of X of dimension one is regular. The most important
examples of such schemes are nonsingular varieties over a field and Noetherian normal
schemes.

Let X be a Noetherian integral separated scheme over x which is regular in codi-
mension one. A prime divisor on X is a closed integral subscheme Y of codimension
one. A Weil divisor is an element of the free Abelian group Div(X) generated by the
prime divisors. We write a divisor as

D= anytu

where the Y; are prime divisors, the n; are integers, and only finitely many n, are
different from 0. If all the n; > 0, we say that D is effective.

Let x be an algebraically closed field. Let X be a Noetherian integral separated
scheme over « which is regular in codimension one. If Y is a prime divisor on X, let
n € Y be its generic point. Then the local ring Ox (n) is a discrete valuation ring with
quotient field K := x(X), the function field of X. We call the corresponding discrete
valuation vy the valuation of Y. Let f € K, be any nonzero rational function on X.
Then vy (f) is an integer. If it is positive, we say f has a zero along Y, of that order;
if it is negative, we say f has a pole along Y, of order —vy (f). Note that vy (f) = 0
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for all except finitely many prime divisor (see [90], Chapter II, Lemma 6.1). Thus we
can define the divisor of f, denoted (f), by

() =S w (Y,

where the sum is taken over all prime divisors of X. Any divisor which is equal to the
divisor of a function is called a principal divisor.

Two (Weil) divisors D and D’ on X are said to be linearly equivalent, written
D ~ D', if D — D’ is a principal divisor. The group Div(X) of all divisors dived by
the subgroup of principal divisors is called the divisor class group of X, and is denoted
by C1(X).

Let f : X — Y be a generically finite morphism of Noetherian integral separated
schemes which are regular in codimension one. The ramification divisor of f is defined
by

R=Ryy =Y length{(Qyy)z}7, (3.72)
Z

where the sum extends over all prime divisors Z of X, and length{(Q2x/y )z} means
the length of the localized module (2x/y)z at Z.

Let x be an algebraically closed field. An abstract variety X of dimension one over
k is called an abstract curve over . If all local rings of X are regular local rings, we
say that X is nonsingular.

Proposition 3.131. Let X be a nonsingular abstract curve over k with function field
K. Then the following condition are equivalent:

(a) X is projective;
(b) X is complete;

(¢) X 2 t(Ck), where Ck is the set of all discrete valuation rings of K/k, and t is
the functor from varieties to schemes of Proposition 3.119.

Proof. See [90], Chapter II, Proposition 6.7. a

Proposition 3.132. Let X be a complete nonsingular abstract curve over k, let' Y be
any abstract curve over k, and let f : X — Y be a morphism. Then either (1)
f(X) =apoint, or (2) f(X) =Y. In case (2), k(X) is a finite extension field of
k(Y'), f is a finite morphism, and 'Y is also complete.

Proof. See [90], Chapter II, Proposition 6.8. O

If f : X — Y is a finite morphism of abstract curves, we define the degree of f to
be the degree of the field extension [k(X) : k(Y")]. We say the morphism f : X — YV
is separable if k(X)) is a separable field extension of x(Y").
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If X is a nonsingular abstract curve, a prime divisor on X is just a closed point, so
an arbitrary divisor can be written

D=3 nh;

where the P; are closed points, and n; € Z. We define the degree of D to be

deg(D) = Z n;.

If f: X — Y is a finite morphism of nonsingular abstract curves, we define a
homomorphism f* : Div(Y) — Div(X) as follows. For any point @ € Y, lett €
Oy (Q) be a local parameter at @), i.e., t is an element of x(Y") with vg(t) = 1, where
v is the valuation corresponding to the discrete valuation ring Oy (Q). Consider ¢
as an element of Ox (P) for P € f~!(Q) via the natural mapping 7 : Oy (Q) —
Ox (P). We define

rQ= > wP.
f(P)=Q
Since f is a finite morphism, this is a finite sum, so we obtain a divisor on X. Note that
f£*Q is independent of the choice of the local parameter ¢. Indeed, if ¢’ is another local
parameter at (), then t' = ut where u is a unit in Oy (Q). For any point P € f~1(Q),
f#(u) will be a unit in Ox(P), so vp(t') = vp(t). We extend the definition by
linearity to all divisors on Y. One sees easily that f* preserves linear equivalence, so
it induces a homomorphism f* : C1(Y) — CI(X).

The integer vp(t) is called the ramification index of f at P € X, denoted by ep.
If ep > 1, we say f is ramified at P, and that ) is a branch point of f. If ep = 1,
we say f is unramified at P. This definition is consistent with the earlier definition
of unramified (Section 3.7.4) since our ground field « is algebraically closed, and
so k(P) = k(Q) for any point P of X with Q = f(P). If char(x) = 0, or if
char(k) = p, and p does not divide ep, we say that the ramification is tame. If p does
divide ep, it is wild.

For any point P € X, let Q = f(P), let t be a local parameter at (), and let s be
a local parameter at P. Then dt is a generator of the free Oy (Q)-module Q!'[Y]q,
and ds is a generator of the free Ox (P)-module Q!'[X]p. There is a unique element
g € Ox(P) such that f*(dt) = gds. We denote this element by dt/ds.

Proposition 3.133. Let f : X — Y be a finite, separable morphism of abstract

curves. Then

(@) Qxy is atorsion sheaf (meaning a sheaf whose stalk at the generic point is zero)
on X, with support equal to the set of ramification points of f. In particular, f is
ramified at only finitely many points;

(B) for each P € X, the stalk (Q2x/y)p is a principal Ox (P)-module of finite length
equal to vp(dt/ds);
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(v) if f is tamely ramified at P, then
length{(Qx,y)p} =ep — 1.

If f is wildly ramified, then the length is > ep — 1.

(0) if Kx and Ky are the canonical divisors of X and Y, respectively, then

Ky ~ f*Ky + R.

Proof. See [90], Chapter IV, Proposition 2.2; Proposition 2.3. a

3.8 Kobayashi hyperbolicity

There are rich theory and a lot of researches on Kobayashi hyperbolicity. Here we only
introduce simple notations and some open problems related to topics in this book. For
more details, see Kobayashi [129], [130], and Lang [148].

3.8.1 Hyperbolicity

Let D be the open unit disc {z € C | |z| < 1}. Let Hol(M, N) denote the set of
holomorphic mappings from a complex space M into another complex space N. We
have the classic Schwarz—Pick lemma (cf. Kobayashi [129]):

Theorem 3.134. Assume f € Hol(D, D). Then

£(2)] 1
[ fQE = T- o

and equality at a single point z implies that f € Aut(DD).

zeD,

We consider the Hermitian metric h on D given by

2
h=—7—-d dz
TETE R
which induces the Riemann metric
4
2 o —
dSD = dedZ

Then the inequality in Theorem 3.134 may be written as follows:
frds? < ds?,

or

dn(f(2), f(2) < dn(2,2)
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for the associated distance function dj,. The metric h (or dsﬂz)) is called the Poincaré
metric or the Poincaré—Bergman metric of D. We note that the Gaussian curvature of
the metric h is equal to —1 everywhere. By a simple calculation we have

1 «
dn(z,w) = log =Y (2 v e m),
1 — o
where
w— z
o= —
1—Zw

Definition 3.135. Let M be a complex space. Let x,y € M be arbitrary points. A
holomorphic chain o from x to y is the collection of holomorphic mappings f; €
Hol(D, M) and p;,q; € D fori =0,...,[ such that

fopo) =z,  fila) = fix1i(pit1) (0<i<1i—1), fila)=vy.

Then the Kobayashi pseudo distance dyy is given by

l
dar(z,y) = inf {Z dh(pz‘,(h‘)} : (3.73)
1=0

where the infimum is taken for all holomorphic chains « from z to y.

For the existence of a holomorphic chain from z to y, the reader is referred to
S. Lang [148]. It is easy to see that for z,y, z € M,

dy(z,x) =0, dy(z,y) =du(y,z), du(z,z) <dy(z,y)+du(y, z). (3.74)

In general, a mapping dys : M x M — Ry satistying the relation above is called a
pseudo distance which may identically vanish. If f is a holomorphic mapping between
two complex spaces M and N, then the Kobayashi pseudo distances satisfy

dN(f(‘T))f(y)) < dM(xay)? {'T?y} C M. (3.75)

Example 3.136. Let M = C with the Euclidean metric. Then d¢(z,y) = 0 for all
x,y € C. In fact, given two points x,y € C and an arbitrarily small positive number
g, there is a mapping f € Hol(DD,C) such that f(0) = z and f(¢) = y. Hence
de(w,y) < log 1%2.

It will be useful to consider the following generalization. Let M be a subset of a
complex Hermitian manifold M. We can define dj; on M by taking the mappings f;
to lie in M, and to be holomorphic as mappings into M. Then we obtain a pseudo
distance on M. We say that M is Kobayashi hyperbolic in M if this pseudo distance
is a distance, that is if x # y implies dps(x,y) # 0. For simplicity, we shall say
hyperbolic instead of Kobayashi hyperbolic. If M is a complex space imbedded in
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a complex manifold A, then a mapping into M is analytic if and only if it is ana-
lytic viewed as a mapping into M. Therefore the definition of the Kobayashi pseudo
distance on M is intrinsic, independent of the imbedding of M into a manifold.

If M is hyperbolic, then it follows directly from (3.75) and Example 3.136 that there
cannot be a non-constant holomorphic mapping f : C — M. The converse is due to
Brody [18]:

Theorem 3.137 ([18]). Let M be a relatively compact complex subspace of a complex
Hermitian manifold M, and suppose M is not hyperbolic. Then there exists a non-
constant holomorphic mapping f : C — M such that

17Ol =1 ()l <1, zeC.
Recall that the induced linear mapping
f'(2) : To(C) = C — Ty, (M),

is the holomorphic differential at each z € C. Each complex tangent space has its
norm: Ty, (M) has the Hermitian norm, and T, (C) = C has the Euclidean norm.
The norm of the linear mapping f’(z) is defined as usual:
!/
17 = L ve (), v 20
v

Based on this theorem, it is useful to define a complex space M to be Brody hyperbolic
if every holomorphic mapping of C into M is constant.

Let M be any variety. Lang [147], [150] introduces the holomorphic special set
SPpo1 (M) of M to be the Zariski closure of the union of all images of non-constant
holomorphic mappings f : C — M. Thus M is hyperbolic if and only if this special
set is empty. In general the special set may be the whole variety. Here we consider a
smooth toroidal compactification M of D/T", where D is a bounded symmetric domain
of C"™ and T' C Aut(D) is an arithmetic subgroup. In general, I' may not act freely
on D, but a subgroup of finite index will act without fixed points, and we lose no
essential generality in assuming that this is true for D. It is well known that D/T" is
negatively curved since in fact the Bergman metric on D has negative holomorphic
sectional curvatures < —c¢ < 0 and is I'-invariant. Further, D/I" is hyperbolic (see
[129], [200]), and so Spy,,;(M) ¢ D/T. It is a basic theorem of Baily—Borel [4] that
D/T is quasi-projective. It is natural to ask whether Spy,,,(M) C M — D/T"?

Kiernan and Kobayashi [127] discuss the notion of M being hyperbolic modulo a
subset S, meaning that the Kobayashi pseudo distance in M satisfies dys(z,y) # 0
unless * = y or z,y € S. According to S. Lang [147], the variety M is said to
be pseudo Brody hyperbolic if the special set Spy,.;(M) is a proper subset; and M is
pseudo Kobayashi hyperbolic if there exists a proper algebraic subset S such that M is
hyperbolic modulo S. S. Lang [147] conjectures that the two definitions are equivalent
with S = Spy,,;(M).
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3.8.2 Measure hyperbolicity

Let M be a complex manifold with volume or pseudo volume form W. Let Cy(M)
be the set of continuous functions with compact support. Then W defines a positive

functional on Cy(M) by
Y — / pWv.
M

Hence there is a unique regular positive measure j.g such that

[ tu= [ o, o ccom
M M

For example, on the ball of radius r in C™ with center at 0:
C™0;7) = {(21,. ., 2m) EC™ | 2> = |21* + - - + |zm|* < 72},

there is the standard positive (1, 1)-form

, 1 ~ 4)z|? —
with
1 2my? T _
. c 2 2 m+ 1
Ric(©,) = —(m+ 1)dd°log(r” —|z]7) = P (3.78)
as
Thus the Einstein—Kéhler metric on C™(0;7) is given by
m 2 - 2 m - m -
h, = Z 7‘2—7|2’|2de ® dzi + m (Z dezk> ® (Z dezk> (3.79)
k=1 k=1 k=1

such that holomorphic sectional curvatures are —1 everywhere.

Lemma 3.138. Let M be a complex manifold of dimension m and let ¥ be a pseudo

volume form on M such that Ric(V) is positive, and such that there exists a constant
¢ > 0 such that the Griffiths function G(V) of ¥ satisfies cG(¥) > 1. Then for all
holomorphic mappings f : C"™(0;r) — M, we have

ﬁ¢§c(m+l) o,.

47

Proof. See [129], Theorem 4.4; [130], Corollary 2.4.15; or [102]. O



3.8 Kobayashi hyperbolicity 233

For r = 1, we write © for ©;. The unit ball C"(0; 1) will be denoted B".

Definition 3.139. Let M be a complex manifold of dimension m. Let A be a Borel
measurable subset of M. A holomorphic chain o for A is the collection of holomor-
phic mappings f; € Hol(B™, M) and open sets U; in B™ for i = 1,2, ... such that

AcC Ufi(Ui).

The space M is said to be covered by holomorphic chains if there exists a holomorphic
chain for M. Then the Kobayashi measure y; is defined by

par(A) = inf Y e (i), (3.80)
i=1

where the infimum is taken for all holomorphic chains « for A, where pg is the regular
measure on B induced by O. If 5, (W) > 0 for all non-empty open sets W in M,
then M is called measure hyperbolic.

Since the open sets generate the o-algebra of Borel measurable sets, it follows that if
B is measurable in B™ and f is holomorphic, then f(B) is measurable. Furthermore,
a regular measure satisfies the property that the measure of a set is the infimum of
the measures of the open sets containing it. Hence in the definition of the Kobayashi
measure, instead of taking open sets U; we could take measurable sets B; in B". A
basic fact is that if 4 is a measure on a complex manifold M of dimension m such that
every holomorphic mapping f : B"™ — M satisfies

p(f(B)) < pe(B)

for every Borel measurable set B in B", then u < pups (cf. [129], Proposition 1.5;
[130], Theorem 7.2.6). Thus the complex manifold M satisfying the conditions in
Lemma 3.138 is measure hyperbolic (cf. [130], Theorem 7.4.1).
We let
N —div 0

denote the property that n tends to infinity, ordered by divisibility. In speaking of
estimates, we use the standard notation of number theorists

A(n) < B(n), n — oo

to mean that there is a constant ¢ such that A(n) < ¢B(n) for all sufficiently large n.
Here, sufficiently large may mean with respect to the divisibility ordering. We recall
two lemmas from basic algebraic geometry (cf. [130], [147]).

Lemma 3.140. Let X be a variety of dimensionn. Let L be a holomorphic line bundle
on X. Then
dim H(X, O(L™)) < m™, m — oo.
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Proof. Let H be an ample line bundle such that £ = L ® H is ample. If m is large
enough so that H™ is very ample, then the exact sequence of sheaves (cf. [81], p. 139)

00— OL™) — O(E™) — O(E™|p) — 0

where D is a smooth effective divisor of X obtained as the zero set of a general holo-
morphic section of H™, and E™|p denotes the restriction of E™ to D, induces an
exact sequence

0 — HY(X,0(L™)) — H(X,0(E™)) — H'(D,O(E™|p))
which further implies
dim H(X,0(L™)) < dim H°(X, O(E™)).
Furthermore, since E™ is ample, then Kodaira’s vanishing theorem implies
dim H°(X,0(E™)) = x(X,E™).
On the other hand (Hirzebruch [100], p. 150), we have
X(X,E™)=ao+am+---+a,m",

where ag, ay, ..., a, are rational numbers determined by characteristic classes of X
and F, thus proving the lemma. O

Lemma 3.141. Let X be a non-singular variety of dimension n. Let L be a holomor-
phic line bundle on X such that

dim H(X, O(L™)) > m", m —gy oo.
Then for a very ample line bundle F on X,
dim H)(X,O(L™ @ E*)) > m™, m —qy 00,
in particular, H*(X, O(L™ @ E*)) # {0}.

Proof. Let D be a non-singular effective divisor of X obtained as the zero set of a
general holomorphic section of E/. We have the exact sequence of sheaves

0—O(L™®E")— O(L™) — O(L™|p) — 0,
whence the exact cohomology sequence
0— HYX,0(L™® E*)) — H(X,0(L™)) — H°(D,O(L™|p)).

Applying Lemma 3.140 to this invertible sheaf on D we conclude that the dimension
of the term on the right is < m™~!, so for m large

dim H*(X,0(L™ @ E*)) > m™,

and in particular is positive for m large, whence the lemma follows. a
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Conversely, if L is a holomorphic line bundle on X, and if E is a very ample line
bundle on X such that
H'(X,0(L™ © E*)) # {0}

for some positive integer m, then L is pseudo ample (see [130], Lemma 7.3.7). In fact,
let « be a non-trivial holomorphic section of L™ & E* and set

'y ={as|sel'(X,E)} CcI'(X,L™).

A holomorphic projective imbedding of X is well defined by using only the subspace
I'y, i.e., the sections of L™ that are divisible by o. The imbedding thus obtained is
none other than the imbedding ¢ g obtained by using I'( X, E). If we use I'(X, L™),
then we obtain only a meromorphic imbedding = of X into a projective space.

Theorem 3.142 (Kodaira [134], Kobayashi—Ochiai [131]). Let X be a non-singular
pseudo canonical variety. Then X admits a pseudo volume form ¥ with Ric(V) posi-
tive, and X is measure hyperbolic.

Proof. Setn = dim X. Since X is pseudo canonical, then
dim H(X, O(K%)) > m"

for m large, so we can apply Lemma 3.141. Let L be a very ample line bundle on
X. We shall obtain a projective imbedding of X by means of some of the sections in
HO(X,0(K")). By Lemma 3.141, for m large there exists a non-trivial holomorphic
section v of K @ L*. Let {so, ..., sn } be a basis of H*(X,O(L)). Then

a®sg,..., QSN

are linearly independent sections of H°(X, O(K'%)). Since [so, - . ., sn] gives a pro-
jective imbedding of X into PV because L is assumed very ample, it follows that
a® s, - ..,a® sy vanish simultaneously only at the zeros of «a, but nevertheless give
the same projective imbedding, which is determined only by their ratios. Then

N
ac ® Z S5 (4 Ej
j=0
may be considered as a section of
(KPL)L® (KL )L =Ky? o Ky,

and can be locally expressed in terms of complex coordinates in the form

N
92D 1g;(2)P®(2)"™,
7=0
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where as usual ®(z) is the standard Euclidean volume form on C", while ¢(z), go(2),
..,gn(z) are local holomorphic functions representing «, So, ..., Sy respectively.
Set

1

M) = (io o, )"

Then there is a unique pseudo volume form ¥ on X which has the local expression
2
U(z) = [g(2)[mh(2)®(2).

Furthermore Ric(¥) is positive, because Ric() is the pull-back of the Fubini—Study
form on PV by the projective imbedding. ]

Its converse is due to Burt Totaro [277] (or see Kobayashi [130]), that is, if a non-
singular projective variety X admits a pseudo volume form ¥ with Ric(V) positive,
then X is pseudo canonical. In fact, take an open cover {U;} of X with holomor-
phic coordinates z{, e ,z% on U;, where n = dim X. We obtain a non-vanishing
holomorphic section of Kx on each Uj:

& =dz A---Ndz.
We know that ¥ induces a “pseudo” metric k = Ky on K x such that
in€j NE = &RV
Then our assumption on ¥ means
U = hylg;[*ing; A&,

where h; is a positive C*° function on U}, ¢ > 0 is some fixed rational number, and
g; is holomorphic not identically zero. Hence we have

€512 = Rylg; 0.
Write ¢ = p/m for coprime positive integers p and m. If £ = A;x&; on U; N Uy, then
R g5 1 = [Nk i gr P

Define

Xk = Nji(grg; )"
so that

™ = el 2hy ™
Since gi. gj_l is a holomorphic function on U; NUj, without zeroes, we can define a line

bundle H by the system of transition functions {x;}. Then {h;™} define a metric p
on H such that

ci(H,p)lu; = —dd®log h;™ = mRic(¥)[y, >0,
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that is, H is positive, and so H is ample. Hence E = H' is very ample for some
positive integer [. Since the transition functions for K ;’(Ll ® E* are given by {)\;7;;[ X; k}
and since

Loz Ll
'gp )\Jk ]k k ’
{95 '} represents a holomorphic section of Kol e B

This shows that I'(X, K2 @ E*) # {0}. Therefore K x is pseudo ample according
to the remark after Lemma 3.141.

3.8.3 Open problems

Problem 3.143. Let M be a projective algebraic variety. Determine which of the
following conditions are equivalent:

(1) M is Kobayashi hyperbolic;
(2) All subvarieties of M (including M itself) are pseudo canonical;
(3) Every subvariety of M is measure hyperbolic;
(4) M is negatively curved;
(5) M is Brody hyperbolic.
Now we know that (1) <= (5). Kobayashi has shown that (4) implies (1); otherwise

all equivalence above remain unproved. He stated (1) = (4) as a problem; other
implications in the above list are conjectures of Lang.

Problem 3.144. Let M be a projective algebraic variety. Determine which of the
following conditions are equivalent:

(i) M is pseudo Kobayashi hyperbolic;

(ii) M is pseudo canonical;

(iii) M is measure hyperbolic;

(iv) There exists a pseudo volume form ¥ for which Ric(¥) > 0;
(v) M is pseudo Brody hyperbolic.

Currently what is known is that (ii) <= (iv) (see Kodaira [134], Totaro [277]), (ii)
— (iii) (see Kobayashi—Ochiai [131]), (i) = (iii) (see Kobayashi [129]), and (iii)
—> (ii) for surfaces (see Mori—-Mukai [193]). Kobayashi [129] prosed (iii) = (ii) as
a problem; other implications are conjectures of Lang.

If M is a non-singular projective variety over C, Kobayashi and Ochiai [132] con-

jectured that if M is hyperbolic then the canonical class K, is pseudo ample, but
Lang [150] made the stronger conjecture:

Conjecture 3.145. If M is non-singular and hyperbolic then K y; is ample.
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Here we consider a non-singular hypersurface M of degree d in P"(C). When
d < n — 1, then M contains a line through every point (cf. [147]). The adjunction
formula immediately implies

Ky = (Kpn(cy ® [M]) |y = (H[a)" ",

where H is the hyperplane line bundle on P™(C). Then d > n + 2 is precisely the
condition that makes the canonical bundle Kj; ample. When n > 3, since the Fermat
hypersurface

contains a line
2€Cr— 2,012y .., Cr2,Cridy ooy Cnei, 1] € P*(C),
where | <r <n —2,and ¢y, ..., c,—_ are numbers such that
I+t +ct=0, ¢+ +1=0,

we see that in general the condition that A/ has ample canonical bundle does not imply
M hyperbolic. However, in 1970, S. Kobayashi ([129], p. 132) made the following
conjecture:

Conjecture 3.146. A generic hypersurface of degree > 2n+1 of P"(C) is hyperbolic,
and that its complement is complete hyperbolic.

This conjecture is still open, but there has been some progress on the existence
of hyperbolic hypersurfaces of P"(C). Examples of hyperbolic hypersurfaces were
constructed by R. Brody and M. Green [19], M. Zaidenberg [305], A. M. Nadel [199],
H.-K. Ha [84], M. McQuillan [178], J.-P. Demailly and J. El Goul [47], B. Shiffman
and M. Zaidenberg [242] in dimension 2, M. Shirosaki [247], C. Ciliberto and M.
Zaidenberg [31] in dimension 3, and finally by K. Masuda and J. Noguchi [170], Y.
T. Siu and S. K. Yeung [257], B. Shiffman and M. Zaidenberg [243], and H. Fujimoto
[70] in any dimension. J. El Goul [55] gave a construction of a hyperbolic surface of
degree 14 and J.-P. Demailly [46] later reduced the degree in El Goul’s construction
to 11. Y. T. Siu and S. K. Yeung [257] also obtained an elegant hyperbolic surface of
degree 11 by using their generalized Borel lemma. M. Shirosaki [248] constructed a
hyperbolic surface of degree 10. H. Fujimoto [70] improved Shirosaki’s construction
to give examples of degree 8. J. Duval [53] gave hyperbolic surfaces of degree 6 in
P3(C). Hu and Yang [113] also constructed hyperbolic hypersurfaces of lower degrees.



Chapter 4

Height functions

A height function is a means of measuring the “size” of a rational or integral point
on an algebraic variety. Based on the product formula in Section 2.2, one defines
heights on projective spaces defined over number fields, and further defines heights on
varieties associated to divisors, which will be compared with the heights defined by
using Weil functions of the divisors. The corresponding first main theorems also be
exhibited.

4.1 Heights on projective spaces

4.1.1 Basic properties

Let V' = Vg be a vector space of finite dimension 41 > 0 over Q. Take £ € V —{0}
and write & = §yep+- - -+ ey, for a fixed basis {eg, . .., e, } of V. Then (&, ..., &) €
x™*1 for some number field x. We will denote the case by & € V. and say that ¢ is
defined over x. Let M, be the set of absolute values on x satisfying product formula
with multiplicities n,. Then ||, = 1 for all but finitely many v € M,, that is,
v = {|{|,} is a multiplicative M,,-constant. We can define the relative (multiplicative)
height of £ (relate to k) by

Hy (&) = [T le

’L)GM&

If, e.g., & # 0, then ||, > |&o], for each v, which implies
H (&) > 1. 4.1)
Also | XE]y = |Alp]€]w for A € Ky, sO
H,(AE) = H (&) (4.2)

by the product formula.
If we have a tower of finite extensions Q C k C K and if £ € V — {0} is defined

over k, then
He@©) = I lee =11 11 1él~

weMg vEM,x we Mk ,wlv



240 4 Height functions

By using (2.18), we have
Hie(§) = T Il = Ho(€),

vEMy

and so
1 [K:k] 1

Hi (§) 18 = Hig(§) 10 = H(€) 9. (4.3)

The transformation formula (4.3) allows us to define a height function that is indepen-
dent of the field. The absolute (multiplicative) height is defined by

H(&) = He()F,

which does not depend on finite field extensions of QQ, that is, we obtain the function

H:V — R[l,+00).

We often use the absolute (logarithmic) height h(§) which is defined by

h(E) = log H(¢) = p;%@jﬂlogl¥n(£)

In many references, the relative (multiplicative)height (relate to ) is defined by

H..&) =[] l¢

vEM,,
for & = &oep + -+ - + &nen € Vi — {0}, where
|€]s,0 = max{|€olv [1]v, - -+ s [En v}

Obviously, H. , also satisfies (4.1), (4.2) and (4.3). Thus the absolute (multiplicative)
height

1
HL(€) = H, (&) T
and the absolute (logarithmic) height

he(€) = log H.(€) =

1
g e e (©)

are well defined. Note that
\5\*,1; < |£|v < §v,n+l‘£‘*,v7

and so

Han(€) < Ho(€) < (n+ 1) Ha x(6),
We have

1
h*ShSh*—FElog(n—Fl).
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Definition 4.1. Two heights H; and H, (resp. logarithmic heights h; and h;) are
called equivalent if

cHy < Hy < dHy (resp. hp = hy + O(1))
holds for some positive constants ¢ and ¢’.

Hence if the base of V' is changed, we obtain an equivalent height. In particular,
and H, are equivalent.

Take x € P(V') = P™. Then there exists a coordinate £ € V,, for some number field
k such that © = P(&). The relative (multiplicative) heights of x are defined by

Hy(x) = Ho(§), Hix(z) = Hyir(§)-

Similarly, the absolute (multiplicative) heights

and the absolute (logarithmic) heights of x

W) = (), h(z) = h.(E)

are defined respectively. By the product formula, these do not depend on the choice of

£

Example 4.2. Any point x € P(Q"*!) has a set of coordinates (&, . .., &, ) which are
relatively prime integers, and we then see that

Ho(x) = /& + -+ &, Hegle) =max{[&l, 6], [€al}-

In particular, the set of points  in P(Q"*!) of height Ho(z) < a fixed number is
finite. Such a fact is also true in a number field (see Theorem 4.29).

Lemma 4.3. Any element x of P(V') has a coordinate £ € V,; for some number field
k with x = (&) such that

() |€|o < 1 for non-Archimedean v;

Q) TT [1€llo > [Djal ™%

veM

(iii) |¢]y < ¢(K)|E|w for any Archimedean v, w.

Proof. For a fixed basis {eg,...,e,} of V, take & = {jeg + --- + e, € Vi with
z = P(&). Consider the ideal g(¢’) generated by &, ...,¢),. By Theorem 2.26,
there is an integral ideal a in the same ideal class as g(&’) such that the norm satisfies

N(a) < /IDyql. After multiplying £’ by some A € x, we get anew { with g(§) = a.
Then &, .. ., &, are integers in &, and so (i) holds.
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If we write
&) =»",
J
then
1€]lp, = N (pj)~ mmE0sovna),
On the other hand,

a = g(e) = [T oo,
J

IT 1igllo =TT lelhs, = M@,

SO we obtain

ve M9
and (ii) holds.
By Dirichlet’s unit theorem, if 1, . .., 0., correspond to real embeddings of x into
R and 0y, 41,0741, -+ Op 4> Or,4r, correspond to the complex embeddings of ~
into C, then given any cy, . .., ¢, +r,, there exists a unit 7 such that

ciloi(n)] < cje(r)|oj(n)]
for 1 <4,j <+ rp and some constant ¢(x). To prove (iii), it suffice to show
|03(§)] < c(k)]o; (€],
and this can be deduced by multiplying & by a suitable unit 7. O

4.1.2 Heights on number fields

We define the height of an element z of the number field x to be the height of the point
[1,z] in P!(x) = P(x?), so that we have

o= (I (Vrei)" ) (T moxfnal) )

veMZ® vEM—MS°

H,p(z) = [] max{1,[z[}"},

vEMy
and similarly for H(z), H,(z), h(x) and h,(x). We see that if = # 0, then

H.(z) = Ho(x™"), H.n(z)=H.(27").
Furthermore, we have trivially
H*,m(xl to xn) < H*,m(xl) te H*,n(xn)

and for z € k,
H, .(2") = Hy ()",

For x # 0, h.(x) = 0 if and only if z is a root of unity (see [144]).
For the proof of Roth’s theorem, we will need the Liouville’s inequality:
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Lemma 4.4. Let k be a number field, let x be a nonzero element of k, and let S C M,
be any set of absolute values on k. Then

[ wmin{t, =)} >

veS *H( )

Proof. Using the product formula, we compute

H, (x) = H max{l, [|z[,} = H ||$||vmax{ i ||U}

vEMy vEMy
1
= max _
0wy = I e
1
> ——
U mem
Taking reciprocals gives the desired result. o

Proposition 4.5. Take x € k. and let (x) = b/d be an ideal factorization for x where
b, 0 are relatively prime ideals in O. Then

Hyp(z) =N@) [] max{1, |z} (4.4)
veEM®

Proof. Indeed, we have
max{l,||z|,} > 1

for a p-adic valuation v if and only if p divides the denominator 0. Write
0= p .. aT
with a; > 0 for each i. We obtain
[T max{1, |lll.} = HN pi)* = N(2),
veM?

and hence (4.4) follows from definition. O

Proposition 4.6. Suppose that o is algebraic of degree d over the rational numbers,
and let
FX) = aaX 4+ ag 1 X7+ 4+ ap =0, aqg >0,

be its irreducible equation, with coefficients a; € 7, and ged(ag,...,aq) = 1. If
K= @(a), then one has the formula

d
H, o(@) = ag [ [ max{1, [lailoc}, (4.5)

where a, . . ., aq are the distinct conjugates of « in C.
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Proof. Indeed,

d
[T max{tllafo} = [T max{1, flaill}-
i=1

veMZ®

By using the standard Gauss lemma, which will be recalled in the next section, we see
d
‘f|v = |a’d|v H maX{la ‘aj|v}
j=1
for v € M. However, by definition,

|flo = max |aj‘v =1,

0<j<d
and hence
d
=TI triee= 11 (llaalls T T max{1, i}
veM? veM? J=1
d
= I | Nejelaa)l, [T max{1, [N, /g ()]s}
peM j=1
= a;d H max{1, ‘NH/Q<O[)‘g} = a(;d H max{1,||a|/?},
pEM& veM?
that is,
[T maxf1,lall,} = aq.
veM?
Therefore (4.5) follows from definition of the height. O

Theorem 4.7 (cf. [144]). Let k be a number field. Let a = ry 4 o — 1 where ry is the
number of real absolute values and r the number of complex ones.

(1) The number of algebraic integers x € O, with height H, ,.(x) < ris
cor(logr)® 4+ O (r(log r)a_l)

fOV some constant c.

(2) The number of units ) € Oy with H, ,,(n) < r is
ci(logr)® + O ((logr)*™ 1)

fOV some constant cj.
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Recall that we will use O(1) to denote a bounded function. Generally, if h(r) is a
non-negative function, we will denote

We also use the symbol o(h(r)) to denote a function such that o(h(r))/h(r) — 0 as
r — OQ.

Lemma 4.8 (cf. [233]). Let k be a number field of degree n = [k : Q. Fix a positive
number v € R with r > 1 and take x© € k such that H,(xz) < r. Then there exist an
o € O, and an m € 7 such that x = %ando <m<rm

Proof. By the theorem on the unique prime ideal decomposition, we can write the
fractional ideal (z) in the form (z) = b/d, where b, 0 are relatively prime ideals in
Oy. Denote by m the norm of ?: N'(0) = m. Then m is a positive integer and
the principal ideal (m) is divisible by 9. There exists an integral ideal m such that
(m) = om, and hence

() = bm(m) ™",

which means that bm is a principal ideal. Denoting its generator by 3 we have

Hence the first assertion of the lemma follows by taking o« = 3 for a suitable unit 7.
By Proposition 4.5, we have

m=N@) < Ho () = H.(x)",
and hence the lemma is proved. |

For = € k, we denote by 2 the conjugates of x, 1 < i < n, and set

= zn: 2@,
i=1

Theorem 4.9 (cf. [233]). Let k be a number field of degree n = [k : Ql. Let {wy, ...,
wy} be a basis of O over Z. Fix a positive number r € R with r > 1. Then any
x € k with H,(x) < r can be represented in the form

1wy + -+ Tpwy
m

withxy,...,x,, m € Z, satisfying 0 < m < r" and

|xi|<\r/|mi\/_H1/T2 wj), N

Dﬁ/@ J#i
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Proof. By Lemma 4.8, there exist an algebraic integer @ € O,; and a rational integer
m € Zsuch that z = a/m and 0 < m < r™. The assumption H,(x) < r implies that

‘x‘v < ph/m <r", v e Mg,

and hence
lafy < 7" ml,.

If we consider Archimedean absolute values and interpret the o(*) as complex num-
bers, we see that all conjugates of « satisfy the inequality

|l = |a(k)| < 7r"m,

and hence
n 5 1/2 n 1/2
(Z ‘a(k)‘ ) < (Z r2”m2> = r"my/n.
k=1 k=1
We choose an integral basis {wy, ..., w,} of O. Then « can be written in the form

a=xw| + -+ Wy,

with x; € Z. Taking conjugates and using Cramer’s rule we see that

a; .
ri=—, t=1,...,n,
\V1Prral
where
w a) wih
a; = | : :
W™ o )

is the determinant of the matrix (w(.k)), where the i-th column is replaced by the vector

J
(o¥). By using Hadamard inequality for a;, we obtain the estimate:

n Y 5 1/2 n o2 1/2
() T (3l
k=1 j#i \k=1

IN

|ai

and this proves the theorem. |
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It is an old conjecture of Lehmer [156] that when « is of degree d over @, and is not
0 or a root of unity, then

log ag
hs >
(0) 2 £

where ap = 1.1762808 - - - is the larger real root of the 10th-degree Lehmer polyno-
mial

(4.6)

Lz)=2"+2° 2" —a2® -2 —2* — 23+ o4+ 1. 4.7)
Of special interest to Lehmer were palindromic polynomials (also sometimes called
reciprocal or symmetric polynomials): these are polynomials P(x) € Z[z] that satisfy

P(z) = 2™ P <1> ,

x

where m is the degree of P(x). A nonlinear irreducible palindromic polynomial must
have even degree since palindromic polynomials of odd degree always have —1 as a
root. Obviously, L(x) is a palindromic polynomial.

Note that
log 2
p (214) = 182
d

The example shows that (4.6) would be best possible on the order of d. The best result
in this direction is due to Dobrowolski [51] and says that if d > 3, then

¢ (loglogd 3
B - = 4.
(a>>d<10gd) (4.8)

with an absolute constant ¢ > 0.

In contrast, there is the following result of Zhang [308]: Suppose « is algebraic but
not 0, 1, (1 ++/—3)/2. Then

ha(a) + he(l —a) > ¢ >0 4.9)

with an absolute constant ¢ > 0. Zagier [304] gave a more natural proof and deter-
mined the best value of the constant

1. 1445

— 21 .
€T39% T

4.1.3 Functional properties of heights

Proposition 4.10. The action of the Galois group on P"(Q) leaves the height invari-

ant. In other words, let v € P"(Q) and let 0 € Gg . Then H(o(x)) = H(z).
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Proof. Let /Q be a number field with = € P"(k). The automorphism o of Q defines
an isomorphism o : kK — o(k), and it likewise identifies the sets of absolute values
on x and o (k). More precisely, o induces an isomorphism

o: M, — My,
where for p € M,, the absolute value o(p) € My, is defined by

0(a)|op) = laly, a € k.

It is also clear that o induces an isomorphism on the completions, xp = 0(k)z(p), SO
np = Ng(y). Take £ € k"1 — {0} with 2 = [¢]. This allows us to compute

Hy(o@) = I lo@ = I @l

‘,BGMUOO peM,;
= I &l = Hu(a).
pEM,e
We also have
[x: Q) = [o(r) : Q,
so taking [+ : Q]th roots gives the desired result. O

Example 4.11. Let S;, ,, be the Segre embedding described in Example 3.31. Then
hi(Smn(x,y)) = he(z) + hi(y), x€P™, yeP™

By using heights, one can describe completely growth of morphisms between pro-
jective spaces (cf. [144], [98], [256]).

Lemma 4.12. Let f : P — P be a rational mapping of degree d defined over Q.
Let Iy denote the indeterminacy lotus of f. Then there exists a constant c satisfying

h(f(x)) < dh(z) +c
forall x € P™ — Iy.
Proof. Note that [ = IP’(f) can be given by an (n + 1)-tuple f= (foy---y fn) of
homogeneous polynomials of degree d with coefficients in some number field x, and
inm+-1 variables X, ..., X,,. Let A = P"" — I be the set of points x = [y, . .., Ty,
in projective space P""* such that not all polynomials f;(x) vanish, 7 = 0, ..., n. Then

f+ A — P™is a morphism. Trivial estimates using the triangle inequality show that
for any point x € P™ (k) — I, we have

Hu(f(2)) < C"IH ()",

Taking the [ : Q] root and the logarithm yield the lemma. O
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Theorem 4.13. Let f P — P" be a rational mapping of degree d defined over
Q. Let Iy denote the indeterminacy lotus of f and let X be a closed subvariety of P™
with the property that X N Iy = (. Then

h(f(z)) = dh(z) + O(1), = € X.

Proof. One inequality was proved in Lemma 4.12. Next we prove the inequality in
the other direction. Note that f defines a morphism X — P™. Fix a field of defi-

nition x for f, so f is given in homogeneous coordinates by [fo, ..., f,], where the
homogeneous polynomials fy, ..., f, of degree d in the variables Xy, ..., X, have
coefficients in the number field x.

Let g1, ..., g, be homogeneous polynomials generating the ideal of X. Then we
know that gy,...,9r, fo,--., fn have no common zeros in P". By Theorem 1.48,
there exist polynomials a;;, b;; € @[Xo, ..., X;n] and a non-negative integer [ such
that

T n
de+l = Zaijgj + Zbijfja 0<i<m.
j=1 j=0

Disregarding the monomials in b;; of degree # [, we can assume without loss of
generality that b;; is homogeneous of degree (. Extending  if necessary, we may also
assume that the a;;’s, b;;’s and g;’s have coefficients in &.

It is also convenient to clear denominators, so we pick an element a in , integral at
all valuations of M such that a is a denominator for all coefficients of the polynomials
b;;. Multiplying by a, we may assume without loss of generality that we have the

equation
T n
d+l
aXi g Zaijgj + Zbijfj;
j=1 §=0
where the coefficients of b;; are integral in . Take
= [z0,...,Tm] € X(K)

with z; integral in . The assumption that z € X implies that g;(z) = 0 for all j, so
when we evaluate the above formula at « we obtain

ax{t! = Z bij(z)fi(x), 0<i<m.
7=0

Take @ € {0,...,m} such that
|Talo = max |z
If v € M, is non-Archimedean, then

|a|v|xa|g+l < |$a|£; m?X | £ ()],
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whence

(d+)ny

af* mae {07 < max a7 max o)

If v € M, is Archimedean, then

m+1

eblealt®! < () ("

)Culealt max] o)l

where (), is a constant giving the bound for the coefficients of the polynomials b,
(j =0,...,n). Taking the product yields

Hy(2)™! < CHy(2) Ho(f(2)),

where "
m+1 v
c= I {m+n(" el
veEM®
so taking logarithms gives the desired inequality. O

Corollary 4.14. Let P and Q be two coprime polynomials in Q[X]. Then we have

P<I) = Imax,de € T
b (Gr3) = max{dea(P).des(@))ha) + O(1), @10

4.2 Heights of polynomials

4.2.1 Coefficients for polynomials

We assume that « is a number field. Let M, be a proper set of absolute values on

with multiplicities n,,. Anelement f in the ring k[ X1, ..., X,,] can be written as a sum
fX) =Y aXi,
iel
where [ is a finite set of distinct elements in Z}, a; € s, X = (X1,...,X,,), and

X=X X i= (i, i0,) €20
We will use the symbols

1 olil
8if_ il iy, ’ 8Xi' 8X71Lna

where [i| = i1 + -+ + ip is the length of index i. We also write degy, (f) for the
degree of f on the variable Xj,.
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If we define the Gauss norm

1
(Xlail?)?, if vis Archimedean,
—{ el

[flo
ma[x{ lai|y}, if v is non-Archimedean
1€

or

e = mavc il },

the (projective) relative (multiplicative)height of f (relate to k) is defined to be the
height of its coefficients taken as homogeneous coordinates:

Ho(f)= ] I,

vEMy

or

How(f) =[] 112

veEM,
The (projective) absolute (multiplicative) height are defined by

1 1

H(f) = Ho(f)=9, H,(f) = H,,(f)=9.

Thus the (projective) absolute (logarithmic) heights can be defined by
h(f)=log H(f), h«(f)=1logH.(f).

It is easy to show
[flo < 1 flo < < nsay [l

where d = deg(f), and so

HL(f) < H(f) < (ngde*(f)-

If o is an isomorphism of s over Q then we get the polynomial

o(f) =Y ola)X’,

iel

and thus, as for points, we have

For some applications, it is more convenient to use the (affine) relative (multiplica-
tive) height of f (relate to k)

Hyo(f) = T max{1,|f[23},

VEM,,
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the (affine) absolute (multiplicative) height)

1

Hy(f) = Hyx(f)=9,
and the (affine) absolute (logarithmic) height
hy(f) = log Hy(f).

Lemma 4.15. Let f(X,...,X,) € Z[X,...,X,] be a polynomial with integer
coefficients, and let i = (iy,...,i,) be an n-tuple of nonnegative integers. Then
Oif € Z[Xy, ..., Xy]. Further, if degy, (f) < rp foreach h = 1,...,n, then

|0uf 1« < 20T £

Proof. Differentiating f, we obtain

1 ale]l 1 aZ”XJ"
8if = Z a-la XJ Z F 8Xi1 F 8Xin
jezn jezn 1 04 n

=Yg <21) <an>X{1—il X
A 11 in
3621

The combinatorial symbols are integers, so this proves the first part of Lemma 4.15.
To prove the second part, we use the binomial formula for (1 + 1)7 to estimate

. J .
< =(1+1)y7 =27
=0
Hence taking the maximum over all n-tuples j = (ji,. .., jn) of integers satisfying

OSlerlv "'7O§jngrn7

Ji Jn
()G
1 in
< max |aj| - max 27T Hn = pritAn g

we obtain

|0if|l« = max

This completes the proof of second part in Lemma 4.15. a

Lemma 4.16. Let f € Z[ Xy, ..., X, withdegy, (f) < rp, and letx = (z1,...,Ty)
be an n-tuple of algebraic numbers in a number field k. Then for all n-tuples of
nonnegative integers i = (i, ... ,i,) we have

H*,n(aif(x)) < 4(r1+ +7‘n).‘i@ H i -Th
h=1
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Proof. Letj = (j1,...,jn) be any n-tuple of nonnegative integers. Lemma 4.15 tells
us that 0;0; f has integer coefficients that are bounded by

|ajaif|* < 2T|+---+Tn|aif|* < 4Tl+"'+7’n|f|*.
If v € M:°, we have

|05.f (%) (re A1) - (rn 4+ D)0 f |« max{1, [z1[,}" - - - max{1, |zn[, }™

<

< AT flomax{ |z o} max{1 2o}
If v is non-Archimedean, we can obtain the stronger bound

|0if (%) | < max{L, |21[,}"" - - max{L, |zn o}

since 0; f has integer coefficients. Thus

How(0if(x)) =[] max{1,joif(x)[u}"
vEM,
< 4(T1+...+Tn)[m@]H* H H, Jf'h
h=1
and so the lemma is proved. O

If v is non-Archimedean, Gauss’ lemma (cf. [144]) for valuations then asserts that
| - |, is a valuation.

Lemma 4.17. Take f,g € k[ X1, ..., X,]. If v is a non-trivial non-Archimedean val-
uation, then |fgly = |flv]glo-

For a polynomial f € k[X1,...,X,], we write
d; dn ) .
:ZaixlzZ...Zainzl...X;L“’
il (=0 in=0
where i = (i1,...,i,), d, = degy, (f). We observe that the number N of nonzero

monomials appearing in f satisfies

N < H(dh+1)<min{szh,H (2deg(f }
h=1 h=1 h=1
< min {2deg<f>, 2 deg(f))“} . @.11)
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Lemma 4.18. Let F = {fi,..., fp} be a collection of polynomials in k[ X1, ..., Xp,].
Then

P
ha(fi-- fp) SZ Zlogmm {2deg(f1) (2deg(f))" }, (4.12)
=1 =2
P
ho(fit-+fp) < Z (f;) +logp. (4.13)

Proof. Write

Then we have

AX) - fp(X) =) < > an "'apip>Xi7

i N tp=i

and hence for any v € MZ°,

E aii, - - Qpiy,

‘fl "'fp|*,U:miaX

i +e+ip=i v
We fix a multi-index i = (iy,...,4,) and look at the coefficient of X'
S an cap, = > e > an, . (4.14)
i|+'~'+ip:i ’i]]+"'+ip]:i| ip e Fipn=in
If we choose values for iy, ...,i,, then there is at most one value of i; for which
atj, -+ - ap, is a term in (4.14). Hence the number V; of nonzero terms in (4.14) is at
most the number of ways to choose iy, . .., i; such that ay;,, . . . , api, are all nonzero.

Applying (4.11) to each of f», ..., f,, we obtain an estimate

p
N := max N; < [[ min {2deg<fj>, 2 deg(fj))n} . 4.15)
1 ]:2
Then we have
‘fl"'fp|*,v < Nmax_  max ’alll...a’pip‘v

i it tip=i

IN

(4.16)

p p
NHm?X{laji\v} = N1 #lew
j=1 j=1
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Combining with Lemma 4.17, it follows that
P
- fp) < Z (fj) +log N,

and so (4.12) follows.
To prove (4.13), now we have

R 4 1) = Y+ + )X,

i

and hence for any v € M,,

i+ fplew = m,aX|ali+"'+api|U
< gvpmax|ajl|v —gvpmax|f]|*v. (4.17)
Therefore )
it folew < oy [ [ max{1, |£le0},
j=1
which easily yield (4.13). a

4.2.2 Gelfand’s inequality

To prove a converse inequality of (4.12), we first introduce a multiplicative norm and
an L*-norm on the space of polynomials. For any complex polynomial

=> X' €C[X,,..., X, (4.18)

we define the Mahler measure of f by

Mah(f) = exp </ log ’f(ezﬂ'it] N 627r7,'tn)

dty - -dtn>, (4.19)

where I = R[0, 1], i = \/—1. The L?-norm of f is just the quantity

(/. ) = (Shaf) =l

Then we have the following simple properties:

f(627rit1’ o eZTritn)
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Proposition 4.19. Take f,g € C[Xy,...,X,] and suppose that degy, (f) < dp.
Then

M) |fl <{(di+1) (dn+ DI2|f
(i) Mah(fg) = Mah(f)Mah(g),
(iii) Mah(f) < |f].

%)

Lemma 4.20. Let f € C[X;,..., X,] be defined by (4.18) with degy, (f) < dp.

Then J J
lai| < <i11> (in>Mah(f).

Proof. The proof is by induction on the number n of variables. For the case n = 1,
we factor

fX)=ao+ a1 X+ +agX=ag(X — 1) (X — ag),

and note that

1
/ log |*™ — a| dt = log max{1, |a|}. (4.20)
0

Then

DL ol

h1<-"<hd_j

< (f)mdi[lmax{l,mh} = (4)prancs).

To complete the induction, now we give a decomposition of f. Since f has the
following form

laj| = ladl

d| dn
; )
FXt o Xn) =D Y agea, X X0
i1=0  ip=0
and if we define
dp+1 dn,

,L‘ .
f'i]mip(Xp-l-lv s 7Xn) = Z e Z ai""il’ip+l"'inXpi_+ll . XZ;I, 1< p <n,

ipr1=0  in=0

where f;,...;,, = a; for the case p = n, we obtain

dy
FXn, o X)) =D fi(Xa, ., X)X 4.21)
i1=0
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and more generally

dp
Firigr (Koo Xn) = D iy (X1, X)) X5 (4.22)
ip=0

From (4.21) and the previous lemma in one variable, we deduce that for all x5, ...,
Ty € C,

d ! A
|fi](1’2, . ,;pn)| < (zl) exp </ log |f (627rzt17x27 o ,$n)|dt1> ,
0

1

and hence

logMah(fy) = [ log i (7, i)

log (fl) +/ log |f (€211, -, ¢mitn)
1 n
di

log | . ] + log Mah(f).
21

dty - - - dty,

IN

dty ---dty,

IN

This gives the inequality
d
Mah(fi,) < (', |Mah()),
and more generally, starting from (4.22) and using the same argument, we obtain
dp
Mah(f“lp) S i Mah(fil...ipil),
P

which gives the bound

d
i < () Mab( s, )

n

for the coefficients, and now the claim follows by putting together these inequalities.O

Let pu(f) denote the number of variables X1, ..., X,, that genuinely appear in f.
Then using the trivial estimate
<d> <27l d>1,
b

| fls < 20t tdn=nlDMah( f). (4.23)

we find
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Lemma 4.21. Let fi,..., f, € C[Xy,..., X,] be polynomials and set

dp =degx, (fi--fp), h=1,...,n.
Then we have

p
[T/l < et tng i . (4.24)

j=1

Proof. Let f = fi--- f, and set dp,; = degy, (f;). Then

p p
dp =) dng, p(f) <D ulf),
j=1 J=l1
and so

p
file | fols < H 2d|j+"'+dnj_/J'(fj)Mah<fj) — pdittdn—3; “(ff')Mah(f)
j=1
< 20t ey + 1) (do + DY f

Now we observe that for d > 2 and for d = 0,
20/d+1< e,

while if d, = 1, then the X}, variable contributes to p(f). This lets us to obtain the
inequality (4.24). O

Lemma 4.17 and Lemma 4.21 yield immediately the Gelfand’s inequality (cf. [98],
Proposition B.7.3):

Lemma 4.22. Letdy, ..., d, be integers and let fy, ..., f, € Q[X1,..., X,] be poly-
nomials whose product satisfies

degxh(fl o fp) <dp, h=1,...,n.
Then we have

hi(fi) < hae(fi-- fp) +di+ -+ dp.

p
=1

J

Finally, we make some remarks on the following Lehmer’s question:

Problem 4.23. Is there a > 0 such that the Mahler measure of every irreducible
monic polynomial P(z) with integer coefficients is either 1 or larger than 1 + ?
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It may be checked that if P(x) is monic and irreducible, then Mah(P) = 1 if and
only if P(x) is a cyclotomic polynomial or the monomial z. In [156], Lehmer found
the monic palindromic polynomials of degree 2, 4, 6, and 8 with smallest Mahler
measure. For degree 10 and higher, the best polynomial Lehmer could find was L(x)
defined by (4.7). This polynomial still stands today as the palindromic polynomial
with smallest known Mahler measure:

Mal(L) = 1.17628 - - - .
If P(x) € Z[x] is a monic, irreducible polynomial with
1 < Mal(P) < Mal(L),

then P(z) must be palindromic, since Smyth [259] has shown that 1.32471 - - -, the
unique real root of S(z) = 2> —x — 1, is a lower bound for the set of Mahler measures
of non-palindromic polynomials with Mahler measure strictly large than 1.

A Salem number is a real algebraic integer «, greater than 1, with the property that
all its conjugates lie on or within the unit circle, and at least one conjugate lies on
the unit circle. The minimal polynomial of a Salem number « is also called a Salem
polynomial. Its Mahler measure is clearly just . It is not difficult to prove that Salem
polynomials are always palindromic.

The Lehmer polynomial L(x) defined by (4.7) is a Salem polynomial: it is the
minimal polynomial of the Salem number

ap = 1.17628 - - - = Mah(L).

Thus «q is both the smallest known Salem number and the smallest known Mahler
measure. In 1996, Voutier [296] obtained a lower bound for the Mahler measures of
irreducible monic polynomials P(z) € Z[x] in one variable:

Theorem 4.24. If P(x) is not a cyclotomic polynomial and has degree d > 1, then

1 (loglogd 3
logMah(P) > - < ——— ¢ .
og Mah( )>4{ log d }

4.2.3 Finiteness theorems
Lemma 4.25. Let |-| be an absolute value on k which coincides with the ordinary one
on Q. Let f € [X] be a polynomial of degree d, and let

d

FX) =X — )

i=1

be a factorization in k. We assume that our absolute value is extended to k. Then

d d
ST+ el < 11 < 2% T /1 + ol
i=1 i=1
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Proof. The right inequality is trivially proved by induction, estimating the coefficients
in a product of a polynomial g(X') by (X — «). We prove the other by induction on the
number of indices ¢ such that |a;| > 2. If || < 2 for all ¢, our assertion is obvious.
Suppose that

J(X) = g(X)(X — a)

with |«| > 2 and suppose that our assertion is true for
g(X) = X+ b X4 4 4 by
We have ;
FX) = XM 43 " (bioy — aby) X'
i=0

where by = 1, b_; = 0. Then

d 2 2

|fl = (1 + ) [bi —Oébz‘|2> <1+Z (Jexbi = [bi—1] )
i=0
d
(1 +Z

1

2 (lal = (Il bi]* — |b¢_1|2)> > (Jal = D]yl

- \/1—|—|a\2‘ |
IERVE]

and our lemma is now obvious. a
Lemma 4.26. Let | - | be an absolute value which coincides with the ordinary one
on Q. Take d € Zy. If f and g are two polynomials in k[ Xy,...,X,] such that

deg(f) + deg(g) < d, then
10772 £g| < |fllgl < 107/2|fg].

Proof. Let us first assume that f, g are polynomials in one variable, so we can write

fX) =a][(X - ai)
=1
q
= bH(X Bj

Without loss of generality, we may assume a = b = 1, and that we have extended our
absolute value to 5. By Lemma 4.25, we get

P q
a_ d_1.a da
I7llg] <22 1<lTv1+|“i2>H\/1+|ﬁj|2§22 52| fg| < 10%| g,
i=1 j=1
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Similarly, we can obtain
_d
[fllgl = 1072 fg].

Now let f be a polynomial in n variables X, ..., X, of degree < d. Then the
polynomial in one variable

Sa(NY) = fv,ve .y

has the same set of non-zero coefficients as f. Thus, if f and g are two polynomials in
n variables X1, ..., X, such that the sum of their degrees is < d, then

Sa(fg) = Sa(f)Sa(g)

has the same non-zero coefficients as fg. From this our reduction of the n-variable
case to the 1-variable case is clear. O

From Lemma 4.26 we can deduce analogous results for heights.

Lemma 4.27. Take d € Zy. If f and g are two polynomials in k[X, ..., X,] such
that deg(f) + deg(g) < d, then

107 H(fg) < H(f)H(g) < 10 H(fg).

Proof. Set
1fllo = [f137, v € M.
We have
He(fg) = ] 1ol = T sozllfllollgllo,
vEM, VEM,,
where r = 107" Since
Z ny = [k : QJ,
veEM®
whence o
II =107k
vEMy

and the inequality on the left follows immediately. The one on the right follows in a
similar way. |
Let o be algebraic over Q, and let f(X) be its irreducible polynomial over Q. Then

d

F(X) =[x =ay),

J=l1

where d is the degree of o over (Q and «; are the conjugates of c. In view of the above
results we get:
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Proposition 4.28. Take d € 7. There exist two numbers cy,c; > 0 depending on d,
such that if « is algebraic over Q of degree d, and f(X) is its irreducible polynomial
over Q, then

crH () < H(f) < exH(a)?.

Recall that the field of definition of a point z = [&, ..., &,] € P*(Q) is the field

Q(z) = Q(&0/&  &1/8 - - &n/&i)

for any ¢ with x; # 0. The following finiteness theorem is of fundamental importance
for the application of height functions in Diophantine geometry.

Theorem 4.29 ([296], [207]). Let dy, ro be two fixed positive numbers. Then the set
of points x in P"(Q) algebraic over Q, and such that

[Q(z): Q] < do, H(x)<ro
is finite. In particular, for any fixed number field k, the set
{z € P"(k) | Hx(x) <70}
is finite.

Proof. Take apointx = [{p, ..., &,] € P"(Q) of degree d and consider the polynomial
f(X())"' 7X7’L) :£0X0+ +£an

Then H (f) is the height of the point z. Let
g=1IeH
a

be the product being taken over all distinct isomorphisms o of Q over Q. Then g
has coefficients in Q, and H(g), H(f)? have the same order of magnitude. We have
already seen in Section 4.1 that the number of points with height less than a fixed num-
ber, in a projective space, and rational over (Q is bounded. Consequently Theorem 4.29
follows. |

An immediate corollary of the finiteness property in Theorem 4.29 is the following
important result due to Kronecker:

Theorem 4.30. Let x be a number field, and let x = [§, ..., &,] € P"(k) with & # 0
for some i. Then H,(x) = 1 if and only if the ratio £;/&; is a root of unity or zero for
every j # i.
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Proof. Here we follow Hindry and Silverman [98], Corollary B.2.3.1. Without loss of
generality, we may divide the coordinates of = by &; and then reorder them, so we may
assume that z = [1,&1,...,&,]. If every ¢ is a root of unity, then |{;|, = 1 for every
absolute value on r, and hence H,(z) = 1.

Suppose that H,(x) = 1. Write

" =[L&, . L&) r=12,.

It is clear from the definition of the height that H.(x") = H.(z)", so Hy(z") = 1
for every r > 1. But 2" € P"(k), so Theorem 4.29 tells us that the sequence {z"}
contains only finitely many distinct points. Choose integers s > r > 1 such that
x® = x". This implies that £ = {7 for each 1 < j < n. Therefore, each ; is a root of
unity or is zero. |

Finally, we introduce a quantitative result related to Theorem 4.29. Let «x be a
number field. A real function v on P™ will be said to be a weight function for x if
v(x) = 0 for each 2 ¢ P"(k). Denote the center of absolute height 4 on P™ by

O ={zeP"|h(x) =0}
Take a subset A C P™. For r > 0, set
AlO;r) ={z € A|h(z) <r}.
Note that h(z) = 0 for x = [§,..., &) € P"(k) with & # 0 if and only if §{; = 0
(J # 0.
Let v be a weight function on P” for . Based on Theorem 4.29, we can define the
spherical image of k for v by
n(r)= Y va). (4.25)
x€P"[O;r]
Fix rg > 0. For r > ry, we define the characteristic function of k for v by
" dt
Ny (r) = Ny(r,ro) = / nu(t) 5 (4.26)
70

A basic weight function of « is the characteristic function

1, ifxeP(r),
() = 427
xx(2) {O, ifx & P"(k). 27

We will write
n(r,P"(k)) = ny, (7). (4.28)

Theorem 4.31 ([226]). Let k be a number field and set [k : Q] = d. Then there exists
a constant ¢ > 0 such that
O(red’"), ifd=1,n=1,

,Pn _ d(7l+])7“+
n(r,P*(k)) = ce O(@(dwrd—l)’”)7 otherwise.
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4.3 Heights on varieties

Let X be a variety defined over Q. Let f : X — P" be a morphism of X into a
projective space, defined over Q. Then for each point x of X, if f(x) is a point of
P™(k), rational over a number field x, we can thus define its relative height

Hyp(z) = He(f(2)).

Generally, we can define the absolute height

Theorem 4.32. Let X be a projective variety defined over Q, let f : X — P»
and g : X — P™ be morphisms, and let H and L be hyperplanes in P" and P™,
respectively. Suppose that f*H and g* L are linearly equivalent. Then

hy(z) = he(z) + O(1).

Proof. Let D € Div(X) be any effective divisor in the linear equivalence class of
f*H and ¢g*L. The morphisms f and g are determined respectively by certain sub-
spaces V' and W in the vector space £(D) and choices of bases for V' and W (see
Section 3.4). In other words, if we choose a basis sy, . . ., sy for £(D), then there are
linear combinations

N
Ji :Zaijsja 0<i<n,
i=0
and
N
gz‘Zsz‘jS]‘, 0<¢<m,
i=0

such that f and g are given by

f:[fov"'vfn}v g:[gov"'agm]v

where the a;;’s and b;;’s are constants.

Let ¢ = [s0,...,5sn] : X — P be the morphism corresponding to the complete
linear system determined by D. Let A : PNV — P be the linear mapping defined
by the matrix (a;;), and similarly let B : PN — P™ be the linear mapping defined
by (bij). Then we have f = Aoy and g = B o ¢. The mappings A and B are not
morphisms on all of PV, but the fact that f and g are morphisms associated to the
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linear system £(D) implies that A is defined at every point of the image ¢(X), and
similarly for B. Hence we can apply Theorem 4.13 to conclude that

h(A(y)) = h(y) + O(1), h(B(y)) = h(y) + O(1)
forall y € p(X). Writing y = ¢(z) with z € X, we obtain
h(f(z)) = h(A(p(z))) = h(p(z)) +O(1)
= h(B(e(z))) + O(1) = h(g(z)) + O(1),
which is the desired result. O

We are now ready to give Weil’s construction that associates a height function to
every divisor. Let X be a projective variety defined over k. Take D € Div(X). First,
suppose that D is very ample. Then we have the associated dual classification mapping
wp: X — P(V*), where V = L(D). The absolute (multiplicative) height of x € X
for D is defined by

Hp(z) = H(ep(z)),
and the absolute (logarithmic) height of x for D is defined as
hp(z) = h(ep(x)) = 0.

If v : X — P™ is another dual classification mapping associated to D, this means
that
¢pH ~D ~ L,

where H is a hyperplane in P(V*) and L is a hyperplane in P"*. Now Theorem 4.32
tells us that

hep(z)) = h(y(x)), = € X.

Hence for very ample divisors, we can use any associated dual classification mapping
to compute the height, up to O(1).

Lemma 4.33 ([144]). If D and D’ are two very ample divisors on X, then
hpyp =hp +hp + O(l)

Proof. Let
op: X —P" pp: X —P"

be the associated dual classification mappings. Composing the product
©p X Ypr X — P x P
with the Segre mapping (cf. Example 3.31)

St P x P — PN
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gives a morphism

ep®@pp : X — PN op @ pp(z) = Smalen(a), op(2)).

Since
S:n,nH ~ L xP"+P"x Je Div(P™ x P"),

where H, L and J are hyperplanes in PV, P™, and P", respectively, the morphism
©p ® pr is associated to the divisor D + D', that is,

Since the height for a very ample divisor can be computed using any associated mor-
phism, therefore

hpip () = h(¢p @ op(x)) + O(1), = € X,
and hence, by Example 4.11,
hpip'(z) = WSmnlep(z),op(2)))+ O(1)
)

h(ep(x)) + h(ep(x)) + O(1)
hD(x) + hD/(x) + O(l)

This gives Lemma 4.33. O

Next, for any divisor D € Div(X), we can write D = E — E’ where E and E’ are
very ample, and define
hp = hg — hg.

This definition depends on the choices of E/ and E’, but by Lemma 4.33, hp is well
defined up to equivalence. In fact, suppose now that we have two decompositions

D=FE—-FE =E| —E|
of a divisor D as the difference of very ample divisors. Then
E+ E| =E' + E,
and hence Lemma 4.33 yields
hep+hp =hpyp +O() = hgip +O(1) = hg + hg, + O(1),

which implies
hg — hg = hEl — hE]l + O(l)

Basic properties of height functions associated to divisors are summarized in the
following Theorem 4.34. This theorem may be viewed as a machine, called Weil’s
height machine, that converts geometric statements described in terms of divisor class
relations into arithmetic statements described by relations between height functions.
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Theorem 4.34. For every smooth projective variety X defined over a number field k,
the mapping

h: Div(X) — {functions X — R}

has the following properties:

(1)

2

3

C))

C))

(6)

Q)

®

(Normalization) If H is a hyperplane in P", then
hu(x) = h(z) +O(1), = €P".
(Functoriality) If f :+ X — Y is a morphism and if D € Div(Y"), then
hy<p(x) = hp(f(z))+0O(1), = € X.
(Additivity) If D, D' € Div(X), then
hp+p(z) = hp(x) + hp(z) + O(1), z € X.
(Linear Equivalence) If D, D" € Div(X) with D linearly equivalent to D', then

hD(JJ) = hD/(.f) + O(]), e X.

(Positivity) If D € Div(X) is an effective divisor and if Bp is the base locus of
the linear system | D), then

hp(xz) > O(1), © € X — Bp.

(Algebraic Equivalence) If D, E € Div(X) with D ample and E algebraically
equivalent to 0, then
h
lim £()

=0.
hp(z)—o0 hp (l‘)

(Finiteness) If D € Div(X) is ample, then for every finite extension K/ and
every constant 1, the set

{z e X(K) | hp(z) <o}

is finite.

(Uniqueness) The height functions hp are determined, up to O(1), by normal-
ization (1), functoriality (2) just for embeddings f : X — P", and additivity
(3).



268 4 Height functions

Proof. We first check additivity property (3), which we already know for very ample
divisors. Now let D and D’ be arbitrary divisors, and write them as differences D =
E —FE"and D' = E; — E] of very ample divisors. Then E + E and E’ + E| are very
ample, so we can compute

hpip = hpye —hgyp +O(1)
= hp+ hEl — hgr — hE: + O(l)
= hp+hp + O(l)
This completes the proof of additivity (3).

It is now easy to check the property (1). Since the identity id : P" — P", id(x) =
x, is the associated dual classification mapping . This gives (1).

To verify (2), we denote D € div(Y) as a difference of very ample divisors, D =
E — E'. Then it follows from Proposition 3.54 that f*E and f* E’ are base point free,
with associated morphisms ¢g o f and ppr o f, respectively. Therefore,

hf*D = hf*Eihf*E’%FO(l)
= hogpof—hoppof+0(1)
hgof—hgof+0(1)

Let h/, be other functions associated to divisors D on X which satisfy the normal-
ization (1), functoriality (2) just for embeddings f : X — P”, and additivity (3).
If D is very ample with the associated embedding ¢p : X — P, then (1) and (2)
imply that

D =hg g +0(1) =higopp+0(1) =hoyp+0(1),
where H is a hyperplane in P"*. Hence

th =hp JrO(l).

Since any divisor D can be written as the difference F — E’ of very ample divisors, so
the additivity (3) forces

b =hlp — W +O0(1) = hg — hg + O(1) = hp + O(1).

This proves the uniqueness property (8) of the height.

Next suppose that D, D’ € Div(X) are linearly equivalent. Writing D = E — E’
and D' = E| — E] as the difference of very ample divisors as usual, we have £+ E/| ~
E'+ E,. This means that the morphisms ¢z B and @ g, g, are associated to the same
linear system, so Theorem 4.32 implies

Mepsp(®) = Mepip (1), ©eX.
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Using this equality and additivity gives

Hence
hp = hg — hEl +O(1) = hEl — hE1 + O(]) = hD/ +O(1),

which proves (4).

To prove positivity (5), for an effective divisor D, write D = E — E’ as a difference
of very ample divisors as usual. Choose a basis fo, ..., f, for L(E’). Then the fact
that D is effective implies that

E+(fi)=D+E+(fi) 20,
s0 fo, ..., [nare alsoin L(E). We extend this set to form a basis
{fos-- oy frs futty oo fim} C L(E).
These bases give morphisms
e =[fo,- s fm] : X — P, o =[fo,....fa] : X —P"

associated to E and E’. The functions fo, ..., f,, are regular at all points not in the
support of E, so for any € X with x ¢ supp(F) we can compute

hD(l‘) hE(QZ) —hE/(13)+O(1)
her(x)) — hMep(z) + O(1)

> O(1).

The last inequality follows directly from the definition of the height, since the fact that
m > n clearly yields

IT lee@le = T llem @)l

veEMy vEMy

This gives the desired estimate for points not in the support of £Z. Now choose very
ample divisors Ey, F/y, ..., E, on X with the property that F; + D is very ample, and

Eon---NE.=0.

For example, use Proposition 3.53 to find a very ample divisor E’ such that D + E’
is also very ample, take an embedding ¢z : X — P" corresponding to E’, and
take the F;’s to be the pullbacks of the coordinate hyperplanes in P". Now we apply
our above result to each of the decompositions D = (D + E;) — E; to deduce the
inequality hp > O(1) for all points not in the support of D. Finally, varying D in its
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linear system | D|, we obtain the positivity (5) for all points not lying in the base locus
of |D|.

We will give a proof of the algebraic equivalence (6) using the fact that if D is
ample and E is algebraically equivalent to 0, then there is an integer m > 0 such that
mD +nFE is very ample for all integers n (see Lemma 3.49). The height associated to
a very ample divisor is nonnegative by construction, so

hmD+nE(1') > O(l), r e X.
Using additivity (3), we obtain
mhp(z) + nhg(z) > —c, € X,

where the constant ¢ will depend on D, E, m, and n, but is independent of z. This
holds for all integers n, so we can rewrite using positive and negative values for n.
Thus for any n > 1 we obtain

m c hg(z) m c
— > > - — X.
n + nhp(z) ~ hp(z) = n  nhp(x)’ re
Therefore,
m > limsup h () > liminf h () > —m.
n hp(z)—o0 hD(.’L’) hp(x)—oc0 hD(.’L’) n

These inequalities hold for all n > 1, so letting n — co, we obtain the desired result.
It remains to prove the finiteness property (7). Note that if we replace the ample
divisor D by a very ample multiple m D, then additivity (3) implies that

hmp = mhg + O(1);

hence it suffices to prove (7) under the assumption that D is very ample. Let ¢p :
X — P" be an embedding associated to D, so ¢, = D. Then (1) and (2) imply
that

hp = hga’bH =hgoyp +O(1) =hoyp +O(1),

so we are reduced to showing that P™(K') has finitely many points of bounded height.
This follows from Theorem 4.29, which completes the proof of (7), and with it the
proof of Theorem 4.34. a

If the variety X is not smooth, Theorem 4.34 is still valid, provided that one works
entirely with Cartier divisors, rather than with Weil divisors.

We illustrate the use of the height machine by quickly proving that if D is ample,
then hp is the largest possible height function, up to a constant; i.e. for any other
divisor F,

hg < hp+ O(1).
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In fact, by Proposition 3.53, there exists m > 0 such that mD — E is very ample, so
the properties (3) and (5) in Theorem 4.34 imply

O(l) < hmp—g =mhp — hg + O(]),

which means
hg <mhp+ O(1).

This is the desired result.

Up to a bounded function, the height i p associated to a divisor D depends only the
divisor class of D. It is sometimes convenient to reformulate Theorem 4.34 purely in
terms of divisor classes or line bundles.

Theorem 4.35. Let X be a projective variety defined over a number field k. There is
a unique homomorphism

{functions X — R}
{bounded functions X — R}

h: Pic(X) —

with the property that if L € Pic(X) is very ample and @1, : X — P" is an associ-
ated embedding, then
hr, = hopr+ O(1). (4.29)

The height functions hy, have the following additional properties:
(a) (Functoriality) Let f : X — Y be a morphism of smooth varieties, and let
L € Pic(Y). Then
hf*L =hpof+ O(l)

(b) (Positivity) Let By, be the base locus of L € Pic(X), and assume that By, # X.
Then

hp(z) > 0(1), x € X — Bp.

(c) (Algebraic equivalence) Let L, E € Pic(X) with L ample and E algebraically
equivalent to 0. Then
P 0(C))
im

=0.
hi(z)—o0 hi(w)

Proof. All of this is a restatement of Theorem 4.34 in terms of line bundles. Note that
the linear equivalence and additivity properties of Theorem 4.34 are included in the
statement that the height mapping A is defined and is a homomorphism on Pic(X') and
that we do not need a smoothness hypotheses because Pic(X) is defined in terms of
Cartier divisors. a
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Proposition 4.36. Let C'/k be a smooth projective curve.
(i) Let D, E € Div(C) be divisors with deg(D) > 1. Then

5 he(z)  deg(E)
1m = .
hp(z)—oco hp(x)  deg(D)

(ii) Let f, g € R(C) be rational functions on C with f nonconstant. Then

i (@) _ deg(g)
h(f(x)—oo h(f(z))  deg(f)

Proof. Setd = deg(D) and e = deg(F). For every integer n, we consider the divisor
D,, =n(eD —dE) + D.

Since deg(D,,) = deg(D) > 1, then Corollary 3.66 implies that D,, is ample. The
positivity property of the height machine (Theorem 4.34) implies that hp, (z) is
bounded below for all z € C'(k). By using the additivity of the height, we find that

—c<hp, = n(ehD — dhE) + hp,

where ¢ = ¢(D, E, n) is constant depending only on D, E, and n, and so

This holds for positive and negative values of n, so taking both n and —n withn > 1,
we obtain the estimate

c 1

e
- —— <= .
ndhp nd — d D ndhp nd

Therefore

~L < limit (f - hE(“")) < limsup (5 —~ hE(x)) <L
nd hp(z)—o0 d hD(.’L’) hp(z)—00 d hD(JJ)

These inequalities hold for all n > 1, so we can let n — oo to obtain

e hE(x)> o

1.
Jim (550

This completes the proof of (i).
To prove (ii), write div(f) = D’ — D and div(g) = E’ — E. Note that

deg(f) = deg(D), deg(g) = deg(E).
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Further, if we consider f to be a mapping f : C — P!, then D = f*(00), so
hp Ih0f+0(1).

Similarly,
hg =hog+O(1).

Now we can use (i) to compute

b M@)o he(x)+0(1) _ deg(E) _ deg(g)

h(f(@) =00 h(f(2)) ~ hp(a)—oo hp(x) +O(1) — deg(D) — deg(f)’

|

Let X be a projective variety defined over a number field x. Denote the center of
absolute height Ap on X relative to some ample divisor D by

O={x€ X |hp(z) =0}
Take a subset A C X. Forr > 0, set
AlO;r] ={z € A| hp(z) <r}.

A real function v on A will be said to be a weight function for k if v(x) = 0 for each
x & A(k).

Assume that A[O; 7] is finite for each r > 0. Let v be a weight function on A for .
We can define the spherical image of x for v by

n(r)= Y v(x). (4.30)

z€A[O;r]

Fix r9 > 0. For r > ry, we define the characteristic function of k for v by

" dt
Ny(r) = Ny(r,r0) = / nu(t) 5 (4.31)
o
A basic weight function of « is the characteristic function
1, ifze Ak),
Xk (@) = , () (4.32)
0, ifxd A(k).

The spherical image n,, (7) of « for x,, also is called the counting function of A(k),
which is also denoted by n(r, A(x)). Now we give Néron’s description of the counting
function of an Abelian variety.

Theorem 4.37. Let k be a number field, let A be an Abelian variety over k, and let
' C A(k) be a finitely generated group of rank d. Then there exists constant a > 0,
which depend on A/k, T, and on the height, such that

n(r,T) = ar®? 4 O(r(d_l)/z).
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Theorem 4.38 (Mumford [195]). Let x be a number field, and let C' be a curve of
genus g > 2 over k. Then there exists constant a, which depend on C'/k and on the
height, such that for all r > e,

n(r,C(k)) < alogr.

4.4 Heights and Weil functions

In this section, we discuss a class of functions on varieties, called Weil functions,
which have logarithmic singularities on a given divisor, and are parameterized by a
proper set of absolute values over a number field. Associated to Weil functions of
divisors, proximity functions, valence functions and heights are well defined by the
divisors, up to O(1).

4.4.1 Weil functions

Let x be a number field and let M,; be a set of absolute values satisfying product
formula with multiplicities n,. Take v € M,. Let x, be the completion of x for v
and extend | - |, to an absolute value on the algebraic closure %,. Let D be a Cartier
divisor on a variety X, given by a collection {(U;, f;) }icr. A local Weil function for
D relative to v is a function

Apw : X(Ry) —supp D — R
with the following form:
Apw(x) = —log ||| fi()][lv + ui(x),

where u; is a continuous function on U; (R, ). We sometimes think of Ap ,, as a function
of X (k) — supp D or X (&) — supp D by implicitly choosing an embedding % — &,.
We define an (additive) M,-constant y to be a real valued function

v: M, —R

such that v, = 0 for almost all v € M, (all but a finite number of v in My,). If w is an
extension of an element v in M, to the algebraic closure %, then we define

TYw = Yv-

Thus 7 is extended to a function of M into R.

Let X be a variety defined over x. A subset E of X (&) x M5 is said to be affine
bounded if there exists a coordinated affine open subset U of X (%) with coordinates
(z1,...,%y) and an Mz-constant ~y such that for all (z,v) € E we have

max |x;], < e,
2
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If there is only one absolute value and & is algebraically closed, this notion coincides
with the notion of a bounded set of points on an affine variety. The subset F is called
bounded if it is contained in the finite union of affine bounded subsets. In particular, if
X is a projective variety, then X (%) x Mz is bounded (see [144]).
A function
u: X(R)x Mz — R

is called bounded from above if there exists an M, -constant ~ such that
Uy(x) <y, (x,v) € X(R) X Mz.

We define similarly bounded from below and bounded. We say that u is locally
bounded if it is bounded on every bounded subset of X (%) x Mz; and define locally
bounded from above or below similarly. The function w is called continuous if for each
v € Mz the function w, is continuous on X (%).
Let D be a divisor on X. By a (global) Weil function associated with D we mean a
function
Ap @ (X(R) —supp D) x Mz — R

having the following property. Let (U, f) be a pair representing D. Then there exists
a locally bounded continuous function

u: U(E) X ME — R
such that for any point in U(%) — supp D we have

Apw(w) = —log ||| f(z)|l[v + uy(z).

The function u is then uniquely determined by Ap and the pair (U, f). Let [D] be the
line bundle associated to D with a meromorphic section s. For x ¢ supp D, the Weil
function \p associated with D can be given by

Ap.w = —log|[[s(z)]l], -

If (Uy, f1) is another local representative of the divisor D with U N U; # (), by the
definition there exists a locally bounded continuous function

up : Ui (R) x Mg — R
such that for any point in U; (k) — supp D we have
Apoo(w) = — log |11 (@)l + w1,0().
Hence on U N Uy, we have

ury — uy = —log ||| £ 7 |lo- (4.33)
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If (4.33) holds, the triples (U, f,u) and (Uy, f1,u;) are called compatible.

We sometimes think of Ap as a function over &, that is, A\p is defined on (X (k) —
supp D) x M. If K is a finite extension of the number field x and Ap is a Weil
function for D over &, then

[Ky : Ko

Aol®) = T

)\D,v (x)
is a Weil function for D over K. Thus, if z € X (k), then

Apw(x) =Y Apw(z)+O(1),

wlv

where O(1) means a bounded function of x.
In particular, if f is a rational function on X, a Weil function Ay associated with the
principal divisor (f) is given by

Apw(x) = —log [ f(2)][|o-

Proposition 4.39. Weil functions satisfy the following properties:

(@) If A\p and \p are Weil functions for D and D', then \p + \p/ is a Weil function
for D + D' and —\p is a Weil function for —D.

(b) Assume that X is projective. If D is an effective divisor, then its Weil functions
are bounded from below.

(¢) Assume that X is projective. If \, X' are Weil functions with the same divisor; then
X — XN is bounded.

(d) Let f : X — Y be a morphism of varieties and let D be a divisor on' Y not
containing the image of f. If \p is a Weil function for D on'Y then Ap o f is a
Weil function for f*D on X.

Proof. See Lang [144], Chapter 10, Proposition 2.1 for (a), Proposition 3.1 for (b),
Proposition 2.2 for (c), and Proposition 2.6 for (d). O

Proposition 4.40. Let Dy, ..., D,, and D be divisors on X such that E; = D; — D
are effective divisors for all i, and such that the supports of Ey, . . ., Ey, have no points
in common. Then

>\D = irilf )\Di

is a Weil function for D.

Proof. Given a point x, for each i let (U;, f;) be a local representative of the divisor
D; on an open set U; containing x. Then there exists a locally bounded continuous
function

u; : Ui(R) x Mz — R
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such that in U;(R) — supp D; we have
AD;w = —log ||| filllv + wio-
Let i(x) be an index such that z ¢ supp Ej,), and let
U, =(X— SuppEi(x)) NULN---NU,,.
Then U, is an open set containing x. Let
Uy Up(R) X Mg — R

be defined by

() = inf { = Tog 1w S50 W)l + in(w) } -

Since the rational function f;(,,) has Cartier divisor D+ Ej(,) on Uy(,), it has the Cartier
divisor D|y, on U,. Hence the family {(Uy, fi))} defines the Cartier divisor D on
X.

Next, by definition we know that f; f@) represents the Cartier divisor E; on U, and
hence is morphic on U,. Therefore the function

(ya U) = = IOg |||fz(y)flz;)<y)|”v

is locally bounded from below on U, (%) x Mz. Since u; is locally bounded, it follows
that u, is locally bounded from below on U (%) x Mz. Since

it follows that wu,, is also locally bounded from above. Hence u, is locally bounded,
and its definition shows directly that it is continuous.

Further we check the compatibility condition. Let 2’ be a point of X and let i(x’) be
an index such that z"  supp Ej ;). Define (U, fi(ar), uar) as we did (Us, fig), ta)-
Thus on U, N U,, we obtain

Uy v — Ugw = — log |||fz(:r)flz;/)|”vv

thus proving the compatibility, and defining a Weil function \p associated with D
such that in U, (K) — supp D we have

Apwp = —log |||fz(x)|||11 + Ug,p-

Substituting y = « in the definition of u, ,(y) we find that
Ap,o(x) =t Ap,o(2),

thus proving the proposition. O
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The existence of a Weil function associated with a given divisors on a projective
variety is referred to S. Lang [144]:

Theorem 4.41. Let X be a projective variety. Let D be a divisor on X. Then there
exists a Weil function having this divisor.

Proof. Applying Proposition 3.53, then there exist effective Cartier divisors D; (i =
l,...,m)and E; (j = 1,...,n) such that the supp D; have no common point, the
supp £; have no common point, and D + D; ~ E;. Thus there are rational functions
fi7 such that

D —Ej+ D; = (fij).

By Proposition 4.40, there exists a Weil function Ay, for H; = D — E; such that
/\Hj = Hzlf )\fij .

Since the Cartier divisors of A_ H; = —A H; have the forms
-H; =FE; - D,

we apply Proposition 4.40 once more to get the desired function Ap, which is defined
by the formula
Ap = supinf Ay, .
j 2
This proves the theorem. O

4.4.2 Heights expand Weil functions

Theorem 4.42. Let X be a projective variety over k and let \p be a Weil function of
a divisor D on X. Then

hp(x) = Z Apo(x) +O(1), = € X (k) —supp D. (4.34)
vEMy

Proof. We will compare hp with the function

hp(x) = Z Apv(x), € X(k)—suppD. (4.35)
vEM,,

A Weil functions A p: for another divisor D’ on X is said to be linearly equivalent to
Ap if there exists a rational function f such that

)\D/*)\D:)\f%*’}/,

where v is a Mj-constant. Thus if Ay is linearly equivalent to Ap, by the product
formula we have

hp(x) = hp(z) + O(1), x & supp D Usupp D'
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Now we can extend the definition of Ap to supp D as follows. For each point = €
supp D, there exists a rational function f such that x does not lie in the support of
D' =D — (f). Put \py = Ap — Ay. We then define

hp(z) = hpr(x).

This value is independent of the choice of f.
Next we prove that A satisfies the normalization property in Theorem 4.34, that is,
if H is a hyperplane in P", then

hi(z) = h(z) + O(1), z € P™.

Let Hy, ..., H, be the hyperplane corresponding to the coordinate functions. There
exist rational functions f; such that

(fi) = H; — H.
For any point x ¢ H, it is easy to obtain

h(z)= Sll}ploglllfi(x)lllu+0(1),

'UGMK

or equivalently,
h(z)=— Y inf A7, .o(2) + O(1),
VEM,,
where Ay, is a Weil function associated with the principal divisor (f;). We conclude
the proof by applying Proposition 4.39, (a), (c) and Proposition 4.40.

Obviously, & also satisfies the functoriality and additivity properties of Theorem 4.34
from Proposition 4.39, (a) and (d). Hence the uniqueness property in Theorem 4.34
implies

hp =hp + 0O (] )
This proves the desired result. u

Let D be a divisor on a nonsingular projective variety X over x. If D is effective,
by Theorem 4.34, (5), we have hp > O(1), in other words we can choose hp in
its equivalence class such that hp > 0. If D is ample, by the definition there exists
m € Z7 such that mD is very ample, and so

0<hyup =mhp + O(l)

W.Lo.g. we may assume hp > 0. If D is pseudo ample, by Theorem 3.55 there exists
some positive integer m such that mD ~ E + Z, where E is ample and Z is effective.
Hence

hop = hg +hz + O(]).

Thus we can choose hp in its equivalence class such that hp > 0.
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Let D be an effective divisor on X and let R be a subset of X (%) — supp D. Then
R is a set of (S5, D)-integralizable points if there exists a global Weil function Ap and
a M,-constant y such that for all x € R, all v € M, — S, and all embeddings of & in
R’Us

Ap(z,v) < 7y(v).

As easy consequences of the properties of Weil functions, one finds (cf. [287], p. 11):
If K is a finite extension field of x, and if 7" is the set of places of K lying over places
in S, then R C X (&) is a set of (.S, D)-integralizable points if and only if it is a set of
(T, D)-integralizable points.

4.4.3 Proximity functions

Let x be a number field and let M,; be a set of absolute values satisfying product
formula with multiplicities n,,. Let S be a finite set of places containing M°. Let Ap
be a Weil function for a divisor D on a variety X . For any point 2z € X (k) not in the
support of D, the proximity function for D is defined by

m(z, D) = mg(z,D) = > Ap(x).
vES

Then

N(z,D) = Ns(z,D)= > Apu(x)
vEM—S

serves as the valence function for D.

Lemma 4.43. The proximity and valence functions satisfy the following properties:
(A) If D and D’ are divisors, then
m(@,D+ D) = mlz,D)+mlx,D)+O(1),
N(z,D+D') = N(x,D)+ N(z,D")+ O(1).
(B) Assume that X is projective. If D is an effective divisor, then m(x, D) and

N(z, D) are bounded from below.

(C) Let f : X — Y be a morphism of varieties and let D be a divisor on' 'Y not
containing the image of f. Then

m(z, f*D) = m(f(x), D) + O(1), N(z, f*D) = N(f(x), D)+ O(1).

(D) m(xz, D) and N(x, D) do not depend on the number field used in the definition.
In other words, if K is a number field containing x and T is the set of places of
K lying over places v € S, then for all x € X (k)

mg(xz, D) = myp(x,D)+ O(1), Ng(x,D)= Np(z,D)+ O(1).
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Proof. This follows directly from Proposition 4.39 and the definitions, or see Lemma
3.4.1 of Vojta [287]. |

If X is projective, by Theorem 4.42, one obtains the first main theorem:
m(x, D)+ N(z,D) =hp(z)+ O(1). (4.36)

Proposition 4.39, (c) implies that the functions m(x, D), N(x, D) are well determined
by the divisor D, up to O(1), respectively. Further, if D is an effective divisor, by
Proposition 4.39 (b), we may assume

m(z,D) >0, N(z,D)>0

by using a proper Weil function of D. We will construct concrete Weil functions such
that these inequalities hold.

Let V' = V,, be a vector space of finite dimension n+1 > 0 over k. Take a € P(V*).
Obviously,

Aap(z) = log ———
o [l alll

determine a Weil function A\, for the hyperplane E[a]. Thus we obtain the proximity
function for a

. 1
m(xz,a) :=m(z, Ela]) = Z log Tovally’ (4.37)

and the valence function for a

. 1
N(z,a) = N(z,Ela]) = > log—. (4.38)
veri—s Mz alllo
Note that )
Y log ————— = h(z) + h(a), z ¢ Ela]. (4.39)
Uej\/[n |||.’L‘,a|||v

We obtain the first main theorem:
m(z,a) + N(z,a) = h(z) + h(a), = ¢ Eal, (4.40)

and therefore, )
N(z,a) < h(z) + h(a), =z ¢ Elal.

In particular, if V' = k2, then
P(V) =P'(x) = kU {oc}.

For x € k, we abbreviate

(2, a) = {m([l,xu—a, 1)), ifaen,
’ m([]7$]7[170])7 if a = o0
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and similarly

N(x a): N([l,x},[—a,”)’ ifa € &,
’ N([I,JJL[],OD’ if a = oo.

By the formula (3.7), we find

1 1
o) = fg L ma

veS

and similarly

N(z,a) = b Z 1Og;

[H : Q] vEM,—S

Fix a,z € k. Obviously, there exists a constant C' depending only on |a|, such that

1 1 1
max q 1, < <Cmaxql,— 5.
|z —aly | = xo(2,0q) |z —aly

Thus we obtain

1
m(z,a) = Zlog+ —— + O(1)
2% (e —all,
and similarly
N(z,a) > log* +0(1),
2 B el

where by definition,
logt r =logr" = max{0,logr} (r € Ry).

Let D be a very ample divisor over a nonsingular projective variety X. Take s €
V* =T'(X,[D]) with (s) = D and set a = P(s). For z ¢ D, the proximity function
m(x, D) and the valence function N (x, D) are given respectively by

m(z, D) = m(pp(z),a) =) log m———

2% lon( x) all

and

N(@,D) = N(pp(a).a) = 3 log——

vEM,.—S llep(x),allls
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4.5 Arakelov theory

Let k be a global field of dimension 1, in other words, k is either a number field or
the function field F(C') of a smooth projective curve C' over a field F, and let X
be a smooth projective variety defined over k. Let C = Spec O if k is a number
field, and let C = O if x is a function field. A model for X over C is a scheme
X +—— C whose generic fiber is isomorphic to X. It is easy to see that there exists
a model X —— C that is projective (by which we mean that all fibers are projective
varieties) and whose generic fiber X;, = X x¢ Spec is isomorphic to X. Indeed,
fix an embedding 7 : X — PJ:. We know that IP}! is the generic fiber of the scheme
P% —— C, so we may take X to be the Zariski closure of i(X) inside P..

A smooth projective variety X over x has good reduction at x if there exists a
projective model of X over O(x) whose special fiber is smooth. If such a model does
not exist, we say that X has bad reduction at x. We know that the variety X has good
reduction at all but finitely many points (cf. [98], Proposition A.9.1.6). For example,
P /Q has good reduction everywhere.

4.5.1 Function fields

We start with a smooth projective variety X defined over a function field k = F(C),
where C' is a smooth projective curve over F. We will assume that F is algebraically
closed. We can construct a projective variety X over F with a morphism 7 : X — C'
such that the generic fiber of 7 is isomorphic to X/x. We further assume that X’ is
smooth so that Weil divisors and Cartier divisors are the same. A point z € X (k)
induces a rational mapping C — X', and since C' is smooth and X’ is projective, =
will extend to a section (i.e., to a morphism) z : C' — X. Any divisor D =} nyY
on X extends to a divisor D on X’ by taking the Zariski closure of each component and
keeping the same multiplicities, say D := 3" nyY. The divisor D is a Weil divisor,
and hence is a Cartier divisor by hypothesis. Now observe that z*D is well-defined
as a divisor class on the curve C, and even as a divisor if we add the hypothesis that
x ¢ supp(D). We now define a function ip x on X (k) by the formula

hp.x(z) :=degz*D, z € X (k). (4.41)

If x is a point defined over the algebraic closure of k = F(C), say z € X(K)
with K a finite extension of , we can still define its height as follows. Fix a smooth
projective curve C’ and a covering f : ¢/ — C such that K = F(C") and such that
the mapping f induces the inclusion x C K. The point x corresponds to a morphism
Z: " — X as above, and we can define

1

One readily checks that this quantity is independent of the field K as long as = €
X(K). Generally, the extension of height functions from X (k) to X (%) will be
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straightforward, so we will be content in this section to restrict attention to points
in X(k).

Lemma 4.44. Let © = [fo,..., fn] € P"(k), let T be the associated F-morphism
z: C — P", and let D be a hyperplane (divisor class) in P". Then

degz*D = Z max {—ord,(f;)}.
peC

0<i<n

Proof. Changing coordinates if necessary, we may assume that Z(C') ¢ H;, where H;
is the hyperplane defined by &; = 0. Let D; := Z*H;. Then

D; —D;=2"H; — 2°H; = (fi/ f;)

and
ordy(D;) — ordy(Dj) = ordp(f;) — ordp(f;),

and hence
inf{ord,(D;)} — ord,(D;) = inf{ord,(fi)} — ord,(f;).

But since the D;’s are effective and the intersection of their supports is empty, we see
that inf;{ord,(D;)} = 0. Hence

—irilf{ordp(f,-)} = ord,(D;) — ordy(fj).

Now summing over p € C' and using the fact that Zp ord,(f;) = 0 gives the desired
result. |

Notice that the sum in Lemma 4.44 is nothing more than the height

h(z)=>" Jmax {—ordy(f;)} (4.43)
peC —

of the x-rational point in P" for the usual collection of valuations on the function field
K.

Next we observe that if Y is an irreducible hypersurface on X, then its image 7w (Y)
is either equal to all of C', or else it is equal to a single point. We say that D is a vertical
divisor if m maps all of the components of D to points, and similarly we say that D
is a horizontal divisor if m maps all of its components surjectively onto C. Clearly,
any divisor can be written as the sum of a horizontal and a vertical divisor in a unique
way. We also note that vertical divisors are characterized by the property that their
restriction to the generic fiber of 7 is trivial.
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Lemma 4.45. Let D be a vertical divisor on X with respectto m : X — C. Then
the mapping
hpx : X(k) — Z, v — deg "D,

takes finitely many values. In particular, hp x is a bounded function.

Proof. The proof is immediate once we note that if D is an irreducible component of a
fiber of 7, then deg z*D = 1 if the section T meets D, and deg Z*D = 0 otherwise.O

Lemma 4.46. Let D be a divisoron X. Letw : X — C and 7' : X' — C be two
models for X /. Then the difference hip x — hip x' is bounded on X (k).

Proof. We can find a third model X" that will dominate the other two, and hence we
can reduce to the case where there is a birational morphism f : X — X” such that
m=mn'of. Ifx € X(k)and T is the associated section from C' to X, then ¥’ = foZ is
the section from C to X’ corresponding to 2. In fact, they coincide on a dense subset
of C, hence are identical. Now let D be the Zariski closure of D in X, and let D’
be the Zariski closure of D in X”. Then the divisor £ := f*D’ — D is trivial when
restricted to the generic fiber, so F is a vertical divisor. Hence

hD7X - hD7X/ = deg:f*E
is a bounded function by Lemma 4.45. a

Proposition 4.47. (a) Take X = P", let D be a hyperplane of P™ defined over k, and
let h be the usual height on P (k). Then

FLD,X =h+ O(]).

(b) Let ¢ : X' — X be a k-morphism of varieties defined over r and let D be a
divisor on X not containing the image of p. Then

hg«p.xr = hpx 0w+ O(1).
(¢) For all divisors D, D' on X defined over k,
hp+p x = hpx + hp x + O(1).
(d) Let f € K(X)«and D = (f). Then
hp.x = O(1).

(e) If D is an effective divisor and x & supp(D), then hp x(x) > 0.
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Proof. Property (a) is just Lemma 4.44. Property (c) is immediate by additivity of 7*
and deg.

To prove (b), we use that fact that we can choose models 7 : X — C and 7’ :
X’ — C such that ¢ extends to a morphism ¢ from X’ to X'. Having done this,
we see that ¢*D — o*D is trivial when restricted to the generic fiber of 7; hence
it is a vertical divisor E. Again by Lemma 4.45 and additivity, we conclude that
hp,x o @ — hyxp xr is bounded.

To prove (d), we observe that f € x(X) will be extend to a rational function f on
X and that the restriction to the generic fiber of 7 of the two divisors (f) and D are
the same; hence their difference is a vertical divisor, say

E=(f)-D.
It follows from Lemma 4.45 that the function

hp x(r) = degz*D = degz*(f) — deg #*FE = — deg z*E

is bounded.
Finally, notice that tlle effectiveness of D implies that D, and hence 7*D, is also
effective. Therefore £* D has positive degree, which gives (e). o

4.5.2 Number fields

We now want to built an analogue of the above construction when the function field is
replaced by a number field «. This is accomplished by formally adding analytic infor-
mation to X for each Archimedean place; hence the role of C is played by an arithmetic
scheme N, consisting of Spec Oy, with finitely many points added, corresponding to
the Archimedean places. Therefore, one can think of the arithmetic scheme M, as an
object whose closed points are in canonical bijection with M. Recall that the set of
non-Archimedean places on « is naturally identified with the set of prime ideals in O,
hence our identification of M? with Spec O,. We will also write p,, € Spec O, for
the prime ideal corresponded to the place v € M?; p,, € M, — Spec O,, for the place
v € M2°; and so give the canonical bijection

M,, — My, v py. (4.44)

A compactified divisor on Spec O,; (or Arakelov divisor on M) is a formal sum

D:= ) mup, (4.45)
vEM,

where

7, ifve MY,
my € .
R, ifve M,
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and almost all m,, = 0. A principal compactified divisor on Spec O is a divisor of
the form

1
div(a) := Z ordy(a)p, + Z log va (4.46)

veM? veEME®

for some a € k.. The degree of the compactified divisor D is defined to be

deg(D) := Z deg, (D), (4.47)
vEM,

where

deg, (D) -

: 0
{mv log N'(p,), ifve MY, 448)

My, ifve M.

Observe that the product formula (2.13) says exactly that the degree of a principal
compactified divisor is zero.

Let x be a number field and let X/« be a smooth projective variety. We can construct
a projective scheme 7 : X — Spec O, with generic fiber X/, and the fact that X’ is
proper over Spec O, implies that any rational point z € X (k) gives a section

Z : SpecO,, — X.

Similarly, we can still define the closure of a divisor D on X to be its Zariski closure
D in X. If X is sufficiently smooth (e.g., if it is regular as an abstract scheme), then
7*D will give a well-defined divisor class on Spec O, and indeed if the image of x
does not lie in the support of D, then we get a well-defined divisor on Spec O,

z*D = Z My Py.

veM)

To define the degree of z* D which should depend only on the divisor class of D,
we need to complete the divisor £* D by adding to it a finite sum that takes account of
the places “at infinity”. In other words, we need to extend Z into a section

z:M, — X.

Our approach is to use Green functions (also called Néron functions in this context).
For our purposes a Green function attached to a divisor D and a place v € M X is
simply a continuous function

Gpv:Xp(C)—R

with a logarithmic pole along D, where Xp := X — supp(D). This last condition
means that if U is an open subset of X and if f = 0 is a local equation for D on U,
then the function

Gp.o(x) +logllf ()],
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defined a priori only on Up(C), extends to a continuous function on U(C). Thus we
obtain a compactified divisor on Spec O,

FD= Y mpyt+ Y Gpu(z)pe. (4.49)

veM? vEM®

The height of = (¢ supp(D)) relative to these choices is

1
hD,X Tr) = ———= deg *D. (450)
A variant of this point of view is furnished by the notion of a line bundle equipped
with a norm or a metric. A line sheaf 2" on Spec O,; being coherent, there exists a
module L = I'(Spec Oy, .Z) over Oy, such that £ = L. The module L is locally free
of rank 1. Take v € M>°. We identify

%, =L, =L ®o, Ky.

By a metric on L (or .£) induced by v, we mean a norm | - |, on L,, so this norm
satisfies the triangle inequality and satisfies

lally = |aly|lly, a € Ky, €€ L.

A metrized line bundle on Spec O, is a projective module L of rank 1 over Oy
together with a collection of nontrivial norms

T={-|,|ve M} (4.51)

such that | - |,, is a norm on the k, vector space L, = L ® k, that is compatible with
the norm on k,. As usual, we then use the normalized form

1€l = 1€l

where

1, ifwisreal,
ny =
2, if v is complex.

As O,-module, such L is isomorphic to some fractional ideal g. Alternatively, we may
let L be a finitely generated torsion free module over O.

Given ¢ € L, ¢ # 0, we can associate a divisor to L as follows. There is a unique
injection of Oy, into L as O,-module, sending 1 to /. Then L can be identified with a
fractional ideal in #, and so an ideal ay = L~ is defined well. We define the associated
divisor |

D, = Z ordy (ag)p, + Z log va.
v

ve M9 veEM®
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The Arakelov degree of a metrized line bundle L is defined to be the degree of its
associated divisor

1
deg(L) := log N (ay) + Z log T (4.52)
vEMS v

As usual, the product formula (2.13) tells us that the degree is independent of the
choice of /. We also have the relation

Nag) = #(L/LO,).

Let s be a number field, let X/« be a smooth projective variety, and let L be a line
bundle on X defined over x. We can construct a projective scheme 7 : X — Spec O,;
with generic fiber X/x, and the fact that X" is proper over Spec O, implies that any
rational point z € X (k) gives a section Z : Spec O, — X by the valuative criterion
of properness (see [90], Theorem 4.7) with an extension

z:M, — X.

Choose an extension £ of L to X and metrics (4.51) on L (extending scalars to &, ==
C). Then the pullback
TL=3"(L)r

is a metrized line bundle on Spec Oy, and the metrized height (or degree) of x relative
to these choices is :
hexr(z) = ——degZ™L. (4.53)
(z) O
Proposition 4.48. Let L, X, T and L', X', T be two extensions with metrics of a va-
riety X and a line bundle L on X as above. Then

hexr(x) = he aorp () +O(1), € X(k).

Proof. We consider first the case that X = X’. Let £ # 0 be a section to L. Since
X (C) is compact, there exist constants C, C, > 0 such that

[£(2) o
[£(2)1s,

This shows that the Archimedean pieces of iz x 1 and hyr y 7 differ by a bounded
amount.

Next, since £'® L~ is trivial on the generic fiber of X, there exists a vertical divisor
E such that £ = £ ® [E]. The line bundle [E] is trivial when restricted to the generic
fiber; hence it may be equipped with the trivial metric, and then the function

G < < (O, z€ X(C).

x — deg Z*[F]
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is bounded for € X (k). This takes care of the non-Archimedean pieces, which
proves that iz x 7 and hgs x 7+ differ by a bounded amount.

Finally, we consider the effect of choosing different models X and X’. We may
suppose that there is a birational morphism f : X’ — X’ that is the identity on the
generic fiber. We then choose £’ := f*L, and we take as a metric on £’ the pullback
of the metric on L. If z € X (k), then the corresponding sections

7' : SpecO, — X', z:SpecO, — X
are linked by = f o z’. Therefore,
TL=(fod)L=1"L,
so in this case we get an equality iz x 7(x) = hpr 77 (). |

A metrized height function (associated to L) is any function Ry, of the form iz x 1
for any model X — Spec O, for X, any extension L of L to X, and any choice of
metrics (4.51) on L.

Theorem 4.49. Let k be a number field and let X |k be a smooth projective variety.

(A) The usual Weil height h on P (k) is a metrized height on P" associated to the
hyperplane line bundle H.

(B) Let ¢ : X' — X be a morphism of projective varieties, let L be a line bundle
on X, and let hy, be a metrized height function for L. Then hy, o ¢ is a metrized
height function for the line bundle ©*L on X'.

(C) Let L and L' be line bundles on X, and choose metrized heights hy, and hp: for
L and L, respectively. Then hy, + Ry is a metrized height function associated to
Lo L.

(D) If L is the trivial bundle on X, then hi, = 0 is a metrized height function for L.

(E) There is a metrized height hy, for L such that hy,(x) > 0 for all x not in the base
locus of L.

Proof. (A) Take X = P™ and let L = H be the hyperplane line bundle on P". We
choose X' = P, with an extension H of H to P, . Fix

a=(ag,...,a,) € K" — {0}
For x € P"(k), there exists

§= (&%"'75”) € K _{0}

such that z = P(£). Then « determines uniquely a global section s to H given by

<£7a> =apéo + -+ + anén,
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up to a non-zero multiple. The Fubini—Study metric on H is defined by the formula

(& )l
|s(2) ]y = :
: 1€
Then the associated metrized height function is
I, m () Z log |nv = h(x).
’ UEM

(B) Fix a model X for X, an extension £ for L to X, and metrics (4.51) on L
corresponding to the selected metrized height ii7,. Choose a model X’ for X’ such that
 extends to a morphism @ : X’ — X. To do this, first choose any X”’. Then ¢
extends to a rational mapping, and we can blow up to resolve the indeterminacy (see
Hartshorne [90], II. 7.17.3). We take ©* L as a model for ¢* L and the pullback metrics

" (8)lo = Islo
as metrics on (* L, and then the equality
horp, = hp o

is clear.

(C) Fix a model X for X, extensions £ and £’ for L and L’ to X, and metrics
T ={]-|o}veme and T" = {| - |} }yerree on L and L, corresponding to the choice of
metrized heights /iy, and hiy/. We take £ ® L' as an extension of L ® L', and we take

s @ 8ly = Islo|s'],

as the family of metrics on L ® L'. Letting hs 1 be the associated metrized height,
the equality
hror = he + hyy

is then clear from the definition of metrized height.

(D) The trivial metric on the trivial line bundle gives the zero function.

(E) Take any model X for X, any extension £ of L to X, and any set of metrics
T = {| - |v}veme on L. Let s be any nonzero section to L, and let 5 be its unique
extension to £. We can use the section z*s to * L to compute

heer(z) = mmg#m*c/s(m) IR dren
v€M°°

The first term on the right-hand side is clearly nonnegative. To deal with the sum of
Green functions for L over Archimedean places, we write

[Sloo = sup |s(2)o-
vEMP, z€X (Ky)
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Note that |s| is finite, because X (C) is compact and the various norms are continu-
ous. Further, we need only a finite number of sections to define the base locus of L, so
we have proven that there is a constant ¢ (depending on all of our choices) such that

fiex v(z) > —c

for all = not in the base locus of L. Hence if we replace the original metrics by the
equivalent metrics
[}, = e™“Islo,

we obtain a metrized height that is nonnegative off of the base locus of L. O

Here we follow the proof of Theorem B.10.7 in Hindry and Silverman [98]. Theo-
rem 4.49 shows that metrized height functions are Weil heights, since the normaliza-
tion property (A), the functoriality property (B) just for embeddings X —— P, and
the additivity property (C) determine the height functions up to O(1). The point is that
if L is very ample with associated embedding o7, : X — PV then (A) and (B) imply
that

hrp =hor 4+ O(1) =hp + O(1). (4.54)

This determines the height function for very ample line bundles. But any line bundle
L can be written as the product L @ Ly Uof very ample line bundles L; and L;, so
the additivity (C) forces us to define

FLL:ﬁLI *hLQjLO(l):thLO(l). (4.55)

Let S be a finite set of places of M, containing the Archimedean places. According
to the expression (4.49), the valence function for D is of the form:

1
[k Q]

N(z,D) = > mylogN(py) + O(1).

veEM;—S
Fix an positive integer m. Then we may define the truncated valence function

1
Nz, D) = Nsm(. D) = o > min{m,my}logN(p,)  (456)
’ vEM—S

of x to multiplicity m for each effective divisor D on X. Usually, we also write
N(x,D) = Ng(z,D) := Ny(z, D). (4.57)
If Q C k C K are finite separable algebraic extensions, then we have a finite

morphism Mg — M. In this case, let Ry, denote the Arakelov divisor on Mg
such that its restriction on Spec Ok is the ramification divisor of the corresponding
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mapping Spec O — Spec O, and such that the corresponding Green functions are
all zero. Thus Ry, is of the form

Ry =Y length{(Qo, /0, ). u- (4.58)
weMY
We then define
1
dijks = ®:Q degnr—s Bi/w

1

— length{(Q log N'(p), 4.59
[KQ] we%_s eng {( OK/OK)Pw} 0og (p ) ( )

where Mg — S is the set in which each valuation is an extension of some element in
M, — S. In particular, we define the logarithmic discriminant of K with respect to k
as follows

1
dicjn = 7= »_ length{(Qo, /0, )p, } 108 N (pu). (4.60)
X MO
weM g
Obviously, one has
0 <dg/x — drr,s < O(1). (4.61)

If we have a tower k C K C L, then
1

dr/e,s — A /k,s = 7.0 degyr, s Ri /K- (4.62)
By Theorem 1.121, we have
1
di/ = K:.qQ log N (05¢ /) (4.63)
and hence (1.59) and Theorem 2.42 yield
1
Thus (2.37) implies
1 1
d =——log|D — ——log|D , (4.65)
where
1

is just the absolute (logarithmic) discriminant of x (cf. P. Vojta [287]).
Arakelov theory may be extended to a complete variety (cf. [293]).
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4.6 Canonical heights on Abelian varieties

4.6.1 Periodic points

Let X be a smooth variety defined over a number field x and let f : X — X be a
morphism. For each n > 1, let

ff=foforof: X —X

denote the n-th iterate of f. An element z € X is called periodic for f if f(x) = x
for some n > 1, and it is called preperiodic for f if f™(x) is periodic for some n > 1.
Equivalent, x is preperiodic if its forward orbit

O+(x) = {x7f<‘r)>f2(l‘)>}

is finite.
Take D € Div(X) such that f*D ~ «D for some number « > 1. Applying
Theorem 4.34 to the relation f*D ~ «aD, there exists a constant ¢ such that

\hp(f(x)) —ahp(z)| <c

hold for all z € X. Take two integers n and m with n > m > 0. We have

ho (f*(x) _ ho (fm(a:))‘ S {@(i;(z)) B hD<f?‘l<x>>}‘

am am azfl

i=m+1

IA
(]
.| o

c 1 1
= (a_mﬁ) (4.67)

The last quantity goes to 0 as n,m — oo, which shows that {a "hp(f"(x))} is a
Cauchy’s sequence, hence converges. Néron and Tate studied the canonical height on
X relative to f and D

i g() = lim I (f()) (4.68)

n—oo (v
with the following two properties:
() hpy(r)=hp(x)+O(1) forallz € X.
() hp ¢(f(x)) = ahp s(z)forallz € X.
In fact, the property (ii) follows directly from (4.68), and the property (i) follows from

the inequality (4.67) by taking m = 0 and letting n — oo, which is of the explicit

form
c

(@) = ()] < ——.
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The canonical height &ip_ ¢ is unique. In fact, suppose that i and &' are two functions
with properties (i) and (ii). Then (i) implies that i — A’ is bounded, say

h(z) — h(z)| <1, z € X,
On the other hand, the property (ii) means that
h(f(z)) — I (f(2)) = a{h(z) — h'(2)},
and iterating this relation yields
h(f"(z)) = (" () = " {h(z) — B'(x)}, n> 1.

Thus we obtain .
h(z) — W (z)| < — — 0
an

as n — oo. This shows that h = h/.

Theorem 4.50. Let f : X — X be a morphism of a smooth variety defined over
a number field k. Let D € Div(X) be an ample divisor such that f*D ~ «aD for
some « > 1. Then hp ¢(x) > 0 for all x € X, and hp f(x) = 0 if and only if x is
preperiodic for f. In particular, the set

{z € X (k) | x is preperiodic for f}
is finite.

Proof. Since D is ample, we can choose a height function hp with nonnegative values.
It is then immediate from (4.68) that iip ¢ is nonnegative. Now take z € X (k).
Replacing x by a finite extension, we may assume that z € X (x) and that D and f are
defined over «. If x is preperiodic for f, then the forward orbit O™ (z) repeats, so the
sequence {hp(f™(x)} is bounded. It follows that

hps(x) = lim —hp (f*(x)) =O.

n—oo

Conversely, if iip r(x) = 0, then for any integer n > 1 we have
ho(f"(x)) = hps(f"(x)) + O(1) = a"hp, f(x) + O(1) = O(1).
Since all of points f"(x) are in X (), there exists a constant r( such that
O*(x) € {y € X(k) | hp(y) < 70}
By Theorem 4.34 (7), the set O™ () is finite, and so z is preperiodic for f. |

Theorem 4.50 shows a relation between height functions and dynamics (see [98],
Theorem B.4.2). The finiteness of preperiodic points is due to Northcott [208].
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Corollary 4.51. If f : P — P" is a morphism of degree d > 2, then the set
{x € P"(k) | @ is preperiodic for f}
is finite.

Proof. Since f*H ~ dH for any hyperplane H € Div(P"), the corollary follows
immediately from Theorem 4.50. a

Corollary 4.52. Let A be an Abelian variety and let D € Div(A) be an ample sym-
metric divisor (i.e. [—1]*D ~ D). Then for each integer n > 2, A(k) has only finitely
many points that are preperiodic for [n].

Proof. Take any D € Div(A). Applying Proposition 3.47 with ¢ = [n], ¢ = [1] and
X = [—1] to obtain

[n+1]*D+ [n—1]*D —2[n]*D ~ D + [-1]*D. (4.69)

Now an easy induction, both upwards and downwards from n = 0, gives the Mum-
ford’s formula (or cf. [98], Corollary A.7.2.5):

)" D ~ (”2;”> D+ (”22_ ”) —1]*D. (4.70)

In particular,

"D ~ {nzD, if D is symmetric, @71

nD, if D is antisymmetric ([—1]*D ~ —D).

Therefore, if D € Div(A) is an ample symmetric divisor, we can apply Theorem 4.50
to conclude Corollary 4.52. O

Note that = € A is preperiodic for [n] if and only if there are integers ¢ > j such
that

'l = ],
so it follows that the preperiodic points for [n] are precisely the torsion points. Hence
Agors(k) = {z € A(K) | [m]z = ea, m > 1}

is finite.
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4.6.2 Canonical heights

Theorem 4.53. Let A be an Abelian variety defined over a number field r, and let
D € Div(A) be a divisor whose divisor class is symmetric. The canonical height
hp, ) on A relative to D satisfies the following properties:

(a) Forall x € A(R),
hD7[2]<JJ) = hD(JZ) + O(l)

(b) For all integers m, and for all x € A(R),
hD,[z]([m]f) = mth’[z](x).

(¢) (Uniqueness) The canonical height hp [ depends only on the divisor class of the
divisor D. It is uniquely determined by (a) and (b) for any integer m > 2.

(d) (Parallelogram law) For all x,y € A(R),
hp,p)(x +y) + hp (@ —y) = 2hp () + 2hp 3 ().

(e) The canonical height hp o : A(R) — R is a quadratic form. The associated
pairing (,) : A(k) x A(k) — R defined by

(z,y)p = % {hpp(x+y) — hpp(z) —hppy)}

is bilinear and satisfies (x,z)p = hp 3 (7).

Proof. Note that [2]*D ~ 4D from (4.71), so we can apply (4.68) to obtain

hD’[z](x) = lim ihD ([2"]30) .

n—oo 41

Then (a) and (b) with m = 2 follow respectively from the properties (i) and (ii) with
f = [2]. The relation (4.71) tells us that

hp([mly) = m*hp(y) + O(1)

holds for all y € A(R), where O(1) is bounded independently of y. We replace y by
2]z, divide by 4™, and let n — oo. The result is

hpg(mlz) = lim —hp ([2°)(mla)

n—oo 4n

where one uses the fact the mappings [m] and [2"] commute with one another. This
completes the proof of (b).
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The uniqueness statement (c) follows from the uniqueness assertion of the canonical
height 7ip ¢ applied to f = [2].
To prove (d), use the relation

hp(x +y) + hp(x —y) = 2hp(x) + 2hp(y) + O(1) (4.72)

which is satisfied by arbitrary symmetric divisors on A (see [98], Corollary B.3.4).
Thus the parallelogram law (d) follows if we replace x and y by [2"]z and [2"]y,
divide by 4", and let n — oc.

Finally, putting # = y = ey into the parallelogram law (d) gives hip (ea) = 0,
and then putting © = ey gives

hD,[z](*y) = hD,[Z] (y),
80 hip 7] is an even function. We apply the parallelogram law four times to obtain

= hpp(+z+y)+hpp(r+z—y) —2hpp(z+2) —2hppy),
= hpp(z+z—y)+hpp@—=2+y) —2hpp(x) = 2hp (2 —y),
= hpp(z—2z+y)+hpp(@+2+y) —2hpp(x+y) —2hp p(2),
= 2hp (2 +y) +2hp (2 —y) — 4hp(2) — 4hp ()

S ©oO o O

The alternating sum of these four equations gives

<JJ + Zvy>D = <xay>D + <27y>D7

which yields the desired result (e). O

Proposition 4.54. Let A be an Abelian variety defined over a number field r, and let
D € Div(A) be an ample divisor with symmetric divisor class.

(f) Forall x € A(R), we have hp 2] (x) > 0, with equality if and only if x is a point
of finite order.

(g) The associated canonical height function extends R-linearly to a positive definite

quadratic form

hD,[2] . A(R) ® ]R — ]R
In particular, if zy, . ..,x, € A(R) ® R are linearly independent, then the height
regulator

det({zi, 7j) p)1<ij<r

is strictly greater than Q.

Proof. See [98], Proposition B.5.3. a
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Theorem 4.55. Let A be an Abelian variety defined over a number field r, and let
D € Div(A) be a divisor whose divisor class is antisymmetric. The canonical height
hp ) on A relative to D satisfies the following properties:

(A) Forall x € A(R),
hp,pj(7) = hp(x) + O(1).

(B) For all integers m, and for all x € A(R),
hp,p(Im]z) = mhp p)(z).

(C) (Uniqueness) The canonical height hp [ depends only on the divisor class of the
divisor D. It is uniquely determined by (a) and (b) for any one integer m > 2.

(D) Forall z,y € A(R),
hpp) (@ +y) = hp p)(x) + hp 2 (y).

Proof. The proof is almost the same as the proof of Theorem 4.53, here we merely
give a sketch of (D). To do it, use the relation

hp(x +y) = hp(x)+ hp(y) + O(1) (4.73)

which is satisfied by arbitrary antisymmetric divisors on A (see [98], Corollary B.3.4).
Now replace x and y by [2"]z and [2"]y, divide by 2", and let n — oo to obtain (D).0

Generally, if D € Div(A) is an arbitrary divisor on the Abelian variety A, define
divisors
Dt =D+ [-1]*"D, D™ =D—[-1]*D.
It is clear that D7 is symmetric and D~ is antisymmetric. Then a unique quadratic
function hp : A(F) — R is defined by

- 1
hp = 2 (hp+ )+ hp- ) 5 (4.74)

called the canonical height on A relative D.

4.6.3 Tate-Shafarevich groups

Let x be a number field and let A be an Abelian variety over . Recall that the mul-
tiplication mapping [m| : A(k) — A(R) is surjective with finite kernel, denoted by
A[m], and that A[m)] is isomorphic to (Z/mZ)%.

For each x € A(k), we select a point y € A(&) satisfying [m]y = x, and then we
define a mapping t, : G/, — A[m] by t, (o) = o(y) — y for each o € G ,.. Note
that o (y) — y € A[m], since

m](o(y) —y) =o(ml]y) — mly = o(z) —x =0.
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We also have

ty(o'o) = doly)—y=0(o(y) —y) +'(y) —y
= o'(ty(0)) +1y(0").
In other words, the mappings ¢, is a 1-cocycle from G to A[m)].

Take other 3y’ € A(R) such that [m]y’ = x. Then the point a = ' —y € A[m)]
satisfies
ty (o) —ty(o) = (o(y) —=¥) = (o(y) —y) = o(a) — a.
Thus the difference ¢,, — ¢, is a coboundary, so the cohomology class of ¢, in

H'(Gx /K> Alm]) depends only on z, independent of the choice of y. In other words,
we get a well-defined mapping

§: A(k) — H'(Gg, Alm)). (4.75)

Let o : A — B be an isogeny of two Abelian varieties defined over x. Then the
short exact sequence

0 — Ker(a) = A(R) = B(k) — 0 (4.76)
induces a long exact sequence of cohomology groups

0 — Ker(a)(r) & A(k) S B(k)

% HY (G Ker(a)) 5 HY (Gry, A(R) > H' (G B(R)). (477)

The homomorphism ¢ is defined as follows: Take 2z € B(k), and choose y € A(R)
such that a(y) = x. Then define J(x) to be the cohomology class associated to the
cocycle

5(2) : ey — Ker(a), 6(2)(0) = oly) — y.

The above long exact sequence gives rise to the following fundamental short exact
sequence:

0 — B(r)/a(A(r)) 5 H' Gz, Ker(a)) — H (Ggny A(R))[0] — 0,  (478)
where H' (G /> A(F))[a] denotes the kernel of the mapping
Q. HI(GE/M A<R)) - HI(GE/M B(R))

For each place v of k, let k, be the completion of « at v. We may consider Gz, /s,
to be a subgroup of G .. Then for an arbitrary Abelian group & on which Gy . acts
we obtain restriction homomorphisms

HI(GE//W'Q{) - HI(G/%/RWVQ{)'
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There is a local exact sequence analogous to the exact sequences (4.77) and (4.78), and
the global exact sequence maps to the local exact sequence via restriction, yielding the
following commutative diagram:
0 — B(x)/a(A(r)) = H'(Gy.Ker(a)) — H'(Grj A()la] — 0
! l !
0 = B(ry)/a(A(r)) 2 H' (G jn, Ker(@)) = H' (G, Ali0)la] = 0.

Ko /Ko

The Selmer group of A with respect to « is the group

Sel®) (A/r) = ﬂKer{H G/ Ker(a) = H' (G /i,y Al)) 0]}

The Tate-Shafarevich group of A is the group
A/H ﬂKer {H R/K> R)) HHI(Gﬁu/Ku’A(l{U))}'

In both formulae, v is taken over all places of . From the exact sequences (4.77) and
(4.78), one deduces the following important exact sequence

0 — B(k)/a(A(k)) — Sell® (A/k) — TI(A/k)[a] — 0.
Conjecture 4.56. Let A be an Abelian variety defined over a number field k. Then
HI(A/k) is finite.

4.6.4 Mordell-Weil theorem

Let x be a number field and let A be an Abelian variety of dimension g over k. We
continue to study A[m]. Without loss of generality, we may assume that A[m| C A(k).

For each x € A(k), we select a point y € A(&) satisfying [m]y = x, and then for
each o € G/, we define

(0,2) =0(y) —y € Alm].

We verify below that the value of (o, 2) depends only on z, and not on the choice of
4. So suppose that

Then y —y € Alm] C A(k), hence
{o(y) =y} —{o() =y} =0ly—v) - (y—y)=0.

The resulting mapping
<7> : Gn//{ X A( ) - A[m] 4.79)
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is called the Kummer pairing on A, which is bilinear. We start with the first variable:
(d'o,x) = d'oly)—y=0'(cly) —y)+o'(y) —y
= o'({o,2)) + (o', 2) = (0,2) + {0, ).
Next we compute
(oata) = oly+y)—(+y)=0cly) —y+oly) -y
= (o,z)+ (0,2).

/

This completes the proof of the bilinearity of ¢.

Proposition 4.57. Let K be the extension of k obtained by adjoining to k the coordi-
nates of all points y € A(R) satisfying [m]y € A(k).
(1) The Kummer pairing induces a nondegenerate pairing
() Grep x A(R)/mA(K) — Alm].

In particular, A(k)/mA(k) is finite if and only if K is a finite extension of k.

(2) The field K is a finite Galois extension of k with Galois group
Gr/n = (Z/mZ)*"!

for some integer s.
Proof. The kernel of the Kummer pairing on the right consists of those = such that
(o,2) = 0 for all 0 € Gg/,. This means that o(y) = y for all 0 € G5/, and
hence that y € A(k) and z = [m]y € mA(k). Note that the kernel contains mA(k).
Therefore, the kernel is exactly mA(k).

Next we observe that the kernel of the Kummer pairing on the left consists of those

o such that o(y) = y for all y € A(R) satisfying [m]y € A(k). From the definition of

K, this is equivalent to saying that 0 € Gg /g, which means that the kernel is G k-
Taking the quotient by the right and left kernels give a nondegenerate pairing as stated

in (1).
For the proof of (2), see [98], Corollary C.1.8. a

Take m > 2. Based on Proposition 4.57, we get an injection (see [98]):
A(k)/mA(k) — Hom(G g/, Alm]) = Hom ((Z/mZ)*™", (Z/mZ)™) .

Clearly,
#Hom ((Z/mZ)**", (Z/mZ)*9) = m>+D.

On the other hand, since A[m] C A(x) by assumption, and since # A[m] = m?9, then
the dimension r of group A(k) over Z satisfies

#A(k)/mA(k) = m29tT,

and hence r < 2gs. This shows the Mordell-Weil theorem:
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Theorem 4.58. Let A be an Abelian variety defined over a number field k. Then the
group A(K) of k-rational points of A is finitely generated.

In the special case that the Abelian variety is a cubic curve in the projective plane,
the theorem is due to Mordell [190] whose original statement is for rational points.
Weil, in his thesis, extended Mordell’s theorem to arbitrary number fields and to
Abelian varieties of higher dimension. Using elementary group theory and the struc-
ture of the kernel of multiplication by m, we may rephrase Theorem 4.58 by saying
that there are points Py, ..., P, such that

A(’i) = Ators(ﬁ) OLP DD ZPT

The integer r is called the rank of the Abelian variety A/k, and A(k) is the Mordell—
Weil group of A/k. Note that the torsion subgroup Aos(r) is a finite Abelian group,
so it can be written as

Ators("f) = Z/mlz D---D Z/mSZ,

where my, ..., mg are integers satisfying m;|m;4; and s < 2dim A.



Chapter 5

The abc-conjecture

The abc-conjecture has been an important problem in number theory. This conjec-
ture and its generalized forms for integers are counterparts of Nevanlinna’s third main
theorem and its variations in complex analysis.

5.1 The abc-theorem for function fields

For a non-zero polynomial f in C, let deg")(f) denote the number of distinct roots
of f. Then one has Stothers—Mason’s theorem (cf. [165], [166], [167], [268], or [79],
[149], [287]):

Theorem 5.1. Let a(z), b(z), ¢(z) be relatively prime polynomials in C and not all
constants such that a + b = c. Then

max{deg(a), deg(b), deg(c)} < degV(abe) — 1. (5.1
Proof. We consider the Wronskian determinant of a and b

a b

W:a’ E

We differentiate a + b = cto get a’ + b’ = /. It is easy to show that

d v

Note that W £ 0, else ab’ — a’b = 0, that is, (b/a)’ = 0, so b is a scalar multiple of a,
contradicting our statement that a and b have no common factor.

Suppose that « is a root of a and that (z — oz)l is the highest power of z — o which
divides a(z). Evidently (z — «)!~! is the highest power of z — o which divides a’(z2),
and thus it is the highest power of z — a which divides W (z) = a(2)V/(2) — ' (2)b(z)
since « is not a root of b. Therefore (z — a)! divides W (z)(z — «). Multiplying all
such (z — «)! together, we obtain

a(=) W) [[ - o).

a(a)=0



5.1 The abe-theorem for function fields 305

Analogous statements for b and c are also true. Since a, b, ¢ have no common roots,
we can combine those statements to read

a(2)b(2)c(z) [W(z) ][ (z-o). (5.2)

(abc)(a)=0
Using the three different representations of W above, we have

deg(a) + deg(b) — 1,
deg(W) < ¢ deg(a) + deg(c) — L,
deg(c) + deg(b) — 1.

The degree of H(abc) (a):O(Z — «) is precisely the total number deg(])(abc) of distinct
roots of abe. Inserting all this into (5.2), we find the inequality (5.1). O

In particular, if
a(z) = (1+2)%, b(z) = —(1-2)%, c(z) =4

then the inequality in Theorem 5.1 becomes the equality 2 = 2 (cf. [83]). For applica-
tions of Theorem 5.1, see [166]; [201], pp. 183-185.

Let x be a number field with algebraic closure & = Q. Belyi [9] constructs a
function with the following property:
Theorem 5.2. Let X be an algebraic curve defined over k and let D C X (Q) be a
finite set of algebraic points of X. Then there exists a morphism f : X — P! defined
over k such that f(D) C {0,1,00} and f is only ramified over {0, 1, c0}.

Proof. For the proof, we refer the reader to Bely{ [9], Serre [238], van Frankenhuysen
[284]. O

Belyi [9] also proves the converse, that is, if f : X — P! is ramified over three
points alone, then X is defined over Q.

Let f : X — P! be a morphism of a complete nonsingular curve X to the pro-
jective line. Let e, denote the ramification index of f at z € X. Thus, for any point
a € P!, the total index of the fiber over a is constant,

Z er = deg(f).

zef~!(a)

By Riemann-Hurwitz formula (3.47), writing g for the genus of X,

29 —2=—2deg(f) + D> (e, — 1) = =2deg(/)+ > D> (ea—1).

zeX a€P! zef~1(a)
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Counting only the ramification above 0, 1 and oo, we obtain
deg(f) <29 —2+#/7'{0,1,00}. (5.3)

This is the abe-theorem for function fields. The function f corresponds to the abe-sum
f+ (1 — f) =1 of height deg( f) and radical # f~'{0, 1, 00}. Equality holds if and
only if f is a Belyi function. In that case, a canonical divisor of X is given by

K = (df/f) = £(1) — [7'{0,1,00}. (54)

5.2 The abc-conjecture for integers

Many results for Diophantine equations in integers are analogous to results for Dio-
phantine equations in polynomials. Lang ([152], p. 196) said: “One of the most fruitful
analogies in mathematics is that between the integers Z and the ring of polynomials
F[t] over a field F'.” Given Mason’s wonderfully simple inequality for polynomial so-
lutions to a + b = ¢ (namely Theorem 5.1), one wonders whether there is a similar
result for integers.

The radical of a non-zero integer A is defined to be

r(A)=]]p

p|A

i.e. the product of distinct primes dividing A. On the other hand, we note that in
Theorem 5.1 (cf. [201], p. 182 or [83])

deg (f) = deg(rad(f)),

where rad(f) is the radical of a polynomial f on C, which is the product of distinct
irreducible factors of f.

There is a classical analogy between polynomials and integers, that is, prime factors
of an integer are often considered to be an appropriate analogy to irreducible factors
of a polynomial. Under that analogy, deg(l)( f) of a polynomial f corresponds to
logr(A) of an integer A, and in addition, the value log|A| of an integer A is a mea-
sure of how “large” the integer is, while the degree of a polynomial is a measure of
how “large” the polynomial is (cf. [149] or [79]). Thus for polynomials we had an
inequality formulated additively, whereas for integers we formulate the corresponding
inequality multiplicatively.

After being influenced by Stothers—Mason’s theorem (see Theorem 5.1), and based
on considerations of Szpiro and Frey, Oesterlé [209] and Masser [169] formulated the
abc-conjecture for integers as follows:

Conjecture 5.3. Given ¢ > 0, there exists a number C(g) having the following prop-
erty. For any nonzero relatively prime integers a, b, c such that a + b = ¢, we have

max{|al, |b],|¢|} < C(e)r (abe)' <. (5.5)
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An interesting discussion in [79] illustrates how one is naturally led from Theo-
rem 5.1 to the formulation of the abc-conjecture. In this setting Stewart and Tijdeman
[263] proved that the conjecture would be false without the €. In other words, it is not
true that

max{|al, |b|, |c|} < Cr (abc).

However, we note that the statement
max{|al, ||, |e|]} < r (abc)2

has in fact been conjectured by several authors.

To prove or disprove the abc-conjecture would be an important contribution to num-
ber theory. For instance, some results that would follow from the abc-conjecture are
in [201], pp. 185-188, [57], [286] (or see [79], [149], [152], [287]).

Although the abc-conjecture seems completely out of reach, there are some results
towards the truth of this conjecture. In 1986, C. L. Stewart and R. Tijdeman [263]
proved

max{|al, [b], |} < exp {Cr(abec)"},

where C is an absolute constant. In 1991, C. L. Stewart and Kunrui Yu [264] obtained
max{|al, [b], |¢]} < exp {C(E)r(abc)2/3+5} .

In 1996, C. L. Stewart and Kunrui Yu [265] further proved
max{al, |b], |¢]} < exp {C(s)r(abc)‘/”E} .

The abc-conjecture is unsatisfactory because it does not make precise the constant
C(e). A. Baker [5] proposed the following more explicit statement:

Conjecture 5.4. There exists an absolute constant K having the following property.
For any nonzero relatively prime integers a, b, c such that a + b = c, the inequality

max{|al, [b], |¢[} < r(abe)'** (5.6)

K
cd(1+e)

holds for every e with 0 < € < 1, where d denotes the number of distinct prime factors
of abc.

Conjecture 5.5 (Erdos and Woods). There exists an absolute constant k > 2 such
that for every positive integers x and y, the conditions

r(x+i)=r(y+1i), i=0,1,2,....k—1

imply x = y.
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This conjecture cannot hold with k£ = 2 since
75=3x5% 1215=3x5; 76=2>x19, 1216=2%x19.

However, it is believed that £ = 3 is an admissible value. Langevin ([153], [154])
proved that the abc-conjecture implies the Erdos—Woods conjecture with k = 3 except
perhaps a finite number of counter examples. Applying the abc-conjecture with a =
z(x+2),b=1,and ¢ = (x + 1)? leads to

(x4 1) < Ce)r(z(z + 1) (x +2))' e (5.7)

We suppose that © > y and show that in this case there are only finitely many x for
which the statement of the Erdos—Woods conjecture with k£ = 3 holds, i.e.,

r(x+1)=r(y+i), i=0,1,2.
As an immediate consequence of the latter condition one finds
r—y=(x+1i)—(y+i) =0mod r(z +1), i =0,1,2.

Since the greatest common divisor of any two of the three numbers 7(z), r(z + 1),
r(x 4 2) is one or two, it follows that r(x(x + 1)(z + 2)) divides 2(z — y). This yields
in (5.7)

22 < CEr(ale+ 1)( +2)+ < C(e)(22)+,

and so |

< (21F0(e))

Thus z is bounded by some constant.

5.3 Equivalent abc-conjecture
Next we show that the abc-conjecture is equivalent to the following:

Conjecture 5.6. Let A, B be fixed nonzero integers. Take positive integers m, n with

1 1
a=1———-——=>0. (5.8)
m n

Let x,y, z € Z be variables such that x,y are relatively prime and
Az + By =z #0.

Assume that for a prime p (resp. q), p | x (resp. q | y) implies p™ | z (resp. ¢ | y).
Then for any € > O there exists a number C = C(g,m,n, A, B) such that

max{|z]*, |y|%, |2|*} < Cr(2)'**. (5.9)
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Remark. We introduce a notation related to Conjecture 5.6. A positive integer A is
powerful if for every prime p dividing A, p? also divides A. Every powerful number
can be written as a?b>, where a and b are positive integers. The Erdos—Mollin—Walsh
conjecture asserts that there do not exist three consecutive powerful integers. The abc-
conjecture implies the weaker assertion that the set of triples of consecutive powerful
integers is finite.

Here we first show that Conjecture 5.3 implies Conjecture 5.6. To simplify notation
in dealing with the possible presence of constants C, if a, b are positive functions, we
write

a<<b

to mean that there exists a constant C' > 0 such that a < Cb. Thus a < b means
a = O(b) in the big oh notation. By the abc-conjecture, we get

1L I4e
max{|al, lyl, 21} < {lo/7lyl7r(=) }

If, say, |Az| < |By| then |z| < |y|. We substitute this estimate for = to get an
inequality entirely in terms of y, namely

1,1 I+e
yl < {72}

We first bring all powers of y to the left-hand side, and take care of the extra €, so we
obtain

ly|* < r(2),
and then also

j2|* < r(2)'**

because the situation is symmetric in « and y. Again by the abc-conjecture, we have

FERNE I+e
2l < {Jalmlylir(x)}

By using the estimate for |zy| coming from the product of the inequalities above we
find
|2|* < r(z)!Te.
Conversely, Conjecture 5.3 can be derived from Conjecture 5.6. To do this, we

see that Conjecture 5.6 contains obviously the following generalized Szpiro conjecture
(cf. [149], [287]):

Conjecture 5.7. Take integers = and y with D = 42> — 27y*> # 0 such that the
common factor of x,y is bounded by M. Then for any € > 0, there exists a constant

C = C(g, M) satisfying

max{|z|®, 42, |D|} < Cr(D)%*=. (5.10)
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This is trivial if z,y are relatively prime. Suppose that x,y have some common
factor, say d, bounded by M. Write

r=ud, y=uvd
with u, v relatively prime. Then
D = 4d*’ — 27d%0”.

Now we can apply the inequality (5.9) with A = 4d>,m = 3; B = —27d*,n = 2, and
we find the same inequality (5.10), with the constant depending also on M.

Further, it is well known that the generalized Szpiro conjecture implies the abc-
conjecture (cf. [150], [287]). Here we introduce the proof roughly. Let a + b = ¢, and
consider the Frey elliptic curve ([67], [68]),

v =x(x—a)(z+b).
The discriminant of the right-hand side is the product of the differences of the roots
squared, and so
D = (abe)?.
We make a translation
b—a
3

to get rid of the z->-term, so that the equation can be rewritten

=2+

Y’ =& -l -,
where

1 1
Y= 3@ +ab+b?), 7= z(a—b)(2a+b)a+2h).

The discriminant does not change because the roots of the polynomial in & are transla-
tions of the roots of the polynomial in z. Then

D =4v3 — 273,
One may avoid the denominator 27 by using the curve
y? = z(x — 3a)(x + 3b),

so that 72, 3 then come out to be integers, and one can apply the generalized Szpiro
conjecture to the discriminant

D =3%abc)? = 45 — 2743,

and obtain

max {\3/ label, /|72l v/ \’yg\} < T(abc)1+6.



5.3 Equivalent abc-conjecture 311

A simple algebraic manipulation shows that the estimates on ~;, 3 imply the desired
estimates on |al, b|.

The following conjecture by Hall, Szpiro, and Lang—Waldschmidt (cf. [287], [149])
becomes a special case of Conjecture 5.6:

Conjecture 5.8. Ler A, B be fixed nonzero integers and take positive integers m and
n satisfying (5.8). Let x,y, z € Z be variables such that x, y are relatively prime and

Az™ 4+ By" =z #0.
Then for any € > 0 there exists a number C = C(g,m,n, A, B) such that
max{|z|"?, [y, 2]"} < Cr(2)'**. (5.11)

In particular, take non-zero integers x, y with z = 2> — 4> # 0. If z, y are relatively
prime, then Conjecture 5.8 implies that there exists a constant C' = C'(¢) such that

max{|x|%,|y|3l} < C(e)r(z® —y?)te, (5.12)
which further yields
o) < [a? — 7| (5.13)
This is just the content of Hall’s conjecture:
Conjecture 5.9 ([88]). There exists a constant C = C(e) such that
2 — P > C(e)|a]7® (5.14)

holds for integers x,y with x> # y>.

The inequality (5.14) is equivalent to the form (5.13). Danilov [37] has proved that
1/2 is the best possible exponent, who proved that 0 < |2° — ?| < 0.97|x|'/? has
infinitely many solutions in integers x, y. Actually, the original conjecture made by M.
Hall Jr. [88] states the following: There exists a constant C' such that

123 — 2| > Cla|? (5.15)

holds for integers z,y with 23 # 3. The final setting of the proofs in the simple
abc context which we gave above had to await Mason and the abc-conjecture a decade
later.

Another special case of Conjecture 5.8 is the following Hall-Lang—Waldschmidt’s
conjecture (cf. [287]):

Conjecture 5.10. For all integers m,n, x,y with x™ %+ y",
max{[z["* [y"*} < C(e) [2™ — y"|'7, (5.16)

where C(€) is a constant depending on e.
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5.4 Generalized abc-conjecture
For a non-zero polynomial f in C, we can write
FE)=alz 2" (2 = )™,
where a € C,; 21, ..., 2 are the distinct roots of f, and
deg(f) =ni+ -+ np.
Related to a positive integer k, we define
P
deg® (f) = Z min{n;, k}.
j=1
Theorem 5.11 (cf. [111]). Let fo, fi,. .., fn (n > 2) be polynomials in C satisfying
Jo=fit-+ fu (5.17)

Assume that no proper subsum of (5.17) is equal to O, the f; are not all constant,
and that fo, f1,. .., fn have no non-constant common divisors. Then for any positive
integer k, there exist two constants t,, (k) and v, (k) satisfying

—1
O<Pn(k}) <1’1'184X{17n7}7

0<%Mﬂ§mm{Lﬂ%%2},

such that the following inequalities hold:

n
—-1)
W< kg Mn—1) '
e (dea(f)} < walk) D deg®(fy) = ==, (5.18)
]:
(k) n(n —1)
max {deg(f;)} < n(k)deg™ (fo-- fn) ———— (5.19)
0<j<n 2
In this section, we will make the following general assumptions for integers:
(N1) Letag,ai,...,a, (n > 2) be non-zero integers satisfying
apg=ay+ay + -+ ay. (5.20)
Assume that no proper subsum of (5.20) is equal to 0.
(N2) Let ag,ay,...,a, be non-zero integers satisfying ged(ao, .. .,a,) = 1, where

the symbol ged(ay, . . . , ay,) denotes the greatest common divisor of ay, . .. , ay.
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For a non-zero integer a, write

a=+pl - pl (5.21)
for distinct primes py, ..., ps and (iy,...,is) € (ZT)*%, and define
s . .
r (a) = [ ] ppintooh. (5.22)
v=1

Based on the classical analogy between polynomials and integers, we think that the
number deg®™ (f) of a polynomial f corresponds to log r1,(a) of an integer a. Based
on Theorem 5.11, we propose the following n-term abc-conjecture for integers (see
Hu and Yang [110]).

Conjecture 5.12. If (N1) and (N2) are true, then for ¢ > 0, k € Z™, there exists a
number C = C(n, k,€) satisfying

n tn(k)+e
max {|a;|} < C (H Tk (ai)> , (5.23)

0<j<n P
max {|a;|} < Cry (aoa; - - - an)" I+ (5.24)
0<j<n

In [103], [107] (or see [108]), we proposed the conjecture for the case

m(n—1)=1, v, (TL(TLT—I)) =L (5.25)

If n = 2, Conjecture 5.12 corresponds to the well-known abc-conjecture.
We discuss the example studied by J. Browkin and J. Brzezinski [20]. If we choose
a = 2%, wherei > n — 2, and b = —1, then we have

a1+ -+ an = ag,
where
ajp = s5;(2 = D)2 (0<j<n-2), a,=1, a =27
Obviously, it has no proper subsum equal to zero. Since a,, = 1, hence the greatest

common divisor of all a; is 1. Therefore the conditions in Conjecture 5.12 are satisfied.
Now we have

i(2n—3
MTL = Ogljagxn{hl]’} =aqag = 21( n )
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A positive integer Y, > 2n — 3 exists such that

-2
L, = ﬁrn,l (a;) = 2”_2h Tr—1 (sj(Zi - 1)2j+12i("_2_j)>

i=0 j=0
n—2
> 2(n—2)(n—2) H S ((21 o 1)2j+1) _ 2(n—2)(n—2) (27, o 1)X'n'
7=0
Since there are infinitely many 7 > n — 2 such that the numbers 2 — 1 are relatively

prime (e.g., all prime ¢ > n — 2), there exists a positive constant C'(n) which is
independent of ¢ such that

2i(2n-3)
oD 2~ o = ¢

that is, M,, < C(n)L,,. We can also show that for some constant C'(n),
M, < C(n)rn(n;]) (apay -~ - ap)

Thus for the case (5.25), Conjecture 5.12 holds for such a;.
Next we exhibit a few of conjectures related to Conjecture 5.12. If a; (j = 0,...,n)
are nonzero integers such that a;, a; are coprime for ¢ # j, then

n

Hrk (a;) = rg (apay - - ap) < r(apaj -+ - an)k.
i=0

Hence Conjecture 5.12 implies immediately the following conjecture due to W. M.
Schmidt [232]:

Conjecture 5.13. If (N1) holds such that a; and a; are coprime for i # j, then for
e > 0, there exists a number C = C(n, €) such that

1 < n—1+e
Orgjagnﬂaﬂ} < Cr(apa;---ap) . (5.26)

It was indicated by Vojta in [293] that Conjecture 8.24 could derive the following
conjecture:

Conjecture 5.14. If (N2) and (5.20) with n > 2 hold, then for ¢ > 0, there exists a
number C = C(n,e) such that

I+e
Omgjag<ﬂ{|a] 1} < Cr(apay---ap) (5.27)
hold for all ay, . .. ,a, as above outside a proper Zariski-closed subset of the hyper-

plane x1 + - -+ + x,, = xo in P
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J. Browkin and J. Brzezinski [20] conjectured as follows:

Conjecture 5.15. [f (N1) and (N2) are true, then for € > 0, there exists a number
C = C(n,¢) such that

max {|a;|} < Or (agay - - - a,) ™" T (5.28)
0<j<n

J. Browkin and J. Brzezinski use the above example to show that the number 2n — 3
is a sharp lower bound. Thus the number 1,,(1) should satisfy

(n—1)

2 —3 < ya(l) < 2 . (5.29)

Generally, we suggested the following problem (cf. [111]):

Conjecture 5.16. Assume that (N2) holds and further assume that there exist integers
M and N with M < N such that

B0a0+"'+Bnan7£07 (B07"'7BTL) GZ[M,N]“+1 7{0}
Take an integer q with ¢ > n > 1 and let a family {[Ajo, ..., Ajn] | =0,...,q} of

P(C™*1) be in general position with Aj; € Z[M,N). Then fore > 0, k € Z, there
exists a number C = C(n, k,q, M, N, ) satisfying

q Fn(k)‘H:‘
O%agx,ﬂaﬂq‘" 1<cC ( H)rk (Ajoao + - + Ajpan) ) : (5.30)
]:
q 9 (k)+e
Ofgjagn{lajlq*”} < Cry, ( HO (Ajoag + -+ Ajnan) ) . (5.31)
j:

Conjecture 5.12 corresponds to a special case of Conjecture 5.16 by taking M =
0, N=1landqg=n+1.
5.5 Generalized Hall’s conjecture

We make the following assumptions:

(P1) Let fo, f1,..., fn (n > 2) be non-zero polynomials in C satisfying

fo=hH+hHh++ fa (5.32)

Assume that no proper subsum of (5.32) is equal to 0, and that the f; are not all
constant.
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(P2) Let fi, f2,..., fn (n > 2) be polynomials in C such that they have no common
zeroes, and that the f; are not all constant.

(P3) Let f1, f2,..., fn (n > 2) be polynomials in C. Assume that there exist positive
integers d; such that the multiplicity of each root of f; is not less than d; for

7=1,....n
Theorem 5.11 implies directly the following fact:

Theorem 5.17. Let fy, fi,..., fn be polynomials in C satisfying the conditions (P1),
(P2) and (P3). Then for any positive integer k, we have the following inequality

n k . k o

Proof. Note thatforj =1,...,n,

k
deg™® (f;) < kdeg™ (£) < Adeg (5) < g qmass des (/).
] =J =

Hence Theorem 5.17 follows from Theorem 5.11. |

As a consequence, we obtain the following fact (see [109]):

Theorem 5.18. Let fy, fi1,. .., fn be polynomials in C satisfying (P1) and (P2). As-
sume that there exist positive integers d; and polynomials P; in C such that
=PV j=1...n
Then for any positive integer k, we have the following inequality
n

—1
s d;j de (F;) < ea(k) deg®) (fo) — % (5.34)

Since r,, (k) = 1 for the case k = n — 1, the inequality (5.34) implies

“n— 1
l—zn max djdeg(P;) < (n—1) deg! ZP -

n
— d; 0<j<n 2
j:

(5.35)

In particular, if f and g are non-zero polynomials in C with f> — ¢g* # 0, and are not
all constant, then (5.35) yields

émax{Zdeg(f)Jdeg( )} < deg! (f fg) 1 (5.36)

when f and g have no common zeros, which means the inequality in the following
Davenport’s theorem (or see [11], [268]):
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Theorem 5.19 ([40]). If f and g are non-constant polynomials in C with f> —g> # 0,
then

1
5 deg (9) < deg (f*—g¢°) — L. (5.37)

The analogue of Theorem 5.19 in number theory is just Hall’s conjecture. The
inequality (5.36) is an analogue of (5.12). For the case

n=2, di=k, dp=n, (5.38)
and

fi=1F 2=y, (5.39)
where ) is a constant such that A = —1, the inequality (5.35) yields

{1 - % - %} max{kdeg (f),ndeg (9)} < deg!” (f* —¢") =1 (5.40)

when f and g have no common zeros, which implies

{1 L %} max {k deg(f),ndeg(g)} < deg (f* —g") — 1. (5.41)

This inequality is just an analogue of the Hall-Lang—Waldschmidt’s conjecture (5.16)
for polynomials.
For integers, the conditions (P1), (P2) and (P3) are respectively replaced by:

(N1) Let Aj,..., A, (n > 2) be fixed nonzero integers and let z; (j = 0,1,...,n)
be nonzero integers satisfying

Az + -+ Apxy, = x0. (5.42)

Assume that no proper subsum of (5.42) is equal to 0.
(N2) Letzy,x2,...,2, (n > 2) be integers satisfying ged(z1, ..., z,) = 1.
(N3) Suppose that there are positive integers d; such that foreachj = 1,...,n,p | z;
for some prime p implies p% | ;.
We conjectured that the analogue of Theorem 5.17 in number theory would be the
following problem:

Conjecture 5.20. If (N1), (N2) and (N3) hold such that for some k € Z+

n

krn(k)
=1- ——=>0 5.43
a=1-3 == >0 (5.43)
7=1
then for € > 0, there exists a number C' = C(n,k,e, Ay, ..., Ay) such that
max {|z;|*} < Cry, ()T k) +e (5.44)

0<j<n
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Conjecture 5.20 is a generalization of Conjecture 5.6. Note that when x is fixed,
the equation (5.42) has integer solutions zy, ..., x, if and only if the fixed nonzero
integers Ay, ..., A, satisfy

ged(Ay, ..., Ay) | xo.

According to the discussion in Section 5.2, it is easy to show that Conjecture 5.20
follows from Conjecture 5.12.

Conjecture 5.21. Assume that (N1) and (N2) hold and suppose that there are positive
integers d; and integers a; such that

d;j .
rj=a;, 7=1,...,n.

If (5.43) holds, then for ¢ > 0, there is a number C = C(n,k,e, Ay, ..., Ay) such
that

|ad; < wn(k)+e )
Og]agn{\agl 7} < Org (o) , (5.45)

where ag = xo, dy = 1.

Conjecture 5.21 is a generalization of Conjecture 5.8, and follows easily from Con-
jecture 5.20. Some special cases of Conjecture 5.21 were suggested in [109] and [108].

5.6 The abc-conjecture for number fields

5.6.1 Generalizations of the abc-conjecture

Let x be a number field and take a positive integer n. Let X be the hyperplane of P**!
defined by
Sot&+- -+ &1 =0.

To simplify statements, an element [ag, @y, . .., ant1] € P+ will be called an abe-
point if apay - - - apy1 # 0, and if

a0+a1+...+an+1:0 (546)

such that no proper subsum of (5.46) is equal to 0.
The complementary set of abc-points in X is called abc-exceptional set, denoted by

E7, ., which is just the subset of X defined by
Z gl = Oa
i€l
where I is a subset of {0, 1,...,n + 1} with at least one, but not more than n + 1,

elements. Thus E7, is an algebraic subset of X. For example,

EL.={[0,1,-1],[1,0,—1],[1,—1,0]}.
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Take a point
z = [ag,at,...,ans1] € P"T(K).

By Proposition 1.60, we may assume that each a; is integral over Z. Further, we may
suppose that the elements ag, ay, . . . , a,+ arerelatively prime. Such (ag, ..., ap41) €
O"+2 is called a reduced representation of x, which is unique up to integral units. In
fact, if (b, . . ., byt1) € OPF2 is another reduced representation of z, then there exists
A € Ky such that

(bo, PN ,bn+]) = )\(ao, PN ,an+1).
Since ag, ai,...,an+1 are relatively prime, there are algebraic integers Ao, .. ., Adpt1
satisfying
Aoap + -+ Apprangr =1,

and hence
Aobo + -+ + Agibptr = A,

which shows that ) is an algebraic integer. Symmetrically, we may prove that A~! also
is an algebraic integer. Thus A is a unit.

Let # € P""!(k) be an abc-point with a reduced representation (a, . . ., an41) €
O"*2 and fix an positive integer m. Let X' be a model X over Spec O,. Denote by
H; the hyperplane of P!

Hi={&=0}, 0<i<n+l.

Let E; = H;|x and let E; be the Zariski closure of E; in X. Then z € X (k) gives a
section = : SpecO,, — X with an extension = : M, — X’. By using the canonical
bijection (4.44), we have

FE; = Z ordy(a;)py + Z log ;p .

v
vEMO vEM lailo

Thus the truncated valence function

1

Nm(.’E, EZ) = m

Z min{m, ord,(a;)}log N'(p,) (5.47)

veM?

of x to multiplicity m is well defined.
Let H be the divisor
H=Hy+ H +- -+ Hnn

on P"! Let E = H|y and let E be the Zariski closure of E in X'. Then we have

1

G — Z ord,(ag -+ ans1)py + Z logmpu.

veEM) veEMge



320 5 The abc-conjecture

Hence the truncated valence function

1

Np(z, E) = "0

Z min{m, ord,(ag - - an+1)}log N (py) (5.48)

veM?

of x to multiplicity m is obtained.
Now we can formulate the (n+ 1)-term abc-conjecture for integers into the uniform
(n + 1)-term abc-conjecture for k as follows:

Conjecture 5.22. There exists a positive increasing function 1 with(h) = o(h) such

that
n+1

h(@) < dwjg+tni1(m) Y N, Bi) + ¢ (h()), (5.49)
=0
h(z) < dyjg + 9ns1 (M) Nin (2, E) + ¥ (h(z)) (5.50)

hold for every abc-point x € P! (k).

Originally, we formulated the n-term abc-conjecture for £ = Q with eh(z) + C
instead of t(h(x)). These formulations are equivalent, proved C' = C'(¢) is explicitly
known as a function of ¢. Indeed, in that case we determine for every value of h,

(h) = min{eh 4+ C(e)}.
e>0
On the other hand, if 1)(h) = o(h) is known, then for € > 0 we determine

Cle) = max{y(h) — eh}.

In particular, Conjecture 5.22 contains the following uniform abc-conjecture for x
(cf. [17], [78], [284], [285], [286], [287]):

Conjecture 5.23. There exists a positive increasing function 1 with(h) = o(h) such
that
h(z) < dyjg + N(z, E) +(h(z)) (5.51)

holds for every abc-point x € P*(k).

The function ) may depend on the number field, however, conjectured that ) does
not depend on « (cf. van Frankenhuysen [286]). Computationally, formulation (5.51)
is not the most useful, but one can easily derive a more useful inequality:

h(z) < N(z, E) 4+ ¢(h(z)). (5.52)
Note that (k) = o(h) implies h < 2N for h > 0, and this in turn implies

h(z) < N(x,E) +¥(2N(z, E)). (5.53)
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This formulation, which is equivalent to Conjecture 5.23, is most useful in applica-
tions.

The truncated valence function depends on the number field. For a field extension
K of k, if w € M is one of the valuations extending the valuation v on k one has

log #F,(K) = [Fy(K) : Fy (k)] log #F, (k).

Thus, the contribution th) log #F,, (K ) of the valuations above v to N (x, D) satis-
fies

log #F, (1) <Y log #F, (K) < [K : k] log #F,(k), (5.54)

wlv

with equality on the right if v is unramified in K. In general, we have the bounds

N(m, E)zek < N(l‘a E)zer < dK//{ + N(l‘, E)zer. (5.55)

5.6.2 Further formulations of the abc-conjecture

Take two integers M and N with0 < M < N. Anelement [ag, ..., a,] € P" (n > 1)
will be called linearly independent over Z|M, N| if ag - - - a,, # 0, and if

Boag 4 -+ + Bnan #0, (By,...,By,) € Z[M,N]"*' — {0}.
Let E"[M, N] denote the points [ay, . .. ,a,] € P™ satisfying
Boag + -+ + Bpan, =0, (By,...,By,) € Z[M,N]"*' —{0}.
Take an integer ¢ with ¢ > n and take a family
o = {(Ajo, ..., Ajn) € ZIM,N""1 |0 < j < g}

such that
o ={[Ajo,..., Ajn] €P(Z)|0< j < q}

is in general position. Let D; be the divisor defined by the equation
Ajoko+ -+ An&n =0

on P". Then Conjecture 5.16 can be formulated into the following form over the
number field x:

Conjecture 5.24. Assume that x € P"(k) is linearly independent over Z[M, N].
There exists a positive increasing function 1 with y)(h) = o(h) satisfying

a
(q - n)h(m) < dn/@ + In+1 (m) Z Nm(il:, Dj) + ’(/J(h(l‘)), (5.56)
j=0
(g —n)h(z) < dwjg + Ynt1(m) N, (x, Z Dj> + Y(h(x)). (5.57)
§=0
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The general abc-conjecture due to P. Vojta [293] can be formulated into the follow-

ing form:

Conjecture 5.25. There exists a proper Zariski-closed subset Z of P"(k) such that

(q—n)h(z) < dK/Q+N< ZD ) + () + O(1)

holds for x € P (k) — Z.

(5.58)

It seems to us that in general, the exceptional set Z in Conjecture 5.25 is larger than

the exceptional set E™[M, N| in Conjecture 5.24.
Take M =0, N =1,q=n+ 1,

D;={, =0}, j=0,...,n

and
Dy ={& + -+ & = 0}.

Consider the inclusion ¢ : P — P"+! defined by

(€05 > &n] = (€05 &ny —€0 — - — &al.
Then
v(P") =X ={& +& + - + &1 =0},
and
Dj ZL*HjZHj|X ZEj, 7=0,1,...,n+ 1.
Note that

h([€os - -+ &) = h([€0; - -+, &) + O(1), [&os- - - s ]
and +(E"[0,1]) = E7, . The inequality (5.56) and (5.57) become

n+1

h(.%’) < dn/@ +ch+l(m) ZNm(xan) + 1/)(h(1')),

J=0

n+1
h(z) < dwjq + Dnt1(m ( ZE>+¢ z))

e X

(5.59)

(5.60)

for all abc-points x € P"*!. Hence Conjecture 5.22 is a special case of Conjec-

ture 5.24.
For above special case, the formula (5.58) becomes

h(z) < d. g+ N (z,E) +¢(h(z))

(5.61)
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with z € X (k) — 1(Z) C P"*!(k). If k = Q, this is just the logarithmic form of the
general abc-conjecture due to P. Vojta [293].

When n = 1, the set ¢(Z) is a finite set in the line X . Taking the constant in O(1)
sufficiently large, then (5.61) with n = 1 holds for all abc-points = € P?(x). Thus
Conjecture 5.23 follows from (5.61) with n = 1.

5.7 Fermat equations

Fermat’s conjecture, now a theorem proved by Wiles [301], Taylor and Wiles [271],
states that there cannot be non-zero integers x, y, z and an integer d, where d > 3,
such that

x4yt =24, (5.62)

2F =yt =1. (5.63)

In 1844, Eugene Catalan [27] conjectured that this equation had only the trivial solu-
tion
(1'7 y7 k? l) = (37 27 27 3)

About 100 years before Catalan (1814—1894) sent his letter to Crelle, Euler had proven
that 8 and 9 are the only consecutive integers among squares and cubes, that is, the only
solution of the Diophantine equations

x27y3:il, x>0, y>0.
To prove the Catalan’s conjecture, it obviously suffices to consider the equation
2 —yli=1, >0, y>0, (5.64)

where p and ¢ are different primes. The case ¢ = 2 was solved in 1850 by V. A.
Lebesgue [155]. Chao Ko [128] proved the case p = 2. In 1976, E. Z. Chein [29]
published a new, very elegant proof.

Next we may assume that p and ¢ are different odd primes. One of the early ob-
servations was that the number of solutions (x, y) to (5.64), for fixed exponents p and
q, 1s at most finite. This is a consequence of a general theorem about integer points
on a curve, published by C. L. Siegel in 1929. For other results about the number of
solutions, see the introductory section in Tijdeman [274].

By way of multiplication of the equation, rewrite (5.64) as

zP — 1

—1 —_—y
(-1 ——F=y
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By considering the identity 2P = ((z — 1) + 1)P one easily finds that there are two
possibilities: the greatest common divisor of the two factors on the left hand side is
either 1 or p. When the greatest common divisor equals 1, we obtain the equations

P —1

x—1=a, po =bl, y=ab,

where a and b are coprime and not divisible by p. In 1960, J. W. S. Cassels [26] showed
that these equations yield a contradiction.
When the greatest common divisor equals p, we obtain the equations

-1

—— =pb?, y=pab,

z—1=pial,
z—1

where again a and b are coprime and p does not divide b. Preda Mihdilescu [180],

[181] showed that these equations also yield a contradiction. A deep theorem about

cyclotomic fields plays a crucial role in his proof. For a survey about the proof of

Catalan’s conjecture, see [179], or see [10] for an exposition of Mihdilescu’s proof.
Generally, the following conjecture was made by Pillai [212].

Conjecture 5.26. Given integers A >0, B > 0, C' > 0, the equation
AzF — Byl = C

inintegers x > 1,y > 1, k > 1,1 > 1 and with (k,1) # (2,2) has only a finite
number of solutions.

If k, [ were fixed, this would be a special case of an algebraic Diophantine equation,
the superelliptic equation. Pillai’s conjecture can be derived from the abc-conjecture
(see [232]).

It might be natural to combine Fermat’s last theorem with the Catalan problem. The
Fermat—Catalan conjecture claims that there are only finitely many powers z*, 3!, 2"
satisfying

4yl =2m, (5.65)

where x, y, z are coprime integers, and k, [, n are positive integers with

I 1 1
E+7+E<l’ (5.66)
the restriction on the exponents excludes certain infinite families of solutions relat-
ing to curves with small genus. A more general application is as follows. Tijdeman
[275] proved that for given non-zero integers A, B, C the generalized Fermat—Catalan
equation

Az® + Byl = 02" (5.67)
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has only finitely many solutions in positive integers + > 1,y > 1,z > 1, k, I, n
subject to ged(Ax, By,Cz) = 1 and (5.66). On the other hand, Hindry has shown
that for each triple k, [, n with

1 n 1 . 1 1

k-1l n— 7
there exist A, B, C' such that the above equation has infinitely many solutions =, vy, z
with ged(Az, By, Cz) = 1. H. Darmon and A. Granville [38] (or cf. [14]) proved the
following result:

Theorem 5.27. Take positive integers k, I, n satisfying (5.66) and let A, B,C € 7 —
{0}. There are only finitely many solutions (x,y, z) € 73 of the generalized Fermat—
Catalan equation (5.67) with ged(z,y,z) = 1.

We make the following assumptions on integers.

(N1) Letzo,x,...,x, (n > 2) be non-zero integers satisfying the equation
(N2) Take positive integers n and d; (j =0, 1,...,n) withn > 2. Letxg, z1,..., 2y
be non-zero integers such that for each i € {0, 1,...,n}, there is no prime p
satisfying
0 < wvp(x;) < dj. (5.69)
(N3)
“n—1
=1- > 0. 5.70
g ]2(:) > (5.70)

According to the classic analogy between polynomials and integers, we think that the
analogue of the Borel type theorem in number theory should be the following problem:

Conjecture 5.28. If (N1), (N2) and (5.70) hold, then either there are a finite number
of coprime integers xy, . . . , x,, satisfying these properties, or there exists a partition of
indices

{0,1,...,n} =lyULuU---Ul

suchthat In # 0 (. =0,1,... k), I, N1Ig =0 (a # B),
> 2i=0 a=0,1,....k
i€l
zi/x; € {—1,1} forany i, j € 1,, and each I, contains at least two indices.

If d; = dfori = 0,...,n, we think that this conjecture can be strengthened as
follows:
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Conjecture 5.29. [f (N1) and (N2) hold for d; = d > n* — 1 (i = 0,...,n), then
there exists a partition of indices

{0,1,...,n}=IoUI1U---UIk

suchthat In # 0 (« =0,1,...,k), I, N1Ig =0 (a # B),

> 2i=0, a=0,1,... .k

i€ly
and z;/xj € {—1,1} forany i, j € I,.

This conjecture yields the following special case:

Conjecture 5.30. Assume that (N1) holds. If there are integers d > n* — 1, a; = +1
and y; such that
ZT; :aiyfl, 1=0,1,...,n,

then there exists a partition of indices
{0,1,...,n}=[0UI1 U---uUly

suchthat In # 0 (. =0,1,...,k), I, N1Ig =0 (a # B),

Zawsz, a=01,...,k,
i€1q

and y;/y; € {—1,1} forany i, j € I,.

Obviously, the Fermat—Wiles theorem is a special case of Conjecture 5.30. Assume

that yo, y1, - - -, Yn (n > 2) are non-zero integers satisfying

aoyl + aryf + -+ anyy =0, (5.71)
where d > n? — 1 and a; = +1 for each i. Further we may assume gcd (o, ¥1, - - - » Yn)
= 1. If (y0,¥1, - - - , Yn) is a non-trivial solution of (5.71), that is, no proper subsums of

(5.71) is equal to 0, then Conjecture 5.12 implies that for ¢ > 0, there exists a number
C = C(n,e) satisfying

1+e
oglaé(n{‘y] h=c (H Tt (yf > < Clyoys - - - yn| "7 D0FE)

which implies

d—n +l 1)6 <
omax {ly;l} C(n,e).
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In particular, taking € = and d > n2, so

1
2(n2-1)

we deduce from Conjecture 5.12 that

1 2n?
max {|Z/j|d} <C (n, m) .

0<j<n

We have thus proved that in any non-trivial solution of (5.71) with d > n?, the numbers
|y |d are all less than some absolute bound depending only 7, and so there are no more
than finitely many such solutions. If we had an explicit version of Conjecture 5.12
(that is, with the values of C(n,e) given), then we could give an explicit bound on
all non-trivial solutions to the equation (5.71) and compute up to that bound to finally
determine whether there are any non-trivial solutions.

Euler had a false intuition when he guessed that the Fermat hypersurface

d d d
yi oy = w6

would have no non-trivial rational solutions for d = n + 1. Lander and Parkin [138]
found the solution in degree 5:

27° 4+ 84° + 110° + 133° = 144°.
Then Elkies [56] found infinitely many solutions in degree 4, including

2682440 + 15365639* + 18796760* = 20615673%.



Chapter 6

Roth’s theorem

In this chapter, we introduce simply Roth’s theorem, and show that abc-conjecture im-
plies Roth’s theorem. Further, following Vojta [287], we compare the analogy between
Roth’s theorem and Nevanlinna’s second main theorem in complex analysis.

6.1 Statement of the theorem

In a relatively early version of determining the best approximations of algebraic num-
bers by rational numbers, Liouville’s theorem [159] implies that if « is a real algebraic
number of degree n > 2, the inequality

< — (6.1)

has only finitely many rational solutions i if g > n. The great Norwegian mathemati-
cian Thue ([272], [273]) showed that (6.1) has only finitely many rational solutions
if p > %n + 1. Then Siegel [249] in his thesis showed that this is already true if

p > 2y/n. A slight improvement to x4 > +/2n was made by Dyson [54]. See also
Gelfond [74], [75]. In 1958, K. F. Roth received a Fields prize for his result:

Theorem 6.1 ([223]). If ais algebraic and € > 0, there are only finitely many rational
numbers % with

< .
y2+5

In 1842, Dirichlet [50] proved that given o € R and N > 1, there exist integers x, y
with 1 <y < N and |ay — x| < 1/N, which means that when « is irrational, there
are infinitely many reduced fractions z:/y with

Hence Dirichlet’s theorem shows that Roth’s result is best possible. An unknown
conjecture (cf. Bryuno [21]; Lang [141]; Richtmyer, Devaney and Metropolis [218])
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is the following: If « is algebraic and € > O, there are only finitely many rational
numbers % with

x - 1
yl ~ yr(logy)tte
In other words, given € and « algebraic, the inequality

—log

a— E‘ <2logy+ (1+4¢)loglogy
Y

holds for all but a finite number of fractions x/y in lowest form. A theorem due to A.
Khintchine [126] shows that this is true for almost all c.

In 1955, Ridout extended Roth’s theorem to p-adic numbers and LeVeque did so for
approximations by elements from some fixed number field. In 1960, Lang formulated
the following common generalization (cf. [144], [287]). The set of algebraic numbers,
that is, the algebraic closure of k, is denoted by k.

Theorem 6.2. Let x be a number field, let S C M, be a finite subset of absolute
values on k, and assume that each absolute value in S has been extended in some way
to k. Let € be a positive constant. For each v € S, fix a number a,, € k. Then there
are only finitely many x € k such that

[T min{1, |z — aulll} < H; (6.2)

s *(x)2+5-

Rather than deal with the approximation condition (6.2), it is easier to deal with a si-
multaneous set of approximations for all v € S. This idea of reduction to simultaneous
approximation is due to Mahler [161], who was also the first one to study Diophantine
approximation for p-adic absolute values.

Theorem 6.3. Let x be a number field and let S C M, be a finite subset of absolute
values on Kk with each absolute value extended in some way to k. Let € be a positive
constant. For each v € S, fix a number a, € R. For each v € S, suppose a real
number X\, > 0 is given such that

Z Ay = 1. (6.3)
vES

Then there are only finitely many x € k satisfying the simultaneous system of inequal-
ities

min{1, |||z — ay|||v} < I (6.4)

. (CIJ) (24e) A\

forallv € S.

Proposition 6.4. Theorem 6.2 is true if and only if Theorem 6.3 is true.
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Proof. Suppose first that Theorem 6.2 is true. Let A : S — R|0, 1] be a function
as described in Theorem 6.3, and suppose that x € « satisfies (6.4). Multiplying the
estimate (6.4) over v € S and using the condition (6.3) shows that x satisfies the

inequality (6.2), so Theorem 6.2 tells us that there are only finitely many x’s.

We shall now show that Theorem 6.3 implies Theorem 6.2. Suppose we have a

sequence of solutions x to (6.2), whose height tends to infinity. For such z, write

1
H,(2)CTo6@

min{1, |||z — ayl[lv} =

with a real number &,(2) > 0. Then by hypothesis,

D &(z) > 1

vES

Now select ¢’ such that € > ¢’ > 0 and choose a positive integer N such that

2+c¢
—1|N = .
<2+6’ ) > s =#5

Using induction, and the obvious fact that

[a+ 6] <lo] +[6]+1, {, 3} CR,

we obtain

2+4¢ 2+¢ 2+¢
N < N 1<
2+ ¢ l22+/ (@) | + Z[2+/

whence

2+¢
N < .
> [rove)
veS
Consequently there exist integers i, () > 0 such that

, 2+¢ 2+¢
o) < | 3E5NG)| < 355

N&y(x)

and > i, (z) = N. From this we see that there is only a finite number of possible dis-

v
tributions of such integers i, (), and hence, restricting our attention to a subsequence
of our elements x if necessary, we can assume that the i, (z) are the same for all 2. We
write them 7,,. We then put A, = i,/N sothat0 < \, < 1and >\, = 1. For each x

in our subsequence we have
2+ < 2+ e)éu(),

and hence these « satisfy the simultaneous system of inequalities

1

min{l, |||z — a|l|,} < m

@]+,

We can therefore apply Theorem 6.3, and have therefore shown what we wanted.
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Proposition 6.5. If Theorem 6.2 is true for all algebraic integers, then it is true for all
algebraic numbers.

Proof. Let a, be an algebraic number for each v € .S, and suppose that Theorem 6.2 is
false for them. This means that there are infinitely many = € « satisfying the inequality
(6.2). We may assume without loss of generality that the a,, satisfy an equation

dp X"+ +dy=0

with d; € x (For example, take the product of their irreducible equations over k).
We can clear denominators, and thus assume that all d; lie in O,. Multiplying this
equation by dg_l, we see that d, a, is integral over O, for each v.

Let z € k be a solution to (6.2) with

H. () > Han(d) 0%,
It is clear from the definition of the height that

H*,n<dnx) < H*,/{<dn)H*,n<-T)-

Further,
H ldnllo < H max{1,[[dn|,} < H*,H(dn)-
veES veS
Hence, we have
H*, (dn) H*,Ii(d’n) 1

H min{l, Hdnl‘ — dn“v”v} < H, K(x)2+€ = 1. K(x)2+€/2 : 1, K(x)E/Z

veS )
_ H. x(dn) . !
B (H*,ﬁ(dnx)/H*,ﬁ(dn))2+€/2 (H*,m(dn)l+6/€)6/2
1
H*,ﬁ(dnx)2+5/2'

Thus d,,x is a close approximation to d,,a, in the sense that the inequality (6.2) is true
when z, a,, € are replaced by d,,z, dya,, €/2. Hence the falsity of Theorem 6.2 for a,,
implies its falsity for the algebraic integers d, a,. This proves the proposition. |

6.2 Siegel’s lemma

Consider a system of homogeneous linear equations
ai1xy + -+ apmr, =0, i=1,...,m. (6.5)

If m < n and the coefficients lie in Z, then there is a nontrivial solution with compo-
nents in Z. It is reasonable to believe that if the coefficients are small integers, then
there will also be a solution in small integers. This idea was used by A. Thue [272]
and formalized by Siegel [251], called the first version of Siegel’s lemma:
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Lemma 6.6. Let m < n be positive integers, and let (6.5) be a system of linear
equations with integer coefficients not all zero. Then there is a solution x = (xy, ...,

xy,) to this system of equations with xy, . .., x, integers, not all zero, and satisfying
m
n—m
x|« = max |z;] < (nmax\a,-j\)
1<j<n 2
Proof. For any real number r we set
rT =max{0,r}, r~ =max{0,—r},

sothatr = r* —r~ and |r| = 7" + r~. We also define linear forms
n
Li(x) =Y aix;,
j=1

and set .
LF=>af, Ly =) a; Li=Lf+L;.
j=1 j=1
Taking B to be an integer and assuming 0 < z; < B, we deduce that L;(x) lies in

the interval R[—BL; , BL}]. The number of integer vectors in the box consisting of
these intervals is equal to

m m m
#(Zm nJ[RI-BL;, BLj]) =[[(+ BL; + BL}) =[] (1 + BLy),
i=1 i=1 i=1
while the number of integer vectors x with 0 < x; < Bis (B + 1)". Hence if we

choose B to satisfy
m

(B+1)">[J(1+ BLy), (6.6)

i=1
then the pigeonhole principle provides us with distinct integer vectors y and y’ such
that

Li(y) = Li(y'), i=1,...,m.

Then the vector x = y — y’ is an integer solution of our linear system satisfying
x|« < B.
To complete the proof of Siegel’s lemma, it remains only to verify that the values

B= {(nA)#} , A =max|a]|

s,

satisfy the condition (6.6). Since

B+1> (nA)nm
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and hence
(B+1)"=(B+1)™B+1)"""">(B+1)"(nA)",

we observe that
L; < nmax|a;j|, 1< nA,
J

and hence
m
[[(1+ BL) < {(B+ 1)nA}™ < (B+1)".
i=1
Thus Siegel’s lemma is proved. o

Now we show the second version of Siegel’s lemma (cf. [98]):

Lemma 6.7. Let k be a number field with d = [k : Q], let m, n be positive integers
with dm < n, let (6.5) be a system of linear equations with coefficients in x not all
zero, and let

A= H*(a“, sy Qg ,amn)

be the height of the vector formed by the a;;’s. Then there is a solution x = (zy, .. .,
xy,) to this system of equations with xy, . .., x, integers, not all zero, and satisfying

x|, < (nA)Tm .

Proof. Take afamily a = {a, }yeps,, of elements in k. Let ¢ = {¢, } be a multiplicative
M,.-constant with ¢, > 1 for all v € M,,, write

_ n
o= 11 &

'UGMK

and set
kKlase) ={z € k| |x — ayly < ¢y, v E M}

One claims that

#rla;c] < (1 + 2%)d. (6.7)

Using the notations in Proposition 2.14 and its remarks, set

KR = H Ky = R™ x C™2,
veEM®

and for o € k and £ > 0, consider the box

B(a,e) ={x € kr | |xy — op(a)| < ecy, v € M}
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We first observe that if «, § € k[a; ¢] and if we take ¢ = %C —1/d_then the intersection
B(aye) N B(B,¢) is empty. To verify this, suppose that x sits in both boxes. If v is
Archimedean, then

loo — Bl = |oy (@) — 0u(B)] < |20 — ()] + |20 — 00 (B)] < 2ecy;
and if v is non-Archimedean, then
la = Bly < max{|a — aylo, [B — avlv} < co.
It follows that

IT le—sl < @o)C =1,

vEMy

and then the product formula tells us that o = .
Now the disjointedness of the B(«, ¢)’s for a € kla; ¢] implies that

Vol( U B(a,e)) = #k[a; ]Vol(B(0,¢)) = #r|a; cJe?Vol(B(0,1)).

aEka;c]
Next, if x € B(a,€) with a € ka; ¢], then
|2y — op(ay)| < |2y — op(a)| + |a — ayly < (1 4 €)cy.

These inequalities define a box with volume equal to (1 + £)?Vol(B(0, 1)); hence

#kla; ] < <ljg>d: (1 +2{‘/5)d.

This proves the claim.
We now proceed with the proof of Lemma 6.7. Set

= N = [(nA)°
N = [(nA))
Applying the claim with
Li(§,....5), ifve M,
ay =
0, otherwise,

{%maﬂamv, ifve MX,
Cy =

max |aijly, otherwise,

and noting that for integersy = (yi,...,yn) with0 <y; < N

|Li(y) — avlv < co,
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we then compute the associated constant

d d
o I = () Tt = (22"

vEMy vEM,

and conclude that the linear form L;(y) takes at most (1 + nN A)? values, and hence
that L = (Ly,..., Ly,) takes at most (1 + nNA)?™ values. But N + 1 > (nA)?,
which implies that

(N+1)"=(N+ )" (N + 1) > (nAd)™™(N + 1)4 > (1 + nNA)™,

The pigeonhole principle says that there are distinct n-tuples of integers y and y’
satisfying L(y) = L(y’). Hence

Ly-y)=0, |ly—y|<N<((na)°

as required. |

6.3 Indices of polynomials

Let x be any field, let P(X1,...,X,) € k[X},..., X,] be a polynomial, and take

a=(al,...,an) €K™ T=(r,...,rn) € (ZT)™

The index of P with respect to («; r), denoted by Ind(P), is the smallest value

Ind(P) = min {Z_1++2_n}

01 P(a)#0 | T Tn

If P is the zero polynomial, we set the index equal to co.
Lemma 6.8. Let P, P’ € k[X},...,X,] be polynomials. The index with respect to
(c;r) has the following properties:
() Id(@P) > d(P) — (&40 4 1),
(i) Ind(P + P') > min{Ind(P),Ind(P")}.
(i) Ind(PP’) = Ind(P) + Ind(P").
Proof. Using the definition of the index, we can choose
j: (]177]“) EZ:L—
such that 0;0; P(«) # 0 and such that
Ind(0iP) = Ayl

1 Tn
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Since 0;1jP () # 0, we have

Ind(P) < -+

™ Tn 1 Tn

Zl-i-jl_i_” Zn"’_]n:<Z_1+...+Z—n>+lnd(3ip),

and so (i) follows.
To prove (ii), we choose
j: (jl,,]n) GZ:L_
such that 0;(P + P’)(«) # 0 and such that

md(P+P)=2 ... 4o

1 T'n
Then either 0;P(a) # 0 or 95P'(«) # 0 (or both), which implies that
min{Ind(P), Ind(P)} < 2 + .. + 2% = md(P + P').
8 T'n
Finally, using Leibniz’s formula for the derivative of a product, we can write
O;(PP) = > 0iPoy P
iti'=j
Choose
j: (]177]”) GZ:L-
such that 0;(PP’)(c) # 0 and such that
md(PP) =2 ... 4 I,
(B! Tn

Then there exist
i=(it,....in) €2, V'=(,...,1,) €Z

with i + i’ = j such that 9; P(«) # 0 and 9y P'(«) # 0. Hence

. ‘ 3 §
md(P) <Ly Ay <oy oy ln

1 Tn 8 Tn

and adding these inequalities gives
Ind(P) + Ind(P’") < Ind(PP").

To get the inequality in the other direction, we look at the set

Ip = {i= (i1,...,in) € Z | OiP(a) # 0, Ind(P) = i_h},
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We order Ip lexicographically and choose the smallest one, call it 2 = (21,...,2;,).
This means that if i € Ip — {1}, then there exists an [ > 1 such that

wm=1p (1< h<l), y<i.
Similarly, we choose 2’ for Ip/, and we set 7 = 2 + ¢'. Then
9,(PP")(a) = 9,P(a)0, P'(ax) # 0,

since all of the other terms will be zero. Therefore

Ih =+
Ind(PP’) Z => - b — Ind(P) 4 Ind(P’).
h=1

This is the other inequality, which completes the proof of (iii). O

The average value % in the next combinatorial lemma will explain the 2 in Roth’s
theorem.

Lemma 6.9. Let ry,...,r, be positive integers and fix an 0 < § < 1. Then there are
at most

(ri+ 1)+ (1 + 1)e 0/

n-tuples of integers (i, . .. ,iy) in the range
0<4 <7r,0<i<7,...,0<4, <ry

that satisfy the condition

Proof. Let I(n, ) be the set of n-tuples that we are trying to count,

Zz—h<n<l—5>}.
h:lrh 2

I(n,d) = {i € Z[0,71] x -+ x Z[0, 1)

Since ¢! > 1 for all ¢t > 0, then we have

#In,0) = Y 1< Y exp< {_5 %;ZD

i€l(n,d) i€l(n,9)

e

i1=0 in=0

IN
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which further yields

#I(n, ) < exp (‘%”) g {iexp (g G _ é)) } .

When [t| < 1, we use the inequality
et <1 +t+t?

to estimate one of the inner sums as

Yeo(3(3-1)) = SPs (-0 (-0

< (r+1) <1+5—2>

since r > 1. Substituting this estimate in above, we find that

#I(n,8) < exp (527") f[ {(rh +1) (1 + %) } .

h=1

I
—
=
+
=
7N
_|_
|°’1
[\ %)

+
‘on
38
~__

Note that 1 + ¢ < ¢! for t > 0. Then

#I(n,6) < exp (52771) ﬁ {(rh + 1) exp (f—é)}

h=1
762
= (ri 4+ 1) (rn+ 1) exp (1—6”) ,

and so the lemma is proved. |

Proposition 6.10. Ler x be a number field with d = [r : Q|, fix a number a,, € k for
eachv € S, let 1 > § > 0 be a fixed constant, set m = #5, and let n be an integer
satisfying

S S am. (6.8)
Take v = (r1,...,mn) € (ZT)"™. Then there exists a polynomial P(Xy,...,X,) €
Z[Xy,. .., X,] satisfying the following three conditions:
(1) P has degree at most ry, in the variable X},

(2) Foreachv € S, the index of P with respect to ((ay, . .. ,ay); 1) satisfies

0, = Ind(P) > n G - 5> . (6.9)
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(3) Ifsetting a = (ay)ves € K™, the largest coefficient of P satisfies

|P|. < {4H,.(1,a)}1 T+, (6.10)

Proof. We write the polynomial P as

Tn

P(X1,. 0 Xn) =Y oo Y b, XY X

71
j|:0 jn:()

where the integers bj,...;, are unknowns to be determined. Clearly, the number of
coefficients bj,...;, is
N=(@r+1)(rp,+1).

For any n-tuple
i= (i],... ,in) S Z[O,Tl] X oo X Z[O,Tn],
we have

71

KP(X1,....X,) = Z
J

Tn . .
Z bjl"'jn <Zi> o <]n> Xl]lill e X%n—in7

=0 ju=0 in
Evaluating this identity at (a,, . . ., a,), we find that
P (0, ap) =3 by (1) oo (I )agiivktinin,
i vV s G : j i in v
J
Hence 0;P(ay, - .., a,) = 0 if we choose the b; to satisfy linear equations
3 (7‘) (J,”)a{}“"*f”nbj —0, 1=1,....m. 6.11)
. 11 in
In order to satisfy condition (2), we need 0;P(ay, . .., a,) = 0 for all n-tuple

i= (i],...,in) EZ[O,Tl] X oo X Z[O,Tn],

‘ . :
Z—‘+---+ﬁ<n<——5>.
1 Tn 2

According to Lemma 6.9, there are at most N e~0"n/4 such n-tuples. Hence we can
find a P that satisfies (2) by choosing the b; to satisfy the system (6.11) of M linear
equations, where

satisfying

N
M < mNe O n/4 o 2L
= mave 2d
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Now applying Siegel’s Lemma 6.7, we find that there is a polynomial P satisfying
(1) and (2) whose coefficients b; are bounded by

[Pl < (NA)N-i% < NA,

where
A= H, ( . (]1> R (?n)a{;lil+--.+jnin7 o ) < {2H*(17a)}r1+...+7:n7
21 in
and hence

[Ple < (ri+ 1) (rp + D{2H.(1,2) )5 < {4H,(1,2) 17,

which yields the estimate (6.10) in (3). O

6.4 Roth’s lemma

Let P € Q[X1, ..., X,] be a polynomial with algebraic coefficients and degy, (P) <
7. We can choose a decomposition of P in the form

l
P(Xy,.., Xn) =Y 0i(Xi1,. o, Xno)¥i(Xn), (6.12)
j=1

where ¢;,1); are polynomials with coefficients in Q, with the smallest number of
summands, that is, the number [ is smallest. It follows that [ < r,, + 1.

Lemma 6.11. The polynomials ¢y, ..., ¢, appearing in the minimal decomposition
(6.12) of P are linearly independent over Q. Similarly, the polynomials 1y, ...,
are linearly independent over Q.

Proof. Assume, to the contrary, that oy, ..., ¢; are linearly dependent over Q, that is,
there is a nontrivial linear relation

cipr+ -+ apr =0.
Without loss of generality, we may assume that ¢; # 0. Thus

l -1 —
P = Z‘ijj = Z‘pﬂ/}j - Z ‘P]"/}l Z‘P] <7/)] - —ﬂn)
=1 j=1

contradicting the minimality of [. This proves that ¢, ..., ¢; are linearly independent
over Q. Similarly, it can be proved that ¢, . . . , v, are linearly independent over QQ. O
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For nonzero multi-indices
i,e(Z)" !, v=1,...,1-1,
we define the generalized Wronskian determinant of @1, . .., ¢ by

P1 P2 Pi
Oyp1 Oy oo O

W(or,oo o) = Wiy (o1, 00) = | AR l.
O o1 Oy o2 o0 Oy

It is a standard theorem that the functions ¢, . . ., ¢; are linearly independent over Q if
and only if there exist multi-indices i, with 0 < |i, | < v such that W (e, ..., ¢;) #
0. Next we will use the multi-indices satisfying above properties.
In particular, if taking
en=1(0,...,0,1) € Z",

and noting that
1 o

ien = ﬁﬁv J € Ly,
we obtain the classical Wronskian determinant of 11, ...,
(i () e (i
W= | ol R )
3(1—1.)571101 3(1_1.)571102 S 8(1—1.)%1!%

up to a multiple {112!--- (I — 1)!}~!. Lemma 6.11 implies that W (¢/y, ... ,4;) #Z 0.
We consider the polynomial

P = Wil"'iz—l (P, 8enP, e ,8(l,])enP) .
Note that the differential operators 0;, involve only X7, ..., X,,_;. We obtain
! ! l
P =Wi..i_, (Z Ois > PiOen iy Y %3(1_1)%%) = oV,
j=1 j=1 j=1

where
O =W(pr,...,01), ¥=W(,..., ).

It is obvious that

degy, (®) <lrp (1 <h<n—1); degy, (V) <lr,. (6.13)
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We also note that since ® and ¥ use distinct sets of variables, it is clear from the
definition of height of a polynomial that

hs(P) = ha(®) + ha(P). (6.14)
Finally, we state the Roth’s lemma (See [98], Proposition D.6.2):

Lemma 6.12. Let n be a positive integer and let P € @[Xl, ..., Xy] be a polynomial
with algebraic coefficients and degx, (P) < rp,. Let x = (x1,...,x,) be an n-tuple
of algebraic numbers. Fix a real number n > 0 such that

Tl 2™ =1, 1, (6.15)
Th
and 1
7" min {rylog H.(z1,)} > log H.(P) + 2nry. (6.16)
1<h<n

Then the index of P with respect to (X;r) satisfies
Ind(P) < 2n.

Proof. It n > %, the conclusion of Lemma 6.12 is trivial since we always have
Ind(P) < m. Next we assume that n < % Let x be a number field containing all
the x;,’s and the coefficients of P, and set d = [x : Q).

The proof is by induction on n, the number of variables. We begin with the case

n = 1. Let s be the order of vanishing of P(X)) at X| = z1, so

P(X)) = (X1 —21)°Q(X1), Q(z1) #0.

Since the index of P at (z;r;) is Ind(P) = s/r, then Gelfand’s inequality (Lemma
4.22) yields

H*(xl)mlnd(P) _ H*(Z'l)s _ H*(Xl - 1’1)8
H*(Xl - l'l)sH*<Q) < erlH*(P)a

IN

which implies
log H.(P) 4+ ry
r1log Hi(x1)

by using (6.16). This completes the proof of Roth’s lemma for polynomials of one
variable.

We mow assume that Roth’s lemma is true for polynomials with strictly fewer than n
variables, and we prove it for a polynomial P(X}, ..., X,,) of n variables with n. > 2.
First of all, we claim that

Ind(P) <

ho(P) < 1{hw(P) + 21} . (6.17)
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When [ = 1, this is trivial since P = P. Next we assume that [ > 2. The determinant
P is the sum of [! terms, each of which is a product of { polynomials of degree at most
rp, with respect to X}, and satisfying (see (4.17), (4.16))

Plo < s nax (016 P) (84,056, ) - -+ (85, O P) s 0
Lyeees
2 2(-1)
S QSN max 10160 Ple,0] 01, 0jren Pl -+ 04, 0jre Pl
ieeesdi
where (ji, ..., 7;) runs over all permutations of {0,1,...,l — 1}, v € M, and

N = 2Tl+"‘+7’n .

According to the proof of Lemma 4.15, we get

Plew < sy 1Pl (6.18)
which yields a bound
hs(P) <1lh«(P)+ (21 — 1)(ry + -+ + 1) log2 + log!. (6.19)
The condition (6.15) implies
rtetr <(l+wt -+ ey = 11—_02)”7”1,

where w = 772"_1. Since n > 2 and n < %, we have w < i, and hence

1—wr  [2, ifn=2
<
T—w 7|4 ifn>3
On the other hand,
log !
B <logl<l—1<m <w ',
Thus (6.19) implies
hi(P) < U{hs(P) + cnri} (6.20)

where
o Dlog2+ 1~ 1983, ifn=2,
" Blog2+ L~ 1911, ifn >3,
and so (6.17) follows from (6.20).
Secondly, we claim that if Roth’s lemma is true for polynomials in n — 1 or fewer

variables, then the index of ® with respect to (z1,...,Zp—1;71,...,7,—1) and the
index of W with respect to (x,,; r,,) satisfy

Ind(®) < 2l(n — D)n?, Ind(¥) < Ip?" ', (6.21)
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and hence the index of P with respect to (x;r) satisfies
Ind(P) = Ind(®) + Ind(¥) < 2l(n — D* + > . (6.22)

In fact, by applying Roth’s lemma to ® and ¥, we can prove the claim. Set

m=n—1, d=Irp, 9:172.

We obtain deg y, () < dj, from (6.13). The condition (6.15) follows from

dpt1  Thyt <2 o h=

oo,m— 1.
dh /rh —_ ) ) b)

Next we check condition (6.16):
sz_ldhh*(mh) = lnzn_lrhh*(mh) > U(h«(P) +2nry)
> he(P) 4+ 2mlr; > hi(®) + 2mry.
By induction we conclude that
Ind(®) = Ind, 1 (®) = Indeg, 4, (P) < 2lmb = 2l(n — 1)’

Similarly, we may apply Roth’s lemma in one variable to ¥ with

m=1, d,=Iry,, w:nzn_l.

We have degy (¥) < d, from (6.13). Note that the condition (6.15) is empty when
n = 1, so we only need to check the condition (6.16):

ha(W) +2dy < U(h(P) +2r1) + 2 < 1{h(P) + (24 20" ") 11}
H{hao(P) + 201} <07 Trpha(2n) = wdn b ().

A

We apply Roth’s lemma for a polynomial in one variable and conclude that
Ind(¥) = Ind,, (¥) = iIndg, (V) < lw = Ip*" .

This completes the proof of the claim.
Thirdly, we claim that the following estimate is valid:

Ind(P) > émin{lnd(P), mnd(P)2} — (6.23)

Tn—1

In fact, fori € (Z, )" !, j € Z, with |i] <1 — 1, we observe

Ind(d; ;P) > Ind(P) — — — -+ —
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from Lemma 6.8 (i). Since vy > rp > --- from (6.15), it follows that

Ind(9. ) P) > Ind(P) — LT in=tl T pq(p) -

Tn—1 Tn Tn—1 Tn

Tn J

since ¢y + -+ +ip—1 <1 —1 <r,. By (ii) and (iii) of Lemma 6.8, we obtain

Ind(P) > (lmin' : Ind (3j1enP - 04,0y, P -+ - aiH@jlenP)
Fisenndt

345

= min {Ind (8j1enp) + Ind (8i18jzenP) + .-+ 1Ind (8i17]8jlenP)} .

(F1yees1)

Substituting in the lower bound obtained above, we have

-1 .
T'n J
I > — N
nd(P) > Zmax{lnd(P) e Tn,O}
J=0
— J Ir
> max{ Ind(P) — +~,0% — —*,
> 3 {maep) - Lo} - =

which gives the fundamental inequality

lry,

-1 .

> max {Ind(P) — i,o} < Ind(P) + .
=0 Tn Tn—1
If Ind(P) > lr_—nl, then (6.23) follows immediately from

- J (-0t _1
]E_O max {Ind(P) — 0} [Ind(P) T 2Imd(P)

Next we study the case Ind(P) < lr_—nl, which means
N =[r,Ind(P)] <1-—1.

Then

-1 . N .
]Z%max{lnd(P)r]—n,O} - Z{Ind(P)—Tin}

From the definition of NV, we obtain

-1 .

N+1
3 max {Ind(P) - i,o} > ; Ind(P) > Ind(P)?,
=0

Tn

(6.24)

(6.25)
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and so (6.23) follows from (6.24) when ! < r,. When [l > r,, itmustbe [ = r, + 1
since [ < r, + 1. Note that

(I—1)Ind(P)— 1 < N < (I — 1)Ind(P)

and that the quadratic function (6.25) of N arrives the same value at above lower bound
and upper bound for N. We find that

(N—l—l)Ind(P)—% > %{(l—l)lnd(P)z—i—Ind(P)}
> éInd(P)z

since Ind(P) < 1. Thus we complete the proof of claim (6.23).
Finally, we finish the proof of Roth’s lemma. Since Ind(P) < n, we may use (6.23)

to deduce l ;

TTL 2
> —1Ind(P

Tnol 21 nd(P)°,

Ind(P) +
while (6.22) implies that

lry, lry

< 2m—-DP+I* T+

Tn—1 Tn—1

< 12—+ 27"} < 2nin’.

Ind(P) +

We deduce that Ind(P)? < 4n’n?, and hence Ind(P) < 2n1. O

6.5 Proof of Roth’s theorem

It is sufficient to show Theorem 6.3. To do this, we assume that there are infinitely
many solutions to (6.4) and derive a contradiction. Decreasing € only serves to make
the theorem stronger, so we may assume that 0 < ¢ < 1. Without loss of generality,
we may assume that all a, € . Otherwise, let K be some finite extension field of s
containing all a,, let T be the set of places w of K lying over v € S, and for each
wlv let a,, be a certain conjugate of a,,. With proper choices of a,,, the left-hand side
of (6.4) will decrease when « is replaced by K, but the right-hand side will remain
unchanged. Based on Proposition 6.5, we may assume that all a, € k are algebraic
integers. Write a = (..., ay,... ) and set m = #5S.
Choose an 0 with 0 < § < 53, set d = [« : Q], and take an integer n with

54 S 2md. (6.26)

We define |
w=w(n,o) = (6/4)>" ",
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which implies
202" d < 6.

2
Since by assumption (6.4) has infinitely many solutions in «, and since  has only
finitely many elements of bounded height, we can find a solution x; whose height
satisfies

H, (1) > {2°H.(1,a)}'24/<, logH*(xl)Zg{log(4H*(1,a))+2}. (6.27)

We then choose successively 3y, . . ., x, to be solutions to (6.4), that is,
in1, lzn — aull} < cs (628)
TR = ol ) = =y eron U5 :
such that
Hip(xpy1)® > He () h=1,...,m—1. (6.29)
The sequence of H, ,.(z5,)’s will be increasing since w < 1.
Choose an integer r; satisfying
H, (1) > H, ()%, (6.30)
and then define r,, . .., r, to be the integers
B ’VT] IOgH*’H<JJ])—‘ . ’77“] IOgH*(JJ])—‘ h—2
h - - ) - AR 7n7
IOgH*,ﬂ(-Th) log H.(zp)

where [7] denotes the ceiling of r, that is, the smallest integer that is greater than or
equal to r. By using < [r] < r + 1, we obtain

rilog He w(z1) < rplog Haw(xn) < rilog He (1) +log He x(h),
which means
rplog Hy o (2p) < rilog H (1) +10g Hy o (20) < (14 0)r1 log Hy (1)
Exponentiating gives

— . Th < Th < ]+(5 .
D lrgr}ggnH*(xh) 7]211}?%(”[{*(30” <D (6.31)

From the choice of the r},’s, we compute
Thtl (rl log H, (1) N 1) /(rl logH*(acl))

Th B log H., (xh+]) log H. (xh)
log H., (xh) log H., (xh)

w o ow
log Hi(zpy1) rilogHu(zy) — 2 2

w.
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Thus by using (6.29) and (6.30), we find

Tl e h=1,... n—1. (6.32)
Th
Since n was chosen to verify (6.26), we can use Proposition 6.10 to produce a
polynomial P(X,..., X,) with degy, (P) < r, satisfying (6.9) and (6.10). Take 6
satisfying
0< by < szigev.

ve
Now we claim that if i = (i;,...,14,) is any n-tuple satisfying
1 7
— 4+ = < b,
(8 T'n
then

[T1a:P1, .. )l < {8H.(1,2)} 14 H, (P) D~ +)E=0)  (6.33)
veS

In fact, we use Lemma 6.8 to compute

mmam;ﬂmuw—<ﬂ+~~+ﬁ>ze—%.

T Tn

So if we write the Taylor expansion of 9; P about (a, . . ., a, ), then many of the initial
terms will be zero. Thus

OP(X1,..., Xn) =Y _ 0P (ay, ..., a0)(X1 — ay)” -+ (Xp — ay)",
jer
where
1 jl ]n
I = {J EZ[O,T‘]] X .- XZ[O,TYJ ‘ o 42 29_90}
I8 Tn
Hence we obtain
0P (1) <Y P (v, an)|olr — aulll - [ — aulir
jer
< (r 4 1) (rp + D) max |90 P(ay, - - - ay)o
J

x Iglealx |I1 - a’UH’)I e ‘xn — av|.z)n.
Note that
|8j8ip<av, e ,Ofu)‘v < (m+1)-(rn+ 1)‘6ip|*7v maX{l’ ‘av|v}r1+m+rn
S |P|>$<,’U(41’naX{17 |a|*7v})7'1+...+7,n.



6.5 Proof of Roth’s theorem 349

We have

|81P(x17 o ’xn)lv S |P|*,v(8 max{h |a|*7v})7"1+---+rn

mae{ Hog (1) Ho ) EF /e,
Je

We can estimate this last quantity as follows:

I in _
Hy (@) -+ Hy (2n)?" = {H, o (z1)"} 7 ~~~{H*7,€(xn)’“"}in > pi—bo,

It follows from above that

|P|*, T+t
|0y P (21, ... xp) |y < D(G—Go)(2+1€})>\v/nu (8max{1, |al,, }) 1T,

Now raising to the n, power, multiplying over all v € S, and using the fact that
Zve g Ay = 1, we arrive at the desired estimate (6.33).
Further, if setting

X=(T1,...,Tpn), T=(T1,...,"n),
we claim that the index of P with respect to (x;r) satisfies
Ind(P) > nd. (6.34)

Leti= (ij,...,i,) be an n-tuple satisfying

R )
1 Tn
We want to show that 9; P(x) = 0. From (6.33), (6.9) and (6.10), we get
{32H,(1,a)}dri++rm)
D(Z-i—e)(n(%—(;)—né)

[TlaPel. <

vES

On the other hand, from Lemma 4.16 we obtain

H, o(0:P(x)) < 4940 H, (P) T Hew(n)™.
h=1

Thus by using (6.10) and (6.31), it follows that
H, . (0iP(x)) < {]6H*(]’a)}d(r1+---+rn)Dn(l+5).

Now Liouville’s inequality implies that either the derivative 9; P(x) is zero, or else

. 1
vl;[Smm{lv 10: P(x)|} > o (0P(X)
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So it suffices to show that our hypotheses contradict that latter. Assuming ;P (x) # 0.
Liouville’s inequality thus yields

D=/ =40} < (997 (1 q))lrira),
Since we assumed € < 1 and § < 55, we get

(14¢/2)(1 —48) — (1+0) = % — 55 —26e > %
and hence

Th < 1+9 < 9 Gd(rl+"'+7"n)(1+5)/(”5).
lrén}?%an*(xh) <D™ <{2°H.(1,a)}

Noting that

1 = max 7Ty,
1<h<n

we deduce that
H*(xl) < {29H*(17a)}6d(1+6)/5 < {29[{*(178)}1%/57

and obtain the desired contradiction to (6.27), which concludes the proof of claim
(6.34).

Finally, we would like to apply Roth’s Lemma 6.12. We have verified condition
(6.15) with 772%' = w, so it remains to check condition (6.16). By using the fact

log D = lg%lrgln{rh log Hy(xp)} = 71 log Hi(21),

and applying (6.10), we compute

log |P|s + 2nr - (ri+---+ry)log(4H,(1,a)) + 2nr
log D - log D
n{log(4H.(1,a)) + 2}

IOgH*(xl)

S w,

where the last inequality follows from the choice of x; in (6.27). This completes the
verification of all of the conditions necessary to apply Lemma 6.12 with

o 2—n+1 _ é
n=uw 47
so we conclude that the index of P with respect to (x;r) satisfies
0
Ind(P) < 2nn = "7 (6.35)

We now observe that the lower and upper bounds for the index of P given in (6.34) and
(6.35) contradict each other. This completes the proof of Theorem 6.3 that (6.4) has
only finitely many solutions. Then using the reduction Proposition 6.4, we conclude
that Roth’s Theorem 6.2 is also true.
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6.6 Formulation of Roth’s theorem

6.6.1 A generalization

S. Lang [144] noted that if a,,a), are two distinct elements of Q for some v, and
if 2 approximates a,, then x stays away from a,. As x approaches a,, its distance
from a, approaches the distance between a,, and a,. Hence it would add no greater
generality to the statement if we took a product over several a,, for each v. Based on
this observation, we have the following fact:

Theorem 6.13. Ler S be a finite subset of M,. For each v € S, let P,(X) be a
polynomial in k[ X| (one variable) and assume that the multiplicity of their roots is at
most r for some integer r > 0. Take € > 0. Then there are only finitely many x € K

such that )

[T min{1, 1P, ()} < Hoo(2) O (6.36)

vES

Proof. We may assume that P, has leading coefficient 1 for each v € S, and say

Py(X) = ﬁ(X = y;)"™

j=1

is a factorization in Q. The expression on the left-hand side of our inequality is greater

or equal to
v
[T T min{1 o — v},

veS j=1
which is itself greater or equal to the expression obtained by replacing 7,; by r for all
v and j. Now we are in the situation of Theorem 6.2, taking into account the above
remark following it, the solutions z of the inequality

qu 1

HHmln{l ||13 CLU]” } < W (6.37)

veS j=1

are only finite in number, hence the same is true for the solutions of original inequality.
O

Particularly, take r = 1; ¢, = ¢, a,; = a; for each v € S; and hence
q
Py(X) = P(X) = [](X —qj).
j=1
The inequality (6.37) implies that all but finitely many x € & satisfy

ZZlog le_%'”U < (24 e)hi(x) + O(1). (6.38)

veS j=1
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If we assume M° C S, the inequality (6.38) can be rewritten into the following
form:

q
> m(z,a5) < (24 £)ha(z) + O(1), (6.39)
j=1

or equivalently

(¢ — Zq: N(z,a;) + eh(z) + O(1). (6.40)

6.6.2 Approach infinity

S. Lang [144] observed that there is no reason not to let x approach infinity. For
example, we can change Theorem 6.13 into the following form:

Theorem 6.14. Let k be a number field, let S C M, be a finite subset of absolute
values on k, and assume that each absolute value in S has been extended in some way
to k. Let ay, ..., aq be distinct elements in k. Let € be a positive constant. Then there
are only finitely many x € k such that

H<mm{ Tl }Hmm{l 2 — ajll }> ﬁ (6.41)

vES

Proof. We show that this version of the theorem can be reduced to the other by making

a linear transformation
ar+b

cr+d

o(x) =

such that the transform of x approaches elements at a finite distance for allv € S. It is
trivially checked that if o is a non-singular transformation with coefficients in «, then
H, ,.(o(x)) is equivalent to H, ,(z), i.e., each is less than a constant multiple of the
other.

Now we choose the linear transformation as follows

(2) ax + 1 %, if 0 & {ai,...,aq},
o(r) = =
zEL D if 0 € {ay, .. ., a4}

Then (6.41) is equivalent to

11 (min{l,

vES

r+d
ar + 1 .

ar +1

ovd Y

| o o

j=1

)< T
(6.42)
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Without loss of generality, we only consider the case o(x) = x~!. Now the inequality
(6.42) becomes

q
| oz byl i
II(“n““NJllmm{L Bzl §) < Hopwree 9

vES

since Hy i (x71) = H, (), where bj = a;l. We claim that for each pair (v, j) with

ve Sandj e {l,...,q}, there exists a constant ¢,; > 1 satisfying
O 1 R,
min ¢ 1, < cyjmin {1, ||z — bj||v}- (6.44)
1b;%[o

In fact, for the case v € S — M2°, we have

[l = bjll
LA LY . — b
”bjx”v - CU]Hx ]”v

when |||, > min{l, [|b;]l,} = ¢, /%, and s0 (6.44) holds. If |z, < c, /. then

o=l _ 1,
el Tall

)

and hence (6.44) is trivial since
cojmin {1, [z = bjllo} = cpj min {1, [|bjllo} > 1.
Ifv e SNMF, wehave

[l = bjll
LA LY . —b;
”bjx”v - CU]Hx ]”v

2

)

when [z, > 27" min{1, [b; ]} = c,//% and so (6.44) holds. If [z, < c,;’
then .
[z = bjllv > 10510 — |2 |o|™ > 1 1
1o s [z,

and hence (6.44) follows from

cojmin {1, ||z = bj[lv} > cpymin {1,27™[|bs ]|, } > 1.
Therefore, for each v € S we obtain an inequality

[ = bjll

q q
min{],||gn||v}l_[min{l7 } SCUHmin{l,foijv}, (6.45)
j=1 =0

b5

where ¢, = cy1 - - Cog, bo = 0. Hence (6.43) follows from (6.45) and Theorem 6.13.0
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Next we assume M° C S. Similar to the arguments of (6.40), we can prove that
all but finitely many x € k satisfy

q
(¢— Dh(z) <> N(z,a;) + ch(z) + O(1), (6.46)
§=0

where ag = oo. Without loss of generality, we may assume a; € « for j > 1. By
using the formula (2.17), we find

1
N(z,a;j) = 0 vescz(x:_a;) ordy(z — a;) log N'(py) + O(1) (6.47)

foreachj =1,...,q, and

N(z,00) = r _IQ] > ordy(z7)log N (py) + O(1), (6.48)
' veSe(z—1)
where
S(y) ={v e M, — S |ord,(y) > 0}.
Define
— 1
Nie,aj) = g ves%_a‘)logN () (6.49)
and
— 1
N(z, = — log M (py). 6.50
(2.0 = 5 UESCZ(;_I) og N (pu) (6.50)

It was conjectured that the inequality (6.46) could be strengthened as follows:

Conjecture 6.15. Let ag, ai, ..., aq be distinct elements in kU {oo}. Let € be a posi-
tive constant. All but finitely many x € k satisfy the inequality

q
(q—1Dh Z (z,a;) + eh(x) + O(1). (6.51)

6.6.3 Ramification term

We consider the following rational function

Set
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4
Evj:{x€m| |:U—aj|v<i}.

When i # j, x € E,;, we have

|z — aily, > |a; — ajly — |z — ajly > 0y (1 — 2iq> > ;5—2
Since
Q) = xa]{ +Z al}
we find
1 5 1
Q@ > e (12‘1 Iy > e
and so
log™ [|Q(x]|, > log™ —ny log?2

[ = ajllo

1 2q
> logt ————— — gqnylogt == — n, log2.
; |z — aillv ’ 51} b

Obviously, this inequality also is true if © ¢ U; F,,;. Thus we obtain

q
Z m(z,a;) — Cs,

where

1 2q
Cs = PE) Z <qnv log™ 5— + Ny log2>

vES

On the other hand, for some 2’ € k., we have

m(Q(z),00) < m(2'Q(z),00) +m(2/,0)
< m(2'Q(x),00) + h(z') — N (2/,0) + O(1).
Note that
h(z") = m(a',00) + N(2',00)
< m(xal,oo)+N(m’,oo)+m<x_al oo) +0(1)
= h(z) + N(2',00) — N(x,00) + m (m —/a] ,oo> +O(1).
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Therefore
m(z,00)+ Y m(z,a;) < 2h(x) — Ny (z) + Su(z) + O(1), (6.52)
where
Ny(x) =2N(z,00) — N(z',00) + N(2/,0),

Sur(w) =m ( ,oo) +m (2'Q(x),00) .

According to the proof of Theorem 6.5, it is easy to show that if (6.52) is true for all
algebraic integers a;, then it is true for all algebraic numbers a;.

Now we choose the element =’ € k. Without loss of generality, we will assume that
all a; are algebraic integers. Write

/

Xr — ap

(x) =7 P07 b=y QP QY
where ¢;, u; are positive integers, and

QeM,—-S(i=1,....h); Qn;eS(j=1,...,9).
Similarly, we can write

"’mj7|+l ij 3n]-7|+l Sn;

—1
(T —a;) =07 p,, P ey
where r;, s; are positive integers, mgy = ng = 0, and
peEM,—S(E=1,....mqg); q;€S(G=1,...,nq).

First of all, we assume that py, ..., ps,, are distinct. We write

Mq

ri—1

ap = szl ’
i=1

and further define ideals 0; by
p:’b, = aoP1 - Pmys 1=1,2,...,my,

so that 9; is relatively prime to p;. Since these 0; in their totality are relatively prime,
there are elements ¢§; € 0; satisfying

51+5z+-~-+5mq:1.

Since 9;]0;, hence p;|6; (j # ¢). Consequently, p; { J; since p; 1 (1).
We now determine elements «; such that

ri—1 T .
pil |a’i7 pil*aiv lzlv"'vmq
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which is obviously always possible since for this to happen «; need only be an element
from pf"_l which does not occur in p;’. Then the element

To = 101 + 02+ + Ay Oy,

has the property ag | . For each of the prime ideals p; occurs in m, — 1 summands
at least to the power p;’; however, it occurs precisely to the power p’{"_l in the i-th
summand; consequently x is divisible by precisely the (r; — 1)-th power of p;, but no
higher power.

If py,. .., pm, are not distinct, say p; = pa, but pa, ..., py,, are distinct, now 05 is
replaced by

PPy 02 = aop1 - P,

and determine the element o such that

T1+’r‘272 7’1+7’27]
1 P

|z, {a.

p

Then the element x( is replaced by
To = a0y + 303 + - + amqémq.

Similarly, if we define
— +1 +1
o = QU Ut

then we can find an element x4, such that when Qy, ...,y are distinct, each of the
prime ideals £; occurs in A — 1 summands at least to the power Q;“H; however, it
occurs precisely to the power Q;-”J“] in the i-th summand; consequently = is divisible
by precisely the (u; + 1)-th power of £;, but no higher power.

Finally, we take x’ € k. satisfying

oo 30
Too
Thus we have .
(¢ — Dh(x) <Y N(xz,a) + Sw(x) + O(1), (6.53)
=0
where ag = oo.
Problem 6.16. Letag, ay, . .., a, be distinct elements in KU{oo}, which define Q(X).

Let  be a positive constant. Are there 2’ € x associated to all but finitely many z € x
satisfying the inequality
Ser(z) <eh(z)+0O(1)? (6.54)

We can simply construct =’ on some extension field of x by using Theorem 2.32,
which means that there exists a number field X O & such that for each ideal a in the
ring of integers O,; of x, we have
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(I) Ogais aprincipal ideal;
I (Oga)N O, = a.
Thus there exist zq, oo € O such that
(z0) = Ogap, (Too) = Ok o,
and
(Okap) MOk =y, (Oras) N0, = .

Therefore we get &’ = z9/xo € K.

6.6.4 Roth’s theorem and abc-conjecture

Conjecture 6.15 implies the abc-conjecture. In fact, taking an abc-point y € IP’Z(F;)
with a reduced representation (a,b,c) € (’)2 and applying (6.51) to z = a/c, we
obtain

h (9> < N(%,o) +N(%,—1) +N(%,oo) +eh (%) LO(). (655

C

Since a + b 4 ¢ = 0, and the elements a, b, ¢ are relatively prime, we obtain

—_ra 1
N(Z0) = P ;)bgMp”)’
—/a 1
o) = g vgc:@logmp”)’

N(%,oo) P :IQ] > log N(py).

veSe(c)
Thus (6.55) becomes

h (%) < N(y,E) + ch (%) o). (6.56)

Similarly, we can obtain

h <§> < N(y,E) +¢h <Z> +0(1). (6.57)

It is easy to show that

h(y) = max {h (%) h (g) } +0(1).

Combining (6.56) and (6.57), we finally obtain
h(y) < N(y, E) +eh (y) + O(1), (6.58)

and so the abc-conjecture follows.
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Conversely, for z € k., applying the abc-conjecture to y = [x, —1—z, 1] and noting
that
h(y) = h(z) +0(1),

it is easy to find
h(x) < N(x,0) + N(z,—1) + N(z,00) +eh (z) + O(1). (6.59)

Hence the inequality in the abc-conjecture is equivalent to (6.59).

Suppose that F(z,y) € Z[z,y] is a homogenous polynomial of degree d with dis-
tinct linear factors over C. Then F'(¢, 1) is a polynomial of degree > d — 1, without
repeated roots, and

Flz,y) = y'F (g 1) .

For any coprime integers  and y, Roth’s theorem yields

Pyl >y ]

F(a,1)=0

a— f‘ > [y, (6.60)

except at most finitely many rational numbers % This statement is actually equivalent
to Roth’s theorem.

The abc-conjecture implies something that is somewhat stronger than Roth’s theo-
rem: For any coprime integers x and ¥,

r(F(z,y)) > max{|z|, [y}~ (6.61)
Note that by taking
F(z,y) = zy(z +y),

the original abc-conjecture is recovered. Thus the conjecture (6.61) is equivalent to the
abc-conjecture, although it appears far stronger. One sketchy proof of (6.61) following
from the abc-conjecture is referred to [79] (See also [284]).



Chapter 7

Subspace theorems

Schmidt’s subspace theorem is just an analogue of the second main theorem due to
H. Cartan for holomorphic curves into projective spaces. The Shiffman’s conjecture
on hypersurface targets in value distribution theory corresponds to a subspace theorem
for homogeneous polynomial forms in Diophantine approximation.

7.1 p-adic Minkowski’s second theorem

Let x be a field with a non-Archimedean absolute value | - |. Let K be the perfect ex-
tension of x with respect to this absolute value. According to Mahler [162], a function
f(x) of the variable point x in K™ is called a general distance function if it has the
properties:

(N1 f(x) = 0;

(N2) f(ax) =|a|f(x) forall a € K, hence f(0) = 0;

(N3) f(x+y) <max{f(x),f(y)};

it is called a special distance function or simply a distance function if instead of (N1)
it satisfies the stronger condition

(N1) f(x) > 0 for x # 0.

If r is a positive number, then the set C'(r) of all points x with f(x) < r is called a
convex set; if f(x) is a special distance function, then it is called a convex body. It is
clear from the definition of f(x) that a convex set C'(r) contains the original 0, and
that with x and y also ax + by belong to it, if a, b € K with |a| < 1,|b| < 1. Further,
if

er = (1,0,...,0), e2=(0,1,...,0),...,en = (0,0,...,1)

are the n unit vectors of the coordinate system, then
X =1T1€] + T2€2 + -+ Tpen,

and therefore
f(x) <T max |z;| = T'|x], (7.1)
n

1<i<

where I is the positive constant

I' = max {f(e;)}.

1<i<n



7.1 p-adic Minkowski’s second theorem 361

Proposition 7.1. For a special distance function f(x), there is a positive constant ~,
such that f(x) > ~y|x| holds for all points x in K™.

Next we assume that  is the field F(z) of all rational functions in an indeterminant
z with coefficients in an arbitrary field F. The special absolute value |- | of  is defined
by

2| 0, ifxz=0,
€Tl =
ef, if x # 0is of order f,
where the order f of a rational function x in x is the degree of its numerator minus

the degree of its denominator. Let K be the perfect extension of x with respect to this
absolute value, i.e., the field of all formal Laurent series

T = afzf + af_lzf_l + af_zzf_z + -

with coefficients in F'; if a is the non-vanishing coefficient with highest index (% 0),

then |z| = /. Let A be the set of all lattice points in K", i.e. that of all points with
coordinates in F[z].

Let f(x) be a special distance function, C(e') the convex body f(x) < ef, where ¢
is an arbitrary integer. It is obvious that the set A N C(e') forms a F-module. In the
special case f(x) = |x|, this set has exactly

no(t) =n(t+1)

F-independent elements. Hence, by (7.1) and Proposition 7.1, A N C(et) has always a
finite dimension n(¢), and this dimension is certainly positive for large ¢. Obviously,

no(t + 1) = no(t) + n. (7.2)

Suppose that ¢ is already so large that e/*! > T". Then a lattice point in C(e*!) can
be written as
x =x + zx(])7

where x(© and x(1) are again lattice points, and the coordinates of x liein F, i.e.,
|x(0)| <1, f(x(o)) <T <eftl

Hence

F(exM) < max {£(x), f(x@) } <1, p(xW) <,

so that x(1) € A N C(e?). Conversely, if x() € A N C(e'), then
f(x) < max{f(zx(l)),f(x(o))} < et

Now the two vectors x(9) and zx(1), where x(*) and x(!) are lattice points and [x(©)| <
1, are F-independent, and the x( form a F-module of dimension n. Hence

n(t+1) =n(t) +n. (7.3)
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The two equation (7.2) and (7.3) show that for large ¢, the function n(t) — ng(t) of
t is independent of ¢. Hence the limit

V= tlggo () —no(t) (7.4)

exists; it is called the volume of the convex body C(1). In particular, if f(x) = |x|,
then V = 1.

Proposition 7.2 ([162]). Let Q = (ank)i1<h k<n be a matrix with elements in K such
that det(Q2) # 0. The linear transformation y = Qx changes f(X) into the new
distance function

9(y) = f(x) = f (2 'y);

let Cy(€') be the corresponding convex body g(y) < €', and V, the volume of Cy(1).
Then
Vg = | det(Q)|V.

Proof. We denote by ngy(t) the dimension of the F-module A N C,(e') of all lattice
points in Cy(e’), and prove the statement in a number of steps.

1. The elements of 2 lie in F[z], and det(£2) belongs to F.

The formulae y = Qx, x = Q™ 'y establish a (1, 1)-correspondence between the
elements x of ANC/(e') andy of ANC,(e'). Obviously, this correspondence changes
every linear relation

ax . 4 ax =0

with coefficients in F' into the identical relation in the y’s, and vice versa; therefore F-
independent elements of A N C(e") or AN C,y(e") are transformed into F-independent
members of the other module. Hence both modules have the same dimension: n(t) =
ng(t).

2. Q is a triangle matrix

ajg 0 -+ 0
ar axp - 0
0 =
Gpl Gp2 - Adnp

with elements in F[z] and determinant det(Q2) = ajja - apy # 0.
The equation y = Q2x denotes that fori =1,...,n,

Yi = ai1T1 + %2 + QT
hence every lattice point y can be written as

y = Ox* +y*,
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where x* and y* are again lattice points and y* = (v}, ..., y;;) satisfies the inequali-
ties

|y:‘| < \aii|, 1=1,2,...,n.
Therefore [y*| < ¢, ie. g(y*) < c1I'y, where ¢; is a positive constant depending
only on 2, and I, is the constant in (7.1) belonging to g(y). The set of all vectors y*
forms a F-module m* of dimension d, where

e’ = |ari||az| - |ann| = |det(Q)].
Let ¢ be so large that e’ > ¢;I',. Then for x* € AN C(e"),

g(y)=f(Q7'y) = f (x*+Q7'y*) <max{f(x*),g9(y")} < ¢,

and conversely fory € AN C,(e'),
fF+Q7y) =g(y) <€,

that is,
F(x*) <max{f (x*+ Q7 'y"),g(y")} < €.

There is therefore a (1, 1)-correspondence between the elements y of A N Cy(e') and
the pairs (x*,y*) of one element x* of A N C(e!) and one element y* in m*. Hence
ng(t) = n(t) + d.

3. The elements of 2 belong to F[z].

The result follows immediately from the two previous steps, since {2 can be written
as Q = Q,Q,, where the two factors are of the classes 1 and 2.

4. The elements of Q2 lie in F(2).

Now ) = Qaﬂgl, where €, and €2, are of the class 3, so that the statement follows
at once.

5. 2 has elements in K such that

[det(Q)] =1, lans| <1 (hk=1,2,...,n).
Then the same inequalities hold for the inverse matrix Q~!, so that for every point x
x| < x| = [27'0x] < [0x],

and therefore
—1
x| = [2x] = |27"x].
Now to every lattice point x there is a second lattice point y such that with a suitable
point y*
Ox=y+y", |[y]<I;
then conversely,
O ly =x+x*, |x*| <1,
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and
*

x*= -0 ly*, Ox* = —y*.

The relation between x and y is therefore a (1, 1)-correspondence which obviously
leaves invariant the property of F-independence. Suppose that e > I'. Then for
x € ANC(eh),

f(x*) < <€,

and therefore

9(y) = F(Q7"y) = flx +x*) < max{f(x), f(x")} < ¢,

so that y € AN Cy(e'); conversely, if y € AN Cy(e'), then x € AN C(e'). Hence
ng(t) = n(t).

6. Finally, let <) have elements in K.

Then it can be split into 2 = Q4+ Q*, where €14 is of the class 4, while the elements
of 0* lie in K and have so small values that 25 = QXIQ is of the class 5. Then the
result follows at once, since 2 = 4€)s. O

Theorem 7.3 ([162]). To the distance function f(x), there exist n K-independent lat-
tice points
xW) = (:vg]),...,xg)> , J=12,...,n,

such that (x(l)) = A1 is the minimum of f(x) in all lattice points x # 0, f (x(z)) =
Ao is the minimum of f(x) in all lattice points x which are K-independent of x(),
etc., and finally, f (X(”)) = A\, is the minimum of f(x) in all lattice points x which

are K-independent of x(, x(z), . ,x("_l). The numbers \i, ..., )\, are cglled the
n successive minima of f(x). By this construction, the determinant det (1‘5] )) lies in
F[z] and does not vanish; further
O<A S A< <Ay, (7.5)
| det («17)] = 1, (7.6)
1
>\1>\2--->\n=V; (7.7)

where V' is the volume of C(1). Thus, in particular, det (l'ij )) is an element of ¥, and
may obviously be taken as equal to 1.

Proof. Every point x in K" can be written as
x =yixD 4 4 yx™,

where y; € K foreachi = 1,...,n. Then the coordinates xj, of x are linear functions
with determinant det (m(j)) of the coordinates y; of y = (y1,...,yn). We define

1
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a new distance function g(x) by g(x) = |y|. By Proposition 7.2, the convex body

g(x) < 1 has the volume det (xgj )); we determine it in the following way:

If x is a lattice point, then y also has its coordinates yy, in F[z]. For since with x
also y is obviously a lattice point, we may assume without loss of generality that

g(x) =yl <1, (7.8)

and have to show that no lattice point x # 0 satisfies this inequality. Let m, where
1 < m < n, be the greatest index for which y,,, # 0. Then x,x(1, ... x(™=1 are
F(z)-independent lattice points, and by (7.8)

f(x) < max{|y1!f(x(l)), L yymyf(x(m))} < Am,

in contradiction to the minimum property of \,,,. Hence there are exactly n(t) =
n(t+1) F-independent lattice points such that g(x) < e, viz. all points corresponding
to a basis of F-independent points y with y < e’. Therefore

dct ()

| — lim em®—no(t) — 1.
t—o00

Set \; = eli for j = 1,...,n. Now we use the fact that every point x € K" can be
written as
X = y]Z_t]x(l) + -4 ynZ_tnX(n),

where y; € K. Let G(x) be the distance function defined by G(x) = |y|. Since
fFixU) =1, j=1,2,...,n,

obviously f(x) < 1if G(x) < 1. But the converse is also true: If f(x) < 1, then
G(x) < 1, and therefore evidently

f(x) =G(x) =yl (7.9)

identically in x.
For suppose that on the contrary for a certain point x € K",

flx) <1, Gx)>1.
Then let m with 1 < m < n be the greatest index for which |y,,| > 1; hence if m < n

Yma| <1 lyn| < 1.

Write
Yh :Zy;;_._y}t*a h = 1,2,...,TL,

where the y; are elements of F[z], the y;* elements of K, and

U A0, Y1 ==y =0, T <1 (=1, ),
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and put
Y =i um)s YU =),
so that
Obviously, y* is a lattice point, y** a point such that [y**| < 1. Also write

m
X* — Z y;Z_tiX(i), X Z y th
i=1

so that
X = zx* + x**

Then from G(x**) = |y**| < 1, one has f(x**) < 1. Hence

f(2x7) Smax{f(x), f(x™)} <1, fx7) <1,

and f (XO) < Am, where x* = zfmx*. This inequality, however, is impossible, since
the m lattice points

m
x0 = Zy;‘ztm_tix(i), <M x(m=D

are K -independent, so that by the minimum property of A, f(x°) > Ap,.
Therefore (7.9) is true, so that by Proposition 7.2

_det @)

COAA A A A,
since the transformation of x into y has the determinant det (xgj ))z*tlf'”*tn. The
equation (7.7) is therefore proved. O

7.2 Adelic Minkowski’s second theorem

7.2.1 Haar measures

Generally, there exists a Haar measure . = g on a locally compact group G, i.e. a
measure invariant under group shifts = — gz (x,9 € G):

/fgxdu /f )dp(z

for all integrable functions f : G — C. This measure is defined uniquely up to a
multiplicative constant.
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Let H be a normal closed subgroup and 7 : G — G/ H be the quotient morphism.
By definition, a subset U of G/H is open if and only if 7! (U) is open in G. Note
that 7 is an open mapping and hence G/ H is a locally compact group. Given Haar
measures (g, fp on G and H, there is a unique Haar measure g/ on G /H such
that

Lﬂ@@d@=4m<éﬂwww@0wwmmm (7.10)

for all continuous complex functions f with compact support. Moreover, this formula
continues to hold for all f € L'(G, ug) (see [14]).

Example 7.4. (1) If G = R (the additive group), then du(x) = dz is the Lebesgue
measure, and d(x + a) = dx, a € R. If G = R, (the multiplicative group), then
du(z) = dx—’”.

(2) If G = C, then du(z) = dxdy for z = = + /—1y.

3) If s/ Qy is a finite dimensional extension, then the measure du on the additive
group « is uniquely determined by the number

/ dpp = p(Opp) = ¢ > 0.
O

R,p

Example 7.5 (cf. [14]). Let x be a number field of degree d and take v € Mg with
valuation ring R, in the completion ,, residue field F, (x), and local parameter ¢ (i.e.,
t is a generator of the maximal ideal in R,,). We denote by e,,, f, the ramification index
and the residue class degree of v over p := char(FF,(x)). We consider the closed balls

kolzsel i ={y € ky | |ly — zlls < &, © € Ky}
Note that we need only consider balls of radius r" (n € Z), where
r=|lt]l, = pifv-

By the ultrametric triangle inequality, two balls are either disjoint or one is contained
in the other. Every open subset of x, is a countable disjoint union of such closed balls.
In particular, #,[0; 1] = R, is the disjoint union of p/* balls k,[z;7]. Thus

polie i) 1= e =

is a o-additive and translation invariant set function on these balls, and extends unique-
ly to a function on the compact open subsets of x, with the same properties. By
standard arguments of measure theory, 1, extends uniquely to a translation invariant
Borel measure. Further, the Haar measure 1, on k,, satisfies the property

Mv()‘Q) = ||)‘||UUU(Q) (7.11)

for any A € k, and any Borel measurable subset {2 of «,. This is trivial for Q =
ky[0; 7™]. By translation invariance, we get (7.11) for any closed ball and by unique-
ness of the extension we get it for all Borel measurable subsets € of x,,.
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7.2.2 Adéle rings

Let  be an algebraic number field. We then write d = [« : Q)] for the degree of k over
Q. We denote by Oy, the ring of integers of . In view of Proposition 2.14, the number
of Archimedean (or infinite) places of x does not exceed d. Letoy,...,0p,...,00 4r,
be the embeddings in Proposition 2.14. Then the tuple

0 =01,y Oy Ori4ry) (7.12)

defines an embedding of « into R?, and any embedding of & into C is one of the
following

Oly-+-50r,0r+1, 5—7‘|+17 <o Oy, 6-?”]4-1”2'
One can verifies that the image A = ¢(O,) C R? s a lattice, which is a free Abelian
group generalized by a basis ey, . . ., e of R, and
D, jg = (—4)"V(A)?, (7.13)

where V' (A) is the volume of the fundamental parallelogram

d
{inei0<xi<l,i:1,...,d}

i=1

of the lattice A with respect to the ordinary Lebesgue measure on R
For every place v of k we write k,, for the completion of « at v. If v is a finite place
of k we write O, for the maximal compact subring of k,, that is,

Oy ={x € ky | |z]y < 1}

Since all but a finite number of places of « are non-Archimedean, one defines

Kp = {m = (zy) € H Ky | 2y € O, for all but a finite number ofv} (7.14)
vEM,

to be the subring of the product [J, . M, Ko consisting of all infinite vectors z =
(Zy)veM,» Tv € FKy such that x, € O, for all but a finite number of v, which is
called the adele ring. One gives k the topology generated by the open subsets of the
type

Ws = [[Wo x [ 0. (7.15)

veS vgS

where S runs through all finite subsets S C M, containing all infinite places, and W,
are open subsets in k,. The set Wg has compact closure if all the W, are bounded.
Hence k, is a locally compact topological ring in which « is embedded diagonally

kD xr (2)yem, € ka C H Ko
vEM,
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The above construction of r, is called the restricted topological product of the topo-
logical spaces «,, with respect to the compact subspaces O, defined for all but a finite
number of indices v. The convergence of a sequence {x,,}°° |, T, = (Tpy) € K tO
y = (yy) € kp means that for any ¢ > 0 and any finite set S C M, containing all
infinite places, there exists N € Z* such that

1) xpy—yp € Oyforeachn > N,v &€ S;
(2) |zny — Yvlo < cforeachn > N,v e S.

Every principal adele z, i.e.
r=(..,2,2,...)y €K C Ky
can be separated from the rest of x by a neighborhood of type (7.15) with
S={veM,|zgO,}.

Hence & is discrete in k5. All the properties of x4 which we will need can be found
in Weil [298], Chap. IV.

Since the additive group of x4 is locally compact we can determine a Haar measure
on k, which is unique up to a multiplicative constant. We do this as follows:

(i) If v|p we let u,, denote Haar measure on k,, normalized so that
1
Mv(Ov) = N(Dv)iza

where 0, is the local different of k at v.
(ii) If v|oo and K, = R we let 1, = dx denote the ordinary Lebesgue measure on R.

(iii) If v|oo and k, = C we let 1, = 2dxdy denote the ordinary Lebesgue measure
on the complex plane C multiplied by 2.

p=]m
v

is the required Haar measure on x, (to be precise, 1 determines a Haar measure on all
open subgroups [ [, . g fv X Hve g Oy, where S'is any finite set of places containing all
infinite places, and the Haar measure on k4 is the unique measure which agrees with
the product measure on this family of subgroups).

Recall that we consider « as a discrete subgroup of x, by means of the usual diag-
onal embedding and we denote by ¢ the canonical homomorphism ¢ : Ky — K /K
of k4 onto the compact group ka/k (cf. [14]). By (7.10), we get a uniquely deter-
mined Haar measure. The Haar measure induced by ¢ on k4 /k will also denoted by
u. Alternatively, we can define the measure p on K /K by means of a general notion
of fundamental domain: if I" is a discrete subgroup of a locally compact group G, then
a fundamental domain X for G modulo I' is a complete set of coset representatives for

Now the product measure
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(left) cosets G/T', which has some additional measurability properties. By restricting
the Haar measure v of G onto the subset X, one obtains a uniquely defined measure
on G /T, which is denoted by the same letter, and v(G/T") = v(X).

In order to construct a fundamental domain X for k,/k, we choose a Z-basis
wy, ..., wq of the free Abelian group O, C « of algebraic integers in x (cf. Theo-
rem 2.18). This is also a basis of the vector space over R

kp =k @R [ ke R" x C™, (7.16)

v]oo

and it defines an isomorphism 6 : R — kg by the formula

d
9<U1, e ,ud) = Zu,wz
i=1

Denote by I the interval 0 < ¢ < 1 in R. Then #(I%) is a fundamental parallelogram
for the lattice 0(Oy,) in kr. Now take X to be the set

X =0(1% x [] 0. (7.17)

vfoo

To prove that X is a fundamental domain, we note that kg + « is dense in r4. This
statement is known as the approximation theorem and it is a version of the Chinese
remainder theorem. Moreover, kg x [ [, O, is an open subgroup in , hence for any
T € Ky there exists ) € x such that

xanmeH(’)v.
v

The condition that another element 7' € r has the same property is equivalent to
saying that n — ' € O,, for all non-Archimedean places v, thatis, n — 1’ € O,. Thus
by an appropriate choice of 77 we may assume that the y..-coordinate of y = = — 7
belongs to §(14); therefore yo, = O(u), u € 1%, where u is uniquely determined. This
establishes the statement.

Let us calculate the measure p(ka/k). By (7.10), we have

plra/r) = p(X).

The form of the fundamental domain X constructed reduces this calculation to the
problem of determining the volume of the fundamental parallelogram 6 ([ d) in KR.

0 = (TLw ) 00 TN 0

v|oo vfoo
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This volume was already found in (7.13), that is,

d 1/2
(TT) @) =100l
v|oo
Here we have taken into account that the measure || p,, on kg differs by a multiple of
v]oo
2 from the Lebesgue measure on those components v such that s, = C, when

dpy(2) = 2dxdy = |[dz NdZ|, z=x+ iy € Kk, =2 C.
Therefore we obtain

u(ka/k) = | Dysol P TIN @) .

vfoo
Note that
1Drsol = HN(DU)-
vtoo
In view of our normalizations we have
w(ka/k) = 1. (7.18)

7.2.3 Minkowski’s second theorem

Let x be a number field of degree d and let
GZG]Xsz---XGn (7.19)

be a product of locally compact groups in which each factor G; is either kp or K/ k.
The Haar measure p on each factor determines a unique product measure on G. We
write V' for this product measure and note that V' is then a Haar measure on G. Of
course there are many different groups G that can be formed in this way. However,
there will no confusion if we use V' to denote the corresponding Haar measure on each
of them.

Let G be a group of the form (7.19) and suppose that the factor GG; is x,. We define
a homomorphism ¢; on G by

©ilg1,- s Gis-s9n) = (g1, 0(gi)s -, gn)-
If each of the factors G|, Ga, ..., G; is kg we let ®; denote the homomorphism

D, =propro---0p;.
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Since each mapping ; or ®; is a homomorphism, the Haar measure of a measurable
set X C G is preserved whenever the homomorphism restricted to X is injective.

Thus we have
V(X) = V(2:(X))

if X C G is measurable and ®; restricted to X is an injection (and similarly for ;).
Let z = (z,) be an element of k, and let « be a real number. We introduce a scalar
multiplication by defining «x to be the point y = (y,) in K determined by

azy, if v|oo,
Yo = .
Ty, ifvtoo.

If X C k% then X C x} is obtained by applying scalar multiplication by « to each
x in X. Clearly we have
V(aX) = |a|™V(X) (7.20)

for each measurable subset X in x}, where |a/| is the Euclidean absolute value of the
real number a.

For a finite place v of x, a k,-lattice in k!' is an open and compact O, -submodule
of k7.

Proposition 7.6. Let A, be an O, -submodule of k.'. Then A, is a k,-lattice in Kk} if
and only if A, is a finitely generated O,-module which generates k) as a k,-vector
space.

Proof. See [14], Proposition C.2.2. O

A k-lattice in " is a finitely generated O,-submodule of " which generates k" as
a Kk-vector space.

Proposition 7.7. If A is a k-lattice in K", then the closure A, of A in k! is a k,-lattice
in K for any non-Archimedean v € M,. Moreover, we have A, = O} up to finitely
many v € M. Conversely, if for any non-Archimedean v € M, we have a k.-lattice
Ay in k) and if A, = O] up to finitely many v, then there is a unique k-lattice A in
K™ such that A, is the closure of A in k). Moreover, we have

A=) (&"NAy).

veM?
Proof. See [14], Proposition C.2.6. a

For each infinite place v of x let C,, be a nonempty, open, convex subset of x, and

set
Coo =[] Co-

v]oo
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For each finite place v of « let C, be a x,-lattice in . We assume that for almost all
v, C, = Oy. Thus we obtain an open subset C C ) by defining

C=Cox []Cu (7.21)

vfoo

Lemma 7.8 ([15], [14]). If C has the form (7.21) and p > 1, then for each integer i
withl <i1<n A

V(2,(pC)) = p" "IV (2:(C)). (7.22)
Proof. First assume that ¢ = n and let y € C. Since 0 € C, it follows from the
convexity of each C,;, v|oo, that

C—yCplC-y).
Therefore one has
®,(C —y) C ®,(pC — py)
and so
V(2n(C —y)) < V(2n(pC — py)).

As V is translation invariant and ®,, is a homomorphism,

V<q)n(pc - pY)) = V((I)n(pC))

and similarly
V(CI)n<C - Y)) = V(@,L(C)).
This established (7.22) when 7 = n.
Next we suppose that 1 < ¢ < n — 1. We may identify <} in an obvious way with

ki x KT ={(x,y) |x €KY, yeERT

In this identification the first component of (x,y) represents the first ¢ coordinates of

avector z € . Then for a fixed vectory € vy, letC(y) C “fsx be defined by

C(y) = {x € ry | (x,y) €C}.

It follows that .
Pi(Cy)) = {w € (ka/r)" | (w,y) € ®i(C)}.
If we replace C by pC, then

n—i

SN

V@ee) = [ [ V@)
y

(w,y)€Pi(pC)

_ / V(@:((pC)(y)) AV (y).

n—1i
ERy
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We make the change of variable y — py in the last integral, so that

V(@i(pC)) = p*"") V(®:((pC)(py)))dV (y). (7.23)

n—i

YER,
Now we observe that
(pC)(py) = {x € K}y | (x,py) € pC} = p(C(y)). (7.24)

Since p > 1 we have
V(®i(p(C(y)))) = V(®i(C(y))) (7.25)

as before using the facts that V' is translation invariant, ®; is a homomorphism, and
C(y) C nx. By combining (7.23), (7.24) and (7.25) we obtain

V(@ipe) > p0 [ v@cy))aviy)

YER,
= pIV(@i(0)).
This completes our proof. a

By using Lemma 7.8, one can prove the Davenport—Estermann theorem (cf. [15],

[14]):
Theorem 7.9. Let C be as above. Suppose that
0<p<p<--<pp <0

satisfy the following conditions x; = y; for j = 1,1+ 1,...,n, if x and y are vectors
in p;Cwithx —y € k" Then

(pip2---pu)?V(C) < 1. (7.26)

Proof. For each integer i, 1 < ¢ < n — 1, we apply Lemma 7.8 to the set p;C with
P = Pitl /p,‘. We find that

V(®i(pi+1C)) = (pi1/pi) "IV (D4(piC)). (7.27)
Next we claim that
Pit1 - @i(piJr]C) — (HA/I{)i+1 X Kxiiil (7.28)

is injective. To verify this let x and y be distinct points in ®;(p;11C). Then there are
distinct points x’ and y’ in p;4+1C such that ®;(x’) = x and ®,;(y’) = y. Now the
equation @;+1(x) = ;+1(y) implies that

zi=y;, jAI+] (7.29)
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and also implies that
q’i—l—l(xl) = (bi+l(y/)~ (730)

But (7.30) shows that x’ —y’ € x" and so by the hypotheses on py, p2, ..., pn We
must have

/! L .
r;=y; J=i1+Li+2,...,n

Since ®; is the identity mapping on the (i 4+ 1)-th coordinate we find that
zi=y;, j=i+L (7.31)

Of course (7.29) and (7.31) are inconsistent with the fact that x and y are distinct
points in ®;(p;+1C). Thus our claim that (7.28) is injective has been established. As
V' is a Haar measure this shows that

V(®i(pi+1C)) = V(Pit1(pi+1C)). (7.32)

By combining (7.27) and (7.32) we have

V(@i41(pit1C)) = (pis1/pi) "IV (®4i(piC))
fors =1,2,...,n — 1. Next we multiply these inequalities together to obtain

n—1

V(®u(pnC)) = V(®1(piC)) [ [ (pis1/pi) ™).

i=1
Finally we note that
V(@1(piC)) = V(piC) = p{"V (C),
since @1 = ¢ applied to p;C is obviously injective, and also

V(®n(pnC)) < V((ra/K)") = 1.

Thus we have
n—I

1> p"v(C) H(Pwl/m)d("_i),
i1

which is equivalent to (7.26). O

For each infinite place v of x, we further assume that C, is symmetric subset of
ky. By symmetric we mean that C, = —C,. To avoid some minor complications it
will be convenient to assume that each C,, is also bounded. It follows that C is an open
neighborhood of 0 and the closure of C is compact. As " is a discrete subgroup of K%,
it is clear that C N k™ is finite. We are now able to define the successive minima for C
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with respect to the subgroup x™. We do this as follows. For each integer j, 1 < j < n,
let

A; = min{\ > 0| A\C N k" contains at least j linearly independent vectors}.
J J

It is obvious that

D<A < <<\, <00, (7.33)
In fact, the set
A=[)("NCy)
vfoo

is a k-lattice, that is, an O,-module in k" containing a basis for k" over x (see [298],
Theorem 2, p. 84). If we write
Ey = H K,

v]oo

then A can be viewed as the projection of
(Eoo X H Cv> Nnk"
vfoo

into the first factor F,. Thus A is a discrete subgroup of E,. Since each C, is open
and bounded for v|oo, it follows that

Moo NA = {0}

if A > 0 is sufficiently small and contains 7 linearly independent vectors if A is suffi-
ciently large. In this way, we see that the successive minima \; satisfy (7.33). Indeed,
it is clear that the numbers )\; may also be defined by

Aj =min{\ > 0 | ACs N A contains j linearly independent vectors } . (7.34)
Now we are ready to prove Minkowski’s second theorem (cf. [15], [14]):

Theorem 7.10. The successive minima Ay, Ay, . .., Ay satisfy the inequality
(Mo M)V (C) < 297, (7.35)

Proof. With each successive minima \; we may associate a vector x) in k" so that
{x(l), x® ... ,x(”)} are linearly independent over « and for every j, 1 < j < n, and
A > )\j, we have

{><(1),x(2)7 .. ,X(j)} C (XC) N k™.

Now let A = (:cgj)) be the n x n matrix with j-th row x) = (mgj), e ,xﬁf)). It
follows that x — x A is an automorphism of 7. Since det(A) € &, the modulus of
this automorphism is 1. That is, the automorphism preserves the Haar measure V. The
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sets C, A~! have exactly the same properties as C,. Thus the successive minima for
CA~! may be defined as before and are clearly equal to the minima \;, \,, ..., \, of
C. Now, however, the vectors associated with the successive minima of CA™! may be
taken as

e =(1,0,...,0), e2=(0,1,...,0),...,en = (0,0,...,1).

Since C and CA~! have the same Haar measure, we may assume without loss of gen-
erality that xU) = ej to begin with.
Next we wish to apply Theorem 7.9 with
1 .
pj = E)\j’ j=12,...,n.

We must check that the hypotheses of Theorem 7.9 are satisfied and it clearly suffices
to consider j = 1 and those values of j for which A;_; < \;. Therefore we suppose
that x and y are distinct points in p;C with x —y € ™. Since each C,, v|co, is convex
and symmetric we have

X—YyEc 2pIC = \C.

Also, each of the vectors ey, ..., e;j—j and x — y is in (A\; — 6)C for some 6 > 0 since
Aj—1 < Aj and C is open. It follows that

{617627"' aej—17X7Y}

cannot be linearly independent over x. As ej,...,e;j_; are obviously linearly inde-
pendent we must have

j—1
X—y= E ;€4
i=1

witho; € k (1 =1,2,...,7 — 1). In other words,
Ti = Yi, Z:],]+1,,TL
We now apply Theorem 7.9 to obtain

(p1p2- - pn)dV(C) <1

Since p; = %)\j, this also proves Theorem 7.10. o

The classical form of Minkowski’s second main theorem includes a lower bound
for the product of the successive minima. This is also true in the context of adeles
provided that we modify our hypotheses on the sets C,, for complex v. Specifically, we
must assume that

C, = aC, for complex v and all complex numbers a with |« = 1. (7.36)

For real v we continue to assume that C,, is symmetric in the sense that C,, = —C,,, but
for complex v our previous requirement that C,, be symmetric will now be replaced by
(7.36).
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Theorem 7.11. Let C be as in Theorem 7.10 but with the additional requirement that
(7.36) holds. Then the successive minima \i, \a, . .., A, satisfy the inequality

2dn P

(n1)r1((2n))72| Dy gl

< (MA2--- AV (), (7.37)

where 1y is the number of real places, r is the number of complex places and D, /g is
the discriminant of k.

Proof. Letx(1), x®) . x(™ and A be as in the proof of Theorem 7.10. For complex
v, the set chfl also satisfies (7.36). Thus we may assume, as before, that x() = ej
for 1 < j < n. For each infinite place v we define

Z/\i|ti|v < 1} .
=1

Since Aej € C, if A > );, it follows easily from the convexity and symmetry of C,
that C/, C C,. If v is complex the condition of symmetry that we require is exactly
(7.36). When we compute the Haar measure of C,, we find that

C;:{tenﬁ

271
n I\ n!)\lAz-"An7
Hoy (Cv) - (4m)"
@) (Ao An)??

if v is real,

if v is complex.

If v is a finite place, we know that e; € C, for each j. As C, is an O,-module it
follows that O C C,. Of course the Haar measure of O is N'(2,,) /2.
Let C' C £} be defined by

¢ =1Jc <[] o
v]oo vfoo
Then the Haar measure of C’ is given by

2dn T

(n)1(2n))2 (M Ay - - Ap )4 UIJ;ION(%)_R/Z-

V(C) = (7.38)

As C" C C we have the inequality V(C') < V/(C). This observation together with
(7.38) and

HN(DU) = |Dn/Q‘

vfoo

establish the lower bound (7.37). O
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7.3 Successive minima of a length function

Let x be a number field and let S be a finite set of places of x. Denote by O, s the
ring of S-integers of k, i.e.,

Ows={zerl|lzl, <1, p& S} (7.39)
Foreachwv € S,let L, i,..., L, , be n linearly independent linear forms with coetfi-
cients in k, and let A, 1, ..., A, be positive real numbers with

n
[[40:=1
i=1

foreachv € S. Setd = [+ : Q] and define a length function on K™

760 = (TT max AvlLoaGll) " (7.40)
veS T T

This length function satisfies the following conditions:
(i) f(x) > 0forallx,and f(x) > 0 for some x;

i) f(tx) = (gsntnv)%f(x)-

Relative to this length function, following to Vojta [287] one can define the j-th suc-
cessive minima of O} 5 as the smallest real number \; such that f(x) < A; for atleat j
linearly independent points x € Oy 4. In the above, the words “linearly independent”
mean linearly independent over &, so that there are n successive minima.

Let x( ... x(™ be a basis of ™ with S -integral coordinates such that

f(x(j)) =X, j=1,...,n

Since f(x) is not affected when x is multiplied by an S-unit, we may assume the
coordinates of x() to be S-integers. Having fixed x(/) = (xsj ) aY )), define

hos = i Aui[Luse)

1<4
so that
X =TT Avs- (7.41)
vES
Lemma 7.12 ([287]). Let L, denote the coefficient matrix of Ly, 1, ..., Ly . Then
A —1
Lot ()], < Ouoa--o*( T el )
veS veS
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where
1, if v is non-Archimedean,
G =14 1/nl if v is real,
2"/(2n)!, ifvis complex.

Proof. Using (7.41), the inequality can be proved by proving

H?:l /\U,j

|| det ()], < [det L,

(7.42)
for each v € S and then taking the product over all v € .S.

First assume that v is a real place, and let o be the associated embedding of « into
R. Then the points

o (X(j)) .
+ , J=1,...,n, (7.43)
Avj
lie in the symmetric body
. . < .
lrgagxn AyilLyi(x)| <1, (7.44)

where L, ; is regarded as a form over R" by applying o to its coefficients. The convex
body spanned by the points (7.43) lies inside the body (7.44). Since the volumes of
these bodies are . '
2| det (o(a”))| _ 2" det ()]
n! Hj )\v,j n! Hj )\v,j

and 2" /|| det L, ||,, respectively, the inequality (7.42) follows immediately.
Next assume that v is complex. When |w| < 1, the points

v

o (X(j) )
Vg

lie inside the body (7.44). They span a convex body of volume

w j=1...,n,

@2r)"||det (=),
(2n)! H]‘ Av,j
which lies inside the body (7.44) having a volume 7" /|| det L, ||,,. Thus (7.42) holds.

Finally, assume that v is non-Archimedean. Again, this is a volume computation in
Ky using the volume of Mabhler [162] (Section 7). The equivalent of (7.43) is now,

(1) (n)
{al%%.w%

ajeovalgjgn}a



7.3 Successive minima of a length function 381

where ¢ is a uniformizing parameter for x,, and f; is an integer for which
[t =Ags G=1,....n.

According to Mahler [162] (Section 8), a linear transformation A changes volumes by
a factor of || A||,; therefore this body has volume

| det (=),
Hj )‘w’ .

It lies inside the body (7.44) which has volume 1/]| det L,||,; thus (7.42) holds. O

If v € S is a finite place of x, define
C, = {x €Oy ‘ max Ay il|Ly,i(x)|ls < 1},
1<i<n
and set C, = Oy} if v ¢ S. For each infinite place v of &, define

Coc = {x ERM X C"2 [ Y max Ay LT (x0) o < d},
1<n ’
v| -

where L‘;”z is the form obtained by applying the injection o, : K — C to the coef-
ficients of L, ;, x, are the components of z = (...,X,,...) which lie in R” or C".
Write

C=Cox []Cu

This defines a convex subset of adelic n-space 7 ; it remains only to compare the two
notions of successive minima and volumes. Let R act on x{ by dilation at the infinite
places; it leaves the finite places alone. The successive minima relative to this action
are

vj = min{r > 0 | C N K" contains at least j linearly independent vectors}.

First, we know that C is contained in the star-body

x € RM x C"? ] max Ay || L0% (%) [0 < 1p.
ISZSTL ) v,
v]oo
Thus, if x(, ..., x( are linearly independent points in " for which xU) ¢ v;C,

then the length function satisfies

f(x(j)) <vj, j=1,...,n.
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Thus
/\jSVja j=1,...,n

Let C(ry,72,n) be the volume of the solid in R™ x C™"2 given by

{sermxom

max |2y 3" < d},
1<i<

v]oo

where x, = (Zy,1,...,Zyn), and n, = 1 if v is real or n,, = 2 if v is complex. Then
the volume V'(C) in the sense described at Section 7.2 is
V(C) = |Dyygl ?2"C(ry,m2,m) [ ] || det Lyl
veS

Thus Theorem 7.10 implies

2n(rlJrTZ)|Dm/<l;),>|n/2 Hves || det Luy||,

Mz A <
(Ao n)" S C(ry,r2,n)
Combining this with Lemma 7.12 gives
Theorem 7.13. Let Ay, ..., A\, denote the successive minima of (’)Z’ g with respect to

the length function (7.40). Then

() ()< fsochr 2 g
n! 2n)!) ~ Tlesldet Lo, = C(ri,ra,n)

Davenport’s lemma states:

Lemma 7.14. Assume that the collection of all L, ;, except for duplicates, lies in gen-
eral position. Let TI(A) denote the star-body with length function (7.40) and let
Al, -+, A be the successive minima of TI(A). Assume that py, ..., p, are positive
real numbers with

pP1=p2= " 2 Pnj (7.45)
PiAL < oo <o < pp Ay (7.46)
p1p2--pn =L (7.47)

Then for each v € S and each 1 < i < n, there exists a real constant p,; and
constants cy,cy depending only on k, S, such that the successive minima \; of the
length function

1

d

— (H max puiA v.i(X) |v> (7.48)
veES

satisfy X
Clpj)\j < )\j < Czp])\j. (7.49)



7.3 Successive minima of a length function

Also for each v € S, we have

Pu,1Pv2 " Pon = 1

and

max =
1<i<n Poi =P

where
0, ifv is non-Archimedean,

ny =1 1, ifvisreal,

2, ifvis complex.

383

(7.50)

(7.51)

Proof. For convenience of notation, assume A,; = 1 for all v and 4. Let x) be a

vector in O} ¢ such that

f(x(j)) =N, j=1...,n

Scaling each x(9) by some unit, we may assume that

Lo, (XU))

The constants c3, ¢4 depend only on « and S.

63)\ max

< g\
]<z<n J

v

(7.52)

For 1 < j < n, let E7 be the subspace of x" spanned by x), ..., x). For each

v € M, the n linear forms L, ; satisfy a non-trivial linear relation
CVv,lLv,l + -+ av,nLv,n =0
on E"~!. Reorder the L, ; satisfying

||av nllv = max ||av1||v
1<i<n

Hence when x € B!,

and further (7.53) implies

[ Ln(x IIU<ZIILM )lo-

Thus if x € E™!, one obtains

n—1
D oI i(®)]w > 5 ZIILM )lo-
i=1

(7.53)
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By induction, reorder the remaining L, ; so that on FEJ,

n

J
1
Z [ Lo (x)[|lo = n—j Z ([ Lo (%) [lo- (7.54)

i=1 i=1
Having permuted the L, ; in this manner, define
pui=pi°, veS, i=1,...,n.
These choices automatically satisfy (7.50) and (7.51). Now assume x & E! for some

I. Then, for some j > [, x ¢ E7~! but x € E7. By using (7.45), then

0t pul Lo (0) o = pug max [ Lui(x HUJ’”’JZHLM Moy
1<i<n

Combining this with (7.54) gives

p k2 p 9.
2 vi (%) [lv = 22]] Z ([ Lo,i(x) [l > % 1121a<x [ Lo, (%) |0,

which further yields

C3
)\Anv
s ol L)l = 2 (073

by using (7.52). Thus for all x ¢ E',
f(x) > cipiA; > ciph.

This proves the first half of (7.49). The second half follows from (7.47) and Theo-
rem 7.13. O

Take non-negative integers ¢ and b with a < b. Let J f’7 ., be the set of all increasing
injective mappings
A:Z[1,a] — Z[1,0].

Let V. = k™ be the vector space of dimension n over k. For each v € S, let
Q. 1, .., 0y be vectors in the dual space V* of V' such that

Lv,i<X):<X,O&U’i>, XGVV, t1=1,...,n

Take o € Jlnp and set

&

vo = Ouo() N Ao (p),
Ave = Apo)Avo@) Avoln)s
Ao = Ag(D)Ac(2) " Ao(n)- (7.55)
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The vectors B, , define linear forms
Lyo(X) = (X, Bug)
on /}} V', which are linearly independent.

Lemma 7.15. Ler det(L, ;) denote the determinant of the matrix of the coordinates
of the vectors o, ;. Then

det(Ly») = det(Ly;) 1),
Proof. See Schmidt [231], Ch. IV, Lemma 6E. O

Lemma 7.16 ([287]). With L, , and A, , as above, and X = xM A AxP) one

has
P

Avol| Lo (Xl < & | 1@%’2 Av oy || Loo (x9) S
]:
where
1, if v is non-Archimedean,
Sy = ¢ nl, if v is real,
(n!)2, ifv is complex.
Proof. Immediate from the definitions. O
Proposition 7.17 ([287]). Order the o’s so that
)\01 S S)\oNa
where N = (”) Let vy, ...,vN be the successive minima of the system (Ay o, Ly o).
Then for all j,
Aoy K 1j K Ay (7.56)

Moreover, o1 = (1,2,...,p)and oy = (1,2,...,p— 1,p+1).

Proof. Let [ be the length function on <" defined by L, ; and A, ;; let F' be the length
function on /)/-c" defined by the corresponding L, , and A, ,. Let O, s denote the
ring of S-integers, and let x(1), ..., x(") be linearly independent vectors in Op ¢ with

f(x(j)) =X\, j=1,...,n.

Set
x©@) — x(e(D) A ... /\X(U(p))’ g e Jlnp_
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Then
D
F(X(“)) < Hf(x(a(i)))
i=1

by Lemma 7.16. Since the vectors X (@) are linearly independent, this gives the right-
hand half of (7.56). The other half follows from Lemma 7.15, Theorem 7.13, and the
fact that |

ToAg = (7‘(‘1‘)\1‘)(2*').

The final assertion in this proposition is trivial. o

7.4 Vojta’s estimate

Let x be a number field and let S be a finite set of places of x. For each v € S,
let Lyo,Ly1,-..,Lyyn be n + 1 linearly independent linear forms on V' = P
with coefficients in x. Assume that the collection of all L, ;, except for duplicates,
lies in general position. To each point P € P™ we assign homogeneous coordinates,
obtaining a vector x € O:EI. Let

Hx) =T Il

veES

denote the height of a vector x € O;”gl .

Theorem 7.18. Let C,,; be a collection of real constants such that ZZ Cy,i = 0 for
eachv € S. Take £ > 0. Then there exists a finite set T C V such that if x € O;HSI

is a vectorand wy, ..., Wy, € (O:‘gl )* is a basis for the subspace of V* which is zero
on x, and if

HLU,Z<W])HU S F(X)Cv'i_ea v e Sa 0 S ? S n, 1 S .7 S n,
thenx € 7.

Proof. It O, s = Z, then this is a consequence of Theorems 9A and 10B of Chapter
VI of Schmidt [231]. The general case can be proved by essentially the same proof,
but we omit the details. See Vojta [287], Theorem 6.4.1. O

Theorem 7.19. Let ¢ and L, ; be as above. Let ¢ > 0 be constant. Then there exists
a finite set T C 'V such that if x € OZEI and wy, ..., Wy, € (OZ?)* are as above,
such that

[Loi(wj)llo <HX), veS, 0<i<n, 1<j<mn;
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and if
HH max || Lo, (w;)[lo < H(x)~7,

1<j<n
veS i=0

thenx € 7.

Proof. This follows from Theorem 7.18 by a compactness argument. See Vojta [287],
Theorem 6.4.2. d

Theorem 7.20 ([287]). Let oy, ..., aq be a set of vectors in V* in general position.
Take € > 0. Then there exists a ﬁmte set T of V such that if x € (’)"J“] is not a scalar

multiple of some vector in T, then there exists an x' € OZEI such that xAx' # 0and

A Z illv -7
log Z”X X)L < elog H(x)
2 X,

foralli=0,...,qfor which (x,c;) # 0. If (x, ;) = 0 then (X', a;;) = 0.

Proof. Tt will suffice to prove the theorem under the assumption that (x, o;) # 0 for all
i. Indeed, if (x, o;) = 0 for some i, then we can reduce to the subspace perpendicular
to a; and use induction on n. We first prove it with a weaker bound,
!/

w < H(X)S. (7.57)
LUt an

Let 7 be the set of vectors for which (7.57) does not hold, and assume that the
theorem is false; i.e. 7 is infinite. The strategy will be to apply the theory of successive
minima to V/(x), realized as VA x C /Z\V. If no x’ exists, then an appropriate first
successive minimum is large; we then dualize and apply a few extra arguments to
obtain the situation of Theorem 7.19.

Consider an infinite sequence of x for which no suitable x’ exists. For each v € S,
0 <7 < ¢, and each x in the sequence, order the vectors «; to get oy, ; x SO that,

15 0.5l < -+ < {106, g, o (7.58)

Passing to an infinite subsequence, we may assume «,; do not depend on x. By
assumption, for all x’ € O:EI withx A x’ # 0,

A 41}11} -7
HHX X « ” >H(X)E

g ol Ges i o

for some indices 7 depending on v and x’. Applying Lemma 3.8, we have indices
j = j(v,x) such that

A v N v,n/ v Ir
ves |X|| ” (%, i) [l
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OnV Ax C /2\ V', consider the system of successive minima associated to the paral-
lelepiped given by
Lyi(x AX) = (x AX i Aayy), 0<i<n;
Avi = 1/[x[loll(x, aw,i)llo, 0<i<n.

Setd = [k : Q]. By (7.59), we then have
A > H(x)E.

To compute the relative volume of «, ; A o, relative to the lattice O:ng A X, let
X0, - - . , Tp, be the coordinates of x relative to the standard basis {e; }, assume x # 0.

Thenx Aey,...,X A e, form a basis for a sublattice of O™, A x of index [T [|zo]|o-
' veS
Write

S =xNei, Bui=0un\ayii
fori=1,...,n. The volume V of the o, ; A 5, relative to this sublattice is
—1
V=TTIE A A& Boa A A B 5
veS

By Lemma 3.1, one obtains

—1
V= {H 114, o 12 (x A e /\---/\en,av’oA~~~/\aU7n>|v} .

veES

Thus

—1
V< {F(x)"_l H lzoll»|| det vy 4] v} < V.
veS
Therefore, by Theorem 7.13,

Mg ) < HE)" [ Avs < X M),

.0
or equivalently,

1
d
<
H'u H?:O [[(x; i) [l

We now apply Davenport’s lemma with p; = p/\;, choosing p so that

(AMA2---An) < (M- A2

plpzpnzl
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This gives constants p,, ; such that the successive minima A ; relative to

1
= <H0<m<ax Pu,i vz||<X/\X avz/\avn>”v>
veE

satisfy

1
n ~7d
Aj < {HHII(X,%,MIU} <A

veS 1=0
From (7.51), we also have

N\ Mo

Al

pvz<<<)\> , veS 0<i<n,
1

and so

ny

Pui K {H(X)_e H H ||<X7 O‘U7Z> ”v l/n} ; (7.60)

veS i=0
H maX Puyi K H H H ” X, Qg ||v in, (7.61)
- veS i=0

We now apply Proposition 7.17 to nAl (x A V). This is isomorphic to the dual of
V/(x), i.e. the subspace of V* consisting of those forms vanishing at x. By Proposi-

tion 7.17, the successive minima 1, . . . , fi, satisfy
n _ nn—dl
pj << {HH||<Xa05v,i>Hv} < Wy
veS i=0
Thus there exists a basis =1, ..., =, of a full sublattice of the lattice Al (x A OQE‘)

such that, after scaling each =; by a unit, vectors

(I)v,m = ﬂv,l JARRRIAN ﬂv,m—l AN ﬂv,m—i—l ANEERIVAN ﬂv,n

satisfy
_n—1
n n i
—_ v,1
1(Ej) Pom)le < <H||<X7av,i>”v>
] ] Avi
=0 0<i<n—1 ’
n—1
n n
(Tiewte) " i TT it
i=0 0<i<n—1
i#m
X
< ” ||v pvm HH X, Oty ”U (762)

[
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since
[Ix[l» < H<Xaav,n>|‘v < 1xlw;

pr‘zl, vES.
i

We can write Z; as a finite sum

Ej= > (XAm) A A XA

lel;
with 7;; € O”H By Lemma 3.1, one has
(Zj, Pom) = (= 1), 00,0)" " HX A O, Uy ), (7.63)

where

0; = anl ARERRAY// RS /\ 02?7
lel;

\Ilv,m = 0y 0 ARERIA Qym—1 A Ay m+1 JANRERIAN Ayn -

Note that x A ©; are linearly independent vectors spanning a full sublattice

{ae (og;‘)* | (x,0) =0}

Combining (7.62) and (7.63) gives

166 85 Wam o < e HH X, i) |1/ (7.64)
avm v ;

11 H max 1 A 0, W)l < T 14, o) o (7.65)

veS m=0 vES

In order to apply Theorem 7.19, we need a bound for ||(x A ©;, ¥, ,)||,. Note that
/n\V* =V, where {¥,,...,V, .} is the dual basis to {c, 0, ..., }. Since

n—1

Uy = Z (x, ) v.i (mod x),

det (ow,i) (X, y.n)

1=0

with (7.64) this gives

(X A O, Uy )]0 € T <H| X, )|/ ) max pyi. (7.66)
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Further, by (7.61), one has

1
H lrgja<x (X A O, Wy )l < { T x onm ||v} . (7.67)

veS
Combining this with (7.65) gives
11 H max [[(x A O, ¥y m)|lo < H(x)™

1<i<n
veES m=0

Thus the second condition of Theorem 7.19 holds.
To show that the first condition also holds, we first check that if (x, o, ;) # 0, then

(¢, v} o > [I[fo /H (). (7.68)

We obtain this by a Liouville type argument, as follows. Since x has integral coordi-
nates relative to the standard basis and c, ; is one of finitely many vectors, we have

T e il > 15
wES

also, if w # v, then
||<X7av,i>||w < ||X||w

Dividing these two relations gives (7.68). Combining (7.68) with (7.60) gives

(n+)ny

nd — L (nthny
= d (#5-1).
Pui K H (HXHU)) _H(X) d ;

with (7.64) and (7.66) this becomes

X ntl__ (n+1)ny _
15 A 0, W) o <€ X 1 o5 ) S 5,

H(x)

This now implies the first condition of Theorem 7.19, provided that
el < H ().

It is no loss of generality to assume this, because it always holds after multiplying x
by an appropriate unit u, and (7.57) is unaffected by this change.

Thus our infinite sequence of x’s satisfies both conditions of Theorem 7.19, a con-
tradiction. We have show the existence of a vector x’ for almost all x, such that (7.57)
holds. To obtain the theorem from this, multiply x’ by a scalar unit, making all fac-
tors of (7.57) have the same order of magnitude. Then Theorem 7.20 follows (with a
different ¢). O
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7.5 Schmidt subspace theorem

Following Vojta [287], we introduce simply Schmidt subspace theorem, and compare
the analogy with Cartan’s second main theorem.

7.5.1 Subspace theorem

Let x be a number field and let S be a finite subset of M,.. Let V' = V. be a vector
space of finite dimension n+ 1 > 0 over x. We state the Schmidt subspace theorem as
follows (W. M. Schmidt [230], J. -H. Evertse and H. P. Schlickewei [61]):

Theorem 7.21. Take ¢ > 0. Assume that for each p € S, the family
{ap0, .- apn} CP(VT)

is in general position. Then there exists a finite set {by, ..., bs} of P(V) such that the
set of solutions x € P(V') of

H H 2, aplllp, < (x)n+1+g

peS j=0
is contained in | J; E[b;].

It is possible to obtain quantitative version of the subspace theorem, in which we
control the number of subspaces containing all solutions of height exceeding a certain
bound. In fact, J. -H. Evertse and H. P. Schlickewei [61] have obtained a strong result
of this type.

Take a basis e = (eg, ..., e,) of V. We will identify V = A"*!(k) by the corre-
spondence relation

€0€0+"'+£nen ceVi— (£0>~~~a§n) eAn—H(K)a éj € K.

A point £ = &peg + - - - + &nepn, € Vis said to be a S-integral point if §; € Oy, s for all
0 < i < n. An algebraic point & € Vi should be integral if its coordinates lie in the
integral closure of O, 5 in k. Denote by Oy, g the set of S-integral points of V, that
1s,

Ovs={eVI[lgl, <1, p&S} (7.69)
According to the identity V =2 A"!(k), we have

Ov,s = Opt (7.70)

Similarly, an affine variety Z C A"*! defined over & inherits a notion of integral point
from the definition for A”*!. The following affine version of the subspace theorem is
worth noting.
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Theorem 7.22. Let k, S be as before with S containing the set M°. For p € S, i €
{0,...,n}, take o, ; € V* — {0} such that for each p € S, o, . .., a,y are linearly
independent. Fix ¢ > 0. Let () be the set of all £ € Oy g satisfying

TLTT 16 apolly < (malel) ™

peS i=0

Then @ is contained in a finite union of hyperplanes of V.

Theorem 7.22 is due to Schmidt ([230], [231]) for the Archimedean case and
Schlickewei ([227], [228], [229]) in non-Archimedean cases. The following general
form of Subspace Theorem 7.21 will turn out to be equivalent to Theorem 7.22 (see
[232], [287], [103] or Section 7.7):

Theorem 7.23. Let , S be as before with S containing the set M2°. Take ¢ > 0,
q > n. Assume that for each p € S, the family

Ay ={ap0,..- 054} CP(VY)

is in general position. Then there exists a finite set {by, ..., bs} of P(VZ) such that the

inequality
Z Z log ———

peS j=0 =, am|||p

holds for all x € P(V) — J; E[b;].

< (n+1+¢e)h(x)

A. J. van der Poorten [281] generalized an idea of Schlickewei [228] to obtain the
following result:

Theorem 7.24. Let k be a number field and let n > 1 be an integer. Let I" be a finitely
generated subgroup of k.. Then all but finitely many solutions of the equation

ug+ur 4+ +u, =1, u; €T, (7.71)

lie in one of the diagonal hyperplanes H defined by the equation ), ; x; = 0, where
I is a subset of {0, 1,. .. ,n} with at least two, but no more than n, elements.

The proof is referred to Vojta [287]. Further, Vojta noted that such infinite families
are restricted to finite unions of linear subspaces of dimension < [n/2].

A straightforward calculation will show that Theorem 7.22 implies Roth’s theorem.
In fact, Roth’s theorem can be restated in the following symmetric form.

Theorem 7.25. Let Lo(x,y) = axw+ By and Ly (x,y) = yx+ dy be linearly indepen-
dent linear forms with algebraic coefficients. Then, for every € > 0, the inequalities

0 < |Lo(z,y)Li(x, y)| < max{|z|, [y|}

have only finitely many solutions in integers x,y.
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Proof. Theorem 7.25 implies Roth’s Theorem 6.1, since the inequality in Roth’s The-
orem 6.1 implies
lylloy — = <y
Essentially this is the same as
lyllay — x| < max{|x], |y[}*. (1.72)

Notice that in (7.72) we have on the left hand side the product of the absolute values
of the two linear forms

Lo(z,y) = v —ay, Li(z,y)=y.

On the other hand, Roth’s Theorem 6.1 implies Theorem 7.25 by the following argu-
ment. Assume |L(x,y)| > |Lo(x,y)|. We have

x B
Lo, )] > |y|\—+—\
y «

and
\Li(z, )| > [vLo(z,y) — aLi(z,y)| = [ad — By[ly| > |y|.
Hence 8 ) |
X
- 0 - <—‘L0(.’L',y)L1(.’L',y)| <,
‘ a y| o lyP ly[>*e
so there can be only finitely many solutions x /y. O

Theorem 6.2 is the special case n = 1 of the Subspace Theorem 7.21. It states that,
given  and S as above and given algebraic numbers a, € k for p € S, the inequality

I
[ min{t 1y = aslll} < g5 (1.73)

peS

has only finitely many solution y € x. Note that, by splitting the solutions of (7.73)
into finitely many subsets according to the places p € S for which |||y — a,|||, < 1,
we see immediately that (7.73) is equivalent to the statement that the solutions to

1T lly = alll, < oy )HE, lly = aplllp <1 (p€S57) (7.74)
peES*

form a finite set for any subset S* of S.
Take & = &peg + &1e € Vosuch that x = P(€) = [1, y] with y = & /&y and take

Qpi = P(Ozp’i) € P(V*) (Z =0, 1)

such that

<£7 ap,0> = &o, <£7 ap,1> =& — ap£0~
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Then |a, 0|, = 1, and so

ly — ay 2
|z, apolplz; apilp = N P2 max{1, ylp}™
1lp
Now if |y — a,|, < 1, we obtain |y| < 1 + |a,|, and max{1,|y|,} is bounded above

independently of y. Therefore, if (7.74) holds, we also have

C
[T e apollllllz,apallly < s

peES*

for some constant C'. Thus by Northcott’s Theorem 4.29, we obtain
C < H(x)*? = Ho(y)*?

except for finitely many y € x. Hence we may apply the Subspace Theorem 7.21 with
n = 1 and £/2 in place of ¢ and conclude that the solutions y of (7.74) form a finite
set, and so Theorem 6.2 follows.

7.5.2 Proof of subspace theorem

Let x be a number field and let .S be a finite subset of M, containing the set M°. Let
V =V, be a vector space of finite dimension n + 1 > 0 over k.

Theorem 7.26 ([287]). Let o, ..., a4 be a set of vectors in V* in general position.
Take € > 0. Then there exists a finite set T of V with the following property. Assume
that cu,, . . ., 0 p are distinct elements of {c, . .., aq} for each v € S and assume
that A, ; are positive real constants as in Section 7.3. Let o, . . . , A, be the successive
minima relative to the length function

1

flx) = ( max Ay (x, awi)lo ) A, (1.75)

0<i<n
vES

Then either f(x) = Ao for some x € kT N OZ,J:?]’ or A\i < AoH (x)°.

Proof. Let T be as Theorem 7.20. Let x € O™ be such that f(x) = \o. Assume
that x € k7. Then by Theorem 7.20, there exists a vector x’ such that

2 ||x|| || wadll

if (x, ;) ;é 0, and (x, ;) = 0if (x, ;) = 0.
Here x’ is only determined modulo x; let us choose one x’ € (9’“rl . For each
v € S, permute the vectors «,,; such that

1%, w0} lo < -+ < [, @) [lo- (7.77)
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It is an elementary fact of number theory that there exists a constant ¢;, depending
only on , such that given constants a, € k, for each v € S, there exists a € Oy g
such that

lla — ayll, < 1

for each v € S (cf. Theorem 1.88). Applying this fact with

Gy = <X,, av,n> 7
<X7 av,n>
we replace x’ with x' — ax, so that
1", aw ) |0 < 1]l (%, Qtwn) o (7.78)

But
[(x AX',a; A ayn)llo < |[(x A x) il

By (7.76), one obtains
1Ge AX") Zavill < H (%)%l o[I(x, i) |-
Combining this with (7.77), one has
[ AX, i Ay ) llo < H ()1, 0t lo]1(%, @) o
Note that
1{x, i) (%, Q) [lo < (XA X i A ) [lo + (%, @) (X ) o
Hence by (7.78),
16, i) llo < (H(x)7 + e1) || (x, 00} lo < H(x)[[(x, )|

unless H (x) is small. Enlarging 7 to eliminate this possibility, one has

f(x') < H(x)® f(x).
Thus,
A << AoH (X)5
(with a different ¢), as was to be shown. O
Theorem 7.27 ([287]). Let o, ..., aq be a set of vectors in V* in general position.

Take ¢ > 0 and let 0 < p < n — 1. Then there exists a finite set T,y of (p + 1)-
dimensional linear subspaces of V with the following property. Let o, ;, Ay, and
N0, - - - s \n be as in Theorem 7.26. Assume that x| ..., x™) are linearly independent
vectors in O:El satisfying f (x(j )) = Aj. Then either

<X(O),...,x(p)> € Tpt1,

or
Apt1 < H(x(o) AREEWA X(p))g)\p.
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Proof. For o € J, define B, , and A, , as in (7.55). Let vy,.. ., V(n+1) denote the

p+1
successive minima of the associated length function on p/+\| V. By Proposition 7.17 and

Theorem 7.26,
A
2ptl < n < H(X(O) /\.../\X(P))E’
)\p 141
unless x(O A - - Ax®) is a scalar multiple of some element of the finite set 7 C AI V.
Let 7,41 be the collection of subspaces of V' corresponding to decomposable elements
of 7. Then the conditions in the theorem hold. a

We will be applying this theorem to the successive minimum problem defined by
the length function (7.75), where «, ; are chosen such that

[(x, aw,0)llo < -+ < |[(x; ) [l (7.79)
and 4
Api= s (7.80)
O, ) [l

where A, is chosen such that
n
[TA4.:=1
i=0

forallv € S.

Lemma 7.28. Let N\, ..., A\, be the successive minima of the length function defined
by (7.75), (7.79) and (7.80). Let x0, ... x(") be linearly independent lattice points
with f (X(])) = \j. Then there exists constants c,, 0 < p < n — 1, such that

h(x@ A AxP)) < eph(x) +O(1),

where the constants ¢, depend only on K, n and p, and the constant in O(1) depends
only on k, n, p and the ;.

Proof. We have

P
h(x(o) A /\X(p)) < Zh(x(i)) +0(1)

=0
P
p
< —_— i .
;log Ai + G IOgoréliag%z A, i +0(1)

By Theorem 7.13, the first term is negative; it then suffices to show that

Zlog max A, ; < ¢,h(x)+O(1).
veS
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But this follows from the definition of A, ; and the Liouville estimate (7.68)

1%l

H(x)

(x, i)l < [|%]|o- U

Proof. [Proof of Theorem 7.23] We start with a sequence of vectors x, and immedi-
ately throw out all x such that (x, ;) = 0 for any 4, or such that x lies in one of the
subspaces in one of the 7, 1. This eliminates only finitely many hyperplanes; we will
show that all remaining vectors satisfy the theorem, i.e.

q
me aj) < (n+1+¢)h(x) +O(1),
7=0

where z = P(x), a; = P(«;).
For each vector x, let v, ;, Ay, A; and x(@ be defined as in (7.79), (7.80) and
Lemma 7.28. Let pg be the smallest integer for which

X € <x(0),...,x(p°)>.

Then Theorem 7.27 holds for all p > pg. But by (7.79),

q
]Zom r,a;) ZZI XHS:T"J e +0(1);

vGS] 0
also
log Ay, < log f(x ZlogA
: vES
= log [|(x, ct,) |
o ]ZZ
1
= (%) = ;m(m,aj)—l—O(l).

Applying Theorem 7.13, we also have

log Ap,

- ! =Sl a5) — hix) + O().
=0

Thus, summing the results of Theorem 7.27 from p = pg to n — 1 gives
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q
1 An
Zm(m,aj) —(n+ Dh(x) < nt log —
; 2 Apo
7=0
n—1
(n+1)e 0
P=Po
n—1
(n+ 1)[k: Q]
< ¢ (f Z ¢p | h(z) +O(1)
P=po
(7.81)
by Lemma 7.28. This concludes the proof (after adjusting ¢). a

In particular, Theorem 7.23 has the following form:

Theorem 7.29. Take ¢ > 0, ¢ > n. Assume that the family {«v, ..., c0q} C V* isin
general position. Then there exists a finite union Q) of hyperplanes of V' such that

q
lellze™ = < ¢ TT I aglle
=0
hold for all £ € Oy g — Q.

Thus Conjecture 5.16 is the truncated form of Theorem 7.29.

7.6 Cartan’s method

Let x be a number field and let S be a finite subset of M, containing the set M.
Let V' = V, be a vector space of finite dimension n + 1 > 0 over k. Lemma 4.3
immediately implies the following fact (see [103]):

Lemma 7.30. For x € P(V'), we can choose § € Oy g such that x = P(£), and the
relative height of x satisfies

#S
<cH <
s {mag el It} < ftto) < (gl

where c is a constant depending only on S but independent of x.

Take a basis e = (e, ..., e,) of V. We will identify V = A"*!(k) by the corre-
spondence relation

xoeo+ -+ xpen €V i— x = (20,...,%n) EA”“(/@), Tj € K.
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Take ‘ ‘ , ‘
ﬁﬂ::@f%x@w.wxw>eAﬁ+%@,izlw”,m
We write
(1) (€ N )
W(X,X(l), e ,X(”)) =% " n , (7.82)
(n) xgn) x%”)
and define

(7.83)

ifr; #0forj=0,...,n
Let o = {ag,a1,...,aq} be a family of points a; € P(V*) in general position.
Take o; € V* — {0} with P(a;) = a;. Write

a; = Q€0 + -+ + Qinép, 1=0,...,q,
where € = (e, ..., ¢€,) is the dual of e. Fori = 0,1,... ¢, set
Li(x) = (X, ;) = qiowo + o121 + -+ - + QT

Take ¢ > 0. Then there exists a finite set 7 of V' with the following property. If
X € (9"Jrl kT, then by Theorem 7.20, there exists a vector x’ € O:El such that
x Ax ;é 0 and

Z |(x AX")Za || < H(x)F

AT

foralli = 0,...,q for which (x, ;) # 0, and (x', ;) = 0 if (x, ;) = 0. Here x’
is only determined modulo x, and so, according to the proof of Theorem 7.26, we can
choose one x() = x’ — ax € O”H for some a € Oy, s such that x A x( # 0, and

1(xW, i) [lo < H(x)7]I{x, @2)]|o- (7.84)
Based on Theorem 7.20, we make the following hypothesis:

Hypothesis 7.31. Let v, ..., oy be a set of vectors in V* in general position. Take
€ > 0. Then there exists a finite set T of V such that if x € O:‘gl is not a scalar

multiple of some vector in T, then there exist xM o x ¢ OZEI such that x N\
xW A A £ 0and

(x A xU) Za| — .
lo <elogH(x), j=1,...,n
gz T, = <losH ). J

foralli =0,..., qforwhich (x,a;) # 0.
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Under the Hypothesis 7.31, according to the proof of Theorem 7.26, we can choose
%) modulo x satisfying

1xD, )l < HE)F|(x,a0)[lo; 0<i<q, 1<j<n. (785)
In particular, we have
W = W(X, x ,X(”)) £ 0.

Let = IP(x) and define

NRam(x) = - Z log |||W‘HU
veES

It is obvious that Ngam(x) > 0. Here we follow the method due to Cartan to prove
Schmidt subspace theorem again.

Theorem 7.32. Take ¢ > 0, ¢ > n. Let &/ = {ag,a1,...,aq} be a family of points
a; € P(V*) in general position. Under the Hypothesis 7.31, there exists a finite set
{b1,...,bs} of P(V¥) such that the inequality

(¢ —n)h(z) <Y N(x,a:;) — Nram(x) + h(z) + O(1) (7.86)
=0

holds for all z € P(V') — U, E[b;).

Proof. We start with a sequence of vectors x, and immediately throw out all x such
that (x, ;) = 0 for any 4, or such that x lies in the subset k7. This eliminates
only finitely many hyperplanes; we will show that all remaining vectors satisfy the
theorem. We take x € (’)Z:gl such that it is not in the eliminating hyperplanes above

and set x = IP(x). Because <7 is in general position, we have ¢y = det (a/\(i)j) #0
for any A € J,!. We abbreviate the determinant

Wi = W (L (), La(xD).... Ly () ).

and

Sy = S(La(x), La (x1), ..., L (x)),

where
Ly = (Lx©)s - - » Lagm))-
It follows that W) = ¢\ W. Lemma 3.12 implies

11[ 1 ( 1 )‘1‘" ﬁ 1
< max -
Jair |z, a;llo Ly() AT |||:v,a>\(i)|||1,
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Since
1| o[l cengaylllo 1 LISallle
= |lIx/lly* [lleexgay s
H ALEZCY )\Hv 11) I Zagy Gl [llex W]l 1}) ®
(7.87)
we have .
1B
< ¢y maXIHSAle
= s ajlllo Wl
for some constant ¢,, Wthh yields
q
> omza) < (n4+ 1) loglllx|[ly — > log W],
=0 veES veS
+Zmaxlog|\|s,\|\|v+0( ) (7.88)
AeJd
veS
By Lemma 7.30, we obtain
> log [[Ix|[ly < h(z) +O(1).
veS
The product formula means
> 1og W[l = =Y log |[W][ly = Nram(x)-
veS vES
Thus the inequality (7.88) becomes
q
Zm(w,ai) < (n+1)h(x) — NrRam(z)
+>_ maxlog [|Sy[l. + O(1), (7.89)
veS AET
where
W v . . L)\ 0 (X(ZO)) L)\ n (X(Zn))
Sl = b = |3 s 20> 20
L) (%)= L) (D)o |5, L0y (%) Ly (x)

in which J™ is the permutation group on Z[0, n| and x(©) = x. Hence the conditions
(7.85) yields easily

12 <)o ([ Lagny ()0
1Salle < <7 < H(x)"™
vt ie, ’67” HLA(O)( Mo HL)\(n)(X)HU
where r = /(n+ 1)!. Thus Theorem 7.32 follows from (7.89) and the first main

theorem (with a different ¢). O



7.7 Subspace theorems on hypersurfaces 403

Conjecture 7.33. Take ¢ > 0, ¢ > n. Let &/ = {ag, a1, ... ,aq} be a family of points
a; € P(V*) in general position. Then there exists a finite set {bi,...,bs} of P(VY)
such that the inequality
a
(q— < Na(z,a:) + eh(z) + O(1) (7.90)
=0

holds for all x € P(V') — J; E[b;], where

Ny(x,a;) = Ny (:z:, E[al])
We consider the case n = 1. Now we take V = k2. Recall that we have the
embeddings
x€rr— [l,z] e P(V),
a € k+— [—a, 1] € P(V*).

We write

with xg, 21, a0, a1 € O, and so
x = (zo,21) €V, o5 = (a40,051) € V™

such that
(x, i) = ajoro + 1.

Note that
x| i]v _ |(1,2)|o|(=ai, D]y _ 1

(%, i) o B |z — aily Xv(fl?aai).

Thus the inequality (7.86) means

q

(¢— Dh(x) <> N(z,a;) — Nram(x) + eh(z) + O(1),
=0

where Ngam () is the term Ngam ([1, 2]) in (7.86).

7.7 Subspace theorems on hypersurfaces

Let x be a number field and let V' = V., be a normed vector space of dimension
n+ 1 > 0 over k. Let E be a hyperplane on P(V;). Take a positive integer d. The
dual classification mapping

vag : P(Vz) — P(I13Vz)
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is just the Veronese mapping, that is,
vap(T) = 21,
Then the absolute (multiplicative) height of x € P(V5) for dE is given by
Hap(x) = H(pap(z)) = H(2z") = H(z)",
and the absolute (logarithmic) height of x for dE is given as

hae(x) = h(ae(z)) = dh(x).

Let S be a finite set of places containing M2°. Take a € I1,V* with (o) = dE and
set a = P(«). For x & dE, the proximity function mg(x,dE) is given by

mg(z,dE) = m(xud, a).
Similarly, the valence function is given by
Ns(z,dE) = N (2", a).
Thus the (4.36) yields the following first main theorem:
m(z", a) + N (2", a) = dh(z) + O(1). (7.91)

7.7.1 Statements of theorems

By using Theorem 7.23, we can obtain directly the following result:

Theorem 7.34. Takec >0,qg > N = (n;d). Assume that for each p € S, a family
{api,... apq} CPIIZVT)

is in general position. Then there exists a finite set {by, ..., bs} of P(114VZ) such that
the inequality

holds for all € P(V) — J; E[b;].

If the families in general position in Theorem 7.34 are replaced by admissible fam-
ilies, then IV in the bound of the main inequality of Theorem 7.34 can be replaced by
n + 1, that is, we have the following subspace theorem on hypersurfaces:
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Theorem 7.35 ([112]). Take € > 0, ¢ > n. Assume that for p € S, a family
Jpr = {ap’()7 . ,amq} C P(Hdv*)
is admissible. Then there exist points
b e Py, Vy) 1<di€Z, i=1,...,s <00)
such that the inequality
ZZlog iF <dn+1+¢e)h(z)+0(1)
ves j=0 1E ap,J|||p
holds for all x € P(V) — J; E% [b;).

Originally, Theorem 7.35 is a conjecture proposed by Hu and Yang [103] (or see
[108]). It extends the Schmidt’s subspace theorem. We will introduce the proof in
Section 7.7.2 by using methods of P. Corvaja and U. Zannier [35]. Theorem 7.22
implies the following result:

Theorem 7.36. Forp € S, i € {1,..., N}, where N = ("+%), take a,,; € T;V* —

{0} such that for each p € S, a1, ..., ap, N are linearly independent. Then for any
e > 0 there exists a finite set {by, ... ,bs} of P(UgV) such that the inequality
I1 H < {max e, }
max
peS il 4 api)llp pes

holds for all S-integral points & € Oy.s — J; E%[b;].

Related to Theorem 7.36, we have:

Theorem 7.37 ([112]). Forp € S, i = 0,...,n, take a,; € 1zV* — {0} such that
the system
(" a,)=0,i=0,...,n
has only the trivial solution £ = 0 in V. Then for any € > 0 there exist points
b e Py, VE) 1<di€Z, i=1,...,5s <00)
such that the inequality
[T o < {maxel, )
max
It §“d apilly = Lpes

peS i=0

holds for all S-integral points & € Oy.s — |J; E% [b;].
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Hu and Yang suggested Theorem 7.37 in [103] (or see [108]). Obviously, Theo-
rem 7.35 yields immediately Theorem 7.37 by taking ¢ = n and using Lemma 7.30.
Conversely, Theorem 7.37 implies also Theorem 7.35. In fact, by Lemma 3.17 and
Theorem 7.37, there exist points

b e Py, V) 1<di€Z, i=1,...,5 < c0)

such that the inequality

u 1 1\ 5
M ey = 4 (50) meHd,a

pES =0 7aP7]‘HP pES P,O'p(])‘HP
J n+1
. ‘”(H"“P) HHIH T
pES pES j=0 pop(3)/1ip
d(n+1) €
< cl(HHmp) (max|f||p),
peS
peES

holds for all points = = P(¢) € P(V) — |J; E%[bi], where ¢; is constant, and a,j €
V* — {0} with a, j = P(a, ;). By Lemma 7.30, there exists a constant ¢, such that

gy ——

C2H(x)d(n+l)+€
pes e 0‘” alld aP7]|HP ’

and hence Theorem 7.35 follows.

7.7.2 Proof of Theorem 7.35

In this section, we prove Theorem 7.35 based on methods of P. Corvaja and U. Zannier
[35]. First of all, we state several lemmas from [35] (or see [224]). We shall use the
lexicographic ordering on the p-tuples v = (v(1),...,v(p)) € Z%, namely, pu > v if
and only if for some [ € {1,...,p} we have p(k) = v(k) for k < land p(l) > v(l).

Lemma 7.38. Let A be a commutative ring and let {gi, ..., g, } be a regular sequence
in A. Suppose that for some y,x1,...,x, € A we have an equation

h
gif(l) ) ,_g;(p)y _ qu‘k(l) .. ~g;jk(p)ﬂck,

where py, > v fork =1,... h. Theny € I,
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Proof. We prove Lemma 7.38 by induction on p. Since g is not a zero divisor in A,
the assertion is trivial for p = 1. Assume that p > 1 and that Lemma 7.38 is true up
top — 1. Since pup > v for k = 1,..., h, renumbering the indices 1,...,h we may

assume that
>v(l), k=1,...,s,
(1)
=v(l), k=s+1,...,h

for some 0 < s < h. Since g; is not a zero divisor in A we may write

h
2 2
glzf( ) ...gZ(P)y = gib+ Z ggk( ) ___ggk(p)xk’ be A.
k=s+1
Reducing modulo g;, denoting the reduction with a bar, and working in the ring A/I;,
we have

h
g’zj(z) .. .g’;(l’)g _ Z ggk’(z) . gﬁk(l’)fk_
k=s+1
Note that (px(2),...,ux(p)) > (¥(2),...,v(p)) for k = s + 1,...,h and that
{92,...,p} is a regular sequence in A/I;. We may apply the inductive assumption
with p — 1 in place of p and A/I; in place of A. Then ¥ lies in the ideal of A/I;
generated by go, ..., gp, 1.6., y € I, as required. O

Let x be a number field and let < be an algebraic closure of x. Let V' = Vi be a
normed vector space of dimension n + 1 > 0 over k.

Lemma 7.39. Let 51, . ,ﬁp be homogeneous polynomials in E[&, e y&n)- Assume
that they define a subvariety of P(V') of dimension n — p. Then {f,...,0p} is a
regular sequence.

Proof. This follows from Hilbert basis theorem and Proposition 1.18. O

Lemma 7.40. Let Bl, ce ﬁn be homogeneous polynomials in R[S, . .., &,]. Assume
that they define a subvariety of P(V') of dimension 0. Then, for all large N,

dim Vin /{(B1, ..., Bn) N Vin)} = deg(By) - - - deg(B).

Proof. It is a classical fact from the theory of Hilbert polynomials that the dimension
of the quotient in Lemma 7.40 is constant for large NV, equal to the degree of the variety
defined by Bl, e Bn (see [90], Ch. 1.7) which is just the product of the degrees of BZ-
(see [239], Ch. IV). O

Take p € S and take a positive integer d. Let &7, = {a, ; }?:0 be a finite admissible
family of points a, ; € P (II;V,}) withq > n. Take o, ; € HgV,> —{0} with P(a, ;) =
ap,j, and define

60i(6) = (" aps). EEV.i=01...q
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W.l.o.g., assume |a, |, = 1 for j =0, ..., q. Lemma 3.17 implies
1 qg+1—n
(7.92)
H Hx am”p (Fp(fdp)> /\GJZ .211) qu y Ap X\ z)”p

forz € P(Vy,) — U?ZOE’d[am}. P. Corvaja and U. Zannier [35] estimated the terms on
the right-hand side of (7.92) as follows.

Now pick A € J),_,. Since 7, is admissible, &, o ) -5 G \(n—1) define a subva-
riety of P(V') of dimension 0. Take a multi-index v = (1/(1)7 ...,v(n)) € Z with
the length

N
= (1) 4 wln) <
For any v = (v(1),...,7(n)) € Z;, abbreviate
& =g a0
p,)\_ 2,A(0) p,)\(n 1)

and define the spaces
v =6 \Vin-dnl]

4%

with Vo = V[N] and Vy,, C Vy, if p > v. Thus the V, define a filtration of
Vin)-

Next we consider quotients between consecutive spaces in the filtration. Suppose
that V ,, follows V  , in the filtration:

ViNy D+ DVNy D VN, Do D{0}. (7.93)
Lemma 7.41. There is an isomorphism

VN / VN Z VIN—ap)/{(@ox©)s - - - s Gpam—1)) N ViN—a)}-

Proof. A vector space homomorphism ¢ : V[N dv]] — VNv /V N, is defined as

follows: For 3 € ViN—djv|)» We define gp(ﬂ) as the class of & )\ﬂ modulo Vy .
Obviously, ¢ is surjective.
Suppose 3 € ker(y) = ¢~ (0), which means that

~U > ~7y
ap b€ Z @, \VIN=dln]-
y>v
Thus we may write

~ s _ ~v A
8= a0,

y>v
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for elements B’y € Vn—djy|- Lemma 7.38 implies that {3 lies in the ideal generated by
QpA(0)s - -+ » Ap \(n—1)- Therefore

where 7; (0 < i < n — 1) are homogeneous with deg(};) = deg(3) — d, that is,
mi € ViN—d(vj+1)]s ©=0,...,n— 1
Hence dz A\ B is a sum of terms in V y ,,, which concludes the proof of the lemma. O

By Lemma 7.40 and Lemma 7.41, there exists an integer /Ny depending only on
&P,/\(O)ﬂ - 7dp,/\(n71) such that
=d", ifdlv| < N — Ny,

A, :=dimVy,/VnN, {_

. (7.94)
< dim V], others.

Now we choose inductively a suitable basis of V| in the following way. We start
with the last nonzero V , in the filtration (7.93) and pick any basis of it. Suppose
p > v are consecutive n-tuples such that d|v|, d|u| < N. It follows directly from the
definition that we may pick representatives & eV N, of elements in the quotient

space V., / VN, ,, where B € Vin_dq)v|- We extend the previously constructed basis
in V , by adding these representatives. In particular, we have obtained a basis for
V n, and our inductive procedure may go on unless Vy , = V[ N)s in which case we

stop. In this way, we obtain a basis {1, ..., s} of Vin)» where M = dim V|.
For afixed k € {1,..., M}, assume that 1/~Jk is constructed with respect to
V. /Vn,,. We may write

G =a5,8, B € Vin-au|
Then we have a bound
15kl = a5 AEIBE),
llagA©lpligly =",

where ¢’ is a positive constant depending only on sz not on £. Observe that there
are precisely A, such functions 1, in our basis. Hence, taking the product over all
functions in the basis, and then taking logarithms, we get

ZZAVV IOg Hap,)\(z ( )”P

=0 v

(ZA —djv)) )log||£||p+c, (7.95)

IN

IN

M ~
log [T 1% (&)1l
k=1



410 7 Subspace theorems

where c is a positive constant depending only on 1[% not on . Here v in the summa-
tions is taken over the n-tuples in the filtration (7.93) with |v| < N/d.
Note that

M = dim V) = <”+N> N

N )= T0 (N1, (7.96)

T
n+T
S #urs=H#Inr = < T ) T ez,
t=0
and that, since the sum below is independent of j, we have that, for any positive integer
T and for every 0 < j < n,

. 1 . 1
2 M) = g 2 2=y 2 T

VGJn,T VGJn,T ]:0 )\E-Jn,T

B T n+T B n+T
 on+1\ T ) \T-1

Tn+1
= ———4+0(T"). 7.97
(n+1)! +O(T7) (7.97)
Then, for N divisible by d and for every 0 < i < n — 1, (7.94) and (7.97) with
T = N/d yield

‘ . ‘ AT
ZV:A,,V(z—i-l):d Svii+ 1)+ K =d (’;1>+K1, (7.98)

v

where
K| = Y (A —dMu(i+1)=0(T").
T—No/d<[v|<T
Therefore, we obtain

n—+1
> Aw(i+1)= h + O (N™).

Further we have
n—1
. n+T
Z:Ayp:z;;Ayy(zH):nd”(T_l) + nKj, (7.99)

and hence "
nN™
AV = ——-— N™).
ZV: 1= G O

On the other hand, we have

T
SAT=Yd"T K, :d"T(n; )+K2, (7.100)
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where
K= > (A, —d)T=0(T").
T—No/d<|v|<T

Hence T
ZA —y|) = <§+ ) + K> — nkj. (7.101)

Therefore, by (7.95), (7.98) and (7.101), we have

n—1

T
1ogH||wk oty < {e(377) + 0 poe [T Iwno @l

=0

+T
+{dn<7;]) +K2—nK1}d10g”§||p+c

n—1
< K {10g H [&p i) (E)lp + dlog ||§||p} +c, (7.102)

=0

where K = K (d,n, N) is a positive constant such that

Nn+] 1

Let ¢y, ..., ¢ be a fixed basis of Vin such that when § € V' — {0},

E=(1(8),...,oum(8)) € &M —{0}.

Then v, can be expressed as a linear form Ly, in ¢, ..., ¢as so that z/;k(f) = Li(Z).
The linear forms Ly, ..., Ly are linearly independent. By (7.102), we obtain

n—1
{log T 1 (©)ll, + dlog ||£|Ip}

n—1 | ~ )
K {1og T "2 + o+ o ||5||p} +e

=0

IN

M
log [T IIZx(=)ll,
k=1

which implies
n—I1 d
€117
< log
H 5 12y (€l H ||Lk M
+(n + )leg 115, (7.104)

or, equivalently

el
Hna5 all, = { HIIL

P, /\(z

x
} [ (7.105)

[I]
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Fix e > 0. By Theorem 7.22, forall A € J;_ |, the set Q of all = € Ovy,,s satisfying

[T, < < {max|iz), }

peS k=1

is contained in a finite union of hyperplanes of V|). Note that () is just a finite union
of hypersurfaces of degree N in V/, say,

Q=|JE"b;], b ePUyVY),

and that there is a positive constant ¢ such that

=N, < eliélly’, pes.
Then we have
n—1 d L (n+1)d
HfH " A\ F
I o fa = e (Cmageliel) - (LT0eh)
peS i=0 p,/\(z p P peS
where .
£ ¢ U U E’lap;]UQ
peS j=0
If we choose IV large enough such that
d| N, No+2d<N<K,

then Lemma 7.30 implies that there is a constant ¢ depending only on S but indepen-
dent of £ such that

L \H&I\Id
H H < cH(&)mH1Fed, (7.106)

Therefore Theorem 7.35 follows from (7.92) and (7.106).
Remark on (7.106). If we take A € J, Lemma 3.16 means that there exists an index
ip € {0,1,...,n} such that

qudaap,)\(io)up > Dp()), z=P(().

W.lLo.g., we may assume iy = n. Thus from (7.105), according to the arguments
leading up to (7.106) we can obtain

[ E——

€
<c(max|\g\|p> . (7.107)
U, =<

Hence the above method yields also a proof of Theorem 7.37.
Now we exhibit the original subspace theorem of P. Corvaja and U. Zannier [35] as
follows:
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Theorem 7.42. Forp € S, let fip, i = 1,...,n—1, be polynomials in k[ X1, ..., X,]
of degrees 0;, > 0. Put

n—1 5
0p = maxd;,, = min E —£.
i pES “ ] 5p
1=

Fix € > 0 and consider the Zariski closure H in P" of the set of solutions x € (’)27 gof
n—1 1
LT IT1fp @l < H([L 2l (7.108)
peS i=1

Suppose that, for p € S, X and the f
0. ThendimH <n — 1.

ip © =1,...,n—1, define avariety of dimension

Here for a polynomial h € k[X,..., X,], we denote by h the homogenized poly-
nomial in k[Xo, ..., X,,]; namely, h is the unique homogeneous polynomial in k[X,
..., X,], of the same degree as h and such that h(1, X1,..., X,) = h(X1,..., X,).
For the special cases

dip=d, 1<i<n, pelb,

by setting B
Fop(X0, X1,.... Xn) = X§, peS,

and applying the above argument to 71‘,; (0 < i < n —1) replacing QpA0)s -« - 5
@ \(n—1)» the proof of Theorem 7.42 follows.

Let X C PV be a projective subvariety of dimension n defined over . Assume that
1 <n < N. Further, letc,; (p € S, i =0,...,N) be nonnegative reals. Faltings and
Wiistholz [65] proved that the set of solutions of the following system of inequalities

log <||’|:EZ||||[)> < —cpih(z), peS, i=0,...,N, x=[xg,...,xn] € X(K)
Zllp
(7.109)
is contained in the union of finitely many proper subvarieties of X if the expectation

of a particular probability distribution is large than 1. Ferretti [66] showed that this
latter condition is equivalent to

1
e Y ex(e,) > 1, (7.110)
(4 1) deg(X) 2
where ¢, = (¢y0, ..., cpn) and ex (c,) is the Chow weight of X with respect to c,. If

X is alinear variety, then the result of Faltings and Wiistholz is equivalent to Schmidt’s
Subspace Theorem. Whereas Schmidt’s proof of his subspace theorem is based on
techniques from Diophantine approximation and geometry of numbers, Faltings and
Wiistholz developed a totally different method, based on Faltings’ product theorem.
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Using the method of Faltings and Wiistholz, Ferretti obtained a quantitative version of
their result, an equivalent version of which reads as follows. Assume that

peES

with § > 0. Then there are explicitly computable constants ¢y, ¢, ¢3 depending on IV,
n, 0, Kk, S and some geometry invariants of X such that the set of solutions of (7.109)
with h(xz) > ¢1(1 4+ (X)) lies in the union of at most ¢, proper subvarieties of X,
each of degree < c3. Evertse and Ferretti [60] proved another quantitative version of
the result of Faltings and Wiistholz, in which the constant ¢y, ¢, c3 depends only IV,
n, ¢ and the degree of X. In particular, if the mapping £ — [f,0(€), ..., fon(§)] isa
finite morphism from P™ to P™ for each p € S, then a version of Theorem 7.37 can be
deduced from the result of Evertse and Ferretti.



Chapter 8

Vojta’s conjectures

P. Vojta proposed the general conjecture in number theory by comparing the second
main theorem in Carlson—Griffiths—King’s theory. This conjecture is closely related to
several important results and problems in Diophantine geometry.

8.1 Mordellic varieties

In 1909, A. Thue [272] proved the following result: Take m € Z and let

d—

flz,y) = apr® + ez 'y + - + agy®

with a; € Z be a form of degree d > 3 which is irreducible over Q. Then the Dio-
phantine equation

f(x,y)=m (8.1)

has only finitely many integer solutions (x, y). A simple proof by using Roth’s theorem
is referred to Schmidt [232]. An equation of the type (8.1) will be called a Thue
equation.

Theorem 8.1. Let P(x) be a polynomial of degree n > 2 over a number field r such
that its discriminant is not identically zero. Let S be a finite subset of My, containing
all of the Archimedean absolute values. Then a superelliptic equation

y! = P(x) (8.2)
with d > 2 and (d,n) # (2,2) has only finitely many solutions x,y € Oy g.

The special case of an elliptic equation, thatis, d = 2, n = 3, was done by Mordell
[189], [190]. The general case is due to Siegel [250]. A proof can be found in [232].
Further, Siegel [251] proved that the number of integer points (, y) of any irreducible
curve of genus > 0 is finite. The same conclusion holds for the affine curve C' if
#(M — C) > 2, where M is a projective closure of C.

Mordell [190] had originally conjectured that on a curve of genus greater than one
there are only finitely many rational points, which was first proved by Faltings [63]
in 1983. Faltings’ proof in 1983 used a variety of advanced techniques from modern
algebraic geometry. Vojta [291] then came up with an entirely new proof of Faltings’
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theorem using ideas whose origins lie in the classical theory of Diophantine approx-
imation. However, in order to obtain the precise estimates needed for the delicate
arguments involved, he made use of Arakelov arithmetic intersection theory and the
deep and technical Riemann—Roch theorem for arithmetic threefolds proven by Gillet
and Soulé. Faltings [64] then simplified Vojta’s proof by eliminating the use of the
Gillet—Soulé theorem and proving a “product lemma”. Bombieri [13] has combined
Faltings’ generalization with Vojta’s original proof and with other simplifications of
his own to give a comparatively elementary proof of the original Mordell conjecture.

We describe an inequality due to Vojta and show how it leads, via an elementary
geometric argument, to a proof of Mordell conjecture. Let M be a smooth projective
curve of genus g > 2 defined over a number field x. Let © be the theta divisor on the
Jacobian variety Jac(M) of M, which is ample. Recall that

2] = \/ he(x)

is the norm on Jac(M) associated to the canonical height he relative to © defined by
(4.74) and that

1
(.9 = 5 (j2 + P = 2P ~ lyP)

is the bilinear form on Jac(M ), which extends to a Euclidean inner product on the
vector space Jac(M) ® R by Proposition 4.54.

We will assume that M (k) is nonempty. Thus we may choose a rational point in
M (k) and use it to fix an embedding M +— Jac(M) defined over . Having done this,
we can talk about the norm |z| and inner product (z, w) for points z, w € M(&). We
are now ready for Vojta’s inequality (cf. [289], [13]):

Theorem 8.2. Wirh notation as above, there are constants ¢; = ¢ (M) and ¢y = c2(g)
such that if z,w € M (R) are two points satisfying |z| > ¢; and |w| > ¢;|z|, then

3
< - .
(z,w) < 22l w]
Now we state and prove the following more general Mordell-Faltings theorem:

Theorem 8.3. If M is an irreducible algebraic curve of genus greater than one and k
is a number field of finite degree over Q, then the set M (k) of k-rational points on M
is a finite set.

Proof. Set A = Jac(M). First we observe that the kernel of the mapping A(k) —
A(k)®R s the torsion subgroup A¢ors(k), Which is finite by Theorem 4.58. So in order
to prove that M (k) is finite, it suffices to show that the image of M (k) in A(k) @ R is
finite. By abuse of notation, we will identify M (x) with its image.
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The bilinear form (, ) makes A(x) ® R into a finite-dimensional Euclidean space,
and hence for any two points 2,y € A(x) ® R, we can define the angle 6(z, y) between
2 and y in the usual way:

—~

z,y)
z[y|’

cosf(z,y) = 0<0(z,y) <m.
For any point z¢ and any angle 6, we consider the cone with interior angle 26, whose
central axis is the ray from O through z:

Ly, = {2 € A(k) @R | 8(z,20) < 6o}

We are going to use Vojta’s inequality to show that if 8 is small enough, then every
cone I'y, g, intersects M () in only finitely many points. To see this, suppose that we
have a cone satisfying

#{T 2.0, " M (r)} = 0.

Since A(k), and a fortiori M (), contains only finitely many points of bounded norm,
we can find a z € I'y g N M(r) with |z] > ¢, and then we can find a w €
I'zy.00 N M (k) with |w| > ¢3|z|. Here ¢; and ¢; are the constants appearing in Vojta’s
inequality. Then Vojta’s inequality tells us that

3
(2 w) < Zlzlhwl,

or equivalently,

cosf(z,w) <

)

1w

which implies

3 07
0 > s— > —.
(z,w) > arccos 176
But by assumption, both z and w are in the cone I';, g,, hence the angle between
them is less than 26. Thus we have shown that
200 > 0(z,w) > %
This is equivalent to the statement that ', - /1,1 M () is finite for every zp € A(x) ®
R.
In order to complete the proof that M (k) is finite, we now need merely observe that
it is possible to cover A(x) ® R by finitely many cones of the form I, - /12- If this is
not immediately obvious, consider the intersection of such cones with the unit sphere

S={recAk)OR||z| =1} C A(k) ®R.

Clearly,
S = U {Fmﬂr/lZ N S}a

zeSs
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since x € I, /12. Further, each set I';, /1o M S is an open subset of .S, and we know
that S is compact, from which it follows that S is covered by finitely many I, /12 NS.
Since the I'’s are cones, we conclude that the same finite set of I"’s will cover A(k)®R.
This completes the proof of Theorem 8.3. o

Elkies [57] (or see [98]) showed that using an explicit version of the abc-conjecture
(that is, with a value assigned to C'(g) in (5.5) for each ¢), one can deduce an explicit
version of Mordell-Faltings theorem.

Theorem 8.4. Let k be a number field, let M be a smooth curve of genus g over K,
and assume that M (k) is not empty. Then there exist constants a and b, which depend
on M/k and on the height, such that

ae’, ifg=0(a,b>0),
n(r, M(k)) ~ < ar’, ifg=1(a>0,b>0),
a, ifg=2

Proof. It follows from Theorem 4.31, Theorem 4.37 and Theorem 8.3. a

Conjecture 8.5. The statement #M (k) < oo for every algebraic number field k is
equivalent to g > 1, where g is the genus of X.

See Shafarevich [240].

Let M be a variety defined over an algebraically closed field of characteristic 0. We
shall say that M is Mordellic if M (k) is finite for every finitely generated field ~ over
Q. In this context, it is natural to define a variety M to be pseudo Mordellic if there
exists a proper Zariski closed subset Y of M such that M — Y is Mordellic. Since
the counterpart of algebraic curves of genus > 1 in higher dimensional spaces are
Kobayashi hyperbolic varieties, accordingly the analogue of Mordell-Faltings theorem
is just the Lang’s conjecture (cf. [142], [147], [150]):

Conjecture 8.6. A projective variety is hyperbolic if and only if it is Mordellic.

The following problem is referred to Shiffman [241].

Conjecture 8.7. Let M be a projective algebraic variety that contains no rational or
elliptic curves. Then there are no holomorphic curves in M.

Let M be a projective variety. According to Lang [147], [150], the algebraic spe-
cial set Sp,,(M) is defined to be the Zariski closure of the union of all images of
nonconstant rational mappings A — M, where A is an Abelian variety or P'. Thus
Spalg(M ) = () if and only if every rational mapping of an Abelian variety or P! into
M is constant. In the case of subvarieties of Abelian varieties, a clear description of
this special set is well known, that is, the Ueno—Kawamata fibrations in a subvariety of
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an Abelian variety constitute the special set (see Lang [150]). A variety M is said to
be algebraically hyperbolic if Sp,;,(M) = (. Then one says that M is pseudo alge-
braically hyperbolic if Sp,,(M ) is a proper subset. Ballico [6] proved that a generic
hypersurface of large degree in P™(C) is algebraically hyperbolic.

Conjecture 8.8 ([147], [150]). (i) Spe(M) = Sppe(M).
(ii) The complements of the special sets are Mordellic.

(iii) A projective variety M is Mordellic if and only if the special sets are empty.

Recall that the holomorphic special set Spy,,; (M) is the Zariski closure of the union
of all image of non-constant holomorphic mappings f : C — M. Observe that the
claim (i) would give an algebraic characterization of hyperbolicity. The fundamen-
tal Diophantine condition conjecturally satisfied by pseudo canonical varieties is the
following problem:

Conjecture 8.9. Let M be a pseudo canonical variety defined over a number field k.
Then M (k) is not Zariski dense in M.

Bombieri posed Conjecture 8.9 for pseudo canonical surfaces, and Lang (indepen-
dently) formulated the general conjecture in its refined form of the exceptional Zariski
closed subset. Conjecture 8.8 allows us to state the final form of the Bombieri-Lang
conjecture.

Conjecture 8.10 ([147], [150]). The following conditions are equivalent for a projec-
tive variety M.

(1) M is pseudo canonical;
(2) Spag(M) is a proper subset;
(3) M is pseudo Mordellic. The Zariski closed subsetY can be taken to be Spalg(M ).

In the case of Abelian varieties, there is the following Lang’s conjecture over finitely
generated fields (cf. Lang [139], [150]):

Conjecture 8.11. Let M be a subvariety of an Abelian variety over a field k finitely
generated over Q. Then M contains a finite number of translations of Abelian subva-
rieties which contain all but a finite number of points of M (k).

The following especially important case from Lang [140] has now been proved by
Faltings [64]:

Theorem 8.12. Let M be a subvariety of an Abelian variety, and suppose that M
does not contain any translation of an Abelian subvariety of dimension > 1. Then M
is Mordellic.
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Hilbert’s tenth problem asks whether there is a general algorithm to determine, given
any polynomial in several variables, whether there exists a zero with all coordinates
in Z. It was solved in the negative by Yu. Matiyasevich [171] in 1970; for a general
reference, see [172]. J. Richard Biichi attempted to prove a similar statement in which
there may be any (finite) number of polynomials, but they must be quadratic and of a

certain form:
n
2 —=b. i=1
aijry; =bi, i=1,....m
J=1

with {a;j,b;} C Z, {m,n} C Z*. Biichi was able to show that a negative resolution
of this question would follow from the following “n-squares problem”:

Conjecture 8.13. For large enough n, the only integer solutions of the system of equa-
tions

o, =2x7 42, k=2,...,n—1 (8.3)
satisfy +xp = fxp_1 + L.
Let M be the projective variety in P™(C) defined by the equations
xi—l—mi_z :2xi_1 +22% k=2,...,n—1

in the homogeneous coordinates [z, xo, . . . , &,—1]. Vojta [295] observed that for n > 6
the variety M is a pseudo canonical surface, and then showed:

Theorem 8.14. (i) Forn > 8, the only curves on M of geometric genus 0 and 1 are
the “trivial” lines

+xp =+xo+ kr, k=0,...,n— 1.

(ii) Let n > 8 be an integer and let f : C — M be a non-constant holomorphic
curve. Then the image of [ lies in one of the “trivial” lines.

The statement (i) of Theorem 8.14 has a consequence that if Conjecture 8.9 is true
then Biichi’s problem has a positive answer. Statement (ii) shows that the analogue of
Biichi’s problem for holomorphic functions has a positive answer.

8.2 Main conjecture

Let x be a number field and let S C M, be a finite set containing all Archimedean
places. P. Vojta [287] observed that some conditions of the second main theorem in
Carlson—Griffiths—King’s theory may be relaxed somewhat, and then translated it into
the following main conjecture in number theory.
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Conjecture 8.15. Let X be a nonsingular complete variety over k. Let K be the
canonical divisor of X, and let D be a normal crossings divisor on X. If ¢ > 0,

and if E is a pseudo ample divisor, then there exists a proper Zariski closed subset
Z =Z(X,D,k, E,e,8) such that for all x € X (k) — Z,

m(x, D) + hk(z) < ehp(z) + O(1). (8.4)

The requirement in Conjecture 8.15 that D have only normal crossings is necessary,
since it is easy to produce counterexamples if this condition is dropped. The above
inequality is called Vojta’s height inequality.

Example 8.16. Each hyperplane E of P (&) is very ample with
dimL(E)=n+1,

and hence the dual classification mapping ¢ is the identity. Thus hg(z) = h(x), and
hence

hie(z) = =(n+ 1)h(z)
since K = —(n+1)E. LetD =), FEl[a;] be a sum of hyperplanes in general position.
Then the conjecture reduces to

meal (n+1+4+¢)h(z)

which follows from Schmidt’s subspace theorem.

Let V = V), be a vector space of finite dimension n+ 1 > 0 over x. Conjecture 8.15
contains the following special case:

Conjecture 8.17. Take a; € P(I1,V7) such that 3; E%a;] has normal crossings.
Then for € > 0 there exists a proper Zariski closed subset Z such that for all x €

P(V) - Z,
Zm (xud,al) < (n+1+4¢)h(x).

We propose the following conjecture:

Conjecture 8.18. Tuke a positive real number ¢ > 0 and integers ¢ > n > r > 1.
Assume that for p € S, a family

eQ{p = {ap’o, . ,ap7q} C P(Hdv*)
is admissible. Then the set of points of P(V') — | Ed[ap,j] satisfying
ZZ og g~ = d(2n —r + 1+ e)h(z) + O(1)
ves j=0 11E ap,J|||ﬂ

is contained in a finite union of subvarieties of dimension < r — 1 of P(Vz).
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In [103] (or see [108]), we proposed this conjecture for the case r = 1.

P. Vojta [294] proved that Conjecture 5.3 of Masser and Oesterlé would be derived
from a weakening of Conjecture 8.15.

Conjecture 8.15 implies the Bombieri—Lang Conjecture 8.9. Recall that a variety X
is said to be pseudo canonical if its canonical bundle K x is pseudo ample. Indeed, if
X is such a variety, we may assume X nonsingular since both the notion of pseudo
canonicity and non-denseness in the Zariski topology are birational invariants. Then
Conjecture 8.15 with D = 0 implies that

hi < ehg + O(1) (8.5)

on an open dense set. But taking £ = K and ¢ < 1 implies that h g is bounded, which
is a contradiction unless X (k) is contained in a Zariski closed subset of X, that is,
X (k) is degenerate.

Conjecture 8.15 also implies the Mordell conjecture since curves are pseudo canon-
ical if and only if their genus is at least two, and degeneracy on curves reduces to
finiteness. In fact, Conjecture 8.15 is known for curves.

Theorem 8.19. Let X be a nonsingular projective curve defined over an algebraic
number field k. Let K be the canonical divisor of X, and let D be an effective divisor
on X. If € > 0, then there exists a finite subset Z = Z(X, D, k, e, S) such that for all
re X(k)—Z,

m(z, D) + hi(z) < eh(z)+ O(1). (8.6)

Proof. 1t is nothing if X (k) is empty, so we may assume that X (x) is non-empty. If

the genus of X is zero, then Theorem 3.72 means that the curve X is isomorphic over

# to P! if and only if it possesses a s-rational point. Thus the canonical divisor K has

degree —2, hy(x) = —2h(z), and hence (8.6) becomes

q
m(x,a;) —2h(z) < eh(z) + O(1)

=1

J

q
for D = > a;. Theorem 8.19 follows from Roth’s theorem.
j=1
Now assume that the genus of X is > 1. In 1929 C. L. Siegel applied his theorem
on the approximation of algebraic numbers by algebraic numbers from a fixed number
field to the situation of algebraic curves. His result, as extended by Mahler, can be
reinterpreted as follows. If D is an effective divisor on X (of genus > 1) defined over

K, then, for any € > 0, we have
m(x, D) < eh(x)

for almost all z € X (k) (i.e. finitely many exceptional). When X is of genus 1,
its canonical divisor is trivial, and hence Theorem 8.19 follows from Siegel-Mahler’s
theorem.
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In the case that the genus of X is greater than or equal to two, we note that the
canonical divisor K is positive. Thus if taking D = (), then (8.6) becomes

hi(z) < eh(z) + O(1)

According to the arguments above, this is equivalent to the statement that X (k) is
finite. Therefore, Theorem 8.19 follows from Siegel-Mahler’s theorem and Faltings’
theorem. O

In [290], Vojta has given a direct proof of his height inequality for curves. This
gives a unified proof of Faltings’s, Roth’s, and Siegel’s theorems.

Let A denote an Abelian variety and let D be an ample divisor on A. Lang [140]
conjectured that A has only finitely many (.5, D)-integralizable points. Vojta [287]
showed that the Lang’s conjecture follows from the main conjecture.

Qualitatively, Conjecture 8.15 also has the following simple consequence.

Conjecture 8.20. Let X be a nonsingular projective variety defined over a number
field k. Let K be the canonical divisor of X, and D a normal crossings divisor on X.
Suppose that K + D is pseudo ample. Then X — D is pseudo Mordellic.

Related to Conjecture 8.20, A. Levin [158] proposed main Siegel-type conjecture as
follows:

Conjecture 8.21. Let X be a projective variety defined over a number field k. Let
D = Dy + --- + Dg be a divisor on X with the D;’s effective Cartier divisors for all
1. Suppose that at most m D;’s meet at a point, so that the intersection of any m + 1
distinct D;’s is empty. Suppose that dim D; > ng > 0 for all i. If ¢ > m + % then
there does not exist a Zariski-dense set of k-rational (S, D)-integralizable points on
X.

Siegel’s theorem [251] is the case m = ny = dim X = 1 of Conjecture 8.21, or see
[34] for a new proof of Siegel’s theorem. When X is a surface, m < 2, and the D;’s
have no irreducible components in common, A. Levin [158] proved Conjecture 8.21.
At the extreme of ny, there is the following special case.

Conjecture 8.22. Let X be a projective variety defined over a number field k. Let
D = Dy +---+ Dy be a divisor on X with the D;’s effective Cartier divisors for all
1. Suppose that at most m D;’s meet at a point. If D; is pseudo ample for all v and
q > m+ g then X — D is pseudo Mordellic.

We recall the following theorem, which is a consequence of Mori theory (cf. [191],
Lemma 1.7).

Theorem 8.23. Let N be a nonsingular complex projective variety of dimension n
with the canonical divisor K. If Dy, ..., Dyi> are ample divisors on N, then K +
Dy + -+ Dpyo is ample.
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When ¢ > 2mdim X, A. Levin [158] proved Conjecture 8.22 based on a formu-
lation of Corvaja—Zannier theorems in [34] and [36]. Further, A. Levin [158] proved
that X — D is Mordellic if D; is ample for all . By using Theorem 8.23, when X is
nonsingular, the D;’s are ample, and D = D + --- + D, has normal crossings, we
see that Conjecture 8.22 is a consequence of Conjecture 8.20.

8.3 General conjecture

Let x be a number field and let S be a finite subset of M,; containing the Archimedean
places. By abuse of notation, let

d(z) = d(2) 1= dy(z) /rs

dS(-T) = d/i,S(x) = dm(m)/n,s

if x is a closed point of a variety. P. Vojta ([287], [293]) proposed the following general
conjecture with ramification:

Conjecture 8.24. Let X be a complete nonsingular variety over k, let K be the canon-
ical divisor of X, let D be a normal crossings divisor on X, let E be a pseudo ample
divisor on X, let ¢ > 0, and let v € 7. Then there exists a proper Zariski closed
subset Z = Z(r, X, D, k, E,¢,S) such that

m(z, D)+ hg(z) < d(z)+chg(z) + O(1) (8.7)
Jorall x € X(r) — Z with [k(z) : k] <.
Under the assumptions of Conjecture 8.24, noting that the first main theorem
m(z, D)+ N(z,D) = hp(x) + O(1),
then (8.7) is equivalent to
hp(z) 4+ hg(z) < d(z) + N(z, D) + ehg(x) + O(1). (8.8)

P. Vojta [293] further asked whether N (z, D) could be replaced by the truncated va-
lence function:

Conjecture 8.25. Conjecture 8.24 holds with (8.7) replaced by
hp(z) + hi(z) < d(z) + N(z,D) +chg(z) + O(1). (8.9)
We always have the inequality

N(z,D) < N(z,D),

so Conjecture 8.25 is obviously stronger than Conjecture 8.24.
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P. Vojta [293] explained that the inequality (8.9) generalizes that of the abc-con-
jecture of Masser and Oesterlé. Under the assumptions of Conjecture 5.3, the triple
(a, b, ¢) determine a point

z = [a,b,—c] € P?,

which lies on the line
X:&H+&4+&=0.

Since (a, b, ¢) = 1, the height of this point is

h(z) =log \a? + b* + 2.

The relative primeness condition also implies that the curve on IP’% corresponding to x
meets the divisor Hy = (§y = 0) at a prime p if and only if p|a. Similarly, it meets the
divisors H; = (§; = 0) and H, = (& = 0) at p if and only if p|b and p|c, respectively.
Let H be the divisor

H=Hy+ H, +H,

on P? and set D = H|x. For S = {cc}, k = Q, one has

Thus (5.5) can be written
h(z) < (1+¢)N(z, D)+ O(1)
or (with a different ¢)
h(z) < N(z,D) +eh(z) + O(1) (8.10)

for all abe-points z € P2,
Note that D consists of three distinct points, and that

K~-2FE, K+D~F,
where [E] is the restriction of hyperplane line bundle of P? on X. Hence
hp(x) + hg(x) = hxyp(x) + O(1) = hg(xz) + O(1).
Since hg(x) = h(x), then (8.10) becomes
hp(x) + hi(z) < N(z, D) +chg(z) + O(1),

which coincides with (8.9) since we are dealing with rational points and therefore
d(x) = 0 for all z.

In this case, we hope that the exceptional set Z in Conjecture 8.25 is same with the
abc-exceptional set E ..

Next one shows that Conjecture 8.25 also follows from Conjecture 8.24. We start
with several lemmas (cf. [293]).
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Lemma 8.26. Let m : X' — X be a generically finite morphism of smooth vari-
eties, and let D and D' be normal crossings divisors on X and X', respectively, such
that supp D' = (7*D)yeq. Let K and K’ be the canonical divisors on X and X',
respectively. Then

K' +D >7*(K + D)
relative to the cone of the canonical divisors with hO > 0. Moreover,

[K'+ D'| @ m*[K + D]
has a global section vanishing only on the support of D' or where 7 ramifies.
Proof. We have a natural mapping

Q4 [log D] — Q% [log D]

which is an isomorphism at generic points of X’; hence taking the maximal exterior
power gives an injection of line bundles 7*[K + D] — [K' + D’|. See [117],
§ 11.4a. |

Consequently, one may use Chow’s lemma and resolution of singularities to find a
smooth projective variety X’ and a proper birational morphism 7 : X’ — X such
that D’ := (7% D)eq has normal crossings; the lemma then shows that

hK’+D' Z hK+D o+ O(l)
outside of a proper Zariski-closed subset. Since
supp D' = 7~ ! (supp D),

we have o o
N(x’D/) = N(n(z),D) +O(1), z € X/(R)Q

hence Conjecture 8.25 for X’ and D’ implies the same conjecture for X and D. Thus
we may assume that X is projective.

Note that if D and D) are effective divisors such that D + D has normal crossings,
then Conjecture 8.25 for D + D; implies that the conjecture holds also for D. Indeed,

N(z,D + D) — N(z,D) < N(x,Dy) < N(x, D) < hp,(x) + O(1),

so (8.9) with D replaced by D + D implies the original (8.9). Thus, we may assume
that D is very ample.

Lemma 8.27. Take e € Z™ and let Dy be an effective divisor such that Dy ~ D
and D + Dy has normal crossings. Then there is a smooth variety X| and a proper
generically finite morphism m : X1 — X such that the support of the ramification
divisor of 7 is equal to ﬂ'fl (supp(D + D)), all components of wj (D + D) have
multiplicity > e unless they lie over D N Dy, (7] (D + D1))red has normal crossings,
and (X)) = &(X)(/f) for some f € R(X)..
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Proof. Take f € R(X), such that (f) = D — D;. Letmp : X9 — X be the
normalization of X in the field £(X)(</f), let 7 : X; — X be a desingularization
of X such that (7* (7§ (D + D1)))red has normal crossings, and let 7; = my o . We
may assume that 7 is étale outside of 7, ' (supp D). If ¢ D N Dy, then there is
an open neighborhood U of x such that D|y = (f) and D;|y = 0, or D|y = 0 and
Dy|ly = (1/f). Then 7§ (D + D) over U is e times the principal divisor (¥/f) or
(1/+/F). Therefore all components of 7} (D + D) meeting 7; ' (U) have multiplicity
divisible by e. |

Lemma 8.28. There exists a normal crossings divisor D* on X such that
(i) D* — D is effective;

(i) for all e € 7 there exists a smooth variety X' and a proper generically finite
morphism 7w : X' — X such that (7*D)yeq has normal crossings and all com-
ponents of ™ D have multiplicity > e (or zero);

(iii) 7 : X' — X is unramified outside of = (supp D); and
(iv) R(X") =R(X)(V 1.,V fa) for some fi,..., fn € R(X).

Proof. Letn = dim X, and let Dy, ..., D, be effective divisor on X such that D; ~
D for all 7,
D*:=D+Dy+---+ D,

has normal crossings, and
DnDiN---ND, =0.

Such divisors exist by Bertini’s theorem.

Take e € Z*. Fori = 1,...,n, letm; : X; — X be as in Lemma 8.27, applied
to the divisors D; ~ D. Let 7 : X’ — X be a desingularization of the normaliza-
tion of X in the compositum %(X) - - - &(X,,) such that (7*D),cq has normal cross-
ings and X’ dominates X7,...,X,,. We may also assume that 7 is étale outside of
7~ (supp D). Take a component E of 7* D. There exists some 4 such that

m(E) C DUD;, n(E)¢ DN D

then the image of E in X; is contained in a component of 7~! (D + D) of multiplicity
> e. O

After replacing D with D*, we have the following situation: D has normal cross-
ings, X’ is smooth, D’ := (7*D)ycq has normal crossings, all components of 7* D
have multiplicity > e, and 7w : X’ — X is unramified outside of D’.

Lemma 8.29. Tuke models X and X' for X and X', respectively, for which the divi-
sors D and D' extend to effective divisors on X and X', respectively, and 7 extends to
a morphism m : X' — X. Let S be the set of places of k containing
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(1) all Archimedean places;

(2) all places lying over e;

(3) all places of bad reduction for X and X';

@) all places where D and D' have vertical components; and

(5) all places where  is ramified outside the support of D'.

Take r € Z7. For points x € X (k) — supp D of degree < r over r and points
2’ € 77 (x), we have

d(z") —d(x) + N(2',D") < N(z,D) + éhp(x) +0(1), (8.11)
where the constant in O(l) depends only on X, D, e, X', m, r, and S.
Proof. By (4.61), one has
d(z') — d(x) = ds(2") — dg(z) + O(1). (8.12)

Let K = r(z) and K’ = k(2'). For places w’ € Mg lying over places w € M, let
ek i (w') denote the ramification index of w' over w. By (4.62), one then has

/ N —1
ds(z') —ds(z) = > %log/\f(pm-
w'GMK/fS ’

If the closure in X’ of 2’ does not meet D’ at w’, then K’ is unramified over K at w’;
if it does meet, then ex /i (w') < e because K' is generated over K by e-th roots of
elements of K (by condition (iii) in Lemma 8.28). Thus

ds(z') —ds(z) < (e — )N (', D").
Combining this with (8.12) then gives
d(z') —d(z) < (e — 1)N(2/,D") + O(1). (8.13)
On the other hand,
N(z,D)— N(2/,D") > (e — 1)N(2', D")
since all components of 7* D have multiplicity > e. Also
— 1 1
N(2',D") = N(2',D") < N(2',D") < =N(z,D) < —=hp(x) + O(1).
e e
Combining these two inequalities then gives
— 1 —
N(x,D)— N(2',D") + —hp(z) > (e — 1)N (2, D’) + O(1).
e

Combining this with (8.13) then gives (8.11). O
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Finally, we prove that Conjecture 8.24 implies Conjecture 8.25. By Kodaira’s
lemma, we may assume (after adjusting ¢) that E is ample. Then

hp < chg + O(1) (8.14)

for some constant ¢ depending only X, D, and E. Take e € Z* with e > c/e, and
let X’ be a generically finite cover of X as in Lemma 8.28. Let D and D’ be as
discussed following that lemma, and enlarge .S so that the conditions of Lemma 8.29
hold. This will ultimately give an inequality (8.9) relative to this larger set .S, which
trivially implies the same inequality for the original S. Points 2z € X (%) — supp D of
bounded degree lift to points 2/ € X'(k), also of bounded degree. We now show that
Conjecture 8.24 applied to 2’ and D’ implies Conjecture 8.25 for D and X. By the
former conjecture (using (8.8)), we have

hp (2') + hio(2') < d(a’) + N(2', D') + e'hp (2') + O(1), (8.15)

provided 2’ ¢ Z', where Z' is a proper Zariski-closed subset (depending also on &’
and E"); here E’ is a pseudo ample divisor on X’. We want to show that (8.15) implies
Conjecture 8.25; i.e., (8.9).

By Lemma 8.26, [K' + D'| ® 7*[K + D]V has a global section vanishing nowhere
on X’ — supp D'; hence, by functoriality of heights and positivity of heights relative
to effective divisors,

hpsk (@) < hprgo(a') + O(1) (8.16)
forallz € X'(k) — D'
By Lemma 8.29,
— 1
d(z") + N(«', D') < d(x) + N(x, D) + —hp(z) + O(1). (8.17)
e

Let £/ = 7* E; this is pseudo ample on X'; also choose ¢/ > 0 such that e’ < € — ¢/e.
By (8.14), we then have

éhD(x) b (2) < ehp(z) + O(1). (8.18)

Thus, (8.16)—(8.18), combined with (8.15), imply that (8.9) holds if x lies outside the
proper Zariski-closed subset Z := 7(Z').

8.4 Vojta’s (1, 1)-form conjecture

Vojta compares the discriminant term as follows:

Theorem 8.30. Let m : X — W be a generically finite separable surjective mor-
phism of complete nonsingular varieties over a number field r, with ramification di-
visor R. Let S be a finite set of absolute values. Then for all P € X (k) — R, we
have

d(P) —d(m(P)) < N(P,R)+ O(1).
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Vojta’s Theorem 8.30 is a generalization to the ramified case of a classical theorem
of Chevalley—Weil.

P. Vojta in [287] showed that Conjecture 5.3 of Masser and Oesterlé is an easy
consequence of Conjecture 8.24, and in [294] noted that Conjecture 8.15 is possi-
bly weaker than Conjecture 8.24. Conversely, van Frankenhuysen [286] proved that
the abc-conjecture implies Vojta’s general conjecture for curves, i.e. when X is one-
dimensional. Lang [150] conjectures that Vojta’s general conjecture is best possible
for any curve of nonzero genus over a number field.

A. Levin [158] gave the following conjectural upper bound on the logarithmic dis-
criminant in terms of heights.

Conjecture 8.31. Let X be a nonsingular projective variety of dimension n defined
over a number field k with canonical divisor K. Let E be a pseudo ample divisor on
X. Let r be a positive integer and let € > 0. Then there exists a proper Zariski closed
subset Z such that

d(z) < hg(x)+ 2[r(z) : k] +n—1+¢e)hp(z) + O(1) (8.19)
forallz € X(R) — Z with [k(z) : k] <.

If E/is ample, A. Levin [158] conjectured that the set Z in Conjecture 8.31 is empty.
It is a result of Silverman [255] that Conjecture 8.31 is true for X = P" withe = 0
and r = o0, i.e., the inequality holds for all x € X (k). For curve, Conjecture 8.31
is true by a result of Song and Tucker [260] (cf. Eq. 2.0.3). They proved the stronger
statement.

Theorem 8.32. Let X be a nonsingular projective curve defined over a number field k
with canonical divisor K. Let E be an ample divisor on X. Let r be a positive integer
and let € > 0. Then

d(z) <d4(z) < hg(x) + 2[k(z) : K] +e)hp(xz) + O(1) (8.20)
forall x € X(R) with [k(x) : k] <.

In the inequality (8.20), d () is the arithmetic discriminant of x. For the definition
and properties, see Vojta [288]. Related to the arithmetic discriminant, Vojta [290]
proved the following generalization of Falting’s theorem on rational points on curves.

Theorem 8.33. Let X be a nonsingular projective curve defined over a number field
Kk with canonical divisor K. Let D be an effective divisor on X with no multiple
components and E ample divisor on X. Let r be a positive integer and let € > 0. Then
the following inequality

m(x, D) + hg(z) < dg(z) + ehg(x) + O(1) (8.21)

holds for all x € X (k) — D with [k(z) : k] <.
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Generalizing the main Siegel-type conjecture, A. Levin [158] further proposed gen-
eral Siegel-type conjecture as follows:

Conjecture 8.34. Let X be a projective variety defined over a number field k. Let
D = Dy + --- + Dy be a divisor on X with the D;’s effective Cartier divisors for
all i. Suppose that at most m D;’s meet at a point. Suppose that dim D; > ng > 0
for all i. Let d be a positive integer. If ¢ > m + m(%;])
Zariski-dense set of (S, D)-integralizable points on X of degree d over .

then there does not exist a

According to the definition, the degree of a set R C X (k) over « is defined to be

deg, R = supl|k(x) : K.
TER
Based on Conjecture 8.31, A. Levin [158] shows that Vojta’s general conjecture im-
plies general Siegel-type conjecture if D; is ample for all 7 and D has normal crossings.
Theorem 8.32 and Theorem 8.33 imply that Levin’s general Siegel-type conjecture is
true for curves.
In [287], Vojta also proposed the following (1, 1)-form conjecture:

Conjecture 8.35. Let X be a complete nonsingular variety over a number field k
contained in C and let D be a normal crossings divisor on X. Let w be a positive
(1,1)-form on X — D whose holomorphic sectional curvatures are bounded from
above by —c < 0, i.e. for any nonconstant holomorphic mapping f : U — X
(U C C is an open subset), one has

Ric(f*w) > cf*w.

Also assume that w > ¢ (L, p) for some metric p on a line bundle L on X. Let E be a
pseudo ample divisor on X. Let S be a finite set of absolute values. Let I be a set of
(S, D)-integralizable points of bounded degree over k. Let € > 0. Then for all points
P € I we have

h(P) < <d(P) +<his(P) +O(1),

Vojta [287] applies the (1, 1)-form conjecture to deduce several number theoretic
applications in which he proves that Conjecture 8.35 implies a conjecture of Shafare-
vich on the finiteness of curves with good reduction, proved by Faltings [62], [63].

We [111] suggested the following problem:

Conjecture 8.36. Let X be a complete nonsingular variety over a number field k. Let
D be a divisor on X satisfying |mK — D| # () for a positive integer m. Let E be
a pseudo ample divisor on X. Let € > 0. Then there exists a proper Zariski closed
subset Z such that for all points P € X (k) — Z we have

hp(P) < md(P) + ehp(P) + O(1). (8.22)
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Recall that |[mK — D] is the complete linear system of mK — D in which K is a
canonical divisor of X. Conjecture 8.36 could be derived by Conjecture 8.24 simply.
In fact, since |m K — D] contains at least one effective divisor, say, D', which is linearly
equivalent to mK — D, we have

mhg —hp = hp +O(1) > 70(1)

Thus (8.22) follows from (8.7) by taking D = 0.

8.5 abc-conjecture implies Vojta’s height inequality

Let X be a curve over a number field x, and let D be a finite set of algebraic points of
X, defined over . Let f : X — P! be a Belyf function for D (see Theorem 5.2).
The divisors

Do = f*(0), Di=f"(1), Do = f*(c0)

have a decomposition over  into irreducible divisors

Dy = etPi+-+ek,
Dy = epiPipi+ - +eb;,
Dy = e€jt1Pjp1+ -+ ephby.

According to (5.4), the canonical divisor of X is given by

k
K=f* (1)~ f'{0,1,00} =D, = Y _P,.
v=1

Let x be a point of X (i), defined over K = k(x), such that f(x) # 0,1,00. We
apply the abe-conjecture to the point y = [f(z),1 — f(x), 1] to deduce that the height
of x is bounded. Note that

h(y) = hp, (x)

We estimate the radical of y. We can construct a projective scheme 7 : X —
SpecOp, and obtain a section

.’Z’:MKHX.

We can define the closure of D to be its Zariski closure D in X. Letw ¢ S (i.e. w
does not restrict to a multiple of a valuation in ), so that w is non-Archimedean. The
prime w contributes

1
m log N (puw)
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to the radical N (y, E) in Conjecture 5.23 if and only if w(f(z)) < 0, w(1—f(x)) <0
or w(f(x)) > 0. In other words, w contributes to the radical only if deg,, ¥* Dy,
deg,, #* D; or deg,, 7* D, is positive. Since

i
deg,, ¥* Dy = Z e, deg,, i*P,,
pn=1
and similarly for D and D, it follows that
deg,, P, > 0

for some [ € {1,...,k}. Since deg,, #* P, is a multiple of log /' (p,,) for every p, the
contribution rg ., of w to the radical of y is bounded by

1 k
d
@};e

TKw <

Write
1 . .
B — ) 708N (pu), - if w € M,
| 0, it w e M.

For w € S, we obtain the stronger bound

1 _
w ~*D w
TKaw < Z deg,, T* [K Q) deg, 2°D + h,

since
deg,, D = Z deg,, i*P,,
“w
where the summation is restricted to those P, that are components of ). Note that this
also holds for the Archimedean places. Adding these contributions, we find

k
Z meD +Zth

wES

By the abc-conjecture with type v and (5.54), we obtain

hp,(z <th —mg(z, D) +Zth+dK/@+'¢}< ())-
weS

By (5.4), we have
hi(z) = hp,(x Z hp, (z

Thus we obtain Vojta’s height inequality, with ah D, (z) +C replaced by ¢(h(f(z)))+
> wes MK w. For more details, see [286].



Chapter 9

L-functions

Gauss conjectured that the counting function 7 (z) of prime numbers p < x satisfies
the asymptotic formula () ~ x/logz. Riemann outlined how Gauss’s conjecture
could be proved by using the Riemann’s (-function ((s). Riemann’s ideas led to the
first proof of Gauss’s conjecture, the celebrated prime number theorem. Similar cases
occur for Dirichlet L-functions, which were used to prove the Dirichlet’s prime number
theorem. Thus it is nature to hope that distribution problems of algebraic numbers are
closely related to valued-properties of some L-functions. In this chapter, we will give
an elementary introduction along this direction.

9.1 Dirichlet series

9.1.1 Abscissa of convergence

By a Dirichlet series we mean a series of the form

o] an
> ©.1)

n=1

where the coefficients a,, are any given numbers, and s is a complex variable. The
series may converge for all values of s (e.g. a,, = 1/n!), or for no values of s (e.g.
ap = n!). If the Dirichlet series is convergent, we will denote its sum by L(s).

Theorem 9.1. If the Dirichlet series (9.1) is convergent for s = so, then it is uni-
Sformly convergent throughout the angular region in the complex plane C defined by
the inequality

|arg(s — so)| < % —€
where ¢ is any positive number less than 7.
Proof. See E. C. Titchmarsh [276], Theorem 9.11. O

In particular, if the Dirichlet series (9.1) is convergent for s = s¢, then it is con-
vergent for s € C, provided that Re(s) > Re(sp). Thus there exists a real number
oo such that the series is convergent for Re(s) > oy, divergent for Re(s) < 0. The
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number oy is called the abscissa of convergence of the series, which is given by the
formula (cf. [276], 9.14)

iy log | An|
oo = limsup ———
n—oo log n

b

where
4 Up+1+ apsa + -+, if Y ay is convergent,
" ay+ay+ - +ay, ifY. a,isdivergent.

Theorem 9.2. If oy is the abscissa of convergence of the Dirichlet series (9.1), the
sum L(s) is a holomorphic function of s for Re(s) > oo. In particular, if a,, > 0 for
all n, then s = oy is a singularity of L(s).

Proof. The first part follows from Theorem 9.1. For the second part, see E. C. Titch-
marsh [276], 9.2. O

In the above notation, we have the following result:

Lemma 9.3. Assume that there exists a constant ¢ such that

_ait e ta,
hmizc
n—oo mn

Then, if s approaches 1 (from s > 1),

o

. (279}
1 - L
sgﬂ (S I ) ns ¢
n=1
Proof. For a proof, see Hecke [95], Lemma (c) in Section 42. |

The following Phragmen—Lindeldf principle (cf. [24], [276], [151], [186]) can be
used to obtain estimates on L-functions in vertical strips from ones on their edges:

Theorem 9.4. Let f(s) be meromorphic in a strip
Q={seC|a<Re(s) <b}, {a,b} CR.
Suppose that there exists some p > 0 such that f(s) satisfies the inequality
f(s) = O(elslp)
on Q) for [Tm(s)| large and obeys the estimate
flo+it)=0 (|t|M) , o €{a,b}, |t| — o0
for some positive integer M. Then

flo+it)=0 ("), a<o<b, [t|— co.
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An entire function f(s) is said to be of finite order if there is a positive number p
such that, as |s| — oo,
f(s) = O(e‘s‘p).
The lower bound X of numbers p for which this is true is called the order of f(s). If
f(0) is not zero, and if 2y, 23, ... are the zero of f(s), then the series > [z,|”* is
convergent if & > A. The lower bound of positive numbers o for which ) |z,
is convergent is called the exponent of convergence of the zeros, and is denoted by

A1. It is obvious that \; < A, which is a part result of the following Hadamard’s
factorization theorem (cf. [123], [276]):

Theorem 9.5. If f(s) is an entire function of order A\, with zeros z1, z, . .. (f(0) # 0),
then the exponent A\ of convergence of the zeros zy, is finite such that Ay < A,

_ PO (12 ) et E) ()
= 1 2)

where p > 0 is the smallest integer satisfying

1
— < 400,
2 T

P(s) is a polynomial with deg(P) < A, and we have A\ = max{deg(P), \1}. More-
over if, for arbitrary ¢ > 0, there exists a sequence ry,, — oo such that

IﬁlﬁrX 1f(s)]| > €™, m=1,2,...,

then p = \1, and the series " |s,| ™ diverges.
n

9.1.2 Riemann’s {-function

The Riemann’s (-function is a special example defined by the Dirichlet series
1
C(s) = Z —. S€ C. 9.2)

n=1

The series is convergent, and the function analytic, for Re(s) > 1. In 1737, Euler [59]
discovered the product representation

) =1] (1 — i)l , Re(s) > 1, (9.3)

where p runs though all prime numbers. The Euler’s product gives a first glance on the
intimate connection between the zeta-function and the distribution of prime numbers.
A first immediate consequence is Euler’s proof of the infinitude of the primes.
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By using the substitutions x — 7n?

o0
F(S):/ e_mxsd—x,
0

xT

z, s — s/2 in the well-known I'-function

it gives

where
Pp(s) =n 2T (%) .

Then Riemann proved that the completed zeta function

Als) = Tr(s)¢(s) = 73T (5) ¢(s)

has the integral representation
o 1 sd
As) = / {e(m) - 5} = (9.4)
0

where 6(ix) is given by the classical Jacobi’s theta series

1 A 1
o) = L3 e = Ly 3o,
n=1

nez

The series converges absolutely and uniformly in {z € C | Im(z) > e} for every
€ > 0. It therefore represents an analytic function on the upper half-plane

H={z € C|Im(z) > 0},

and satisfies the transformation formula

0 1 <Z) 3 8(2)
— | == Z).
z 7
The proof of the functional equation for A(s) is based on the following general

Mellin principle (cf. [202], Chapter VII, Theorem 1.4). If f : RT — C is a continu-
ous function, one defines the Mellin transform by

o dx
As) = [ @) = S0k
provided the limit
foo) = lim f(x)
T—00
and the integral exist. Conversely, f can be obtained by the Mellin inverse transform
1
— = — A —5d
F@ = fo) =5 | Asle)ads

by the general theory of the Fourier transform.
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Theorem 9.6. Let f, g : RT™ — C be continuous functions such that for x — oo

fl@)=ao+0 ("), g(x) =bo+O (") 9.5)
with positive constants c, . If they satisfy the equation
1
f (E) = Cabg(x) (9.6)

for some real number k > 0 and some complex number C # 0, then one has

(a) The integrals A¢(s) and Ay(s) converge absolutely and uniformly if s varies in
an arbitrary compact region contained in D = {s € C | Re(s) > k}. They are
therefore holomorphic functions on D, and admit holomorphic continuations to
C—{0,k}.

(b) They have no pole at s = 0 and s = k if ag = O, resp. by = 0, otherwise have
simple poles at these points with residues

Re(:)sAf(s) = —ao, Rel.;;Af(s) = Cbo,
S= S=

ResAg(s) = —bp,  ResAy(s) =
5=0 s=k

Qls

(¢) They satisfy the functional equation

Af(s) = CAy(k —s).

Proof. 1f s varies over a compact subset of C, then the function ez gotl (c =
Re(s)) is bounded for 2z > 1 by a constant which is independent of o. Hence the
condition (9.5) gives the estimates

‘(h(x) — h(oo))xs_l‘ =0 (e_maxg_l) =0 <%> , hed{f, g},

for all x > 1, which means that the integrals

[mwuﬁmwnﬁ‘dee{ﬁﬁ)

converge absolutely and uniformly for s in the compact subset.
When Re(s) > k, the substitution 2 — 1/x and the equation (9.6) give

! oo
/0 (f(z) — ag)z*~'dx = c/1 (9(x) — bo)ah o — 20 _ kaos.

S

By the above arguments, it converges absolutely and uniformly for Re(s) > k. We

therefore obtain Cb
aop 0
Ap(s) =F(s) — — —

5 m, RG(S) > ]C,
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where

we similarly have

b Cla
Ag(s) = Gls) = = = 7—

, Re(s) >k,

where
dx
ot

6 = [ {(ate) = b+ () — o))

The integrals F'(s) and G(s) converge absolutely and locally uniformly on C. Thus
they represent holomorphic functions satisfying obviously the equation

F(s)=CG(k —s).

Therefore As(s) and A,4(s) have been continued to all of C — {0, £} and we have the
functional equation in (c). This finishes the proof of the theorem. O

Applied the Mellin principle to the following case
f(z) = g(x) = 0(ix), Ag(s) = AQ2s),

then A(2s) has a holomorphic continuation to C — {0, 1/2} and simple poles at s =
0, 1/2 with residues —1/2 and 1/2, respectively, and it satisfies the functional equation

A(2s) = A(1 — 2s).

Accordingly, the Riemann’s (-function admits a meromorphic continuation onto the
entire complex plane. The continuation is holomorphic with the exclusion of a simple
pole at s = 1 with residue 1, and satisfies the following functional equation:

A(s) = A(1 —9), 9.7)

or equivalently
C(1— ) = 2(2m) "% cos (%8) T(s)((s). 9.8)

It is usual to use the entire function

§(s) = 3(s = 7T () ¢(s)

N ®»
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which satisfies the functional equation

&) = &(1—9).

The Bernoulli polynomials B,,(t) are defined by

zel® > 2"
e _ 1 = z:an(t)F
n=

We can find easily the formula

n n -
Bu(t) =) <k)Bk(0)t" kK n=01,2,...,
k=0
in which
1
Bo(0) =1, Bi(0) =3, Bun(0)=0 (n=1.2,..

The Bernoulli numbers B,, are defined by
B, = (—1)""'B,(0), n=1,2,....

The first Bernoulli numbers are

1 1 1 1
Bl:67 BZ_%7 B3:E7 B4_%7

5 691 7 3617

B = — = — = — B P —

ST 660 0T 21300 7T 6 2T 510

_1\n—1
ci—n=""9"g o).

Proof. Since the equation (9.10) can be rewritten into the form

zel+t)z > n

=Y (C)Bu(-t)5;,

n=0

one obtains
ze

ezf

=) BA0) S
n=0

Then the theorem follows from [202], Chapter VII, Theorem 1.8.

).

9.9)

(9.10)

©.11)

9.12)
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Further, applying the functional equation, it follows that

2 2n
¢(2n) = (2(7;31)!3“, n>1. (9.13)

From the convergence of the product (9.3) one deduces that ((s) has no zeros for
Re(s) > 1. The I'-function I'(s) is nowhere 0 and has simple poles at s = 0, —1,
—2,.... The functional equation therefore shows that the only zeros of ((s) in the
domain Re(s) < 0 are the poles of I'(s/2). These are called the trivial zeros of ((s).
Other zeros lie in the critical strip 0 < Re(s) < 1. G. H. Hardy proved that there are
an infinity of zeros on Re(s) = 1.
Conjecture 9.8 (Riemann Hypothesis). The non-trivial zeros of ((s) lie on the line
Re(s) = 3.

Let p,, be the nontrivial zeros in the critical strip 0 < Re(s) < 1 and let s,, be the
zeros of ((s) on the half-line Re(s) = 1, Im(s) > 0. Assume that p,, s, are or-
dered with respect to increasing absolute values of their imaginary parts. Hadamard’s
factorization theorem yields (cf. [111])

1 st s
£(s) = E@f(w%*%log(‘*ﬂ))s (1 - pi> e, (9.14)
1 n

n=

where v is Euler’s constant

1 1
v = lim <1+—+---+——logn>. (9.15)
2 n

n—0o0

It follow
C(pn) = ((1 - pn) = ((ﬁn) = C(l - ﬁn) =0

from the functional equation (9.9), in addition with the identity

¢(5) = ¢(s),

that is, pp, | — ppn, 1 — py, are zeros of ((s) too. In other words, non-trivial zeros of
¢ (s) are distributed symmetrically with respect to the real axis and to the vertical line
Re(s) = 1.

Theorem 9.9 ([111]). The Riemann hypothesis holds if and only if the zeros s, of ((s)
on the half-line Re(s) = 3, Im(s) > 0 satisfy

=1 v
> f T+ - E1og(47r). (9.16)
v=1 v
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Proof. Write

142t — 0.023---
b=1+ > 210g(47r) =0.023---.

Differentiating logarithmically the Hadamard’s factorization (9.14) and the functional
equation (9.9) respectively, we obtain

§) _ &) .- ( 1 1 )
—— = =—b — . 9.17
o) ~em - Mt N e
Since 1 — py, py, are zeros of ((s), we have

> /1 1 = 1 1
RS i)e ow

which implies

Sl | Re(py,
2Et 2 s

Re(rylfz 1P

and so Theorem 9.9 follows easily. a

In 1791, Gauss [73] conjectured that the counting function 7(z) of prime numbers
p < x satisfies the asymptotic formula

m(x)

X

~ ) (9.19)
log x

Riemann [219] outlined how Gauss’s conjecture (9.19) could be proved by using the

function ¢(s). Riemann’s ideas led to the first proof of Gauss’s conjecture, the cel-

ebrated prime number theorem, by J. Hadamard [86] and C. J. de la Vallée-Poussin

[280] (independently) in 1896. A very brief sketch is to work with the logarithmic

derivative of ((s) which is given by

Cg'(f)) _ i Af:j), Re(s) > 1, (9.20)

n=1

where the von Mangoldt A-function is defined by

1 if n = pk, ime, k € Z7T,
A(n):{ogp, 1ITn P pprlme (9.21)

0, otherwise.

A lot of information concerning the prime counting function 7 (z) can be recovered
from information about the Chebyshev’s function:

P(x) = Z A(n) = Zlogp +0 (\/Elog z). (9.22)

n<z p<zx
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Partial summation gives
()

~ logx’

()

We can express 1(z) in terms of the zeta-function by using the Perron formula, which
leads to the exact explicit formula

(9.23)

zf 1 1
W) =z — Z,,: o 5 log (1 — P) — log(2m), (9.24)
where p are the non-trivial zeros of ((s), and so the prime number theorem follows.

9.1.3 Dirichlet’s characters

For a positive integer r, we will use the Euler’s p-function

@(T)Z#{jEZ|0§j<T, (j,T)Zl}.

The Euler’s theorem shows
a?™ = 1mod r

for all integer a € Z with (a,r) = 1.
First of all, we consider the case » = 2¢ for a positive integer a. If n is any odd
number, there exist integers v and 7y, satisfying

n = (—1)757 mod 2%,

in which v, v are called the indexes of n modulo 2¢. If one set
1, ifa=1,
CcC =
2, ifa>2
1, ifa=1,
cn =
7202, ifa>2,

one can choose v, 7o such that 0 < v < ¢, 0 < 79 < ¢p. Let ¢ (resp. (p) be any c-th
(resp. cp-th) root of unit. A Dirichlet character modulo 2 is defined by

and

G’ if (n,2%) =1,

x(n) = x(n;2%) = {0 if (n,2%) > 1.

If { = (o = 1, the Dirichlet character modulo 2% is called rivial or principal, denoted
by x°(n;2%).
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Take a prime p > 2 and consider the case » = p® for a positive integer «. Then
there exists a minimal positive integer ¢ such that (g, p) = 1, and

¢?") =1modr, ¢*#1modr

if 1 < s < @(r). Further, if n € Z with (n,r) = 1, there exists an integer -y, with
0 <71 < ¢(r) such that
n=g" mod r.

Let ¢; be any ¢(r)-th root of unit. A Dirichlet character modulo p* is defined by

i (n,p) =1
n) = n7 o) 1 > 9 ’
x(n) = x(mip) {0, if (n,p®) > 1.
If {; = 1, the Dirichlet character modulo p® is called trivial or principal, denoted by
0(ny .
X (n; p®).
Let r be a positive integer. We can write

(e}
r=pi"pg’
where py, ..., py are distinct primes, and «; are positive integers. The Dirichlet char-
acters modulo r are defined by
g

In particular, the Dirichlet characters modulo r

X(n) = x(nir) = [T x° (s p)

i=1

is called trivial or principal. The Dirichlet characters modulo r form a group with the
identity x°. When read mod 1, we denote it by x* = 1. It is also called the principal
character mod 1.

A Dirichlet character x modulo r is called nonprimitive if there exist a proper factor
r* (# r) of r and a Dirichlet character x* modulo 7* such that

x(n) =x*(n), (n,r)=1. (9.25)

If there exists no such x*, then x is called a primitive character. Each nonprimitive
character x modulo r is induced by a primitive character x*, that is, there exists a
primitive character x* modulo r* satisfying (9.25) such that r* is the smallest possible
with 7*|r, 7* 2 r, which is called the conductor of .
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For n € Z, the Gauss sum 7(x,n) associated to the Dirichlet character x modulo r
is defined to be the complex number

T(x,n) = x(m)e?mimn/r, (9.26)
m=0
For n = 1, we write
r—1
() =70 1) = > x(m)eX™m/". 9.27)
m=0

Here we list some basic properties of Dirichlet characters y modulo r:

(1) There are just ¢(r) distinct Dirichlet characters modulo .

2) x(m) = x(n)if m = nmod r, x(n) = 0if (n,r) > 1, and x(n) # 0 if
(n,r) =1.

3) x is completely multiplicative, i. e., x(nm) = x(n)x(m) for any n,m € Z,
particularly, x(1) = 1.

C)) 1
Loy b =X
p(r) ,;X(n) - {0, if x # x°.

(5) Given an integer n.
1 1, ifn=1modr,
——> x(n) = .
o(r) X 0, ifn#1modr,

where x runs on ¢(r) distinct Dirichlet characters modulo 7.

(6) If y is a primitive Dirichlet character modulo r, then
T(x,n) = T(x)X(n)

with |7(x)| = /7.

The property (3) means x(—1)> = 1, that is, y(—1) = 41. If xy(—1) = 1 (resp.
X(—1) = —1), the character x is called even (resp. odd). A main result in elementary
number theory shows that the properties (2) and (3) are characteristic of Dirichlet
characters modulo 7.

Theorem 9.10. A function 1) : 7. — C is a Dirichlet character modulo r if and only
if ¥ satisfy the following conditions:

@ ¥(n)=0if(n,r) > 1;

(ii) ) is not identically zero;

(iii) ¥ (mn) = Y (m)i(n);

@iv) ¥(m) =(n) if m =n mod r.
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9.1.4 Dirichlet’s L-functions

Related to a Dirichlet character y modulo 7, one has the Dirichlet’s L-function:

L%gzzﬁ? Re(s) > 1.
n=1

The series L(y, s) converges absolutely and uniformly in the region Re(s) > 1+ ¢,
for any ¢ > 0. It therefore represents an holomorphic function on the half-plane
Re(s) > 1. In particular, for the principal character x = 1, we get back the Riemann
zeta function ((s).

The analog of Euler’s formula

ngzﬂo—ﬁgl,%@>L

s
» p

is valid. If y mod 7 is induced by a primitive character xy* mod r*, then

L(x,s) = L(x"s) [ [ <1 - L@> . (9.28)

pS
plr

In particular, one has

2 =@ I (1- )

plr
When o = Re(s) > 1, one has

1 x(p)> ( 1)
. 1 — < 14+ —
[L(x; s)| 1}( p* 1;[ P’

o0
1 * dx 1
< — <1 — =1
- Zn” +/1 x° o—1’
n=I
that is,
—1
IL(x; 8)| > ——.

Hence L(x, s) # 0if Re(s) > 1.
If x # x°, Re(s) > 1, by using Abel’s transformation, one obtain

n

N n - N
nz::l X<s) =1+ 75’(];[\23 ! —l—s/l {S(z) — 1} dx,

where

S(z) =Y x(n).

n<z
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Let N — 400, and so one get

L(x,s) = 8/00 S(z)z 5" d. (9.29)
1

Note that

1S(@)| < ().
Therefore the integral in (9.29) converges at the half-plane Re(s) > 0, and hence
defines a holomorphic function. In particular, one obtains the estimate

1
L0c:8)] < 2lsl(r), Re(s) = 5. 930

Like the Riemann zeta-function, Dirichlet L-series also admit an analytic continua-
tion to the whole complex plane (with a pole at s = 1 in the case y = x°), and they
satisfy a functional equation which relates the arguments s to the argument 1 — s. We
have to distinguish between even and odd Dirichlet characters xy mod r. We define the
exponent § = 0, € {0, 1} of x by

5= 31— x(-1)},

which means

Then the function

s+6
r\ 2 s+
A (s) = (—) r Lix, 9.31
W= (57 (550 2o ©31)
admits the integral representation (cf. [202])
> 3 ] s+5 d
M) = [T otnin - o}y T Y ©.32)
0 2 Yy
with x(0) = 1, if x is the trivial character 1, and x(0) = O otherwise, where
1 > F) 7rin2z
0(x.2) = 3x(0) + Z:lx(n)n et (9.33)

The theta aeries satisfies the transformation formula

9 <x, %) - ;(3;; (;)H 0(x, 2), (9.34)

where Y is the complex conjugate character to x, i.e., its inverse, and 7(x) is the Gauss
sum

2min

r—1
()= x(n)e
n=0

with |7(x)| = /r (see [202], Chapter VII, Proposition 2.7).
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To study the analytic continuation and functional equation for L(Y, s), we may
restrict ourselves to the case of a primitive character modulo 7. For  is always induced
by a primitive character x* modulo r*, where r* is the conductor of x, and we clearly
have the relation (9.28), so that the analytic continuation and functional equation of
L(x, s) follows from the one for L(x*, s). We may further exclude the case r = 1,
this being the case of the Riemann zeta function which was settled in Section 9.1.2.

Assume that y is a nontrivial primitive character modulo » with » > 1. Then
A, (s) admits an analytic continuation to the whole complex plane C and satisfies
the functional equation

Ay(s) = ;(?/(%Ai(l —s). (9.35)
The proof of (9.35) is the same as for the original proof of the functional equation due
to Riemann and is based on Mellin principle or Poisson summation formula (cf. [41],
[202]).
The equation (9.35) translates into

O ==

T(x) \r

L(x,1—s) L(x, s). (9.36)

Legendre’s duplication formula yields

(@r() -2

Substituting 1—55 into the formula

one has

l1—s s+ 1 T
Tr T = .
( 2 ) ( 2 ) cos(ms/2)
After taking the quotient, one get
I' (s 2
(5) = I'(s) cos U
-5

(i) T zvE

Therefore, for the case 6 = 0 (x(—1) = 1), the equation (9.36) becomes

L(x,1— ) = % (2—> o (%‘9) T(s)L(x, 5). (9.37)

)
However, for the case 6 = 1 (x(—1) = —1), we have

I () 20/AT(s) 2 e
r (I_EH) 25T (3)T (1 3) = 28\/7_TF(8)SH1 (7) 7
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and hence the equation (9.36) becomes

N B 23 2\ ¢ . (TS
L(x,1—s) = 0 ( . > 51n( 5 ) I(s)L(x,s). (9.38)
Two formulae (9.37) and (9.38) can be unified into the form:
_ 2 27\ ¢ (s +9)
L(x,1—8)=———|— —— | I'(s)L ) .
(=9 = (F) oo () Lt 039

9.1.5 Zeros of Dirichlet’s L-functions

The following facts are well known: If x is a complex character modulo r, s = o + it,
then L(x, s) has no zeros in the region

C

=c>]l—-—.
Re(s) =0 > log ([t + 2)

If  is a real character modulo r, s = o + it, then L(, s) has no zeros in the region

C

R =2 g 2y

[t] > 0.

Further, if y is a real primitive character modulo 7, Siegel’s theorem claims that for
any € > 0, there exists a constant ¢ = ¢(g) > 0 such that a real zero 5 of L(x, s) must
satisfy
c
For a nontrivial primitive Dirichlet character y modulo r, the Bernoulli polynomials
By, (t) associated to x are defined by

ze(r—k+t)z

)= x(k) e 1 ZB7L . (9.40)
k=1

or equivalently

r Ze(k+t)z & n

z
ox(=2—t) =D X(k)—o— = D _(=1)"Bay(-t) .
k=1 n=0
It is easy to show that
n n
Bu(t) = <k> Bex(0)" 7, 9.41)
k=0

and
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Write
e(r k)z
ex(2) = px(2,0) = ZX
Since
r Zekz
—2) = Y _x(=Dx(r = k)——— = x(=Dex(2),
k=1

we find

(=1)"Bnx(0) = x(=1)Bnx(0),
so that By, ,(0) = 0 if n # J mod 2.

Theorem 9.11 (cf. [202]). For any integer n > 1, one has

_1\n—1
L(x,1 —n)= %

The theorem immediately gives

L(x,1 —n)=0, n# 6mod?2,

By, (0).

provided that x is not the principal character y = 1. From the functional equation
(9.35) and the fact that L(x,n) # 0, we deduce for n > 1 that

(',

L(x,1—n)= nx(0) # 0, n=Jmod 2.

In particular, it follows that

0, if x(—1) =1,
L(x,0) = B1x(0) = ZT: (L= By x(k), ifx(=1)=—1.

k=1

=

The functional equation (9.35) also gives for n > 1 that

L(Xan) ( 1)n+1+" 2 T )<2—7T> Bm;((O)’ n = d mod 2.

249 r n!

Based on above facts, if  is a nontrivial primitive character modulo 7, then L(, )
has no zeros in the region Re(s) > 1. The functional equation (9.35) shows that A, (s)
has no zeros in the union of region Re(s) > 1 and Re(s) < 0. Hence when § = 0,
thatis, x(—1) = 1, L(x, s) has only the trivial simple zeros in the region Re(s) < 0

s=0,-2,—4,...,-2m —96,...;
when 0 = 1, that is, x(—1) = —1, L(x, s) has only the trivial simple zeros in the
region Re(s) <0

s=—1,-3,-5,...,—2m —6,...;

in which m is a non-negative integer. Thus the zeros of A, (s) are all non-trivial zeros
of L(x, s) in the critical strip 0 < Re(s) < 1.
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Theorem 9.12. If x is a nontrivial primitive character modulo r, then Ay (s) is an
entire function of order 1, and has infinitely many zeros p,, satisfying the conditions:
0 < Re(pn) < 1, the series > oo |pn| ™" diverges, the series > 00 |pn| ™' 7%
verges for any € > 0, and Hadamard’s factorization

A(s) =] (1 - i) emn (9.42)

n=1

con-

holds, where a = a(x), b = b(x) are constants.

Proof. If o = Re(s) > 5, then (9.30) means

1
27
|L(x,8)| < 2s|p(r) < 2r]s|,

which further implies

o+d

M) < 2rs] (£)

r <S 3 5) ‘ < r5+ieclsllloglsll
2

From the functional equation (9.35), this estimate also holds when o = Re(s) < %

Since
logT'(s) ~ slogs, s — +oo,

it follows that A, (s) is an entire function of order 1. Further, by using Hadamard’s
Factorization Theorem 9.5 it is not difficult to show that the exponent of convergence
of the zeros of A, (s) is equal to the order 1 such that the series

o
Z ’pnl_l
n=1

diverges. |

The generalized Riemann hypothesis states that if L(x,s) = 0, then either s is a
non-positive integer (a “trivial zero”) or Re(s) = % It had been shown, for a suffi-

ciently small constant ¢ > 0, that if L(, s) = 0 with

C

Re(s) > 1— og 1
then s is real, x is a quadratic real character, and there is at most one such value of r
between R and R? for any sufficiently large R. Such zeros are known as Siegel zeros.
In 1995, Granville and Stark proved, assuming the abc-conjecture, that L(y, s) has no
Siegel zeros for all x (mod 7) with 7 = 3 (mod 4).

By using the symbols in Theorem 9.12, it follows

L(X;Pn) = L()Z, 1 - pn) = L(Xaﬁn) = L(X, 1 — ﬁn) =0
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from the functional equation (9.35), that is, 1 — p,, are zeros of L(y, s) too. In other
words, non-trivial zeros of L(x, s) are symmetric for the line Re(s) = % Let s, be
the zeros of L(x, s) on the critical line Re(s) = 1 and assume that p,, s, are ordered

with respect to increasing absolute values of their imaginary parts.

Theorem 9.13. Under the notations of Theorem 9.12, we have Re(b) > 0. Moreover,
the generalized Riemann hypothesis holds if and only if the zeros s, of L(x, s) on the
critical line Re(s) = 1 satisfy

1
> e 2Re(b). (9.43)

Proof. Differentiating logarithmically the Hadamard’s factorization (9.42) and the
functional equation (9.35) respectively, we obtain

b— _A;(O) _ A%(l) _ —5+§:< 1 + i) _ (9.44)

Since 1 — p,, are zeros of L(x, s), we have

i (pin + p%) = i ( 1 + i) = 2Re(b). (9.45)

n=1 n=1 1- ﬁn Pn

Theorem 9.12 shows

S(Lo L) og

e \Pn Pn ot |on?

and hence Re(b) > 0 follows from (9.45).
Further, we rewrite the equation (9.45) into the form

> 12+ > &@:2Re(b),

‘SV Re(pn)#1/2 ‘Pn

which yields easily the second part of conclusions in Theorem 9.13. o

Dirichlet L-functions were constructed by Dirichlet [49] to tackle the problem of
the distribution of primes in arithmetic progressions.

Theorem 9.14 (Dirichlet’s prime number theorem). Every arithmetic progression
a, axr, at2r, a£x3r,...,

i.e., every class a mod r, contains infinitely many prime numbers, where gcd(a, ) = 1.
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Proof. Let x be a Dirichlet character mod r. One finds

log L(x, 5) Zlog{lf pp "} = ZZ m=2

p n=lI1

+gx

for Re(s) > 1, where g, (s) is holomorphic for Re(s) > 1. Multiplying by x(a™!)
and summing over all characters mod r, it yields

a—l
Zx "logL(x,s) = ZZ%‘FQ(S)
X p
Y X S +als)
)

k=1 x p=k(r

- > %Jrg(S),
p=a(r)

where note that
0 if k,
Saahy =4 7
" o(r), ifa=k.

When we pass to the limit s — 1 (s > 1 real), log L(, s) stays bounded for y # x°
because L(x, 1) # 0, whereas

log L(x°, s) Zlog{l— p*} +log((s) — oo
plr

because ((s) has a pole at s = 1. Therefore, the left-hand side of the above equation
tends to oo, and since g(s) is holomorphic at s = 1, we find

iy 3 22

p=a(r)

Thus the sum cannot consist of only finitely many terms, and the theorem is proved.C

Further, let 7(x; a mod ) denote the number of primes p < z in the residue class
a mod r. Using similar techniques as for ((s), then for a coprime with 7,

m(z)
o(r)

(9.46)

m(xz;a mod r) ~

This shows that the primes are uniformly distributed in the prime residue classes.
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9.2 The Dedekind zeta-function

9.2.1 The ¢-functions of number fields

The Riemann’s (-function

is associated with the field Q of rational numbers, and generalizes in the following
way to an arbitrary number field « of degree n = [k : Q).

Definition 9.15. The Dedekind’s (-function of the number field x is defined by the
series

1
&)= 2 K
where a varies over the integral ideals of x, and A (a) denotes the absolute norm of a.

The unique factorization of ideals, along with the norm computations, imply that
there exist only a finite number a,(n) of integral ideals with norm n. Now, moreover,
for two rational integers m, n with ged(m,n) = 1

ax(mn) = ag(m)ag(n). (9.47)

In fact, from two integral ideals a and b with A'(a) = m, N'(b) = n, an ideal ¢ = ab
arises with N'(¢) = mn. Conversely, if ¢ is an integral ideal with A/(c) = mn, we set

(c,m) =a, (c,n) =b, (9.48)
and so it follows by multiplication that
ab = (¢%, cm, cn, mn) = ¢ (c,m,n, @) =

By passage to the conjugate, we obtain from (9.48) that \'(a) is coprime to n and N'(b)
is coprime to m, while the product N'(a)N(b) = mn. Consequently, N'(a) = m,
N(b) = n, and ¢ is thus decomposed into two factors whose norms are m and n
respectively. The assertion (9.47) follows from this.

We can write the (-function of x as follows

CK(S) _ Z an(n)_

ns

n=1

By Theorem 2.37 and Theorem 9.2, we find that the abscissa of convergence of (,(s)
is 1, and so it follows that:
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Proposition 9.16. The series (,;(s) converges absolutely and uniformly in the region
Re(s) > 1+ ¢ for every ¢ > 0, and one has

1
&) =1l 77 (9.49)
(=) 1;[ 1= N(p)~
where p runs through the prime ideals of k.

The product in (9.49) converges since Zp 1/N (p)® converges as the constituent of
the series for (,;(s). For each prime ideal p of x, we obtain a convergent series

1 1 1
1-N(p)— N(p)»®

If we multiply these expressions in a purely formal way for all p, then we obtain

+ e (9.50)

1 1
- =144+ T =
1;[ I =N(p)—* N(pi'py® - pi7)

SR 9.51)

where each product of powers of prime ideals appears exactly once in the norm sym-
bol. However, by the fundamental theorem of ideal theory, we obtain each integral
ideal of ~ exactly once in this form, that is, all terms of the convergent series (,;(s)
appear exactly once. Since the series (9.50) converges absolutely for Re(s) > 1 for
each prime ideal p of x and the product (9.51) converges for Re(s) > 1, the equality
(9.49) follows from the formal agreement of the terms of the series.

The holomorphic function (,(s) in the domain Re(s) > 1 admits a meromorphic
continuation onto the entire complex plane. According to Erich Hecke (1887-1947),
or see the arguments in [202], there exist two continuous functions f,g : Rt — C
such that for x — oo

oritra—l o ori+r—l o
flz) = ThR +0 (e_cw ) . glx) = ThR + 0 (e_cw )

with positive constants ¢, a, where 7| (resp. ;) is the number of real (resp. complex)

places of «, h is the class number of x, R is the regulator of x, and w denotes the
number of roots of unity in x, which are related by the formula

i (;) — sig(a),
dx

A2s) = [ {f) = floo)}a

such that the Mellin transform

holds, where
Au(s) = [Dyjol*/*Tr(s)"Tc(s)2(u(s)
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in which the function I'c(s) is defined by
Te(s) =2(27)7°T(s).

Hence A, (s) admits an analytic continuation to C — {0, 1} and satisfies functional
equation (cf. [164], [202]):
Au(s) = Ag(1 —s). (9.52)
It has simple poles at s = 0 and s = 1 with residues
o1+ o1+

hR, hR,

w w

respectively. It is convenient to use the entire function

€n(s) = %(8 — )| Dyl *Tr(5)""Te(s)Gu(s)

which satisfies the functional equation

§r(s) = & (1 = s). (9.53)

Therefore (,;(s) admits a holomorphic continuation with the exclusion of a simple
pole at s = 1, and satisfies the following functional equation

1 T+ &)
Go(l = 8) = Dy gl (cos %‘9> (sin %‘9) Te(s)"Ca(s). (9.54)

It follows that ,;(1 —m) = 0 for odd m > 1. If the number field « is totally real, then
we have (;(1 —m) # 0 for even m > 1. If the number field & is not totally real, then
we have (,(1 —m) =0forallm =2,3,4,....

By Theorem 2.37 and Lemma 9.3, we have the following fact:

Theorem 9.17. There exists a positive number , defined by (2.29), such that

lim(s — 1)(x(s) = ».

s—1

9.2.2 Selberg class

Many authors have introduced classes of Dirichlet series to find common patterns in
their value distribution. However, the most successful class seems to be the class
introduced by Selberg [235]. The Selberg class S consists of Dirichlet series

L(s) = Z a(n)

ns

n=1

satisfying the following hypotheses:
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(1) Ramanujan hypothesis. a(n) = O(n®) for any € > 0, where the implicit constant
may depend on €.

(2) Analytic continuation. There exists a non-negative integer k such that (s—1)*L(s)
is an entire function of finite order.

(3) Functional equation. L(s) satisfies a functional equation of type
Ar(s) =whr(1—3), (9.55)

where
f
() [T (Njs + )
7=1

with positive real numbers @), A; and complex numbers 1i;, w with Re(p;) > 0
and |w| = 1.

(4) Euler product. L(s) has a product representation

s) = HLP(S)

) = exp (g ) )

with suitable coefficients b(p™) satisfying b(p") = O(p"?) for some 0 < 1.

where

The Ramanujan hypothesis implies the absolute convergence of the Dirichlet series
L(s) in the half-plane Re(s) > 1, and uniform convergence in every compact subset.
Thus L(s) is analytic for Re(s) > 1. The Euler product hypothesis implies that the
coefficients a(n) are multiplicative, that is, a(1) # 0 and

a(mn) = a(m)a(n)

for all coprime integers m, n, and that each Euler factor has the Dirichlet series repre-

sentation
n

_ - al”)
_nz:;) pns

absolutely convergent for Re(s) > 0. Comparing two representations of Ly (s), we
can obtain a(p) = b(p). Moreover, it turns out that each Euler factor is non-vanishing
for Re(s) > 6.

The degree of L € S is defined by

!
dp =2) ).
j=1
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The constant function 1 is the only element of S of degree zero. Recently, Kaczorowski
and Perelli [122] proved that all functions L € S with degree 0 < dj, < % have degree
equal to one. It is conjectured that all L € S have integral degree (cf. [262]).

By the work of Kaczorowski and Perelli [121], it is known that the functions of
degree one in the Selberg class are the Riemann zeta-function and shifts L(x, s + ip)
of Dirichlet L-functions attached to primitive character x with ¢ € R. Examples of
degree two are L-functions associated with holomorphic newforms. Other examples
in the Selberg class are Dedekind zeta-functions to number fields x; their degrees are
equal to the degrees [« : Q] of the field extensions k/Q.

In view of the Euler product representation, it is obvious that each element L(s) € S
does not vanish in the half-plane of absolute convergence Re(s) > 1. The zeros of
L(s) located at the poles of I'-factors appearing in the functional equation are called
trivial, which all lie in Re(s) < 0. All other zeros are said to be non-trivial.

Conjecture 9.18 (Grand Riemann Hypothesis). If L € S, then L(s) # 0 for Re(s) >
1
i.

If N7,(T) counts the number of zeros of L(s) € S in the rectangle 0 < Re(s) <

I, Im(s)] < T (according to multiplicities), by standard contour integration one
(cf. [262]) can show

drT T T
Np(T) = LT log P log(AQ?) + O(log T), (9.56)

where
f
2\,
A=TTA7
j=1

Ye [303] computed the Nevanlinna functions for the Riemann zeta-function. Following
Ye [303], Steuding [262] proved that if L(s) satisfies axioms (1)—(3) with a(1) = 1,
the Nevanlinna characteristic function T'(r, ) satisfies the asymptotic formula

d
T(r,L) = “Lrlogr + O(r), (9.57)
m
and hence when d; # 0, L(s) is of order one, that is,

log T (r, L
lim sup gL\ s) (r ):

1.
r—00 log r

Similar to Theorem 9.12 and Theorem 9.13, we can prove the following result:

Theorem 9.19. For a number field k, . (s) is an entire function of order 1, and
has infinitely many zeros py, satisfying the conditions: 0 < Re(p,) < 1, the se-
ries Y o1 |pn|~! diverges, the series > o | |pn| "' converges for any € > 0, and
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Hadamard’s factorization

oritra—1 > s
Ex(s) = hRe ™™ [] (1 — i) ern (9.58)

w Pn

n=1

holds, where b is a positive constant. Moreover, the Grand Riemann Hypothesis for
Cx(8) holds if and only if the zeros s, of (x(s) on the critical line Re(s) = % satisfy

1
Z e 2b. (9.59)

9.3 Special linear groups

9.3.1 General linear groups

For any commutative ring A, the general linear group GL(2, A) is defined to be the

set of matrices
[ a b
T=\ ¢ 4

det(y) = ad — bc € A,.

such that

The special linear group SL(2, A) is defined to be the subgroup of GI.(2, A) consisting
of matrices of determinant 1.
Set C = C U {oo} which is isomorphic to P!(C), and take

a b -
7_<C d)eGL(Z,R), z € C.

We define

a 1 —
< if z = o0,

az+b if 2 C
7(2)={Cz+d’ reEe (9.60)

and hence y(—d/c) = oo, where we think y(co) = oo if ¢ = 0. These mappings
z + (2) are called fractional linear transformations of the Riemann sphere C. It is
easy to check that (9.60) defines a group action on the set C, in other words:

11(12(2)) = (M72)(2), {m,72} € GL(2,R); z € C.

Take a subgroup I of GL(2,R). For an element z of C we put

I;={yel[1(z) =2},

and call it the stabilizer of z. It is obvious that for any element ~y of T,

Ly =7 Ta
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An element z of C is called a fixed point of v € T if v(z) = 2. This is equivalent to
saying v € I';.
We consider the fractional linear transformation (9.60) again. Note that

Im(y () = 290 1y, 4= ( ‘C‘ Z ) € GL(2,R).

ez 4+ dP?
In particular, for the case det(y) > 0, then Im(z) > 0 implies that Im(~(z)) > 0. Let
H C C denote the upper half plane
H={r € C|Im(r) > 0}.
We put
GLT(2,R) = {y € GL(2,R) | det(y) > 0}.

Thus, GL™(2,R) acts on the set H by the transformations (9.60).
We classify elements of GL™1(2,R) by the following way. A non-scalar element
of GL™(2,R) is called elliptic, parabolic or hyperbolic, when it satisfies

trace(v)?* < 4det(y), trace(y)? = 4det(y), trace(y)® > 4det(y),

respectively. The following simple fact explains the geometrical meaning of the clas-
sification.

Theorem 9.20. A non-scalar element vy of GL™(2,R) is characterized by its fixed
points on C as follows:

(1) ~ is elliptic if and only if v has the fixed points z and Z with z € H;
(2) ~ is parabolic if and only if v has a unique fixed point on € R U {0},
(3) ~y is hyperbolic if and only if vy has two distinct fixed points on € R U {co}.
Set B
H=HURU {co}.

When z € H is a fixed point of an elliptic, parabolic or hyperbolic element of a
subgroup I' of GL*(2,R), we say that z is an elliptic point, a parabolic point or a
hyperbolic point of T', respectively. We also call a parabolic point of I a cusp of T".

Proposition 9.21. Let " be a discrete subgroup of SL(2,R). If z € RU{oo} is a cusp
of T, then
I, C {vy € SL(2,R), | 7y is parabolic or scalar},

and
r,/(Tn{+l}) 2 Z.

Moreover for v € SL(2,R) such that v(c0) = x, we have

'ylf‘m’y-{:tl}:{:t<(l) ?)m‘ mEZ}

for some h > 0, where 1 is the unit in T
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Proof. See [186], Theorem 1.5.4. O

9.3.2 Modular groups

The subgroup of SL(2,R) consisting of matrices with integer entries is, by definition,
SL(2,7Z). 1tis called the modular group or, more precisely, the elliptic modular group.
Let N be a positive integer. One defines subgroups of SL(2, Z) as follows:

rm={(* 8 emea]czoman), oo
nm={restem)a= (g | ) man}. o6

T rsfesan)i=() ) manl  ow

e I'(1) =T (1) = To(1) = SL(2, Z),

e

I'(N) CI'1(N) CTo(N) C SL(2,Z).
Further if M|N, then

T(N) C T(M), Ty(N)CTy(M), To(N)C To(M).

We call T'(N) a principal congruence modular group, and T'1(N) and T'g(N) modular
group of Hecke type. We call N the level of I'(N), T'j(N) and T'y(N'). More generally,
for some integer N > 1, a congruence subgroup of lebel N of SL(2,7) is defined to
be a subgroup I' of SL(2, Z) which contains I'( V).

If T is a subgroup of SL(2,Z), we say that two points 7, 7" € H are I'-equivalent if
there exists v € I" such that 7/ = ~(7), and denote this relation between 7 and 7’ by

7=7"modT. (9.64)

Let ®B be a region in H. We say that ®B is a fundamental region for I if every 7 € H
is I'-equivalent to a point in 8, but no two distinct points 71, 7 in 28 are I'-equivalent.
The most famous example of a fundamental region for SL(2, Z) is as follows

%:{ﬂc+iy€H

1 1

2 2

+y->1, —=< — > —1
x Yy 1Ty :c<2} s

where
= {Jz—i-iy cH

1
x2+y2:1,0<x<5}.
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We identify Q U {oo} with P!(Q). Here one should think of the points [z, 1] €
P!(Q) as forming the usual copy of Q in C; and the point [1,0] € P!(Q) as a point at
infinity. Notice that SL(2, Z) acts on P!(Q) in the usual manner,

b
( Z d ) [z, y] — [az + by, cz + dy].

Define
H* = HUP!(Q).

That is, we add to Hl a point at infinity (which should be visualized for up the positive
imaginary axis; for this reason we sometimes denote it z00) and also all of the rational
numbers on the real axis. These points P! (Q) are called cusps of SL(2,7Z). It is easy
to see that SL(2,Z) permutes the cusps transitively. If T is a subgroup of SL(2,7Z),
then I' permutes the cusps, but in general not transitively. That is, there is usually
more than one I'-equivalence class among the cusps P'(Q). A I'-equivalence class of
cusps is also called a cusp of I'. We may choose any convenient representative of the
equivalence class to denote the cusp.

We extend the usual topology on H to the set H* as follows. First, a fundamental
system of open neighborhoods of oo is

U = {7 € H|Im(7) > r} U {0}
for any » > 0. Note that if we map H to the punctured open unit disc by sending
Tz =T (9.65)

and if we agree to take the point co € H* to the origin under this mapping, then Uy,
is the the inverse image of the open disc of radius e >™" centered at the origin, and we
have defined our topology on H U {oco} so as to make the mapping (9.65) continuous.

Near a cusp € Q C H* by writing 2 = a/c in which a, ¢ are coprime, we define
a fundamental system of open neighborhoods by completing a, ¢ to a matrix

72(3 Z)ESL(Z,Z)

by finding solution b and d to the equation ad — bc = 1, and using -y to transport the
U to discs in H* which are tangent to the real axis at x = 7(00). According to this
topology, a sequence 7; approaches x means that ’Y_I(Tj) approaches 700, i.e., that
Im(y~"(7;)) approaches infinity in the usual sense.

We may use (9.65) to define an analytic structure on H*. Near co, we say that a
function f of period 1 on H is meromorphic at ~o if it can be expressed as a power
series in the variable z having at most finitely many negative terms, i.e., f has a Fourier
expansion of the form

)= 2" =) cne™ (9.66)

n>m n>m
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for some integer m € Z. We say that f is holomorphic at co if m = 0; and we say that
f vanishes (or has a zero) at co if f is holomorphic at co with ¢y = 0. More generally,
if f has period IV, then we use the mapping

FENN Zl/N _ ezm'r/N (9.67)

to map H U {oco} to the open unit disc. We then say that f is meromorphic (holomor-

phic; vanishes) at oo if we can express f as a series in 2!/
) => " anz"N (9.68)
n>p

for some integer p1 € 7Z (respectively, for ;. = 0; for . = 1). Similarly, we can define
analytic structure near any cusp (see Section 9.4).

Let 9B denote the fundamental region 2B with SL(2, Z)-equivalent boundary points
identified and with the cusp oo thrown in. Thus, the points of 95 are in one-to-one
correspondence with SL(2, Z)-equivalence classes in H*, and so we have the identifi-
cation:

B = H*/SL(2,7Z).

We take the topology on 9B which comes from the topology on H*. That is, by a small
disc around an interior point of ‘B we mean a disc in the usual sense; by a small disc
around co we mean all points lying above the line Im(7) = r, where r is large; by
a small disc around a boundary point —% + 1y we mean the half-disc contained in ‘B
together with the half-disc of the same radius around % + ¢y which is contained in B;
and so on. Thus, B has an analytic structure coming from the usual structure on H,
except at oo, where it comes from the usual structure at O after the change of variable
(9.65). If T is a congruence subgroup of SL(2,Z), then I" acts on H*, and we can
form the quotient space H*/I", which has a natural structure as a Riemann surface (see
Shimura [245], Sections 1.3 and 1.5).

We may view 1/N as a point of order N on the torus C/[1, 7]. Let Zy be the cyclic
group generated by 1/N. Then we may consider the pair (C/[1, 7], Zy) as consisting
of a torus and a cyclic subgroup of order N. One has the following parametriza-
tions:

(f1) The association 7 — (C/[1,7],1/N) gives a bijection between H/T';(N) and
isomorphism classes of toruses together with a point of order V.

(f2) The association 7 — (C/[1,7], Zn) gives a bijection between H/T'o(N) and
isomorphism classes of toruses together with a cyclic subgroup of order N.

Furthermore, there exist affine curves Y; (V) and Y{(V), defined over Q, such that

Yi(N)(C) ~ H/T'1(N), Yo(N)(C) ~H/To(N)

and such that Y} (V) parametrizes isomorphism classes of pairs (E, P) algebraically,
where E is an elliptic curve and P is a point of order [V, in the following sense. If & is
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a field containing Q, then a point of Y (N)(x) corresponds to such a pair (E, P) with
E defined over  and P rational over . Similarly, Yo(N) parametrizes pairs (E, Z),
where E is defined over x and Z is invariant under the Galois group G, /. The affine
curve Y1 (NN) can be compactified by adjointing the points which lie above j = oco. Its
completion, denoted by X (V), is a smooth projective curve which contains Y} (V)
as a dense Zariski open subset. Similarly, we have the completion X (V) of Y(IV).
Thus one obtains the holomorphic isomorphisms

X1(N)(C) ~ H /Ty (N),  Xo(N)(C) ~ H* /To(N).

See Shimura [245], or Silverman [256].

9.4 Modular functions

9.4.1 Automorphic forms

Let M be a complex manifold, let M (M) be the set of meromorphic functions on
M, let A(M) be the set of holomorphic functions on M, let A*(M) be the elements
in A(M) vanishing nowhere, and let Aut(M) be the group of automorphisms on M,
where the group operation is composition, and where an automorphism on M means
a biholomorphic self-mapping on M.

Definition 9.22. Let M be a complex manifold and let I' be a discrete subgroup of
Aut(M). A meromorphic function f € M(M) is called a (multiplicative) automor-
phic function for I if each y € I" determines an element j, € A*(M) such that

f(v(2) = j4(2)f(2), z€ M.

In particular, f is called a multiplicative function if all j., are constants, an automorphic
function if j., = 1 for each v € I, and called an automorphic form of weight k if

ir(2) = Jy(2)7F, €T,
where J, is the Jacobian determinant of .

We have interesting to a discrete subgroup I" of SL(2, R) acting on H, called usually
a Fuchsian group. Take

art +b
ct +d

N

and define

) F2
Fatr) = { L ().
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Note that the Jacobian determinant .J, of «y is just

dy() 1

dr (et +d)*

By the definition, an automorphic form f of weight k for I satisfies

f'y,Zk(T) = f(T)v T E H,

or equivalently

—2k at +b
(e + d) f<07+d

We denote by 91 (I") the set of all automorphic forms of weight k/2 for I'. Then
My (T) is a vector space over C, and generates a graded ring

) = f(r), 7€ H. (9.69)

MT) = Y M(L).

k=—00
The following properties are trivial
M (T) C M (1), if T D T;
M (T) = {0}, if kisoddand — 1 € T
M (D)2 (C) € My (D),

where 1 means the unit of T

Suppose that k is even and that x is a cusp of T'. Let v be an element of SL(2,R)
such that y(co) = z. Since f,; € My(y~'Ty) for f € M(T), by using Proposi-
tion 9.21, there exists h > 0 satisfying

fﬂ/,k(T +h)= f’y,k(T)-
Therefore there exists a meromorphic function g on the domain
D={ze€C|0< 2| <1}

such that '
Fre() = g(™7/M), T € H,

which yields the Laurent expansion

f’y,k(T) _ Z Cn627rim—/h

n=p

with yp € ZU{—oc} on {7 € H | Im(7) > R} for a sufficiently large R. The series is
convergent absolutely and uniformly on any compact subset of {7 € H | Im(7) > R},
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and so also are on any compact subset of H if f is holomorphic on H. By definition, an
element f of My (I") is meromorphic, is holomorphic, or has a zero at x, if the above
function g is meromorphic (p # —o0), is holomorphic (xz > 0), or has a zero (u > 1)
at 0, respectively. The above definitions are independent of the choice of .
When k is odd and —1 ¢ I', we say that f is meromorphic, is holomorphic, or has
a zero at x when f2 is meromorphic, is holomorphic, or has a zero at z, respectively.
For a Fuchsian group I', we put
M (T) = {f € M(T) | f is meromorphic at all cusps of T'};
Hi(T) = {f € M(T) | f is holomorphic both on H and at all cusps of I'};

Sp(T') = {f € Mi(T") | f is holomorphic on H and has a zero at each cusp of I'},

which are vector spaces over C, and generate graded rings

MT) = M), HI) = Hi(T), ST)=> Si(l).
p p

k

Theorem 9.23. Let f € My (T) be holomorphic on H. If there exists a positive num-
ber v such that
f(r)y=0 (Im(T)_V) , Im(r)—0

uniformly with respect to Re(7), then f € Hy(T'). Moreover, if we can take v so that
v < k, then f € Si(I).

Proof. See [186], Theorem 2.1.4. O

Theorem 9.24. Take f € MMy (T). Then f € S(T) if and only if f(7)Im(7)*/? is
bounded on H.

Proof. See [186], Theorem 2.1.5. O

9.4.2 Weierstrass g function

Take wi,w, € C such that they are linearly independent over R, that is, w; # 0,
wy/wy & R. Let A be the discrete subgroup of C generated by w; and w;:

A = [wi,wy] = {mw + nwy | m,n € Z},

which is called a lattice over Z. Here we simply introduce meromorphic functions
on the quotient space C/A; or equivalently, meromorphic functions on C which are
periodic with respect to the lattice A. An elliptic function (relative to the lattice A) is
a meromorphic function f on C which satisfies

flz+w)=f(2), z€C, weA.
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The set of all such functions is clearly the field M(C/A).
The Eisenstein series of weight 2k (for A) is the series

Gop = Gau(A) = > w
weA—{0}

which is absolutely convergent for all k& > 1. The Weierstrass p function (relative to
A) is defined by the series

1 1 1
(2) = p(z,A) = 5 + —s 3|,
£ & 2 WGAE_:{O} ((z—w)2 wz)

which converges absolutely and uniformly on every compact subset of C— A. It defines
an even elliptic function on C having a double pole with residue O at each lattice point
and no other poles.

Theorem 9.25. Every elliptic function is a rational combination of @ and ¢, i.e.,
M(C/A) =C(p, ¢).
Proof. Siegel [252], Chapter 1, Section 14, Theorem 6, or Silverman [256]. ]
It is standard notation to set
9 = @(A) = 60Gs, g3 = g3(A) = 140Gs. (9.70)

A basic theorem (cf. [252]) in elliptic function theory shows that gg — 27g§ # 0, and
the inverse function of the elliptic integral of the first kind in the Weierstrass normal

form
/w Alg
z =
0 4{3 gZC 93

formed with these ¢», g3 coincides with the Weierstrass g function which also is unique
even meromorphic function in C satisfying the differential equation

(¢)? =4p" — pp — 5. 9.71)

Conversely, one has the following uniformization theorem:

Theorem 9.26. Let A, B € C satisfy A> — 27B% # 0. Then there exists a unique
lattice A C C such that g»(A) = A and g3(A) = B.

Proof. See Apostol [1], Theorem 2.9; Robert [220], 1.3.13; Shimura [245], Section
4.2; Serre [237], VII Proposition 5, or Siegel [252], Chapter 1, Sections 11-13. O
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9.4.3 Elliptic modular functions

We here use the following form of Theorem 3.76 over C (cf. [253], [80]):

Theorem 9.27. Every algebraic curve of genus 1 defined over C can be transformed
birationally into a cubic curve E of the special form

y> =42° — Az — B (9.72)

with constants A, B satisfying A = A3 — 27B% # 0. Two such cubic curves are
birationally equivalent if and only if they agree on the invariant

. 17284°
I BB

If this is the case, then the two curves go over into each other under an affine transfor-
mation of the form x — u’x, y — u’y, with constant u # 0.

(9.73)

Next we study the curve E/C defined by (9.72). According to Theorem 9.26, there
exists a unique lattice A = [w;,w;] C C such that go(A) = A and g3(A) = B. Hence
we can rewrite the equation (9.72) into the following form:

y2 =473 — DT — g3 (9.74)

with a solution of functions = @, y = ©’. The Riemann surface F(C) of the elliptic
curve F is isomorphic to a complex torus, that is, a quotient C/A by using a mapping

[p,¢',1] : C/A — E(C) c P*(C).

By possibly reversing the order of w; and w;, we can assume that the imaginary part
of the ratio 7 = wy /w is positive. By (9.70), the quantity

17283

J=iA) = 5——"5
9 — 2793

associated with the algebraic curve (9.74) depends solely on the period lattice and is
homogeneous of degree 0 in wy,w», that is, it is the same if we replace wi,w, by
cwy, cwy for any complex number ¢ # 0. Thus we have j(cA) = j(A), and we may
define j(7) = j(A). But C/A is a complex torus of dimension 1, and the above
arguments show that j is the single invariant for isomorphism classes of such toruses.
It follows that j = j(7), considered in the upper half plane H, is a holomorphic
function of 7 alone which has the invariance property

i (1)) =i(r), 7€ H
for v € SL(2,Z). Note that the transformation

b
THg:%ﬂ:g:w {a,bc,d} CZ, ad—bc=1 (975
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maps H into itself. In particular, we have
jr+1)=j(r), 7 €H

Hence j(7) is an automorphic function for SL(2,Z) defined on H.

In view of Theorem 9.27, the function j(7) has the important property of separating
every two points of H by its values if these points are not equivalent with respect to
the modular group, that is,

j(r) # i), 7#7 mod SL(2,2),
which gives a holomorphic isomorphism (cf. [237])
j:H/SL(2,Z) — C.
One can show that the j-function then defines a holomorphic isomorphism
j :H*/SL(2,7) — P!(C).

See Shimura [245], Sections 1.3, 1.4 and 1.5 for details.

More generally, we consider an automorphic function f(7) of one complex variable
7, which is meromorphic in H* and which is invariant under the modular group. More
precisely, the condition on the behavior at infinity states that there exists a Laurent

expansion
flr) = Z 2"

n>m

which converges for sufficiently small values of |z| and contains only finitely many
negative powers of z. Here the variable z = ¢>™7, m € Z. Every function satisfying
all these conditions is called a modular function or, more precisely, an elliptic modular
function.

The function j(7) is an elliptic modular function, called the modular invariant, with
(cf. [1], Theorem 1.18, 1.19, 1.20, or [237], VII Proposition 4, 5, 8)

j(r) = % +744 4+ c(n)2", c(n) € Z, (9.76)

n=1

where
c(1) = 196884, ¢(2) = 21493760.

The expansion (9.76) can be easily derived from (9.94) and (9.101) below.
The elliptic modular functions obviously form a field which consists precisely of
the rational functions of j(7) (see [252], [253], [254], [256]).
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9.4.4 Hecke’s theorem
Lemma 9.28. Let f be a holomorphic function on H such that f has a Fourier expan-

sion
o0

f(T) _ ch€27rin7"

n=0
which converges absolutely and uniformly on any compact subset of H. Further there
exists v > 0 such that

f(r)=0 (Im(T)_V) , Im(7) — 0
uniformly on Re(7). Then we have
cn = 0(n"). 9.77)

Proof. Note that

1
len| = ‘/ flz+ iy)e—zmn(x-&-iy)dx -0 (y—u€27my) )
0

In particular, taking y = 2/n, we obtain the estimate (9.77). a

This fact is referred to Corollary 2.1.6 and (4.3.8) in [186]. Conversely, one has the
following result (cf. [186], Lemma 4.3.3):

Lemma 9.29. For a sequence {c, }>° , of complex numbers, put

[ee]

f(r) = Z cnezmm, T € H.

n=0

If ¢, = O(n”) with some v > 0, then the right-hand side is convergent absolutely and
uniformly on any compact subset of H, and f is holomorphic on H. Moreover,

f(r) =0 (Im(r)™""), Im(r) — 0,
f(r)—co= O(efzﬂm(ﬂ), Im(7) — o0
uniformly on Re(T).
Proof. By using the Euler—Gauss formula on I'-function

I(z) = li ! Re(z) >0
z) = lim , z ,
n—oo z(z 4+ 1)+ (z+n)

we have for v > 0 3
n
n—00 (_l)n( 1)

n
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Hence there exists a constant C' > 0 such that

|@A§0P4W<V1>,nzo

n
Put 7 = x + iy, then

%) S
Z |Cn| ‘627rim—‘ < (V - ]>627rny
n

n=0 n=0

— C(1—e) (9.78)

A\
Q
7
\
=

This implies that f is convergent absolutely and uniformly on any compact subset of
H. Since
1—e 2 =0(y), y— 0,

one has
e +iy)=0 (™).
Moreover (9.78) implies that f(7) is bounded when y — oco. Note that the function

[e'e]

9(7') — ch+1627rinr

n=0

also satisfies the assumption, and so it is bounded on a neighborhood of co. Therefore
one obtains A
f(1) —co=e"Tg(r) =0 (™), y — oo,

and hence the lemma is proved. |

For a holomorphic function

o

f(T) — che27rin7'

n=0
on H satisfying the conditions in Lemma 9.28, we put

oo

L(f,s) = % (9.79)
n=1

Since (9.77) holds, then the Dirichlet series L(f,s) converges absolutely and uni-
formly on any compact subset of Re(s) > v + 1, so that it is holomorphic on Re(s) >
v+ 1. We call L(f, s) the Dirichlet series associated with f. For N > 0, we put

2n
VN

Now we can prove the Hecke’s theorem (cf. [186], Theorem 4.3.5):

Ap(s) = Agpn(s) = ( >_ T'(s)L(f, ). (9.80)
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Theorem 9.30. Take two holomorphic functions

0 00
f(T) _ Z Cn627rin'r’ g(T) _ Z dn€2ﬂ'in7’
n=0 n=0

on H satisfying the conditions in Lemma 9.28. For positive numbers k and N, the
following conditions (i) and (ii) are equivalent.

(i) The functions f and g satisfy an equation
. —k 1
=(—VN — .
g(r) = (—iV/N7) " f < NT)

(i) Both Af n(s) and Ay n(s) can be analytically continued to the whole complex
plane C, satisfy the functional equation

Apn(s) = Agn(k =),

and do
Agn(s) . (9.81)

is holomorphic on C and bounded on any vertical strip.

Proof. (i)=-(ii): Note that for Re(s) > v + 1,

2 8 [
( 7m> / e T ldx
0

/ —Zﬂnx/f s— leC

Ag(s)

_ /oo (Z Cne_zmm/m> J}S_ldl',
0

n=1

since there there exists 7 > 0 satisfying
Cp = O(ny)v dy, = O(ny)v

so that
o0
3 Jenle 2 VN (2> 0)

n=1

and

Z|c|/ e 2/ VN o=l gy (c>v+1)

n=1
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are convergent. Thus we obtain

Af(s) = h fiz/VN) = xsd—m.
| :

By Lemma 9.29, when « tends to co, we have
fliz) —co=0 (e7*™), gliz) —do= O (e7>™),

and hence Theorem 9.6 yields the conclusion (ii) based on the condition (i).
(i1)=-(i): By using Mellin inverse transform, we can obtain the formula
1
e =— I'(s)z™*ds (o > 0),
2mi Re(s)=c

which means

flix) =co + 2_m nz; /Re(s) i s)(2mnx) " %ds (9.82)

for any o0 > 0. If & > v + 1, then the series L(f,s) is uniformly convergent and
bounded on Re(s) = a, so that by Stirling’s estimate

(o 4+ it) ~ ~ V2t 22 (t| — o0)

uniformly on any vertical strip a < o < b, Af(s) is absolutely integrable on Re(s) =
a. Therefore, for the case ¢ = « we can exchange the order of summation and
integration in (9.82) to get

fliz) = co+ L As(s)(VNz)~*ds. (9.83)

2mi Re(s)=a

Furthermore we assume that « > max{k,v + 1}. Since L(f,s) is bounded on
Re(s) = a, for any u > 0 we see

|Af(s)] = O (Tm(s)|7") , |Im(s)| — oo (9.84)

on Re(s) = a by Stirling’s estimate. Next take 3 < 0 sothat k — (3 > v+ 1. A similar
argument implies that for any p > 0,

Af(s)| = [Ag(k = 5)] = O (|Tm(s)[ ), [Tm(s)| — oo
on Re(s) = . Since the function (9.81) is bounded on the region
Q={seC|B<Re(s) <al,

Theorem 9.4 implies that for any p > 0, (9.84) holds uniformly on the region 2.
Further, since A¢(s)(v/Nz) ™ has simple poles at s = 0 and s = k with the residue
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—cp and do(\/_ x)fk, respectively, we can change the integral path Re(s) = « in
(9.83) to Re(s) = [ and obtain

fliz) = —— Ap(s)(VNz)“ds + do (vVNz) .

- 2mi JRe(s)=5

By the functional equation,

fliz) = do(VNz) ™" + ZL Ay(k —s)(VNz)~*ds
Tt JRe(s)=p
= do(VNz) Fy L Ag(s)(VNz)**ds

2mi Re(s)=k—p

)

Nx
which yields
. —k 1
= (—4iVN _
f(r) = (=iVN7) g( NT) ,
since f(7) and g(7) are holomorphic on H, and so the case (i) follows. o

For a positive integer N, we put

0 -1
YN = ( N 0 ) . (9.85)
Then

Fan k() = {M}kﬂ Fow(r) = (VN7) s (L> .

dr Nt

We can restate the above theorem as follows:

Theorem 9.31. Take two holomorphic functions

oo )
f(T) _ Z 0n627rz‘m—7 9(7_) _ Z dne%rmr
n=0 n=0

on H satisfying the conditions in Lemma 9.28. For positive numbers k and N, the
following conditions (i) and (ii) are equivalent.

(i) The functions f and g satisfy an equation

Fin k() = g(7).
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(ii) Both Afn(s) and Agn(s) can be analytically continued to the whole complex
plane C, satisfy the functional equation

Apn(s) =" Agn(k —s),

and
i*dy
k—s

is holomorphic on C and bounded on any vertical strip.

Ci
Agn(s)+ ;0 +

9.5 Modular forms

9.5.1 Modular forms for SL(2,Z)

Let & be an integer. An automorphic form f € M (H) of weight % for SL(2,Z) is said
to be a modular function of weight k for SL(2,7Z) if f also is meromorphic at infinity.
Recall that f being meromorphic at infinity means a Fourier expansion of the form

FE) = ez =Y cpd®™" (9.86)

n>m n>m

for some integer m € Z. If, in addition, f is actually holomorphic on H and at infinity
(i.e., m = 0), then f is called a modular form of weight k for SL(2,7Z). If we further
have ¢y = 0, i.e., the modular form vanishes at infinity, then f is called a cusp form of
weight k for SL(2,7). See [143], [186], [210].

Take
ar +b

er+d’

’y=<a b)GSL(Z,Z):T+—>’y(T)=
c d
Note that the Jacobian determinant .J, of y is just

dy _ 1
dr (et +d)*

By the definition, a modular function f of weight k for SL(2, Z) satisfies

fyk(T) = f(7), 7 €H, (9.87)
where ,
for(m) = (cr+d)" f (Z:i d) . (9.88)

In particular, for the elements

1 1 0 -1
G () e
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then (9.87) gives respectively

Fr+1) = f(r); (9.90)
f (_%> — o f(r). 9.91)

If k is odd, there are no nonzero modular functions of weight & for SL(2,Z). We see

this by substituting
(-1 0
T=lo -1

in (9.87). The sets of modular functions, forms, and cusp forms of weight k are com-
plex vector spaces. The complex vector space of all modular (resp. cusp) forms of
weight & with respect to SL(2,7Z) is denoted by Hy(SL(2,Z)) (resp. Sk(SL(2,7Z))).
Since SL(2,7Z) is generated by two elements (9.89), we can easily characterize an
element f of Hy(SL(2,Z)) by the functional equation of L(f, s) and obtain

Theorem 9.32. Let k > 2 be an even integer. Let f be a holomorphic function on H
satisfying the conditions in Lemma 9.28. Then f € Hy(SL(2,7Z)) if and only if

Ag(s) = (2m)°T(s)L(f, )
can be analytically continued to the whole s-plane,

\k/2
Ap(s)+ 2+ ED e (9.92)

s k—s

is holomorphic on H and bounded on any vertical strip, and satisfies the functional
equation

Ap(s) = (=1)*2A;(k — s). (9.93)

Let k be an even integer with & > 4. The Eisenstein series G (7) = Gj(A) of
weight k for the lattice A = [1,7] is a modular form of weight k for SL(2,Z). Its
Fourier series is given by

oo

( ) _ 24-( 27T7’ Z 27r7ln7" (994)

=1

where o1 (n) is the divisor function

ok—1(n) = Z dk=1,

din

See [1], Theorem 1.18, 1.19, 1.20, or [237], VII Proposition 4, 5, 8.
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It is obvious that G (7) is holomorphic on H, and that
Gir(T+ 1) = G(7).
We easily check that
Gy (-%) — Gy(r)

by the definition of G (7), and so G (7) € Hy(SL(2,Z)). Further, the space
Hi(SL(2,Z)) has a basis (cf. [186], Theorem 4.1.8)

{Ga(T)"Ge(T)" | 4m + 6n = k; m,n > 0},

which yields immediately

k/12 if K =2 mod 12
dim Hy (SL(2, 7)) = 4 P12 moc s, (9.95)

[k/12]+1, ifk # 2 mod 12.

Using the Fourier coefficients of (9.94), we put
o Tk—1(n)
Li(s) = —\ )
K(s)=> pr (9.96)
n=1
Then one has

Li(s) = C(s)C(s =k + 1), 9.97)

and therefore, Lj(s) is convergent on Re(s) > k, and has an Euler product

1

Li(s) =] {(1 —p°)(1 *pk’l’s)}_ :

The analytic continuity and the functional equation of {(s) induce those of Ly (s).
Related to the definition of G, (7), here one introduces the following function

1 y® )
E = — 7 = H. .
(1,5) 2en) )EEZZ o s ToTtieE (9.98)
m,n —

This series converges absolutely and uniformly in any compact subset of the region
Re(s) > 1. Selberg [234] proved that E(7, s) has a meromorphic continuation to the
whole complex s-plane and satisfies the functional equation

£(2s—1)
E(r,s) = >=—F(7,1 —5). (9.99)
(7.9) = >y B 1 =)
For an even integer k > 2, we have (cf. [186], Corollary 4.1.4)
0, if k = 2;
dim S;(SL(2,Z)) = < [k/12]—1, ifk=2mod 12, k > 2, (9.100)

[k/12], if k # 2 mod 12.
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The discriminant function A(7) is a classic cusp form of weight 12 for SL(2,Z). Its
Taylor expansion in z = e>™7 assumes the form

A(r) = (2m)"%2 ﬁ(l — 2" = (2m)"? iT(n)z” (9.101)
n=1 n=1

with 7(n) € Z (see [1], Theorem 1.18, 1.19, 1.20, or [237], VII Proposition 4, 5, 8).
The integer-valued function n +— 7(n) is called the Ramanujan 7-function. Its first
few values are

9
—~
—
~—
|
p—
\]
—~
[\
~—
|

=24, 7(3) =252, 7(4) = —1472.
Ramanujan [213] conjectured that the coefficients 7(n) are multiplicative, that is,
7(mn) = 7(m)7(n) for m,n relatively prime;

and satisfy the estimate
Im(p)| < 2p"/?

for every prime number p. The multiplicativity was proved by Mordell [188], in par-
ticular by the beautiful formula

T(m)T(n) = alr (T2
d| gw%;nm) ( @ )

The estimate was shown by Deligne [44].
Ramanujan also conjectured that the Hecke’s L-series associated to A has an Euler

product:
(1) 7(p) L
L(As) =D == :H<1— b +W) . (9.102)
n=1 p

This was proved by Mordell [188]. Further L(A, s) satisfies the functional equation
Aa(s) = Aa(12 — s), (9.103)

where
Aa(s) = 2n)7°T(s)L(A, s). (9.104)

9.5.2 Modular forms for congruence subgroups

Let f be a meromorphic function on H, and let ' C SL(2,Z) be a congruence sub-
group of level N, i.e., ' D T'(N). Take k € Z. We call f a modular function of weight
k for I if

frk(r)=f(1), T€H (9.105)
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forall v € T, and if
Frk() =Y an(y)em /N (9.106)
n>p
for some integer ;1 = pu(y) € Z and for all v € SL(2,7Z). We call such an f a modular
form of weight k for I if it is holomorphic on H and if we have ;x = 0 in (9.106). We
call a modular form a cusp form if in addition ag(y) = 0 in (9.106). See [133], [164].
Thus a modular function is allowed to have poles, a modular form must be holomor-
phic at all points including the cusps, and a cusp form must vanish at all cusps. The
complex vector space of all modular (resp. cusp) forms of weight k& with respect to I'
is denoted by Hy (') (resp. Sk(I')). A basic fact from the theory of modular forms is
that the space of modular forms are finite dimensional. Also, one has

Hi(T)H(T) € Hia (L)
The direct sum
H(r) = Bri(r)

turns out to be a graded algebra over C with a finite number of generators.
Any cusp x € QU {oo} can be written in the form x = (o) for some

7:<Z S)ESL(Z,Z)

by writing z = a/c for two coprime integers a, ¢, and finding solution b and d to the
equation ad — bc = 1. The behavior of f. . near oo is a reflection of the behavior of f
near z. Thus, the condition (9.106) is really a set of conditions, one corresponding to
each cusp z of T

In particular, the condition (9.105) means

f(r+N)=f(r), TeH,

that is, f has period N. Further, if ' O T'|(/N), then f has period 1. It is easy to show
that (9.106) then implies the expression:
f(T) _ Z Cn€2m'm"
n>m

where ¢, = a,n(I) in which I is the unit matrix of SL(2,Z), m = u/N if N | p, and
m = [u/N]+ 1if N { p.
LetT' C SL(2,Z) be a congruence subgroup of level N. Then T" O T'(/N) means

Hi (L) € Hi(D(N))-
Therefore the investigation of Hj,(I") is reduced to that of Hy(I'(V)). Note that

AVT(N) Ay = { ( ‘CL Z ) € SL(2,7)

c= O(mosz),a =d= 1(H10dN)}a
(9.107)
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N 0

Ty (N?) C ANV T(N)Aw.

where

that is,

Hence, if f € Hy(T(N)),
FINT) = N7F2 £, L (7) € Hi(T1(N?)).
Therefore the study of modular forms with respect to congruence subgroups is reduced

to that of Hy,(I'; (IV)).

9.5.3 Hecke operator

The study of modular forms is facilitated by the existence of certain linear operators.
For each integer m > 1, we define the Hecke operator T,,, on modular forms of weight
k for SL(2,Z) by the formula

d—1
To(f)(7) =mF" > %Zf <‘”; b>. (9.108)
ad=m b=0

For a more intrinsic definition, see Apostol [1], Section 6.8; Serre [237], VII, Section
5.1; or Shimura [245], Ch. 3.
The Hecke operator satisfies the following basic properties:

(gl) If f is a modular form (respectively cusp form) of weight &k for SL(2,Z), then
T,(f) is also.

(g2) For all integers m and n, T,,,/ T, = 1, T,.
(g3) If m and n are relatively prime, then T},,,, = T,,,T},.

See Apostol [1], Theorem 6.11 and 6.13; Serre [237], VII, Section 5.1 and 5.3.
Let f be a modular form of weight & for SL(2,7Z) which can be expressed by a
Fourier expansion of the form

f(r) =) cn2", TEH, (9.109)
n=0

where z = 2™ One defines two operators V,,, and U, as follows:

oo

Va(f)(7) = D enz™ = f(mr); (9.110)

n=0

©.111)

A

=

S

|
(e

o

3

3

0

3

|
3=
I 3
< —

&h
7N
ﬁ
+
N
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From (9.108), we obtain easily the formula:

T =Y d"'UpsgoVa, (9.112)
dim

We note that

at +b = ,
f ( y > — Z Cn627rm(a7—+b)/d.

n=0
Then by (9.108) and the equality
d—1 .
Z p2minb/d _ {d, if d|n,
- 0, ifdfn,
we get
o0
Ton(f)(m) = ( > d’“cmn/dz> 2" 9.113)
n=0 " d|gcd(m,n)

Most of the most important examples of modular forms turn out to be eigenvectors,
called eigenforms here, for the action of all of the 7;,, on the given space of modular
forms. If f € Hy(SL(2,Z)) is such an eigenform for all of the operators 7;,, with

eigenvalues \,,:
Tof = A f, m=1,2,....

Using (9.113) with n = 1, we find the coefficient of the first power of z in T, f is ¢y,
Since T,,, f = A\ f, then this coefficient is also equal to A,,c;. Thus we obtain

Cm = Amcy, m=1,2,....

In addition, ¢; # O unless £ = 0 and f is a constant. If we compare the constant terms
in T, f = A f and use (9.113) with n = 0, we have

AmCo = E dk_ICO.
dlm

If co # 0, the eigenform ¢, 11 is called normalized. Now we find
Am =Y d*" =0y (m).
dlm

The Hecke operators defined above also act on the space of modular forms relative
to congruence subgroups. We explain this case for the congruence subgroup I'; (V).
Let x be a Dirichlet character modulo N. We define a character x of I'o(N) by

) =x@, 2= () e ©.114
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The complex vector space Hy,(I'1 (IV)) of all modular forms of weight k& with respect
to I'; (V) has the decomposition (cf. [133], Proposition 28 in Chapter III):

Hi(T1 (V) = DHip(N, ),
where the sum is over all Dirichlet characters modulo NV, and

HE(N,x) ={f € He(Di(N)) | fre = x(0)f, v € To(N)} -

In particular, if y = 1 is the trivial character, then
Hi(N, 1) = Hp(To(IN)).

The Hecke operators 7T, defined on Hj (N, x) can be gave by (cf. [133], Proposition
38 in Chapter III):

T =Y x(d)d*'Uypyq0 Va, (9.115)
dm
which means
Tou(f)(T) = ( > X(d)dk_lcmn/dz>2’n 9.116)
n=0 " d|ged(m,n)
for each -
f(r) = chz" € Hi(N,x), z = e2miT,
n=0

Proposition 9.33. Let I' be a congruence subgroup of SL(2,7), say ' D T'(N) and
let f be a modular form of weight k for I'. Then for each integer n > 1 relatively
prime to N, the function T,,(f) is again a modular form of weight k for T'. Further, if
f is a cusp form, then so is T,,(f).

Proof. See Shimura [245], Proposition 3.37. O
We also introduce the notation S, (N, x) to denote the subspace of cusp forms:
Se(N,x) = Hi(N, x) N Se(T1(N)).
One then has the following decomposition
STV = B SuN.).

For a modular form f € Hy(N,x), the Petersson inner product of f with g €
Sk(N, x) is defined by the formula

(9, )N = / 9(7) f(7)y" *dady,
H/To(N)
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where 7 = x+iy, H/Tg (V) is a fixed fundamental region for H modulo I'g(N'). Then
one has the following orthogonal decomposition

Hk(Na X) = Sk(Na X) @ gk(Nv X)a

where (N, x) is the subspace of Eisenstein series.

A basis of S;(V, x) consisting of eigenforms for Hecke operators can be found
using the Petersson inner product. One verifies that the operators T,,, on S(N, x) are
normal with respect to this inner product for ged(m, N) = 1. Moreover, the operators
are x-Hermitian: for all f,g € Sk(N, x), the following equation holds:

(9, T () v = x(m)(Tim(9), f)N- 9.117)

By a general theorem of linear algebra on families of commuting normal operators,
there is an orthogonal basis of Sk (N, x) consisting of eigenforms of all T, with
ged(m, N) = 1 (cf. [133], Proposition 51 in Chapter III). A basis with this property is
called a Hecke basis.

9.5.4 Hecke’s L-series

The growth condition (9.77) is quite natural since for any ¢ > 0, we have

0] k—14¢ if N ,
cn:{ (n"719), S € (N, x) (9.118)

O(n"T%%), if f € Sp(N, x).

These estimates use some fine arithmetical properties of the coefficients ¢,,. Espe-
cially, the estimate for the coefficients of cusp forms is famous which was known as
the Petersson—Ramanujan conjecture before being proved by Deligne (cf. [44]) using
Grothendieck’s étale [-adic cohomology.

Since any element f of Hj (N, x) satisfies the conditions in Lemma 9.28, we obtain
the following fact:

Theorem 9.34. For any element f € Hy (N, x), the function

2

Al = () TR

is holomorphic on C and satisfies the functional equation
Apn(s) =i Ag, on(k = ).

The situation for Si(I'1(V)) is much clear. A cusp form of weight & for I'; (V) is
also called a cusp form of weight k and level N, which is a holomorphic function f on
H such that by using Theorem 9.24,
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(h1) fy (1) = f(7)forall7 € Handally € I';(N);
(h2) f(7)Im(7)*/? is bounded on H.

The space Si(T'1(NV)) of cusp forms of weight k& and level N is a finite-dimensional
complex vector space. Take f € Si(T"1(IN)). Recall that f has a Taylor expansion in
6271'17': ,
f(T) _ ch€27rin7"
n=1
which converges absolutely and uniformly on any compact subset of H, and the
Hecke’s L-series of f is defined to be

oo
Cn

L(f,S) = E
n=1

As a direct application of Lemma 9.28, it follows that
k
cn =0(n2).

If f is an eigenform such that it does not come from a space of lower level and is
normalized to have ¢; = 1, then f is called a newform.

If f is a newform, it turns out that ¢,, are multiplicative. Hence, in the half-plane of
absolute convergence, there is an Euler product representation

—1 —1
L(f,s)zl'[(l—]%) H(l—c—iﬂﬁ) . (9.119)

p|N ptN b

Further, if % is even, Hecke [94], respectively, Atkin and Lehner [3] proved that L( f, s)
has an analytic continuation to an entire function and satisfies the functional equation

Apn(s) = w1 2A; n(k — s), (9.120)

where w = £1.

9.5.5 Modular representations

For any prime p over p, we let Dy, and I, denote respectively the decomposition and
inertia groups of p. Thus

Dy ={o|o(p) =p},

and I}, is the kernel of the reduction mapping D, — G]Fp /F,- This reduction mapping
is surjective, and we let Frob,, denote an element of D, that maps to the Frobenius
a +— oF . Itis well defined up to an element of I, (and up to conjugation).

Let A\ be a place of the algebraic closure of Q in C above a rational prime ¢ and
let @, denote the algebraic closure of Q, thought of as a Q algebra via \. If f €
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Sk(T'1(N)) is an eigenform, then there is a unique continuous irreducible representa-
tion B
P Ggyp — GL(2,Qy)

such that for any prime p { N¢, py y is unramified at p and

trpsa(Froby) = ap(f).

The existence of py y is due to Shimura [245] if k¥ = 2, to Deligne [43] if k£ > 2 and
to Deligne and Serre [45] if k£ = 1. Its irreducibility is due to Ribet [216] if £ > 1 and
to Deligne and Serre [45] if & = 1. Moreover py ) is potentially semi-stable at £ in the
sense of Fontaine.

Letp : G@ Q — GL(2,Qy) be a continuous representation which is unramified
outside finitely many primes and for which the restriction of p to a decomposition
group at / is potentially semi-stable in the sense of Fontaine. It is known by work of
Carayol and others that the following two conditions are equivalent:

(i1) p ~ py \ for some eigenform f and some place A|/;

(i2) p ~ py, for some eigenform f of level N(p) and weight k(p) and some place
AlL.

In (i2), N(p) and k(p) are respectively the conductor and the weight of p. When these

equivalent conditions are met we call p modular.

9.6 Hasse—Weil L-functions
We assume that F is an elliptic curve over QQ defined by (3.58), that is,
y2 =23 +azr+b
where a,b € Z. By (3.59), since A = —4a and B = —4b satisfies
A3 —27B% = —16(4a® + 27V*) = A # 0,
the uniformization theorem shows that there exists a unique lattice A C C such that
g =g(A) = —4a, g3 =g3(A) = —4b.

Hence the equation (3.58) has non-constant meromorphic solutions z = @, y = %p' .
Let x be a number field. According to the Mordell-Weil’s theorem, we can write

E(k) =Z" ® Eios(k),

where the torsion subgroup Eio(k) is finite and the rank r of F(k) is a non-negative
integer. A deep theorem of Mazur [174], [175] states which finite groups can occur as
torsion subgroups of elliptic curves:
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Theorem 9.35. If E is an elliptic curve, then Eios(Q) is one of the following 15
groups:

(A1) Z/nZ, with1 <n <100rn =12,
(A2) Z/2mZ x 7)27Z, with 1 < m < 4.

Each of the groups in Theorem 9.35 occurs infinitely often as the torsion subgroup
of an elliptic curve over Q. For an example of each possible group, see exercise 8.12
in Silverman [256]. For arbitrary number fields, there is the following result of Manin
[163]:

Theorem 9.36. Let k be a number field and p € 7 a prime. There is a constant
N = N(k,p) so that for all elliptic curves E/k, the p-primary component of E (k)
has order dividing p".

For those torsion subgroups which are allowed in Mazur’s Theorem 9.35, it is a
classical result that the elliptic curves E/k having the specified torsion subgroup all
lie in a 1-parameter family. See exercise 8.13a, b in Silverman [256]. A complete list
is given in Kubert [137]. Taken together, Theorem 9.35 and Theorem 9.36 provide the
best evidence to date for the following longstanding conjecture (cf. Silverman [256]):

Conjecture 9.37. Let k be a number field. There is a constant N depending on k so
that for all elliptic curves E [,

|Etors(/§)‘ S N.

The rank of E(Q) is called the rank of E and is written rank(E). The rank of the
Mordell-Weil group is much more mysterious and much more difficult to compute.
There are infinitely many elliptic curves E over Q with rank(F) = 0 (see [256],
Corollary 6.2.1), but there are many elliptic curves E such that rank(E) > 1 (see
[225]). The following conjecture is referred to Lang [149], Silverman [256], or Hindry
and Silverman [98]:

Conjecture 9.38. There exist elliptic curves E over Q whose Mordell-Weil rank
rank(FE) is arbitrarily large.

Fix an elliptic curve E' defined by (3.58) over Q. For every prime number p not
dividing A = —16(4a> + 27b%), we can reduce a and b modulo p and view E as an
elliptic curve over the finite field I,,. For every prime number p not dividing A let

N,=#E([F,) =1+#{0<z,y<p—1|y* =2+ azx+b(modp)},

and set
ap=1+p—N,.
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H. Hasse proved the following remarkable result (cf. [91], [92], [93]):

—2/p < ap < 2/p. 9.121)

For a review of the elementary methods, see [261]. Define the Hasse—Weil L-function
of F by

—1 o0
L(Es)=]] (1 S 251_1> [oEs"=>" Z—" (9.122)

pla PP

where [,,(E, s) is of the form
I,(E,s)=1——

for some well-defined integer a,, = 1, —1, or 0 (cf. [150], p. 97; [256], p. 240; [270],
p. 196), which is defined as follows:

1, if E has split multiplicative reduction over Q at p,
ap = { —1, if E has non-split multiplicative reduction over Q at p,

0, if F has additive reduction over Q at p.

The coefficients a,, are constructed easily from a,, for prime p. It follows from (9.121)
that L(F, s) converges absolutely and uniformly on compact subsets of the complex
half-plane {s € C | Re(s) > 3/2}.

Let N(E) be the conductor of the elliptic curve

N(E) = pr(p) - pr(p)7
P

plA

in which f(p) is 0if p + A and > 1 if p|A (see [150], p. 97; [256], p. 361; [270],
p. 196), called the exponent of the conductor of E at p . In particular, f(p) = 1 if £
has a multiplicative reduction over Q at p; f(p) = 2 if E has an additive reduction
over Q at p with p > 5. If F has an additive reduction over Q at p = 2 or 3, the
definition of f(p) is more complicated, but in any case we always have f(2) < 8 and
/3) <.

Let pp,¢ denote the representation of Gy /g on the ¢-adic Tate module of E(Q). The
following conditions are equivalent (cf. [16]):

(B1) The L-function L(FE, s) of E equals the L-function L(f, s) for some eigenform
f.

(B2) The L-function L(E, s) of E equals the L-function L( f, s) for some eigenform
f of weight 2 and level N(E).

(B3) For some prime ¢, the representation pg ¢ is modular.
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(B4) For all primes ¢, the representation pg ¢ is modular.

(B5) There is a non-constant holomorphic mapping X;(N)(C) — E(C) for some
positive integer .

(B6) There is a non-constant morphism X (N (E)) — E which is defined over Q.

The implications (B2) = (B1), (B4) = (B3) and (B6) = (B5) are tautological. The
implication (B1) = (B4) follows from the characterization of L(F,s) in terms of
pE¢. The implications (B3) = (B2) follows from a theorem of Carayol [23]. The
implications (B2) = (B6) follows from a construction of Shimura [245] and a theorem
of Faltings [63]. The implications (B5) = (B3) follows from Mazur [176]. When these
equivalent conditions are satisfied we call E modular.

Theorem 9.39. If E is an elliptic curve over Q, then E is modular.

It has become a standard conjecture that all elliptic curves over Q are modular.
Taniyama made a suggestion along the line (B1) as one of a series of problems col-
lected at the Tokyo-Nikko conference in September 1955. However his formulation
did not make clear whether the function f defined by coefficients of L(E, s) should
be a cusp form or some more general automorphic form. He also suggested that con-
structions as in (B5) and (B6) might help attack this problem at least for some elliptic
curves. In private conversations with a number of mathematicians (including Weil) in
the early 1960’s, Shimura suggested that assertions along the lines of (B5) and (B6)
might be true (see Shimura [246] and Weil [299]). However, it only became widely
known through its publication in a paper of Weil [297] in 1967, in which Weil gave
conceptual evidence for the conjecture. That assertion (B1) is true for CM elliptic
curves follows at once from work of Hecke and Deuring. Shimura [244] went on to
check the assertion (B5) for these curves. The Shimura—-Taniyama—Weil conjecture
(Theorem 9.39) was finally proved by Breuil, Conrad, Diamond, and Taylor [16] by
extending work of Wiles [301], Taylor and Wiles [271].

In 1985, Frey [67] made the remarkable observation that the Shimura—Taniyama—
Weil conjecture should imply Fermat’s last theorem. The precise mechanism relating
the two was formulated by Serre as the c-conjecture and this was then proved by Ribet
in the summer of 1986, which enabled Ribet to show that the conjecture only for
semistable elliptic curves implies Fermat’s last theorem (see [217], [150]). However,
one still needed to know that the curve in question would have to be modular, and this
is accomplished by Wiles [301], Taylor and Wiles [271] via studying associated Galois
representations of elliptic curves.

Theorem 9.39 implies the following long-standing conjecture of Hasse and Weil
(cf. Silverman [256]): L(E, s) has an analytic continuation to all of C and satisfies a
functional equation

Ap(s) = wphAgp(2 —s), (9.123)
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where wg = 41, called the sign of the functional equation, and

Ag(s) = (%) I'(s)L(E,s). (9.124)

By using this fact, one can prove that the series (9.122) for L(E, s) actually converges
for Re(s) > %, and in particular in a neighborhood of s = 1. See [28] and [197].
Goldfeld [76] proved that if there exist constants C' € R™ and r € R such that

N,
H —2  C(logz)",
p<a,ptA
then r = or(%L(E, s), the order of vanishing of L(FE, s) at s = 1, and
sS=

L
lim (B, )
s—1 (S — 1)7"

=V2eCT [ (B, 1)

plA

where -y is Euler’s constant. In particular, if » = 0 then

L(E,1) = fz(H% < [[ (B, 1)>_1.

ptA plA

We may ask for the behavior of L(E, s) near some special value of s, for example
s = 1. The famous conjecture of Birch and Swinnerton-Dyer gives an answer. we first
set some notation. The real period of FE is the integral

QO = ‘/ w
E(R)

where w is the invariant differential for F/Q.

For each prime p, let Ey(Q,) denote the subgroup of E(Q),) that reduces to the
identity component of the Néron model of E, and let ¢, be the index of Ey(Qy) in
E(Qp). In particular, ¢, = 1 for primes of good reduction, so ¢, = 1 for all but
finitely many primes.

Note that £(Q)/Eiors(Q) is a lattice in R ® E(Q). By using the pairing (, ) asso-
ciated to the canonical height on F, we can define the elliptic regulator of E/Q, de-
noted R /q, being the volume of the lattice £(Q)/Eyors(Q). In other words, choose
Py,..., P, to generate F(Q)/Eiors(Q). Then

)

RE/Q = det((Pi,Pj>).

Ifr =1, weset Rg/g = 1.
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Conjecture 9.40 (Birch and Swinnerton-Dyer [12]). (1) L(E, s) has a zero of order
equal to the rank of E(Q) at s = 1, that is,

rank(E) = 03(11 L(E,s).

(2) Let r = rank(FE). Then with notation as above,

o LB s) _ #I(E/QRp/q .
};—>l (S — 1)r a (#Etors((@))z QEI;[ P

The following theorem, a combination of work of Kolyvagin [135], [136], Gross
and Zagier [82], Coates and Wiles [32], and others, is the best result to date in the
direction of the Birch and Swinnerton-Dyer conjecture.

Theorem 9.41. (C1) orcll L(E,s) = 0= rank(E) =0,
s=
(C2) or(liL(E,s) =1 = rank(F) = 1,
S=

(C3) rank(F) > 1 = or(liL(E,s) > 1.
s=
The sign wg in the functional equation (9.123) for L(FE, s) determines the parity of
the integer ords— L(E, s), that is, ords— L(FE, s) is even when wg = 1, and is odd
when wg = —1. Thus the following parity conjecture is a consequence of the Birch
and Swinnerton—-Dyer conjecture.

Conjecture 9.42. The integer rank(FE) is even when wg = 1, and is odd when wg =
—1.

There may be many parametrization ¢ : Xo(N(F)) — FE. An interesting question
is to find one of the ones of smallest degree, or at least to determine its degree. The
following modular parametrization conjecture is referred to Hindry and Silverman
[98]:

Conjecture 9.43. There is an absolute constant d such that for all elliptic curves
E/Q, there is a finite covering ¢ : Xo(N(E)) — E such that deg(yp) < N(E)<.
9.7 L-functions of varieties

Let x be a number field and set d = [ : Q]. Let X be a projective variety defined over
k and let D be an ample divisor on X . For a positive integer n, set

an(X(k),D)=#{x e X(k)|n—1< Hp(x) <n},
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and consider a Dirichlet series

i M (9.125)

n
n=1

Let o be the abscissa of convergence of (9.125) if it exists. We define the L-function

of X (k)

an(X (K), D)n!' =7

s )

L(X(k),s) =

n=1

(9.126)

which is holomorphic in the half plane Re(s) > 1.

If #X (k) < oo, then there are only finite many of non-zero terms in (9.125), and
so it defines an entire function on C.

Next we consider the case #X (k) = oo. Without loss of generality, we assume
that D is very ample. Then we have the associated dual classification mapping ¢p :
X — P(V*), where V' = L(D). The absolute (multiplicative) height of x € X for
D is defined by Hp(xz) = H(pp(x)). Take a field extension K of « if it is necessary
such that ¢ p(X (k) € PNV(K), where N = dim V — 1. Thus

A, =ai(X(k),D) + -+ an(X(k), D) < n (logn,PY(K)).

By Theorem 4.31, we know that the abscissa of convergence of (9.125) satisfies

log | A,,
Ogaozlimsupwg(

msup = N+ 1K Q)

and so Theorem 9.2 means that the Dirichlet series (9.125) defines a holomorphic
function of s for Re(s) > o9 such that s = oy is its singular point.

Assume that X is contained in PV, Then a point z € X (x) has some projective co-
ordinates [&, ..., &n] € PV (k) with & € O, foreachi =0, ..., N, and so determine
some ideals (&, ..., En) of O. Write

where
Je ={(&0,---,&N) | €0, - EN] =, & € O, 0 <0 < N,

and let J X(x) be the set consisting of all distinct ideals in Jx (). For each function
At Jx (k) — Z, we obtain a series

A(a)
Z N(a)s

aer(n)
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In particular, the series

Z 1

£~ N(a)*
ac jx(,t)

defines a holomorphic function in the domain Re(s) > 1.
On the other hand, for each z € X (k) there exists an ideal a, € J, such that

N(az) = min N (a).

ac j:v

Thus for each function ¢ : X (k) — Z, we obtain a series

Y(x)
Z N(am)s'

z€X (k)

In particular, the series

1
Z N(am)s

zeX (k)

defines a holomorphic function in the domain Re(s) > 1.

9.7.1 L-functions of PV
We consider the case X = P and take D = H being the hyperplane in PV, Then

an(PN(k),H) = #{z € PY(r) |n—1 < H(z) <n}.
Note that
Ap=ai(PM(k), H) + -+ a,(PV(k), H) = n(logn,IP’N(H)).

By Theorem 4.31, we obtain the abscissa of convergence

log | A,
oo = limsup log | An| =d(

N+1),
n—o00 ogn

and so Theorem 9.2 means that the Dirichlet series (9.125) defines a holomorphic
function of s for Re(s) > d(N + 1) such that s = d(N + 1) is its singular point.
We define the L-function of P (k)

© an N K), nl—d(N 1)
L(PN<K“)>S):Z (]P) ( )H) i

ns

n=1

which is holomorphic in the half plane Re(s) > 1.
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9.7.2 L-functions of Abelian varieties

Let A be an Abelian variety and let Hp be the height on A relative an ample divisor
D € Div(A). Note that

Ay = a1(A(k), D)+ -+ an(A(k), D) = n (logn, A(k)) .
By Theorem 4.37, we obtain the abscissa of convergence

L log [An|
oo = limsup ——— =0,
n— o0 log n

and so Theorem 9.2 means that the Dirichlet series (9.125) defines a holomorphic
function of s for Re(s) > 0 such that s = 0 is its singular point.
We define the L-function of A(k)

L(A(k),s) = Z M

nS
n=1

which is holomorphic in the half plane Re(s) > 1.
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